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1 Introduction
Many classes of difference equations have been studied for a long time (see, for example,
[1-23] and the references therein). The following difference equation:

Xn+l = Gn¥n +,ﬂn (1)

where the coefficients (g,),en, and (f,).en, and the initial value x, are given numbers, is
called the linear first-order difference equation, which is one of the most important and
useful solvable equations. The general solution to equation (1) is given by

n-1 n-1 n-1
x=xo g+ Y _fi[la neN 2)
j=0 i=0  j=i+l

If, as usual, the conventions ]_[]kz_k1 a;=1and Z]k:kl aj =0, k € Z are used, then (2) also holds
for n = 0, that is, the formula holds for every n € Ny. How formula (2) is obtained can
be found, for example, in [1, 6, 14] (the case when sequences g, and f, are constant can
be also found in [11] and many other books dealing completely or partly with difference
equations).

Many nonlinear difference equations of interest are closely related to equation (1). For
example, some of the nonlinear equations in [17, 19-21] and systems in [19, 22] have been
solved by transforming them to some special equations of the form in (1), which shows its
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importance (some of the equations and systems, such as the one in [22], are transformed
into special cases of the delayed version of equation (1), which is obviously also solvable;
see also [19] and the comments on scaling indices of difference equations and systems).
A deeper analysis can show that even the solvability of some product-type equations and
systems is essentially influenced by the solvability of equation (1) (see, e.g., [23] and the
references therein).

Usefulness of (1) has also been recently shown in [18], where, among others, a small
but nice result on convergence of its solutions was proved by using formula (2), partially
extending the result in the following problem in [7] (in the eight edition of the Russian
version of the problem book from 1972 it is Problem 637.2).

Problem 1 Let a sequence (y,)nen, be defined by a sequence (x,),cn, as follows:
Yo = Xo, Vn =Xy —0Xy_1, neN,
where || < 1. Iflimy,_, o0 ¥, = 0, find lim,,_, o %y,.

For some other solvable equations, their applications, as well as invariants for some
classes of equations, see, for example, [1-6, 9, 11-16].

Note that the domain of the above defined sequences x,, is Ny, and it is difficult to find
papers which consider equation (1) on Z-the set of all integers, in the literature on differ-
ence equations. One of our aims is to fulfill the possible gap in the study of the equation.
Motivated also by our recent paper [18], here, among others, we study bounded solutions
to equation (1), but also on the whole Z. We also present some sufficient conditions for the
existence of solutions to (1) converging to zero when n — —oco as well as when n — +o0.
Some of the results presented in the next section could be folklore, but we could not locate
them in the literature.

A solution x,, to (1) is said to be (eventually) periodic with period T’ € Nif thereis ny € Ny
such that

X, =X form > ny.

If T =1, then such a solution is called eventually constant [8].

Periodic solutions to (1) on N were studied in [2], which was another motivation for this
paper. Our main result on periodicity is a nice complement to that in [2]. Namely, for the
case when the coefficients of equation (1) are periodic, we describe the long-term behavior
of its non-periodic solutions when #n — —oo as well as when n — +o0.

Assume that S C Z is an unbounded set and that f := (f},),cs is a sequence defined on S.
Then, if

1 lloc,s := sup [fu| < +00, 3)
nes
we say that the sequence f is bounded on S. It is easy to see that the quantity defined in (3)
is a norm on the space of all bounded sequences on S. From now on the set S will not be
of special importance, so we will simply use the notation ||f||« instead of ||f||oc,s for any
unbounded set S which appears as a domain.
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2 Bounded solutions to equation (1) on Z
In this section we study the existence of bounded solutions to equation (1). The cases when
the domains are Ny and Z \ N are treated separately, while the results in the case when the
domain is Z are obtained as some consequences of the considerations on the domains Ny
and Z \ N.

Our first result is, among others, an extension of the result in Problem 1, so it could be

folklore.

Theorem 1 Assume that

limsup|g,|:=g<1 (4)

n—+00

and that (f,)nen, is a bounded sequence. Then the following statements are true.
(a) Every solution to equation (1) is bounded.

(b) Iflim,_, ;o f; = 0, then every solution to equation (1) converges to zero.

Proof (a) Since (4) holds, we have that there is 7; € N such that

1
qu| < % for n > ny. 5)
Let
My = max{\/i, max |q,»|}. (6)

j=0,m -1

Using (5) and (6) in (2), as well as some standard estimates and sums, we have

n-1 n-1 n-1
leul < Ixol [ T1gl + DU ] ] 1l (7)
j=0 i=0

=0 j=itl

n-1 n-2 n-1 n-1 n-1
< lxol [ Jlal + ufnoo<Z]"[ g1+ Y [1 |q,»|)
j=0

i=0 j=i+l i=m -1 j=i+1

1+ q n-ny 1+ q n-ny n—-2 )
< |x0|<T> M{‘l + Hf”OO(T> ZMIII_!_
i=0

n-1

e 3 ()

i=n—1

2M; \ ™ 2 \"MT o1 2f)
§|xo|(ﬁ> +M1uf||oo<1+q) TS 1V2°<oo ®)
- _

for n > my, from which the boundedness of (x,)cn, follows.

(b) Since f,, converges to zero, we have that for each ¢ > 0, there is n, € N such that

Iful <& form>ny. 9)
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Let n3 = max{ny, ny}, where n; is from (5), and

M, _max{«/_ max Iq,} (10)
j=0,n3—1

Using (5), (9) and (10) in (2), as well as some standard estimates and sums, we have

1+q n—n; n3—-1 n-1 n-1 n-1
ol < |xo|<7) M2+ Wl D [ Tlal+e Y T T 1]

i=0 j=i+1 i=n3 j=i+1

l+g n— n3 1+ q n-ng n3-1 i n—-1 l+g n—i-1
= |x0|<T) + flloo ZM23 1"'52 N
i=0 i

2M. 1 " 2 \"MP-1/1 )
<ol (Z22) 7 (1) 2 1) = (11)
1+q 2 l+qg My -1 2 1-¢g

for n > ns.

Letting n — +00 in (11), we get

2¢e
limsup |x,| < —

n—+00 1-

From this, and since ¢ is an arbitrary positive number, the result follows. O

Remark1 Theorem 1is optimal in the sense that condition (4) cannot be replaced by the
following one: there is n, € Ny such that

|g.l <1 formn > ny. (12)

Indeed, assume that g, € (0,1), n € Ny, is an increasing sequence such that the sequence

n-1
= l_[ q]’ ne N(),
j=0
converges to Q € (0,1) as n — +00, and that there are some numbers / and L such that

0<l<f,<L<oo, meNy. (13)

Then, by using (2) and the fact Q < Q, <1, n € Ny, we have

[en| = Qu

2Q|—|x0|+nl|—> +00 (14)
j+1

n-1
Ji
X0 +

as n — +00, from which it follows that not only there are unbounded solutions to equation
(1) in this case, but that even none of the solutions to the equation in the case is bounded.
For example, let

1
qn=1—m, I/IEN()
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and

fu=2+sinn, neN.

Then
nl 1 nl G+1G+3) nl(n+2)! n+2
Qn:g(l‘q+2)2>:g (+2)?2 2m+D2 2(n+1)

for n € Ny, from which it follows that lim,,_, ., Q,, = 1/2,

1
5 S er S 1: ne NO’ (15)
and along with (2) that
2
Xy = 22: D (xo + 2(2 + s1n]) 2+ )> (16)

Using (15), the following obvious estimate
1<f,<3, mneNy, (17)

and the triangle inequality in (16), we get

1/4
|xn|>2<§n—|xo|>, n € Ny,

from which it follows that each solution to equation (1) in this case is unbounded indeed.

If we assume that f, is a positive sequence such that lim,_, . f, = 0 and Zjofo f; = +00
(for example, f, =1/(n + 1), n € Ny), and that g, is chosen as above, then from (2) and the
fact Q < Q, <1, n € Ny, we have

n-1 f n-1
J
Ixn|=ano+ZQ% > ‘—Ixo|+§ﬁf — +00
j=o I j=0

as n — +00, from which it follows that none of the solutions to equation (1) in this case

converges to zero. Specially, every solution to the difference equation

(n+1)(n+3)
(n+2)2 on n+1

) VIGNO,

Xn+l =

is unbounded.

Now we consider the case liminf,_, . |g,| > 1. In this case, we may assume that g,, # 0,
n € Ny, otherwise we can consider (1) for sufficiently large # for which, due to the condition
liminf, .o |g,| > 1, will hold ¢, # 0.
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Theorem 2 Assume that (q,)nen, C C\{0} is a sequence satisfying the following condition:
liminf|g,| =g > 1, (18)
n—+0Q

and that (f,)sen, is a bounded sequence of complex numbers. Then the following statements
are true.
(a) There is a unique bounded solution to equation (1).

(b) Iff, — 0 as n — +o0, then the bounded solution also converges to zero as n — +00.

Proof (a) From (18), we have

n-1

1_[ qj| =

j=0

lim = +00. (19)

n—+00

Thus, from (2) and (19) we see that for a bounded solution to (1) it must be
Z J (20)
i=0 ; 0 ‘11

and that the sum on the right-hand side of (20) is finite (see [18]).
Using (20) in (2), it follows that

1_[‘1/2 —Z fi neN. (21)

znl_[/OI i=n /nq]

Condition (18) implies that there is #5 € N such that

A

tq

1
|gn| > >1 forn>us. (22)

Let

Ms _mm{l/\/_ min |q,|} (23)

j=0,m5-1

Note that M3 > 0 due to the assumption g, # 0, n € Ny.
Hence, by using (22) and (23), we have

oo o0

1
oS Y
Y-
ns-1 00 i-n5+1
] 1 2\
STAN ) ( )
(; [Tolgjl Mz ; 1+g
1 2
= + 00, 24,
_|U‘||w<M;5(1_M3) Mgs@_l)>< 24)

from which it follows that x, defined in (20) is finite.
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From (21) and (22), we have

|xn|<ZHV' =1l Z(lfq) oW

i=n |1| q_l

for n > ns, from which the boundedness of the sequence in (21) follows. It is directly ver-
ified that the sequence satisfies equation (1), from which along with the unique choice of
xo in (20) it follows that it is a unique bounded solution to the equation.

(b) Since f,, tends to zero as n — +00, it follows that (9) holds for, say, n > ng. Using (9)
and (22) in (21), we have

If*l o] 2 i+l1-n 28
” < — = = 25
| < Z <y r P (25)

_n 14jl i=n -

for n > max{ns, ng}.

Letting n — +00 in (25) the following is obtained:

2e

limsup |x,| <
n—+00 q-— 1

From this and by using the fact that ¢ is an arbitrary positive number, we obtain thatx,, — 0
as 1 — +090, as desired. O

Remark 2 Theorem 2 is optimal in the sense that condition (18) cannot be replaced by
the following one: there is #; € Ny such that

lg.| >1 for n> ny. (26)

Indeed, assume that g, > 1, n € Ny, is an decreasing sequence such that the sequence

n-1

Q=[]a neNo,

j=0

converges to Q > 1 as n — +00, and that there are some numbers / and L such that (13)
holds. Then, by using (2) and the fact Q > Q,, > 1, n € Ny, we have

|xn| = Qn

> ’—|xo| + nl/Q’ — +00 (27)

J+1

n-1
i
Xo + —_
%a

as n — +00, from which it follows that all the solutions to equation (1) are unbounded in
the case, so, it does not have bounded solutions.
For example, let

1
=1+ ————, neN,
I n2+4n+3 0

and

fu=5+2cosn, neN.

Page 7 of 17
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Then
n-1 n-1 .
1 +2)? 2(n+1)
Qn=1"[(1+‘2 . >=1"[.(’ =
g j2+4j+3 /:o(1+1)(]+3) n+2
for n € Ny, from which it follows that lim,,_, .o, Q,, = 2,
1<Q,<2, neNy, (28)
and along with (2) that
2(n+1) = j+3
= 5+2 j . 29
* n+2 <x0+],z=0:( " COS})2(i+2) 29)
Using (28), the following obvious estimate
3<f, <7, mneNy, (30)

and the triangle inequality in (29), we get
3
%] > El’l —|xol, 1 €Ny,

from which it follows that each solution to equation (1) in this case is unbounded.

If we assume that f,, is a positive sequence such that lim,_, , f;, = 0 and Z;fo Ji=+00
(for example, f, = 1/1In(n + 2), n € Ny), and that g, is chosen as above, then from (2) and
the fact1 < Q,, < Q, n € Ny, we have

n-1
iy
j=0

| = Qu
Q/+1

— +00,

1 n-1
> |~lxol+ = D f;
QIS
=
as n — +00, from which it follows that none of the solutions to equation (1) in this case
converges to zero. Specially, every solution to the difference equation

~ (n+2)?
T+ +3)

Xprl Xy n € Ny,

" In(z +2)

is unbounded.

Now we consider the case when n € Z \ N. If in (1) is g, # O for every n € Z \ Ny, then
the sequence x,, is not only well-defined on the set Ny, but also for every # € Z. Indeed, if
n < 0, then from (1) we have

x_nzm—&, neN. (31)

q-n q-n

Using one of the methods for solving equation (1), from (31) the following is obtained:

n j—1
x0 =2t [T a0
Xopn = n (32)
1_[;:1 q-j

for n e N.

Page 8 of 17
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Closed form formulas (2) and (32) together present the general solution to equation (1)
on Z, when ¢q,, #0, for n € Z \ Ny.

Now we formulate and prove the corresponding results to Theorems 1 and 2 concerning
bounded solutions to equation (31). The results are dual to Theorems 1 and 2 and are
essentially obtained from them by using the change of variables y, = x_,. However, there
are some different details which are used later in the text. Because of this and for the
completeness, we will sketch their proofs.

First, we consider equation (31) for the case

liminf|g_,| =: g > 1. (33)
n— o0

Theorem 3 Assume that (q_,)uen C C \ {0} is a sequence satisfying condition (33), and
that (f_,)nen is a bounded sequence of complex numbers. Then the following statements are
true.

(a) Every solution to (31) is bounded.

(b) Iflimy_ s00f-n = 0, then every solution to (31) converges to zero as n — +00.

Proof (a) From (33) it follows that there is ng € N such that

1 2
< —— formn>ng. (34)
lg-nl — 1+q
Let
Y min{uﬁ, min_|q_| } (35)
j=Tng—1

Using (34) and (35) in (32), as well as some standard estimates and sums, we have
o] ~ Il
i1 lg] = [T 1g-1

X 2
< |n(;|—1 . I1f Nl s l[f”oo ‘o
MS (1_M5)M5 q_l

le_p| <

(36)

for n > ng, from which the boundedness of (x,,),en, follows.
(b) Since f_,, converges to zero as n — +00, we have that for every ¢ > 0, there is ng € N
such that

|f-nl <& forn> n. 37)

Let n19 = max{ng, ng}, where ng is from (34), and

M ;:min{l/ﬁ, min |q_j|}. (38)

j=Lno-1

Using (34), (37) and (38) in (36), as well as some standard estimates and sums, we have

1+g\™ 1/ 2 \" 1+g\™1/ 2 \" 1 2
] < [0l [ 2 =) +flleo 1 = + = (39)
2M6 1+q 2M6 1+q 1—M6 q—l

for n > ny.
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Letting n — +00 in (39) and using the fact that ¢ is an arbitrary positive number, the
result follows. O

Now we consider the case limsup,,_, , . |g-»| < 1. If so, then a bounded solution (x_,),en
to (31) is obtained only if

o0
Xo=Y f ]‘[ql, (40)
j=1 =1
and for such chosen xy, it is obtained

Z/ n+1f Hl lq 1

oo j-1
RS D Bl ) (41)

j=n+l  I=n+1
for n e N.

Theorem 4 Assume that (q_,)neny C C\ {0} is a sequence such that

limsup |g_,| =g <1, (42)

n—oo

and that (f_,)uen is a bounded sequence of complex numbers. Then the following statements
are true.

(a) There is a unique bounded solution to (31).

(b) Iflim,_ o0 f-n = 0, then the bounded solution x_, also converges to zero as n — +00.

Proof (a) From (42) we have that there is 7;; € N such that

|q-nl < Tq for n > ny;. (43)

By using (43) and some simple estimates in (41), we have

j—n—1
|xn|<Zlf|1_[|qz|<|w|ooZ<“—q> - Wl (44)

1-
j=n+1 I=n+1 j=n+1 1

for n > ny;, from which the boundedness of sequence (41) easily follows. A simple calcu-
lation shows that the sequence satisfies equation (31). Since x¢ is uniquely determined by
the convergent series in (40), it follows that the sequence is a unique bounded solution to
(31).

(b) Since lim,,, ;00 f~» = 0, we have that for every ¢ > 0, there is 115 € N such that (37)
holds for n > ny5.

From this, (41) and (43), we have that

> e Z (1+g\V" 2
ol < Y U [ ] laal<e Z(T> = (45)

1-
j=n+1 I=n+1 j=n+1 q
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for n > max{ny;, n15}. Letting n — +o00 in (45) and since ¢ is an arbitrary positive number,
we obtain lim,,_, .o, x_, = 0, as desired. O

From Theorems 1-4 the following four interesting corollaries are obtained.
From Theorems 1 and 3 we obtain the following corollary.

Corollary1 Consider equation (1) for n € Z. Assume that (qn)nez and (f,)nez are sequences
of complex numbers such that q_,, #0, n € N, limsup,,_, ,  |q4| <1 and liminf,_, .o |g-,| >
1, and

sup |fy] < o00. (46)
nez

Then the following statements are true.
(a) Every solution to (1) is bounded on Z.

(b) If

lim f,=0, (47)

n—=+o0

then, for every solution (x,)nez to (1), we have lim,,_, 15 %, = 0.
From Theorems 1 and 4 we obtain the following corollary.

Corollary2 Consider equation (1) for n € Z. Assume that (q,),cz, and (f,,) ez are sequences
of complex numbers such that q_, # 0, n € N, limsup,,_, , . |g,| <1andlimsup,_, . |q_| <
1, and that (46) holds. Then the following statements are true.

(a) There is a unique bounded solution to (1) on Z.

(b) If (47) holds, then, for the bounded solution (x,),cz, we have lim,,_, 1o %, = 0.

From Theorems 2 and 3 we obtain the following corollary.

Corollary3 Consider equation (1) for n € Z. Assume that (q,),cz, and (f,),cz are sequences
of complex numbers such that q_, #0,n € N,liminf,_, ;oo |g,| > 1 and liminf,_, .o |g_,| > 1,
and that (46) holds. Then the following statements are true.

(a) There is a unique bounded solution to (1) on Z.

(b) If (47) holds, then, for the bounded solution (x,),cz, we have lim,,_, 1o %, = 0.

From Theorems 2 and 4 we obtain the following corollary.

Corollary4 Consider equation (1) for n € Z. Assume that (q,),cz, and (f,),cz are sequences
of complex numbers such that q_,, #0, n € N, liminf,,_, . |q,| > 1 and limsup,_, , . |q_x| <
1, and that (46) holds. Then the following statements are true.

(a) There is a unique bounded solution to (1) on Z if and only if

00 j-1 o0 f
SE 33| (T e i
j=1 =1 i=0 1lj-0%

(b) If (47) holds, then, for the bounded solution (x,)ucz, we have lim,,_, 1o %, = 0.
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3 Periodic solutions to equation (1)
In this section we study equation (1) in the case when the sequences g, and f, are pe-
riodic with the same period T. Note that if sequence g, is periodic with period 77 and
sequence f, is periodic with period T3, where T # T3, then T := lem(7, T2) (the least
common multiple of integers 77 and 7T5) is a common period of these two sequences, since
T =k T, = k, T, for some integers k; and k,. Hence, the case leads to the investigation of
equation (1) whose coefficients are periodic with the same period.

Periodic solutions to equation (1) have been studied in [2]. Among others, the authors

of [2] quote, in an equivalent form, the following basic result, which is certainly folklore.

Theorem 5 Assume that (q,)uen, and (f,)nen, are two periodic sequences with period T.
Then the following statements are true.

(@) If
T-1
ri=[]a #1 (48)
j=0

then (1) has a unique T-periodic solution given by the initial condition

T-1 o 7-1
>0 fi j=in1 D

== 7/, 49
X0 1-a (49)
(b) If
T-1 71
A=1 and E fil_[qj=0, (50)
=0 j=i+l

then (1) has a one-parameter family of T-periodic solutions.

© If
T-1 T-1
r=1 and E fil—[qﬁlo, (51)
=0 j=irl

then (1) has no T-periodic solutions.

The case in (a) is interesting for guaranteeing the uniqueness of a T-periodic solution
to equation (1). Note that, due to the T-periodicity of sequences g, and f;,, from (2) we see
that a solution to equation (1) will be periodic with period 7 if and only if

T-1 T-1 T-1
xOZxTZxOHq/""E Iil_[qj,
j=0

=0 j=isl

from which, if (48) holds, it follows that xy must be given by (49). However, the authors
of [2] did not consider there the relationship between the periodic and other solutions to
equation (1). We prove a nice result which gives an answer to the natural problem. Before
this, we formulate and prove a closely related result to Theorem 5.
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Theorem 6 Assume that (q_,)nen and (f_,)uen are two periodic sequences with period T
such that q_, #0, n =1, T. Then the following statements are true.

(@ If
R T
hoo=[Tay 71 (52)
j=1

then (31) has a unique T-periodic solution given by the initial condition

T -1
2 >S5 [T a0

0= = (53)
1-A

(b) If
T j-1
A=1 and E f Hq,[ =0, (54)
j=1 =1
then all the solutions to (31) are T-periodic.
(@ If

A=1 and S l_lq_l #0, (55)

then (31) has no T-periodic solutions.

Proof (a)-(c) Since g_, and f-, are periodic, by using (32) we see that a solution to (31) will
be T-periodic if and only if

~ T j-1
A A X0 = 2 =1/ 1 li=19-1
X0 =X_T = 0 Zl 1f] l_[l ! , (56)

T
1_[1':1 9

from which, if & #1, (53) follows. If A = 1, then from the second equality in (56), we see
that if (54) holds we have Xx_1 = X, so all the solutions are T-periodic, while if (55) holds,
such Xy does not exist, so there are no T-periodic solutions in this case, which completes
the proof. O

Now we formulate and prove the main result in this section. The result deals with the
asymptotic behavior of solutions to equation (1) in the case when the quantity in (48) is
different from 0 and 1.

Theorem 7 Assume that (q,)nez and (f,)nez are two periodic sequences with period T
and that the quantity in (48) is different from 0 and 1. Then equation (1) has a unique
T -periodic solution, say, (x,)ncz, and the following statements are true.
(@) If|A| <1, then all the solutions to (1) converge geometrically to the periodic one as
n — +00, while they are getting away geometrically from the periodic one as

n— —0oQ.
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) If|A| > 1, then all the solutions to (1) converge geometrically to the periodic one as
n — —o0, while they are getting away geometrically from the periodic one as

n— +0Q.

Proof Unique existence of a T-periodic solution (%,),cz to (1) follows from Theorem 6(a).
Assume that (x,),cz is an arbitrary solution to (1). Then, due to the T-periodicity of g,

we have
n+T-1
= Il (57)
j=n

for every n € Z (note that due to an assumption we have A # 0), from which along with
(2), we obtain

n+T-1 n+T-1 n+T-1
Xn+T = X0 H%‘+ E ﬁl_[%‘
j=0 i=0 j=i+l

n-1  n-1 n+T-1 n+T-1
(xonq,+zfnq,) ST 0w d 59

i=0  j=i+l i=n J=i+1

where

n+T-1 n+T-1

:Zfil_[qj, I’IEN().

i=n =i+l

Using again the periodicity of p,, and g,, we have

n+2T-1 n+2T7T-1 n+T-1 n+2T-1
dor= 2 Sl o= 2 for 1] @
i=n+T j=i+l j=l+T+1
n+T-1 n+T-1 n+T-1 n+T-1
Zfll_[qkn— Zﬁnqk— n (59)
I=n k=1+1 I=n k=I+1

which means that the sequence d,, is T-periodic.
From (58) we see that if %, is the periodic solution to (1), it must be

Xy = , neNp. (60)

Also, we have

m-1
KTl = M%) + d Z)J, m,l e N. (61)
j=0

Hence, since A # 1, we have

mt d

1
_ J _ "
%t s1 = Bmrat] = | A xz+dz§ N - I X

di

= A"
A

(62)

for every m, [ € Ny.



Stevi¢ Advances in Difference Equations (2017) 2017:283 Page 15 of 17

Let
c 1 d;
= maxX —— X - —.
T (YR 1A

Note that since A ¢ {0,1}, the quantity is well defined.
Then from (62) it follows that

|, — %] < Cx(\T/m)" for n € Ny. (63)

If |A| < 1, then from (63) it follows that all the solutions to equation (1) converge geo-
metrically to the periodic solution to the equation as n — +00. Now note that if x,,, = X,
for some ng € N, then it will be x,, = x,, for n > ny. Moreover, since due to the condition
A #0, we have g, # 0, n € Ny, it follows that x,, = &, for every n € Ny. So, for an arbitrary
solution x,, different from %,, it must be x,, # &, for every n € Ny. Hence, if |A| > 1, then
from (62) it follows that

d,
l—k

1 = &al = (VI2])" m

>0, I’IGN(),

10T1(x/IT)’

that is, every solution x,, different from %, gets away geometrically from the periodic so-
lution as n — +o0.

Now we are going to consider the case # < 0. From Theorem 6(a) we see that equation
(31) has a unique T-periodic solution if (52) holds with X given in (53).

From (57) we see that A = A. Using this fact along with the periodicity of g_, and f.,, we

obtain

T j-1
P Z/ S 1_[1 191 Z/’:lfT—j [T a0

T4 1- 4
XAl g Y AT g
1-A 1-A
_Z {l_[)\‘sh—lqs. (64)

From (49) and (64) we see that Xy = xo, so, there is only one ‘initial value’ for which a
T-periodic solution to (1) on Z is obtained.

Using (32), we obtain

Zn+Tf l_[z 19-1
14" -

n j—1
l (xo - Zj:lf—j l_[}1:1 Q—l) g
1_[7=1 q-1

X_(n+T) =

T
A j=n+1 ;H; q-1
1
= Xx,n —Cy (65)
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for n € Ny, where

n+T

= S (66)
n+T
j=n+1 l_[
Since
n+2T n+2T
ur= Y = Y, I
n+l = Tn+2T . 2T
j=n+T+1 l_[l—] q- j=n+T+1 Hl—] q-

n+T n+T

-2 -y
n+2T - n+2T

keni1 Lli=ks 191 oy | L=k 471

n+T

Z n+T = Cn

k=n+1 1 Ls=kc d-s

we see that ¢, is a T-periodic sequence for n € N.

From (65) we see that if x_,, is the periodic solution to equation (31), then it must be

Cn

.;C,n = )\_1_1, VlENo. (67)
Also, we have
m-1
X_mre) = A "X — ¢ Z A7 (68)
j=0

for m e N.
Hence, since A # 1, we have

m-1
c
|x (mT+l) — mT+l|— AT xl_ClZ)‘] )\_1—1‘
j=0
- C
= |2 mxl—m’ (69)
for every m, [ € Ny.
Let
o~ Cl
Co:= max (YA oy = —2—|.
* l:O,T—l( A1) ft AL - 1‘
Then from (69) it follows that
¥ =%l < (70)

_(W

If |A| > 1, then from (70) it follows that all the solutions to equation (31) converge geo-
metrically to the periodic solution to the equation as # — +00. Now note thatifx_,, = x_,,
for some 1y € N, then it will be x_,, = x¥_,, for n > ny. Moreover, since g_, # 0, n € Ny, then
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we have x_, = x_, for every n € Ny. So, for an arbitrary solution x_, different from x_,, it
must be x_, #x_, for every n € Ny. Hence, if 0 < |A| < 1, then from (69) it follows that

¢

m>0, VIENO,

X_| —

=g = (YIA) ™" min (Y]])’

1=0,T-1

and consequently, every solution x_,, different from x_,, gets away geometrically from the
periodic solution as # — +o0o, which finishes the proof of the theorem. O
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