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Abstract
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1 Introduction and main results

The discrete nonlinear Schrodinger equation is a very important discrete model, which
has many important applications in many fields, such as nonlinear optics [1], biomolecular
chains [2], Bose-Einstein condensates [3], and so on.

In general, discrete nonlinear Schrédinger equation can be divided into two different
cases, the periodic and nonperiodic cases. So far, most results are all about the periodic
cases, such as [4-16] and so on. Only a few results are about the nonperiodic cases, such
as [17-28]; in paticular, the papers [17, 21, 22, 24, 27] are only about the case of one-
dimensional lattice (n € Z).

Inspired by the papers mentioned, we study homoclinic solutions
(LM = sy | 1 [+ [y |— 00 U = O) Of the following nonperiodic discrete nonlinear equation:

—Auy + Vot — 0ty = fu(u,), nel”, (1.1)

where

is the discrete Laplace operator in the m-dimensional space, w € R, V = {v,},cz» and
{u,}nezm are sequences of real numbers, and the nonlinearities f;, satisfy

ﬂ(eiws) = e“f,(s), VYo eR,V(n,s5)eZ" xR.
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Problem (1.1) comes from the study of standing waves for the discrete nonlinear Schro-

dinger equation
iV = =AY + VY —fu(Y), neZ™ 1.2)

Clearly, (1.2) becomes (1.1) by the definition of standing waves (v, = u,e”®" with
limy,;—, o 4, = 0). Therefore, the problem on the existence of standing waves of (1.2) re-
duces to that on the existence of homoclinic solutions of (1.1).

We use some suitable assumptions to overcome the difficulties caused by the unbound-
edness of Z and the lack of periodic conditions. In particular, condition (F3) is a new

superquadratic condition introduced by Tang and Wu [29].

(V1) V ={v,}uepm satisfies

lim v, = +00. (1.3)
|n|—+00

(F1) f € CR,R), limy o2 = 0.
(F2) limyg— 400 F"s’—l(zs) = +oo for all n € 7™, where F,(s) := f(ffn(t) dt,(n,s) e 7" x R.
(E3) E,(s) = fu(s)s —2F,(s) = 0 for all (n,s) € Z x R, and there exist b > 0 and ro, > 0 such

that

F,(s)

Fy(s)=b—"-,
©=5e

VYneZ",V|s| > reo. (1.4)

(F4) F,(0)=0forallmeZ™.

(F5) Thereis L > 0 such that sup,,c;m F.(s) <L.

Isl=reo

Theorem 1.1 Equation (1.1) possesses at least one nontrivial homoclinic solution u if con-
ditions (V1) and (F,)-(Fs) hold. Here, u is nontrivial, that is, u,, % 0.

Theorem 1.2 Equation (1.1) has infinitely many nontrivial homoclinic solutions if condi-
tions (V1) and (Fy)-(Fs) hold and f,(—s) = —f,(s) for all (n,s) € Z™ x R.

Example 1.1 We give the following example to explain the rationality of the assumptions

for the nonlinear terms f;,. Let

Eo(6) = anlerls|® + cals|*], Isl <2,
() =
au[|s|?In(1 + |s|?) + sin|s|?> = In(1 + |s]?)], |s| > 2,
where s € R, 0 <inf,ezm a, < sup,cym a, < +00, and ¢y, ¢, > 0 are two suitable constants. It

is not hard to check that it satisfies our conditions (F;)-(Fs).

Remark 1.1 (Comparisons) We give detailed comparisons between our results and the
results [18—-20, 23, 25, 26, 28] for infinite m-dimensional lattices. Our Theorems 1.1 and

1.2 generalize the results mentioned.
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(1) The results of [18, 20, 23, 25, 26, 28] are all based on conditions (V;) and

(F)) fn € CR,R), limyg,¢ 18 _ 0, and there are a; >0 and v > 2 such that

S

)| <a(1+1sI"™), V(n,s) e Z”" x R. (1.5)

However, we remove condition (1.5).

(2) The authors of [25, 26] used the Ambrosetti-Rabinowitz superlinear condition
0 < V'F,(s) <fu(s)s forsomev >2,Vse R\ {0}. (1.6)

Obviously, (1.6) is stronger than our condition (F,). Besides, the authors of [20, 23,
28] used the condition

Ja(s)

N

is increasing for s > 0 and decreasing for s < 0, (1.7)

the authors of [18] used the condition

lim inf 288 = 2E4(9)

|s]—+00 |s|@

>b forsomeb>0,0>max{l,v-2}, VmneZ”, (1.8)

and the authors of [19] used the condition
WE,(s) <fu(s)s + kst, w>2,k>0,¥(ns)eZ"™ x R. 1.9)

It is not hard to check that the functions in our Example 1.1 do not satisfy conditions
(1.6)-(1.9), but they all satisfy our conditions (F)-(Fs). Therefore, our results extend
those in the papers mentioned.

In Section 2, we establish the variational framework of (1.1) and give some preliminary
lemmas. In Sections 3 and 4, we give detailed proofs of Theorems 1.1 and 1.2, respectively.

2 Variational structure and preliminary lemmas
Let

r=r(z")

1/p
= [u: {u,}:neZ”,u, e R, |ullp = <Z |un|”> < oo}, p €[l +00),

neZm
be real sequence spaces. The following elementary embedding relations hold:
rch, lulle < Nuelw,  1<p=gq=oo, where|ulpe:=maxiu,|.
neZ"
Let L := —A + V be defined by Lu, := —Au, + v,u, for u € 2. Let E be the form domain

of L, that is, E := D(LY?) (the domain of L/?). Under our assumptions, the operator L is an
unbounded self-adjoint operator in /2. Since the operator —A is bounded in /2, it is easy to
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see that E = {u € I*: V2y € I?}, where V'?u is defined by V2u,, := v}y, for u € I*. We

define respectively on E the inner product and norm by
(6, V)g = (w,v)p + (Ll/zu,Lmv)l2 and  lullg = (uw,u)?,

where (u,v)p is the inner product in /2. Then E is a Hilbert space.

Lemma 2.1 ([26]) If(1.3) holds, then we have:
(1) The embedding maps from E into I are compact for all p € [2,00], and there exist
Vg > 0 such that

lulla < yqllul, VueE.
(2) The spectrum o (L — w) consists of the eigenvalues:
M-—W< A —w0< <A —w< -+ —> +00.
Let ex be the eigenfunctions with (L — w)ex = (A —w)er and ||ex|lp =1,k =1,2,.... More-
over, {ex : k=1,2,...} is an orthonormal basis of />. Let fi(D) denote the number of i such

that i € D. Let

ki=2({i: A — @ <0}),
ko=t({i:1i—w=0}), 21
kz = ko + /(1

and

E™ :=span{e,..., ey},
0
E” :=span{ex +1,..., €k}

E* :=spanfeg,+1...},

where the closure is taken with respect to the norm | - ||g. Then we have the orthogonal
decomposition

E=E ®E°@E"

with respect to the inner product (-, -)g. Now, we introduce respectively on E the following

inner product and norm:
(,9) 1= (/") p + (L2u, 13 = (w,0)?
u,v.—(u,v )12+( u, V)lz, x| = (u,u)2,
where u,v e E=E"@E°®E* withu =u~ +u® +u* and v = v~ +1° + v*. Clearly, the norms

|- Il and || - ||z are equivalent, and the decomposition E = E- @ E° @ E* is also orthogonal
with respect to both inner products (-,-) and (-, -) 2.
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In view of the above arguments, we consider the functional ® on E defined by

) = S (L~ hu)p~ Y Fyla)

nezZm
1 1
=Sl P = e = 3 Eutawn). (2.2)
nezm

Under our assumptions, ® € C'(E, R), and the derivative is given by

(@' (), v) = (" v) = (7 v7) = D fulthn) vy (2.3)

nezm

where u,ve E=E- ®E° @ E* with u =u~ + u® + u* and v = v~ +1° + v*. The standard

argument shows that nonzero critical points of ® are nontrivial solutions of (1.1).

Definition 2.1 We say that
(1) I € CY(X,R) satisfies (C)-condition if any sequence {#X} such that I(z¥) is bounded

and
[ @)@+ [u']) >0, k— oo, (2.4)

has a convergent subsequence.
(2) I e CMX,R) satisfies (PS)-condition if any sequence {#*} such that I(«*) is bounded
and

]/(uk)—>0, k_> oo,
has a convergent subsequence.

We shall use the following two lemmas to prove our main results:

Lemma 2.2 ([30]) LetE be a real Banach space, and let I € C*(E, R) satisfy (PS)-condition.
Suppose 1(0) = 0 and
(1) there are constants p,a > 0 such that 1|35, > @;
(2) thereis e E\ B, such that I(e) < 0. Then I possesses a critical value ¢ > .
Moreover, ¢ can be characterized as ¢ = infger max,eg(o,1)) I(11), where
I'={ge C([0,1],E) | g(0) = 0,¢(1) = e}.

Lemma 2.3 ([31]) Let X be an infinite-dimensional Banach space such that X =Y & Z,
where Y is finite-dimensional. Let I € C(X,R) be an invariant functional. Suppose that,
forany k € N, there exist px > ry > 0 such that

(1) I satisfies (C)-condition for all ¢ > 0;

(2) ay == maxyey,,ju-p, (1) < 0;

(3) by :=infyuey,, ju=p, L(1) = 00, k — 00.

Then I has an unbounded sequence of critical values.

Let {¢;}5; be an orthonormal basis of E, and let X; := Re;. Then Yj = @/IleXj =
span{ey,...,ex} and Zy = @;’:’k}(] = spanf{ey,...} for all k € N.
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Lemma 2.4 If assumptions (V1) and (Fy)-(Fs5) hold, then ® satisfies (C)-condition.

Proof We assume that, for any sequence {#} C E, ®(uX) is bounded and ||®'(u*)||(1 +
l¥||) = 0. Then there exists a constant M > 0 such that

@) =M, @ @)1+ [[u]) <M. (25)

(i) First, we prove the boundedness of {x}. If not, then ||u*|| — oo as k — oo. Let VX =
ﬁ. Then [|v¥|| = 1. We can assume that v — v = {v, },czm in E passing to a subsequence,
which, together with Lemma 2.1, implies v — v in /4 for 2 < g < 0o and vk — v, for all

n € Z. By the space decomposition we have
e R 2.6)

Then, by (2.2), (2.5), and (2.6) we have

S B 1 @) LI e ) I o)
W T2 R 2 Ak ' '
which implies that, for k large enough, we have
F,w) 1 M
<-4 <1. (2.8)
Z k(|2 =2 fluk|?

neZm

Ifv#0,thenweletA:={neZ":|v,|>0}.Foralln e A, byvﬁ = “Z—l,é” and ||uX|| = oo we
have lim_, o |uX| = 0. It follows from (F,) that F,(s) > 0 for all (1,5) € Z™ x R (see AX 1
in Appendix) and the Fatou lemma that

Fu(uf) Fy(uk)
m > lim 1
Z [z kﬁwz (2l

k—o00
nezm neA

. F,(uk 2

= lim Z n(k ) ’vﬁ’
k—o00 |I/ln|2
neA

= +00,

which contradicts with (2.8). So, in this case, {#*} is bounded in E.

Ifv=0,thenvf - 0inl4,2 < q < 00, and v’; — Oforalln € Z™. Since dim(E- ® E°) < oo,
it follows from (2.5) and (2.7) that, for k large enough, there exists a constant /; > 0 such
that

Z Fn(ul;) - 1 B M a l_o Z <|(U5)_|2 + |(Mﬁ)_ + (u5)0|2>
k2 — k|2 k12
2R T2 WP 2 A 0|

1 M oy |2 K 4 (V4O
=__mmp_§2;qm)|+um)+@»|)

(2.9)
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Then by (F;), for any ¢ > 0, there exists o > 0 such that
[h(s)| <elsl, sl <o,neZ™

It follows from F,,(s) > O for all (n,s) € Z" x R (see AX 1 in Appendix) and (F,) that, for
alln € Z™ and |s| < o,

Fu(s) = |Fn(s) - Fn(0)|

/lf,,(ts)s dt’
0

1
< / 5| Isl e
0
1
5/ elts||s| dt < els|?. (2.10)
0

Let ¢ = 1. Then there exists o > 0 such that (2.10) holds for all # € Z™ and |s| < 9. By
(F3) we have %ﬁ‘an(ﬁs) > 0 for all # > 1, so 9 ~2F,(¥s) is nondecreasing in ¢ for © > 1.
Then by (F5), for all |s| < re,, we have

2
Fn(S)SFn<E>(ﬂ) 5Fn(@>5L. (2.11)
sl / \ 7o N

Then since F,(s) > 0 for all (n,5) € Z™ x R (see AX 1 in Appendix), by (F3), (2.3), (2.5),
(2.10), (2.11), and the Sobolev embedding theorem, for k large enough, we have

F(uf)

0< E A
= k2
k|

E, k), 112 E,(u)

< I+ 7
- Z |u';|2 | "| Z } ”uk”Z

(HEZM Juk |>ro0) {neZm,|uk| <oy

+ Z Fn(”ﬁ)
N
(ne€Z" 00 <|u"|<reo}

F,(u*)
S D SR
n

{(neZ™,|uk|>roo} {neZm,|uk| <oy}

+

Z Fn(”’f,)|”l;|2

A
Oy (|U
(nezm oo <luk|<roc)  ° el

k112
< Wl b”’“ Y R <1+ £2>||Vk||;
0y

{(neZm |uk|>ro0}

< I o) o)t + (14 5 )V
- b ’ ol 2
3M L
<l + (1 + g) |]2 = o. (2.12)
0

Clearly, (2.12) contradicts with (2.9). Thus [|«*|| is still bounded in this case.
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(ii) Second, we prove that {#*} has a convergent subsequence in E. The boundedness
of {u*} implies that #* — u in E* passing to a subsequence, where u = {u,},czn. Now we
have

D Uy — )] = 0, k— o0, (2.13)

nezm
Note that Lemma 2.1 implies that u¥ — uin i forall 2 < q < 00, so we have
| —u|, —o. (2.14)

The boundedness of {#} and Lemma 2.1 imply that ||uk||q < oo forall 2 < g < oo. Then by
(F1), (2.14), and the Holder inequality, for & > 0, there exists § > 0 such that, for |s| < §, we
have

5 [£ (o) (0 )]

S AT

nezZm nezZm
< > (el oy — )
nezZ"
= > (][ — )
nezm
= 8”uk||12 ”uk - u”p — 0. (2.15)

So (2.13) holds. Therefore, since ®' () — 0, u* — u in E*, by (2.13) and the definition of
@’ we have

0= lim <<I>/(uk), uk - u)

k—o00
-t i =)= i, 2 ) )
negm
= lim [|*|* = llull? -0, (2.16)
k—o00
that is,
. kil _
klggo“u | = llell. (2.17)
Since uf — u in E*, it follows that

”uk—u||2 = (uk—u,uk—u) -0,

that is, {*} has a convergent subsequence in E*. Since dim(E~ @ E°) < oo, it follows that
{t*} has a convergent subsequence in E. Thus & satisfies (C)-condition. O

3 Proof of Theorem 1.1
Lemma 3.1 Ifassumptions (V1), (F1), (Fs), and (F4) hold, then there exist constants o, > 0
such that ®|s > o, where S = {u € E*|||lu|| = 0}.
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Proof In view of (2.9), let ¢ = #, where y, is defined in Lemma 2.1. Then there exists
2

o1 > 0 such that F,,(s) < ¢|s|? for all # € Z" and |s| < o;. Let

o 1
,0:—1, a=-0>0,
Yoo 4

where Y is defined in Lemma 2.1. This implies that 0 < |||« < o7 for all u € S. Then by
(2.2) we have

D(u) = %nun2 =Y Fulun)

nezZm

1 1
> —ful® - — > lual®

2 47/2 nezZm

Lo Lo o 1
> _ i == . 3.1
> 2||u|| 4||M|| 4||u|| (3.1)

Thus, by (3.1) and the definitions of ¢ and «, the proof of the lemma is finished. d

Lemma 3.2 Ifassumptions (V1) and (F)-(Fs) hold, then there exists { > o such that ®|3q <
0 with o defined in Lemma 3.1.

Proof Lete € E* with |le|| =1and K = E~ @ E° @ span{e}. Then there exists a small enough

constant &; > 0 such that
t({n € Z™ : lus = e1llull}) =1, VueK\{0}. (3.2)
The detailed proof of (3.2) is given in the Appendix.
Foru=u*+u’+u~ € K,let Q, = {n € Z" | lu,| > &1||ull}. By (F2), for M = 2/e? > 0, there
exists L; > 0 such that
Eu(s) = MIs)>, Vis| =L, VneZ".
Thus we have

Fu(u,) > Mlu,|* > Mej ||ull>, VneQ,,

where u € K and ||u|| > L1/&,. It follows from (F3) and (3.2) that

@) = [ |~ 5w | = 3 o)

nezZm

Ju* = > Fulu)

ney,

IA
N

|ut|)? - Me?(ul? - 5(22,)

IA
N = N =

IA

|ut|)? - Me2ful?> <0 (3.3)
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forall u € K and ||u|| > Li/e1. Let Q = {ne|l0 <n <} ® {u € E- ® E°|||u|| < ¢}. Then we
have

0Q=0:1UQUQ;3,
where

Q={ucE ®E | ul ¢},
Q=te®{ucE ®E ||ul <t},
Qi={nelo<n<y®{ucE SE||lul=¢).
Then by (3.3), for all ¢ > L;/e;, we have ®(u) < 0 for all # € Q, U Qs. It follows from (F3)

that ® () < 0 for all u € E- @ E°, which implies that ®(u) < 0 for all z € Q;. Thus, for all

¢ > max{o, L1/}, we have
®(u) <0, VYueadQ.
The proof is finished. d

Proof of Theorem 1.1 Similarly to Lemma 2.4, we can also prove that ® satisfies (PS)-
condition. Then by Lemmas 3.1 and 3.2 conditions (1) and (2) of Lemma 2.2 hold, so
Lemma 2.2 implies that ® possesses a critical point u such that ®(x) > «. Therefore u

is a homoclinic solution of problem (1.1). a

4 Proof of Theorem 1.2
Let

Bip)= sup |ullp, keN,qe][2, +00].
ueZy,|lul=1

Lemma 4.1 If assumptions (V1), (F1), and (F3)-(Fs) hold, then by — oo as k — o0,
where

by= inf  ®(u), T =reo/Br(0).

uEZp,l|ull=x

Proof By Lemma 2.1, E is embedded compactly into /7. Then Sx(p) — 0 as k — oo. For k
large enough, we choose k such that Z; C E*. Note that tx — +00 as k — oo, and so for
any u € Z; with ||| = 7, we have

llallio < 7rec. (4.1)

Then by (2.10), there exists 7o > 03 > 0, for all |u,| < oy, we have

Eo(uy) < |unl*. (4.2)
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Then by (2.2), (2.11), (4.1), and (4.2), for any u € Z; with ||u|| = tx, we have

) =l ~ Y Fylun)

nezZm
1 2
= 5””” - Z F,(u,) - Z F(u,)
neZM,|up| <oy neZM oy <|un|<reo
1 2 2 |Ml’l|2
e e Y 7 e Y 1)
2 oy
neZM™,lun| <oy neZM,oy <|un|<reo
1 |t
2 2 n
>l =Nl =L ;
neZM oy <|up|<rec 2
1 L
2 2 2
= Sl =Nl = — 3wl

2 el oy <lun|<roo

1 L
= EIIMII2 - (1 + —2)||M||2
D)
L 2
> —lul® - <1 + ?>(ﬁk(2)) llul|

2

1
llul? = ZT’?’ k> ko, ko €N.

Then we have

1
by = inf  ®(u) > —rk2 — +00, k— oo.
ueZy,|lull=tx 4
So the lemma is proved. O

Lemma 4.2 If assumptions (V1) and (F;) hold, then we have ay < 0 for all k € N, where
ar= max D(u).

ueYpllull=pk

04 ut, let

Proof Forany u € Y;/{0},6 >0, whereu =u™ + u
Cs() = {n € 2" ) = Sllull).

By (3.2), for all u € Y;/{0}, we obtain that there exists &; > 0 such that
#(Te, () > 1. (4.3)

By (F,), there exists y, > 0 such that, for all # € Y, and n € T, (1) with |lu| > y», we have

1
Fo(u,) > 8_2|uw|2 > ”M”2 (4.4)
1
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We choose px > max{y,, t¢}. It follows from (2.2), (4.3), (4.4), and F,(s) > 0 for all (#,s) €
7" x R (see AX 1 in Appendix) that, for any u € Y with ||« = o,

D (u) = %”u+ Hz - (%Hbf H2 + Z Fn(”n))

nezZm

1 2
< Sl = 3 Falu)

nele (u)
< Ll = pua(re, )
=9 &1
1
<——lul* =0,
2
which means that a; < 0 for all k € N, and the proof of the lemma is finished. O

Proof of Theorem 1.2 Let X =E, Y =Y, and Z = Z,,. By Lemma 2.4, under our assump-
tions, @ satisfies (C)-condition. Clearly, condition (1) of Lemma 2.3 holds. Besides, con-
ditions (2) and (3) of Lemma 2.3 hold by Lemmas 4.1 and 4.2, respectively. So problem
(1.1) possesses infinitely many nontrivial solutions by Lemma 2.3. Therefore, Theorem 1.2

is true. g
Appendix

In this section, we prove the following facts.

AX 1 Ifassumptions (F1), (Fs), and (F4) hold, then F,(s) > 0 for all (n,s) € Z™ x R.
Proof

F,(ts)
t2

g(t) = , (ms)eZ" xR, t>0.

By condition (F3) we have

_ﬂ(ts)ts — 2F,(ts) ~o

g 3 , (m,8)eZ™ xR,

which implies that g(¢) is nondecreasing in (0, +00). By (F1) and (F,) we have

F(ts)
t2

fu(ts)s
2t

< jm UnU I

|2
< -0
t—>0 s 2

= lim
t—0

im0 = iy

for all (n,s) € Z x R/{0}. Thus lim;_, g(t) = 0, which shows that g(£) > 0 for all £ > 0 and
(n,s) € Z™ x R/{0}. It follows from (F,) that

Fu,(s)=g(1) =0, (n,s)eZ" xR.
Thus the proof is finished. d

AX 2 The fact (3.2) in Lemma 3.2 holds.
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Proof If not, for any positive integer k, there exists X € K \ {0} such that

(el = (utl}) -o

Let v* = u*/||uX||, then ||v}|| = 1, and for all k, we have

ﬁ({nezm:]vﬁ]z%}):o. (A1)

Since dim K < 0o, we may assume that = v={ ) yegm in W passing to a subsequence,
and thus ||v| = 1. By Lemma 2.1 we have v — v in /2 and v’; — v, for all n € Z™, so that

Z|v’;—vn|2—>0, k — oo. (A.2)
nezm
The fact that ||v|| = 1 implies ||v||;c = max,eczm |v,| > 0. By the definition of norm || - ||

there exists a constant §; > 0 such that
t({n ez val = 81}) > 1. (A.3)
Let
Qo = {Vl eZ" | |vul = 51},
Qu=3{nez™ ‘ |vk]<l
n k 4
1
Qf =7\ Q% = {nGZW" |vﬁ|z%}.
By (A.1) and (A.3) we have
(2% N Qo) = #(R0 \ 2 N Qo) = #(R0) - #(Rf) =1-0=1

L > 1§, for k large enough. Then we have

Next, we may assume that §; — 123

1\* 1
!vﬁ—vnfzHvﬁ|—|vn||2z(6l—z) > 00 YnenQ,

and thus, for all large k, we have

1 1
Y Wi-wl= 30 vl = 8t neneo) = Lot >0,

nezm neQNo
Clearly, it is a contradiction to (A.2). Thus (3.2) holds. O
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