Zhang and Zheng Advances in Difference Equations (2017) 2017:270 ® Advances in Difference Equations

DOI 10.1186/513662-017-1329-5

a SpringerOpen Journal

RESEARCH Open Access

@ CrossMark

Lyapunov type inequalities
for the Riemann-Liouville fractional
differential equations of higher order

Laihui Zhang and Zhaowen Zheng’

“Correspondence:
zhwzheng@126.com

School of Mathematical Sciences,
Qufu Normal University, Qufu,
Shandong 273165, People’s
Republic of China

@ Springer

Abstract

In this paper, some new Lyapunov type inequalities will be presented for
Riemann-Liouville fractional differential equations of the form

(O2x)(®) + pOxO" () + ) x|~ Ox(®) = £(@),

where o € (n-1,n] (n > 3),p, q, f are real-valued functionsand 0 <y < 1< <n.
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1 Introduction

First, we consider the Hill equation

£ () + v(E)x(t) =0 (1.1)
with the boundary conditions

x(a) =x(b) =0, (1.2)

where v: [a,b] — Ris areal-valued function. Lyapunov [1] discovered that if the boundary

value problem (1.1)-(1.2) has a nontrivial solution, then

b
/a ‘v(s)’ds> bf

In [2], Wintner substituted the function ‘|v(s)|” with ‘v*(s)’ and he got the following in-

(1.3)

equality:

b
/ v*(s)ds > 4 . (1.4)
. b-a
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Inequality (1.4) was generalized by Hartman [3] as follows:

b
/ (b-s)s—a)y*'(s)ds>b-a. 1.5)

Lyapunov inequality is widely used in investigating the qualitative properties such as
oscillation and spectral properties for differential equations and difference equations (see
[4-13] for details). In recent years, there have been many literature works concerning the
Lyapunov type inequality. On the one hand, some authors study Lyapunov type inequali-
ties of integer-order linear differential equations, nonlinear differential equations or sys-
tems of differential equations. For example, Xianhua Tang and Meirong Zhang [14] studied
the general linear Hamiltonian system

u'(t) = JH()u(t), ueR*, (L6)

where

is the standard symplectic matrix and

H) - —-C@t) AT(®
“\A® B®

is a symplectic matrix-valued function which is locally Lebesgue integrable. They obtained
corresponding Lyapunov type inequalities. On the other hand, Lyapunov type inequalities
of the fractional differential equations are studied by more and more researchers, see [15—
26] and the references cited therein for details. Recently, Cabrera et al. [21] studied the
nonlocal fractional boundary value problem of order o € (2, 3]

Dix(t) +q(t)x(t) =0, a<t<b,

x(a) = x'(a) = 0, ®'(b) = x(£),
where a < £ < b, 0 < B —a)* ' < (x —1)(b - a)*? and q : [a,b] — R is a real-valued
continuous function.

In 2017, Agarwal and Ozbekler obtained Lyapunov type inequalities in [22] for the frac-
tional forced nonlinear differential equations of order « € (0, 2]

(D)® + PO *0) + a0 (@)™ 0x() = £©), (17)
subject to the Dirichlet (2-point) boundary conditions
x(a) =x(b) = 0, (1.8)

where p, q,f € Cl[ty,00) and the constants satisfy 0 < y <1 < u < 2. Moreover, the function
P> q and the forcing term f have no sign restrictions. They obtained that if x(¢) # 0 in (a, b),
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then

b
< / (B -1)(t - a)* [ 1op” () + yoq* (&) + |f(2)]] dt)

b 2
X (/ [(b-t)(t-a)][p" @) +q" ()] dt) > 1ﬂT(O[)(b —a)*2, (1.9)

where the constants (g and y; are the same as in [24, Theorem 2.3].
In this paper, we consider the Riemann-Liouville fractional differential equation with

mixed nonlinearities of order « € (n —1,n] forn >3
(D) (0) + p(0)](e)] " x() + g |xO  (©)x(0) = £ (8), (110)

where p, q,f € C[ty,00) and the constants satisfy 0 < y <1< u < n (n > 3). Equation (1.10)
subjects to the following two kinds of boundary conditions, respectively:

x(a) =x'(a) =x"(a) = - - =x"D(a) = x(b) = 0, 1.11)
and the boundary conditions
x(a) =x'(a) =x"(@) = =x"D(a) =x'(b) = 0. (1.12)

Obviously, it is easy to see that equation (1.10) has two special forms; one is the forced
‘sub-linear’ (p(£) = 0) fractional equation

(Dax) () + g |x0)] 7 (W) = f(£); 0 <y <1, (1.13)

and the other is the forced ‘super-linear’ (¢(¢) = 0) fractional equation
(Dex)(2) + p(2) |x(t)|”“_1x(t) =f(t); l<p<n. (1.14)

Besides, from boundary conditions (1.11), it is noted that a < b and a, b are consecutive
Zeros.

To our best knowledge, there has been no such papers relating to equation (1.10) with
higher order @ € (n—1,n] (n > 3). We will give Lyapunov type inequalities for the fractional
differential equations (1.10), (1.13) and (1.14) under the boundary conditions (1.11) and
(1.12) with the help of the Green’s function. The results relating to the boundary conditions
(1.11) and (1.12) are a new type of Lyapunov type inequalities.

We first give some preliminary results about fractional calculus and some lemmas corre-
sponding to the boundary conditions (1.11) and (1.12) in Section 2. In Section 3, we provide
two lemmas that are essential in the proof of our results. In addition, we state and prove
Lyapunov type inequalities for equations (1.10), (1.13) and (1.14) under the boundary con-
ditions (1.11) or (1.12), respectively. To make our paper more rigorous, we discuss the case
when n (1 > 3) is a positive even integer and obtain corresponding results. Besides, we
give an example about an eigenvalue problem. Finally, Section 4 is devoted to concluding
remarks.
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2 Preliminaries

At first, we give the concept of fractional integral defined on [a, b].

Definition 2.1 Let« > 0 and f be areal function defined on [4, b]. The Riemann-Liouville
integral of order « is defined by (I%f)(¢) = f(¢) and

1

(Iif)(t) = m /ﬂt(t —s)"‘_lf(s) ds

for ¢t € [a, b], where « is a positive constant.
Definition 2.2 The Riemann-Liouville fractional derivative of order & > 0 is defined by
(DY) @& =f®
and
(Daf)® = (DFI"f) (@)
for & > 0, where m is the smallest integer greater than or equal to «.
To obtain our results, we introduce the following lemmas.
Lemma 2.1 ([21]) Assume that f € C(a,b) N\ L (a,b). Then
IZDSf(t) =f(t) + c1(t - AVt ot-a) 2+t eyt —a) ™"
fortela,b)l,wherec;eR,i=1,2,...,n,and n=[a] + 1.
Corresponding to the boundary conditions (1.11), the following lemmas are essential.

Lemma 2.2 ([26]) A function x(t) is a solution of the following equation of order o €
(n-1,n] (n>3):

Déx)(t)+H({) =0, a<t<b (2.1)
(Dgx)

with the boundary conditions (1.11) if and only if x(t) satisfies the integral equation

b
() = / a(L9H(s)ds,

where
1 ((15:'2))2—1 x(b-9)*t=(t-9)*", a<s<t<b,
g(t’ S) = 1"— (t—a)a_l a (22)
(o) Wx(b—s)a , a<t<s<b

is the Green’s function of the boundary value problem (2.1) and (1.11).
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Lemma 2.3 ([26]) The Green'’s function (2.2) satisfies the following properties:
(i) g(t,s)=0foralla<s,t <b;
(ii)
(s—a)*L(b-s)*!
F(@)(b-a)1- ()]

Tnax g(t,s) =g(s%s) =

b-a
s—a(ﬂ)%
where s* = —b=2"—;
1-(2) o2
(iii)
b-a -1 Zot—l 1-2z a-1
max g(s*,s) =( ) a a_la) ,
sela,b] ') (1— 782 )2

where z, is the unique zero of the nonlinear equation ze=2 —2z+1=0 in the
20—4\ 2=2
2a-3)“1):

interval z, € (0, (

Similarly, we need the following lemmas corresponding to the boundary conditions
(1.12).

Lemma 2.4 A function x(t) is a solution of equation (2.1) with boundary conditions (1.12)
if and only if x(t) satisfies the integral equation

b
x(t) = / G(t,s)H(s) ds,

where
(t-a)*! a-2 a-1
1 s X (b= —(t-95)*", a<s<t<bh,
G(t,s) = —— 1 b7 (2.3)
P@) | 95 x (b -9, a<t<s<b

is the Green’s function of the boundary value problem (2.1) and (1.12).

Proof By Lemma 2.1, the general solutions to the boundary value problem (2.1) and (1.11)
in [a, b] can be represented as

t

Zhotet—a) " - 1 (t-5)*TH(s)ds (2.4)

x(t)=alt-a) " +er(t-a)” I(e)

for constants ¢; (i =1,2,...,n).
By the boundary conditions

x@a)=x'@a)=x"(a)=--=x"P(a)=0,
we obtain ¢y =¢c3 =---=¢, =0.
Hence
1

x(t)=ci(t—a)* - /t(t — )% YH(s)ds.

(o)
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-1 1t
X)) =cle-1D)(t-a)*? - i f (t —s)*"2H(s) ds,
I'a) Ja
the boundary condition x'(b) = 0 implies
1 b
ab-a)t - m /a‘ (b-3s)*" H(s)ds = 0.
This shows

b
W / (b - S)OK?ZH(S) ds.

C =

Then
x(t) = F( )(b a)a 2/ (b-s)" ZH(s)ds—m/ (¢ — 5" H(s) ds
a-1
F(a)/ [((Z Z))az ‘S)“'z—(t—s)“‘l]H(s)ds

I‘(06)/‘ |:(b— a)*- Z(b_s)a 2]H(S)ds

= / G(t,s)H(s) ds,

a

which completes the proof. d

Lemma 2.5 The Green’s function (2.3) satisfies the following properties:
(i) G(t,s)=>0foralla<s,t<b;
(i) G(t,s) is non-decreasing about the first variable;

(iif)

0 < Gla,s) < G(t,s) < G(b,s) = e )(h—s)“ 2(s—a), (ts)€la,b]x[a,b].

Lemma 2.6 ([21]) Let ¢(s) = ﬁ(b —8)*2(s—a),s e (a,b). Then

a-1
max{go(s) ta<s< b} = (p(s**) = ﬁ(a - 2)"“2<b;ﬂ) ,

a—-1

b+(a—2)a

where s** =
-1

3 Main results
Throughout this section we shall denote #* = max{#u, 0}. At the beginning, we introduce
the following lemmas.

Lemma 3.1 Let A >0, B > 0 be real numbers. For z > 0, we have
AZ" — BZ* > —(n — o)q-a pa-n Aa-i Bi-a (3.1)

forany o € (0,n] (n>2).
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Proof Let
F(z) =AZz" -Bz*, z>0.

It is clear that (3.1) is obvious when z = 0 or B = 0. By direct computation, we obtain
F'(z9) = 0 and F"(z9) > 0. Hence F attains its minimum at zy = (%)ﬁ if B> 0 and

(1))
Fmin =F -
nA
1 1,
aB )\ "« oaB )\ "«
Y _Bl (%2
(G2)) -(GA))
= —(n - o)a e pa-n Aan Bi-a,
So (3.1) holds. Note that inequality (3.1) is strict if B > 0. |

Lemma 3.2 IfA,B € R" and C € R, then the function f(x) = Ax" — Bx + C has a minimal

value point at x, = (%)n—1 when n is a positive even number.

Proof Since
f/(x) =nAx"" - B=( "V nAx - ”Xl/ﬁ)g,,_z(x),

1
where the function g, (x) is a polynomial of degree n — 2, we obtain xy = (%)ﬂ is a
stagnation point. By direct computation, we get f” (x) = nAx"2 > 0 and lim,_, o f (%) = +00.

Thus the proof of the lemma is completed. O
Now we show and prove our results relating to the boundary conditions (1.11).

Theorem 3.1 Let x(t) be a positive solution of the boundary value problem (1.10)-(1.11) in
(a,b). Then

b B b— (% 2—a
(f [(b—s)(s—a)]al[l—(b_;> } [Mop+(5)+yoq+(s)+f(S)]ds)

a-1

b . b— a2 ﬁ
x(fa [(b—s)(s—a)] 1[1—(}9_2) :| [p*(s)+q+(s)]ds>

> [P (@)(b - a)* ] (n - )7, (3.2)

w o n v
where pg = (n— ) W i and Yo = (n—y)y "™ nv=" and z, is the same as in Lemma 2.3.

Proof Set x(t) to be a positive solution of the boundary value problem (1.10)-(1.11). From

Lemma 2.2, x(¢) can be represented as

b
x(t) = / g(t,9)[p()x"(s) + g(s)x” (s) = £ (s)] ds. (3.3)
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Let x(c) = maXse(q,p) (). It is clear from Lemma 2.3 that

b _ a—1 b g‘t—:%2—a
ozt st [ U] - (522) 7T

Then, making use of (3.3)-(3.4), we have

b
x(c) = / g(c,s)[p(s)x“ (s) +q(s)x”(s) - f (s)] ds
b
< / g(e,s)[p* (s)x"(s) + q" (s)x” (s) + f~(s)] dis

b
< / g(s*,s) [p*(s)x“ (8) + g (s)x7(s) +f~ (s)] ds

1 b as bos\e2]>™
T - a) / [b=96=a) 1[1_ (b—:z) }
X [p*(s)x“ () +q (s)x”(s) +f _(s)] ds

< Pox"(c) + Qox” (c) + Fo,

where

1 b a-1 b—S 371 e +
P~ s |, [0--al 1= (523) | s

1 b a-1 b-s\«2 7,
0= =g | 0=l [1- (522) 7] w0

and

1 b -1 b—S g%z e —
o= e |, (==l 1= (575) 7] o

Besides, when A = B =1, inequality (3.1) in Lemma 3.1 suggests that

xH(c) < x™(c) + o

and

xY(c) <x"(c) + yp.

Combining these inequalities and inequality (3.5), we find that the following inequality

(Py + Qo)x"(c) — x(c) + poPo + ¥0Qo + Fo > 0

holds if and only if
(oPo + Qo + Fo)(Po + Qo)ﬁ >(n— l)nﬁ,

which is the same as (3.2). The proof of Theorem 3.1 is finished.

(3.4)

(3.5)

(3.6)

Page 8 of 20
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Remark1 From Lemma 2.3, we know that

. (b—a)* ! 2271 (1 — z,) !
max g(s*,s) =

s€la,b] F(Ol) (1 _ZO%T_% )a,2 ’
Hence, the following corollary is obvious.

Corollary 3.2 Let x(£) be a positive solution of the boundary value problem (1.10)-(1.11) in
(a,b). Then

b i b
( / [p*(s)+q*(s)]ds> ( / [10p" () + oq* (s) +f‘(s)]ds)

M@ 771[ Q-zez)e? 1o
(b—a)al] [zglu—za)al} ’

>(n—1)nﬁ|:

where the constants Ly, Vo and z, are the same as in Theorem 3.1.
The following conclusions are given for equations (1.13) and (1.14).

Corollary 3.3 Let x(t) be a positive solution of the boundary value problem (1.13) and (1.11)
in (a,b). Then
(i) Hartman type inequality:

—_

o—

b o b— P
([ te-ss-ar|i-(;=)
b Z:l 2-a ﬁ
x (/ [(b—s)(s—a)]“‘1[1—(:::)7] q*(s)ds)

.

> [D(@)(b - @) (n - )nrs;

N

2—a
} [voq*(s) +f(s)] ds)

(i) Lyapunov type inequality:

b 2L b
(f qt(s) ds) (/ [y0q+(s) +f_(s)] ds)

I'(a) }—1[ (1 - zamz )2 }—1

(b —a)*! Z5 (1= zo)*!

>(n—1)n1nn[

where the constants yo and z, are the same as in Theorem 3.1.

Corollary 3.4 Let x(t) be a positive solution of the boundary value problem (1.14) and
(1.11) in (a,b). Then
(i) Hartman type inequality:

o—

(/ﬂb[(b—S)(S—a)]a_l[l— (i::)“_‘%]“[mm) O] ds)

2=>a2-a ﬁ
:| pr(s) ds)

« (/;[w-s)(s-a)]"‘l[l_ (::;)

i

> [D(@)(b - @) (n - )15

—

)
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(i) Lyapunov type inequality:

b A b
(/ pr(s) ds) (/ [/Lop+(s) +f’(s)] ds)

@) }[ (1—zi=)e }

(b _ a)a—l Zg—l(]_ _ Za)a—l

>(n—1)n1nn[

where the constants jLo and z, are the same as in Theorem 3.1.
Next, the results relating to boundary conditions (1.12) will be introduced and proved.

Theorem 3.5 (Hartman type inequality) Let x(t) be a positive solution of equation (1.10)
satisfying the boundary conditions (1.12) in (a,b). Then

b
( f [(6—5)"(s —a)][op™ (5) + voq™ (s) +f(s)] dS)

1
n-1

b
«([Te-926-allpe) ra' 0] )
> T(a)#1 (n - 1)nts, (3.7)
where o and y, are the same as in Theorem 3.1.

Proof Set x(¢) to be a positive solution of equation (1.10) with (1.12). From Lemma 2.4, x(t)

can be represented as

b
x(t) = / G(t,s) [p(s)x“ (s) + g(s)x (s) —f(s)] ds. (3.8)
Let x(c) = maX;e(q,p) %(£). It is clear from Lemma 2.5 that

0 < Gla,s) < G(t,s) < G(b,s) = ﬁ(b -8 2(s—a). (3.9)

Then, making use of (3.9)-(3.10), we have

b
x(c) = / G(c,s) [p(s)x" (s) +q(s)x”(s) - f (s)] ds
b
< / Glc,s) [p*(s)x“ (8) + g™ (s)x¥(s) +f~ (s)] ds

b
< / G(b,s) [p*(s)x“ (s) + g (s)x” (s) +f_(s)] ds

1

b
= — Q)2 (¢ _ + + _
" T(a) / (b= (s = a)[p" (52" (s) + q" ()" (s) + £~ (s)] ds

< Pix*(c) + Qix” (c) + Fi, (3.10)
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where
1 b
P = @ /; (b—s)""%(s —a)p*(s)ds,

b
Q- ﬁ / (b-5""(s—a)q" (5)ds,

and

Fi- ﬁ / b= s = a)f-(5)ds.
Besides, when A = B =1, inequality (3.1) in Lemma 3.1 suggests that
x*(c) < x*(c) + wo,
and
x¥(c) <x"(c) + yp.
Combining these inequalities and inequality (3.10), we find that the following inequality
(P + Qu)x"(c) —x(c) + poPr + YoQ1 + F1 >0 (3.11)
holds if and only if
(10P1 + 70Q1 + B)(Py + Q)71 > (n— )T,
which is the same as (3.7). Hence the proof of Theorem 3.5 is completed. d

Remark 2 From Lemmas 2.5 and 2.6, it is easy to see that

_L _1\e—20p _ \a-1 _1\l-«
SIEI%%]G(b,s)—F(a)((x D) *b-a)* (a-1)"%

Thus, Lyapunov type inequality of the boundary value problem (1.10) and (1.12) can be
obtained.

Corollary 3.6 (Lyapunov type inequality) Let x(£) be a positive solution of the boundary
value problem (1.10) and (1.12) in (a,b). Then

b s b
(/ [p*(s) + q*(s)] ds) (/ [u0p+(s) +vo0q" (s) +f‘(s)] ds)
> T(er) 1 (n - D [(@ - 2)°2(b — a)* (e - )] 77,
where the constants |Ly and Yy are the same as in Theorem 3.1.

As before, the following conclusions are given for two equations (1.13) and (1.14).



Zhang and Zheng Advances in Difference Equations (2017) 2017:270 Page 12 of 20

Corollary 3.7 Let x(t) be a positive solution of the boundary value problem (1.12)-(1.13) in
(a,b). Then
(i) Hartman type inequality:

1
n-1

b b
(/ [(b —85)% (s - u)] [yoq+ (s) +f_(s)] ds) (/ [(b —8)* (s - a)]q*(s) ds)
> F(a)ﬁ(n - l)nﬁ;

(i) Lyapunov type inequality:

b b =
(/ [y0q+(s) +f’(s)] ds) (/ q*(s) ds)

> T(e) 1 (n - Dnta (@ = 2)*72(b - a)* Mo - 1)17] =3
where the constant yy is the same as in Theorem 3.1.

Corollary 3.8 Let x(t) be a positive solution of the boundary value problem (1.14) and
(1.12) in (a,b). Then
(i) Hartman type inequality:

1
n-1

b b
( / [(b - 55— a)][op™ (5) + £~(5)] ds) ( / [(b-5""(s - a)]p*(s) ds)
> F(a)%(n - l)nﬁ;

(i) Lyapunov type inequality:

b b
(f pr(s) ds) (/ [/Lop+(s) +f’(s)] ds)

> T(@) ™1 (n ~ Dt [(@ - 2 2(b - a) o - )] 7,
where the constant [ is the same as in Theorem 3.1.

When n (n > 3) is a positive even integer, the above theorems are valid for all invari-
ant solutions of equations (1.10), (1.13) and (1.14) under the boundary conditions (1.11)
or (1.12). Now the results corresponding to the boundary conditions (1.11) are presented
when # (n > 3) is a positive even integer.

Theorem 3.9 Let x(t) be a negative solution of the boundary value problem (1.10)-(1.11)
in (a,b). Then

—

b _ 42—«
(/ [(b—s)(s—a)]al[l—(f;_:l> } [1100™ () + Yoq™ (s) +f+(8)]d8>

a-1

b . b— a2 2« T
x</; [(b—s)(s—a)] 1[1—([9_;) :| [p*(s)+q+(s)]ds)

> [P(@)(b - a)* ] (n - 1)nts, (3.12)

where o and y, are the same as in Theorem 3.1.
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Proof If x(t) is a negative solution of equation (1.10), then —x(¢) is a positive solution of
(D) () + pO)|x(0)]| " x(2) + q(0)](e)| " x(6) = ~f (8). (3.13)

Then, similar to the proof of Theorem 3.1, we know that if equation (3.13) has a positive
solution, then

b
x(c) = / g, 8)[p(s)x" (s) + q(s)x” (s) + f (s)] ds
b
< / g(e,s)[p* (s)x"(s) + q" (s)x” (s) + f*(s)] ds
b
< [ ¢l 9 65 6) +a 57 0) )] ds

1 b a-1 b—s\o2 T
:r(axb—a)a-lfa[(b_s)“_”)] [l_(b—a> ]

X [p*(s)x“ () + g (s)x”(s) +f* (s)] ds
< Pox"(c) + Qox” (¢) + F>, (3.14)

where Py and Qg are defined in Theorem 3.1, and

a-1

1 b a-1 b-s\217" ,
= |, (6=l 1= (522) 7] e

2

Repeating the same steps as in Theorem 3.1, we know that

(Py + Qo)x"(c) —x(c) + poPo + Y0Qo + F2 >0, n=2k(keN,) (3.15)
holds if and only if the minimum of the function f(x) = (Py + Qo)x" — x + (oPo + Yo Qo + F>
satisfies f(%)min > 0. From Lemma 3.2, we know that

1

Join = (<n<Po+Qo)>%

1 n
) = (Po + Qo)™ nt= (1 —n) + uoPo + y0Qo + Fa.
Hence it is necessary that (Py + Qo)ﬁnﬁ (1-n) + poPo + y0Qo + F1 > 0 holds. By direct
computation, inequality (3.12) is obvious. d
From Theorems 3.1 and 3.9, we obtain Theorem 3.10 since |f(s)| > max{f™*(s),f(s)}.

Theorem 3.10 Let x(t) be a nontrivial solution of the boundary value problem (1.10)-(1.11).
Ifx(¢) #0 in (a,b), then

—

o—

b . b— G212«
(/ [(b—s)(s—a)] 1|:1— (b—::) :| [uop+(s) +yoq" (s) + Lf(s){]ds)

a-1

b o b— o= ]2 pr
x</a [(b-s)s-a)] 1[1—([9_2) :| [p*(s)+q+(s)]ds)

> [M(@)(b—a)*']# (n - 1)nt's,

|-
X

where o and y, are the same as in Theorem 3.1.
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Corollary 3.11 (Disconjugacy) If

b o b— % 2-a
(f [(b-s5)(s - a)] 1[1—(,9_2) } [Mop+(S)+J/oq*(S)+[f(S)I]dS>

o

b o b— &g q2-a T
x(/ [(6-5)s—a)] 1[1_(19_;) } [p+(s)+q+(s)]ds)

< [F@)(® -2 (1 - )™,

holds, then equation (1.10) is disconjugate in [a,b], where o and y, are the same as in
Theorem 3.1.

Similarly, Lyapunov type inequality can be easily obtained according to Theorem 3.9.

Corollary 3.12 Let x(t) be a negative solution of equation (1.10) satisfying the boundary
conditions (1.11) in (a, b). Then

b A b
< / [p*(s)+q*(s)]ds> < / [10p" (s) + yoq' (s) +f*(s)]ds>

M) T7T[ (-zi2)e? o
(b_a)ul] [Zgl(l_za)al] ’

>(n—1)nﬁ|:

where Lo, Yo and z, are the same as in Theorem 3.1.
Based on Corollaries 3.2 and 3.12, Corollary 3.13 is obvious.

Corollary 3.13 Let x(t) be a nontrivial solution of the boundary value problem (1.10)-
(1.12). If x(¢) # 0 in (a, b), then

b A opb
(/ [p*(s) + q*(s)] ds) (/ [uop"(s) +yoq"(s) + V(s)|] ds)

M) 77 Q-zid)e? T
pear| [za-ar]

>(n—1)n1nn[

where Ly, Yo and z, are the same as in Theorem 3.1.

Corollary 3.14 (Disconjugacy) If

b =
(/ [p7(s) +4"(s)] ds) (/ [110p" () + voq™ (s) + |£(9)|] ds)

<(n—1)nﬁ[ (@) }1[ (1-z63)e2 }1

(b-a)! 25 (1 —zg)* !

holds, then equation (1.10) is disconjugate in [a, b], where 1o, Yo and zy are the same as in
Theorem 3.1.

Asbefore, we show our results relating to equations (1.13) and (1.14) under the boundary
conditions (1.11) when n (n > 3) is a positive even integer.
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Corollary 3.15 Let x(t) be a nontrivial solution of the boundary value problem (1.13) and
(1.12). If x(¢) # 0 in (a, b), then
(i) Hartman type inequality:

o—

(/ab[‘b -9)s-a)]"” [1 - ( f :Z)r_é]za[yoqws) + [f(5)|]ds>

-

b =5 2-a ﬁ
x(/ [(b—s)(s—a)]a_l[l—([lj::> ] q*(s)ds)

> [F(a)(b - a)"‘_l] 71 (n— l)nﬁ;

R
-

(i) Lyapunov type inequality:

(/ab[yoq*(s) + o] ds) ( f ) ds) .

@) }[ (1-z62)2 }

(b _ a)a—l Zg—l(l _ Za)a—l

>(n- 1);/1ﬁ |:
where the constants yo and z, are the same as in Theorem 3.1.

Corollary 3.16 Let x(t) be a nontrivial solution of the boundary value problem (1.14) and
(1.12). If x(¢) # 0 in (a, b), then
(i) Hartman type inequality:

-

(/ah[(b ~9s-a)” [1 - (2:;) ﬁ}“ [1op* () + [f($)|] ds>

a—

b w22« ﬁ
x</ [(b-s)(s-a)]"‘l[1-(§::> ] p*(s)ds)

> [F(a)(b - u)“_l] 1 (n—-1)nt;

—

(i) Lyapunov type inequality:

b b
(/ pr(s) ds) (/ [/Lop*(s) + V(S)H ds)

@) }[ (1-z62)*2 }

b —a)*! zg (1 - zg)* !

>(n- Dnt |:
where the constants |y and z, are the same as in Theorem 3.1.

Next we present the following conclusions corresponding to the boundary conditions
(1.12).
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Theorem 3.17 (Hartman type inequality) Let x(t) be a negative solution of equation (1.10)
satisfying the boundary conditions (1.12) in (a,b). Then

b
( / [(6—5)"2(s —a)][1op™ (5) + voq* (s) +f*(5)] dS)

1
I

X (/b[(b —8)*2(s— a)] [p*(s) + q*(s)] ds) - > F(a)% (n - l)nﬁ,
where o and y, are the same as in Theorem 3.1.
Proof Similar to the proof of Theorem 3.9. d
Based on Theorems 3.5 and 3.17, we get Theorem 3.18.

Theorem 3.18 (Hartman type inequality) Let x(£) be a nontrivial solution of the boundary
value problem (1.10) and (1.12). If x(t) # 0 in (a, b), then

b
< / [(B-5)"(s — @) ][ op™ (5) + voq™ (s) + |f(s)]] dS>

b n- n n
X (/ [(b —8)* (s — a)] [p*(s) +q" (s)] ds> >TMa)m1(n-1)ntn,
where |y and y, are the same as in Theorem 3.1.

As before, we obtain Corollary 3.19.

Corollary 3.19 (Lyapunov type inequality) Letx(t) be a negative solution of equation (1.10)
satisfying the boundary conditions (1.12) in (a,b). Then

b it b
(] [p*(s) + q*(s)] ds) (/ [/,L()p+(S) +Yoq" (s) +f*(s)] ds)

> T(@) ™ (n ~ DT [(@ - 2 2(b - a)* o ~ )] ™
where o and y, are the same as in Theorem 3.1.
Based on Corollaries 3.6 and 3.19, we get Corollary 3.20.

Corollary 3.20 (Lyapunov type inequality) Let x(t) be a nontrivial solution of the bound-
ary value problem (1.10) and (1.12). If x(¢) # 0 in (a, b), then

([ab[p+(s)+q+(s)]ds)"ll(/b[uop ©) + 100" ®) + [f)]] )

-
1

> T(@) ™1 (n - Dt (@ - 2)°72 (b - a)* Mo - )] ™7,
where o and y, are the same as in Theorem 3.1.

Similarly, equations (1.13) and (1.14) also admit the above conclusions.
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Corollary 3.21 Let x(t) be a nontrivial solution of the boundary value problem (1.12)-
(1.13). If x(¢) #0 in (a,b), then
(i) Hartman type inequality:

1
n-1

b b
( / [(b-5"(s - a)][yoq"(s) + [F5)]] ds> ( / [(b-5"(s—a)]q* () ds>
> ()1 (1 — 1)nTn;

(i) Lyapunov type inequality:

b L b
(/ qt(s) ds) (/ [y0q+(s) + [f(s)|] ds)

> T(er) ™1 (n — D [(@ - 2)°2(b — a)* e - 1) ],
where the constant yy is the same as in Theorem 3.1.

Corollary 3.22 Let x(t) be a nontrivial solution of the boundary value problem (1.14) and
(1.12). If x(¢) # 0 in (a, b), then
(i) Hartman type inequality:

1
n-1

b b
(/ [(b —85)% (s - a)] [/Lop+(s) + [f(s)|] ds) (/ [(b —8)* 2 (s— a)]p*(s) ds)
> F(a)%(n - l)nﬁ;

(i) Lyapunov type inequality:

b A/ b
(/ pr(s) ds) (/ [/Lop"(s) + [f(s)’] ds)

> T(@) 71 (n - Dt (@ - 2)*2(b - 2)* (& - )] 7,
where the constant [wg is the same as in Theorem 3.1.

When y — 17 (or u — 1%), equation (1.13) (or equation (1.14)) reduces to the forced
Riemann-Liouville linear fractional differential equation of order « € (n — 1, 1]

Dox(t) + v(t)x(t) = (1), (3.16)
where v(t) = g(t) (or v(£) = p(¢)). Since

lim po= lim yy=(n- l)nﬁ,

pn—1t y—1-

we can also get Lyapunov type inequalities from the above conclusions. Here we take the
following corollaries for instance.

Corollary 3.23 Let x(t) be a nontrivial solution of the boundary value problem (3.16) and
(1.11) when n (n > 3) is a positive even integer. If x(t) # 0 in (a, b), then
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(i) Hartman type inequality:

—

o—

b o b— a2 2« Y
(/ [(b-s)(s—a)] 1[1—(19_;) ] [(n—l)nlnv*(s)+[f(s)|]ds>

b 2—a ﬁ
x(f [(b—s)(s—a)]a_l[1—<::2 ] V+(s)ds>

> [P(@)(b = a)*']# (n - )nt's; (3.17)

&

—

o—
o=

SN—
m|

(i) Lyapunov type inequality:

(/jw(s)ds)nll (/j[(n—l)n

-nvt(s) + [f(s) H ds)

M(«) ] [ (1-z62)*2 ] &
(b _ a)a—l zg‘l(l _ Za)a—l ’

_
B

(3.18)

>(n—1)n1nn[

where Lo, Yo and z, are the same as in Theorem 3.1.

Remark 3 When f(¢) =0 and u — 1* (or y — 17), inequalities (3.17) and (3.18) coincide
with [26, Corollaries 5.3 and 5.4]. The authors of [26] obtained Lyapunov type inequalities
by means of norms rather than the property of functions in this paper.

Corollary 3.24 Let x(t) be a nontrivial solution of the boundary value problem (3.16) and

(1.12) when n (n > 3) is a positive even integer. If x(t) # 0 in (a, b), then
(i) Hartman type inequality:

b
( / [(b-5)2(s - a)][(n - DnTav*(s) + |[f(5)]] ds)
b et
X (/ [(b —85)* 2 (s — a)]v’r (s) ds)

> T() 1 (1 — 1)nton;

(i) Lyapunov type inequality:

b T b
( / V+(S)ds> ( f [(n—l)nﬂV*(SHlf(S)HdS)

> T(er) ™1 (n - D [(@ = 2)°2(b — a)* e - )],
where |1y and y, are the same as in Theorem 3.1.
Now we present an application of the obtained results to eigenvalue problems.

Example 3.25 Consider the following eigenvalue problem:

Dex(t) + Ax(£) =0, a<t<bn-l<a<mn

xa)=x(a)=x"(a) = =x"D(a) =x'(b) =0, (319)



Zhang and Zheng Advances in Difference Equations (2017) 2017:270 Page 19 of 20

where n (n > 3) is a positive even integer. If A is an eigenvalue of the boundary value
problem (3.19), then

Al > %, (3.20)

Proof Suppose that A is an eigenvalue of the boundary value problem (3.19), then (3.19)
has at least one nontrivial continuous solution in (g, b). From Corollary 3.24, we obtain
that

b
(/ [(b-95)""2(s—a)](n—1)nt5 |2 ds)

b =
x( / [(b—s)“z(s—a)]|k|ds> > T(a)m 1 (n — )nta. (3.21)

From [21], we know that

b b—a)
/ (b—s)2(s—ayds = L= 9" (3.22)
a O5(05 - 1)
Substituting (3.22) into inequality (3.21), it is easy to see that
il Mo+ 1)(a-1)
b-ay =

4 Concluding remarks

We conclude this paper with the following remarks. The results obtained in this paper for
equation (1.10) under the boundary conditions (1.11) or (1.12) can be easily generalized to
the Riemann-Liouville fractional forced differential equations of order o € (n—1, n] (n > 3)
with no sign restrictions on coefficients

(D2x)(2) £ p(8)|x(@)|" " x(2) F q@)|x@) | x(2) = £ (2)

or more universally equation of the form
(D) () + > aqu()|x(0)]* " xle) = £ (8),
k=1

where
O<oj<-"<ou<l<ou<---<n

and the functions g (k = 1,...,n) and the forcing term f have no sign restrictions. When
n (n > 3) is a positive even integer, we also have corresponding results similar to Corol-
lary 3.24. The reader can easily obtain the formulae of these results.
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