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Abstract
A stochastic predator-prey system with time-dependent delays is considered. Firstly,
we show the existence of a global positive solution and stochastically ultimate
boundedness. Secondly, the critical value between weak persistence and extinction
of the prey is obtained and we also give the asymptotic pathwise estimation. Finally,
we simulate the model to illustrate our results.
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1 Introduction
During the last decades, the classical predator-prey system has gained an important theo-
retical and practical significance, which has been studied extensively, and many excellent
results concerning the permanence, extinction and global attractive of the predator-prey
system have been obtained; see [–].

A classical two-species predator-prey system can be expressed as follows:

{ dx(t)
dt = x(t)[r – ax(t) – ay(t)],

dy(t)
dt = y(t)[–d + ax(t) – ay(t)],

()

where x(t) and y(t) stand for the population sizes of the prey and the predator, respec-
tively, and r, d, aij (i, j = , ) are positive constants. For biological interpretation of each
coefficient in system (), we refer the reader to [].

On the one hand, more realistic and interesting models of population interactions
should take the effects of time delay into account [–], such as their maturation time.
In consideration of the fact that time delays are not resistant to time fluctuations [–],
system () becomes

{ dx(t)
dt = x(t)[r – ax(t) – ax(t – τ(t)) – ay(t – τ(t))],

dy(t)
dt = y(t)[–d + ax(t – τ(t)) – ay(t) – ay(t – τ(t))],
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where a > , a >  and τi(t) (i = , , , ) is a nonnegative, bounded and differentiable
function on [, +∞), and satisfies

τ̄ = max
i=,,,

sup
t≥

{
τi(t)

} ≥ .

τ ′
i (t) (i = , , , ) are continuous bounded functions on [, +∞) with τ ′

i (t) = dτi(t)
dt .

On the other hand, population systems are inevitably subject to the environmental
noises in the natural environment (see [–]). May [] pointed out that, due to environ-
mental fluctuations, the birth rate, carrying capacity, competition coefficients and other
parameters involved in the system exhibit random fluctuation to a greater or lesser extent
(see [–]). We suppose that the white noise affects all parameters. We usually estimate
a value by an average value plus an error term. By the central limit theorem, the error term
follows a normal distribution, thus, we can replace each growth rate by an average rate plus
an error term, r → r+σḂ(t), and similarly, –d → –d+σḂ(t), aij → aij +σi(j+)Ḃi(j+)(t),
where σ 

ij denotes the intensity of the noise and Ḃi(j+)(t) is a standard white noise, as Bij(t)
is a standard Brownian motion defined on a complete probability space (�,F , {Ft}t≥, P)
with a filtration {Ft}t≥ satisfying the usual conditions. Then this system will become the
following stochastic autonomous predator-prey system with time-dependent delays:

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

dx(t) = x(t)[r – ax(t) – ax(t – τ(t)) – ay(t – τ(t))] dt + σx(t) dB(t)
+ σx(t) dB(t) + σx(t)x(t – τ(t)) dB(t) + σx(t)y(t – τ(t)) dB(t),

dy(t) = y(t)[–d + ax(t – τ(t)) – ay(t) – ay(t – τ(t))] dt + σy(t) dB(t)
+ σy(t)x(t – τ(t)) dB(t) + σy(t) dB(t) + σy(t)y(t – τ(t)) dB(t),

()

with initial conditions x(θ ) = ϕ(θ ) > , y(θ ) = ϕ(θ ) > , θ ∈ [–τ̄ , ], where ϕi(θ ) is a con-
tinuous function on [–τ̄ , ].

For simplicity, we introduce the following notations here:

Rn
+ =

{
(a, a, . . . , an) ∈ Rn : ai > , i = , , . . . , n

}
,

〈
f (t)

〉
=


t

∫ t


f (s) ds, f ∗ = lim sup

t→+∞
f (t), f∗ = lim inf

t→+∞ f (t).

Throughout this paper, the delay functions satisfy the following condition τ ′ < , where
τ ′ = maxi=,,, supt≥ τ ′

i (t).

2 Positive and global solution
Since x(t) and y(t) in system () represent population sizes at time t, they must be non-
negative, so, for further study, the first thing is to prove the solution of system () has a
unique global positive solution.

Lemma . For any given initial value (ϕ(θ ),ϕ(θ )) ∈ C([–τ̄ , ], R
+), system () has a

unique global positive solution (x(t), y(t)) on t ≥ –τ̄ and the solution will remain in R
+

with probability .

Proof Since the coefficients of system () are locally Lipschitz continuous, for any given
initial value (ϕ(θ ),ϕ(θ )) ∈ C([–̇τ̄ , ], R

+), there exists a local positive solution (x(t), y(t))
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on t ∈ [–τ̄ , τe), where τe denotes the explosion time. To verify that this solution is global,
we only need to prove τe = +∞ a.s. The proof is similar to [] by defining functions

V(x, y) =
√

x –  – ln
√

x +
√

y –  – ln
√

y, ()

V(x, y) =
 + σ 


( – τ ′)

∫ t

t–τ(t)
x(s – τ(s)

)
ds +

 + σ 


( – τ ′)

∫ t

t–τ(t)
x(s – τ(s)

)
ds

+
 + σ 


( – τ ′)

∫ t

t–τ(t)
y(s – τ(s)

)
ds +

 + σ 


( – τ ′)

∫ t

t–τ(t)
y(s – τ(s)

)
ds.

Applying Itô’s formula to V (x, y) = V(x, y) + V(x, y), we have

dV (x, y) = LV(x, y) dt + LV(x, y) dt +
(
√

x – )σ


dB(t) +

σ(
√

x – )x


dB(t)

+
σ(

√
x – )x(t – τ(t))


dB(t) +

σ(
√

x – )y(t – τ(t))


dB(t)

+
σ(√y – )


dB(t) +

σ(√y – )y


dB(t)

+
σ(√y – )y(t – τ(t))


dB(t) +

σ(√y – )y(t – τ(t))


dB(t),

where

LV(x, y) =
(
√

x – )


[
r – ax – ax

(
t – τ(t)

)
– ay

(
t – τ(t)

)]
+

( –
√

x)σ 




+
( –

√
x)σ 

x


+

( –
√

x)σ 
x(t – τ(t))


+

( –
√

x)σ 
y(t – τ(t))



+
(√y – )


[
–d + ax

(
t – τ(t)

)
– ay – ay

(
t – τ(t)

)]
+

( – √y)σ 




+
( – √y)σ 

x(t – τ(t))


+

( – √y)σ 
y


+

( – √y)σ 
y(t – τ(t))



≤ .r
√

x – .ax. + .ax + .
(
 + σ 


)
x(t – τ(t)

)
+ .a

(
√

x – ) + .a
(

√
x – ) + .

(
 + σ 


)
y(t – τ(t)

)
+ .( –

√
x)σ 

 + .σ 
x – .σ 

x. + .d + .a
(

√
y – )

+ .
(
 + σ 


)
x(t – τ(t)

)
– .ay. + .a + .a

(
√

y – )

+ .
(
 + σ 


)
y(t – τ(t)

)
+ .( –

√
y)σ 

 + .σ 
y – .σ 

y.,

because τ ′ < , we have

LV(x, y) =
 + σ 


( – τ ′)

x(t) –
( – τ ′

(t))( + σ 
)

( – τ ′)
x(t – τ(t)

)
+

 + σ 


( – τ ′)
x(t)

–
( – τ ′

(t))( + σ 
)

( – τ ′)
x(t – τ(t)

)
–

( – τ ′
(t))( + σ 

)
( – τ ′)

y(t – τ(t)
)

+
 + σ 


( – τ ′)

y(t) +
 + σ 


( – τ ′)

y(t) –
( – τ ′

(t))( + σ 
)

( – τ ′)
y(t – τ(t)

)
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≤  + σ 


( – τ ′)
x(t) –

 + σ 



x(t – τ(t)

)
+

 + σ 


( – τ ′)
x(t) –

 + σ 



x(t – τ(t)

)

+
 + σ 


( – τ ′)

y(t) –
 + σ 




y(t – τ(t)
)

+
 + σ 


( – τ ′)

y(t)

–
 + σ 




y(t – τ(t)
)
,

then

LV (x, y) = LV(x, y) + LV(x, y)

= .r
√

x – .ax. + .ax +
 + σ 


( – τ ′)

x + .a
(

√
x – )

+ .a
(

√
x – ) +

 + σ 


( – τ ′)
y + .( –

√
x)σ 

 + .σ 
x

– .σ 
x. + .d + .a

(
√

y – ) +
 + σ 


( – τ ′)

x – .ay.

+ .a + .a
(

√
y – ) +

 + σ 


( – τ ′)
y(t) + .( –

√
y)σ 



+ .σ 
 y – .σ 

 y.

≤ K .

There is a positive constant K satisfying the above inequality. By a similar proof to [],
we can obtain the desired assertion, and it is omitted in here. �

3 Stochastically ultimate boundedness
Definition . (See []) The solution X(t) = (x(t), y(t)) of system () is said to be stochas-
tically ultimately bounded, if for any ε ∈ (, ), there is a positive constant δ = δ(ε), such
that, for any initial value (x(θ ), y(θ )) ∈ C([–τ̄ , ], R

+), the solution X(t) to () has the prop-
erty

lim sup
t→+∞

P
(∣∣X(t)

∣∣ =
√

x(t) + y(t) > δ
)

< ε.

Lemma . Let θ ∈ (, ). Then there exists a positive constant K = K(θ ), which is inde-
pendent of the initial value (φ(θ ),φ(θ )) ∈ C([–τ̄ , ], R

+), such that the solution X = (x, y)
of system () has

lim sup E|X|θ ≤ K .

Proof Define V (x, y) = xθ + yθ . Applying Itô’s formula to system (), we obtain

dV (x, y) = LV (x, y) dt + σθxθ dB(t) + σθxθ+ dB(t) + σθxθ x
(
t – τ(t)

)
dB(t)

+ σθxθ y
(
t – τ(t)

)
dB(t) + σθyθ dB(t) + σθyθ+ dB(t)

+ σθyθ x
(
t – τ(t)

)
dB(t) + σθyθ y

(
t – τ(t)

)
dB(t), ()
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where

LV (x, y) = θxθ
[
r – ax – ax

(
t – τ(t)

)
– ay

(
t – τ(t)

)]
+

θ (θ – )σ 



xθ

+
θ (θ – )σ 




xθ+ +
θ (θ – )σ 




xθ x(t – τ(t)
)

+
θ (θ – )σ 




xθ y(t – τ(t)
)

+ θyθ
[
–d + ax

(
t – τ(t)

)
– ay(t) – ay

(
t – τ(t)

)]
dt +

θ (θ – )σ 



yθ

+
θ (θ – )σ 




yθ+ +
θ (θ – )σ 




yθ x(t – τ(t)
)

+
θ (θ – )σ 




yθ y(t – τ(t)
)

≤ rθxθ + θayθ x
(
t – τ(t)

)
+

θ (θ – )σ 



xθ+ +

θ (θ – )σ 



yθ+

≤ rθxθ +
(θa)


yθ +

θ (θ – )σ 



xθ+ +

θ (θ – )σ 



yθ+ + x(t – τ(t)

)

= F(x, y) – V (x, y) + x(t – τ(t)
)

–
eτ̄

 – τ ′ x(t),

where F(x, y) = rθxθ + (θa)

 yθ + θ (θ–)σ


 xθ+ + θ (θ–)σ


 yθ+ + –τ ′+eτ̄

–τ ′ x + y. Since θ ∈ (, ),
θ < θ + , hence we easily see that F(x, y) is bounded in R

+, namely,

F(x, y) ≤ M, ∀X ∈ R
+.

Hence, we have

dV (x, y) ≤
[

M – V (x, y) + x(t – τ(t)
)

–
eτ̄

 – τ ′ x(t)
]

dt

+ σθxθ dB(t) + σθxθ+ dB(t) + σθxθ x
(
t – τ(t)

)
dB(t)

+ σθxθ y
(
t – τ(t)

)
dB(t) + σθyθ dB(t) + σθyθ+ dB(t)

+ σθyθ x
(
t – τ(t)

)
dB(t) + σθyθ y

(
t – τ(t)

)
dB(t). ()

By virtue of (), we use Itô’s formula again for etV (x, y). We have

detV (x, y) = et[V (x, y) dt + dV (x, y)
]

≤ et
[

M + x(t – τ(t)
)

–
eτ̄

 – τ ′ x(t)
]

dt

+ σθetxθ dB(t) + σθetxθ+ dB(t) + σθetxθ x
(
t – τ(t)

)
dB(t)

+ σθxθ ety
(
t – τ(t)

)
dB(t) + σθetyθ dB(t) + σθetyθ+ dB(t)

+ σθyθ etx
(
t – τ(t)

)
dB(t) + σθyθ ety

(
t – τ(t)

)
dB(t),

then

etEV (x, y) ≤ V
(
x(), y()

)
+ Met – E

∫ t



eτ̄

 – τ ′ esx(s) ds + E
∫ t


esx(s – τ(s)

)
ds

≤ V
(
x(), y()

)
+ Met – E

∫ t



eτ̄

 – τ ′ esx(s) ds
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+ E
[

eτ̄

 – τ ′

∫ t


e(s–τ(s))x(s – τ(s)

)
d
(
s – τ(s)

)]

≤ V
(
x(), y()

)
+ Met +

eτ̄

 – τ ′

∫ 

–τ()
esx(s) ds.

We easily infer that

lim sup
t→+∞

EV (x, y) ≤ M.

On the other hand,

|X|θ =
(
x + y) θ

 ≤ 
θ
 max

(
xθ , yθ

) ≤ 
θ
 V (x, y).

Hence,

lim sup
t→+∞

E|X|θ ≤ 
θ
 M := K .

The proof is completed. �

Theorem . Let θ ∈ (, ), and system () is stochastically ultimate bounded.

Proof From Lemma ., we know there is a positive constant K , such that
lim supt→+∞ E|X|θ ≤ K . For any ε > , let δ = K/ε. By Chebyshev’s inequality, we have

P
{∣∣X(t)

∣∣ > δ
} ≤

√|X(t)|√
δ

.

Then

lim sup
t→+∞

P
{∣∣X(t)

∣∣ > δ
} ≤ ε. �

4 Asymptotic pathwise estimation
Lemma . and Theorem . show that the global positive solution of system () is stochas-
tically ultimate bounded. This nice property motivates us to further study the system. In
this section, we will study the pathwise properties of system ().

Theorem . For any given initial value satisfying (φ(θ ),φ(θ )) ∈ C([–τ̄ , ], R
+), the solu-

tions (x(t), y(t)) of system () have the properties

lim sup
t→+∞

ln x(t)
ln t

≤ , lim sup
t→+∞

ln y(t)
ln t

≤ .

Proof Applying Itô’s formula to system (), we have

det ln V (x, y) = et ln(x + y) dt + et d ln(x + y)

= et ln(x + y) +
etx

x + y
[
r – ax – ax

(
t – τ(t)

)
– ay

(
t – τ(t)

)]
dt
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– .
etx

(x + y)

[
σ 

 + σ 
x + σ 

x(t – τ(t)
)

+ σ 
y(t – τ(t)

)]
dt

+
etx

x + y
[
σ dB(t) + σx dB(t) + σx

(
t – τ(t)

)
dB(t)

+ σy
(
t – τ(t)

)
dB(t)

]
+

ety
x + y

[
–d + ax

(
t – τ(t)

)
– ay(t) – ay

(
t – τ(t)

)]
dt

– .
ety

(x + y)

[
σ 

 + σ 
y + σ 

x(t – τ(t)
)

+ σ 
y(t – τ(t)

)]
dt

+
ety

x + y
[
σ dB(t) + σy dB(t) + σx

(
t – τ(t)

)
dB(t)

+ σy
(
t – τ(t)

)
dB(t)

]
,

thus

et ln
(
x(t) + y(t)

)
= ln

(
x() + y()

)
+

∫ t


es ln

(
x(s) + y(s)

)
ds

+
∫ t



esx(s)
x(s) + y(s)

[
r – ax(s) – ax

(
s – τ(s)

)
– ay

(
s – τ(s)

)]
ds

– .
∫ t



esx(s)
(x(s) + y(s))

[
σ 

 + σ 
x(s) + σ 

x(s – τ(s)
)

+ σ 
y(s – τ(s)

)]
ds

+
∫ t



esy(s)
x(s) + y(s)

[
–d + ax

(
s – τ(s)

)
– ay(s) – ay

(
s – τ(s)

)]
ds

–
∫ t


.

esy(s)
(x(s) + y(s))

[
σ 

 + σ 
y(s) + σ 

x(s – τ(s)
)

+ σ 
y(s – τ(s)

)]
ds

+ M(t) + M(t) + M(t) + M(t)

+ M(t) + M(t) + M(t) + M(t),

()

where

M(t) =
∫ t


σ

esx(s)
x(s) + y(s)

dB(s), M(t) =
∫ t


σ

esx(s)
x(s) + y(s)

dB(s),

M(t) =
∫ t


σ

esx(s)x(s – τ(s))
x(s) + y(s)

dB(s), M(t) =
∫ t


σ

esx(s)y(s – τ(s))
x(s) + y(s)

dB(s),

M(t) =
∫ t


σ

esy(s)
x(s) + y(s)

dB(s), M(t) =
∫ t


σ

esy(s)x(s – τ(s))
x(s) + y(s)

dB(s),

M(t) =
∫ t


σ

esy(s)
x(s) + y(s)

dB(s), M(t) =
∫ t


σ

esy(s)y(s – τ(s))
x(s) + y(s)

dB(s).
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Let M(t) =
∑

i= Mi(t). Then M(t) is a local martingale, and the quadratic form of M(t) is

〈
M(t), M(t)

〉
= .

∫ t



esx(s)
(x(s) + y(s))

[
σ 

 + σ 
x(s) + σ 

x(s – τ(s)
)

+ σ 
y(s – τ(s)

)]
ds

+ .
∫ t



esy(s)
(x(s) + y(s))

[
σ 

 + σ 
y(s) + σ 

x(s – τ(s)
)

+ σ 
y(s – τ(s)

)]
ds.

According to the exponential martingale inequality (see []), for any positive constants
T , α, and β we have

P
{

sup
≤t≤T

[
M(t) –

α


〈
M(t), M(t)

〉]
> β

}
≤ e–αβ . ()

We choose T = γ k, α = e–γ k , β = ρeγ k ln k, and then

P
{

sup
≤t≤γ k

[
M(t) –

e–γ k


〈
M(t), M(t)

〉]
> ρeγ k ln k

}
≤ k–ρ ,

where ρ >  and γ > . By virtue of the Borel-Cantelli lemma [], for almost all ω ∈ �,
there exists a k(ω), such that, for all k ≥ k(ω),

M(t) ≤ e–γ k


〈
M(t), M(t)

〉
+ ρeγ k ln k,  ≤ t ≤ γ k.

Substituting the above inequality into equation (), we have

et ln
(
x(t) + y(t)

) ≤ ln
(
x() + y()

)
+

∫ t


es ln

(
x(s) + y(s)

)
ds + ρeγ k ln k

+
∫ t



esx(s)
x(s) + y(s)

[
r – ax(s)

]
ds

+
∫ t



esy(s)
x(s) + y(s)

[
ax

(
s – τ(s)

)
– ay(s)

]
ds

– .
∫ t



es( – es–γ k)x(s)
(x(s) + y(s))

[
σ 

 + σ 
x(s) + σ 

x(s – τ(s)
)

+ σ 
y(s – τ(s)

)]
ds

– .
∫ t



es( – es–γ k)y(s)
(x(s) + y(s))

[
σ 

 + σ 
y(s) + σ 

x(s – τ(s)
)

+ σ 
y(s – τ(s)

)]
ds. ()

Because  ≤ t ≤ γ k, k ≥ K(ω), we know s ≤ γ k. Note that

∫ t


esx

(
s – τ(s)

)
ds ≤

∫ t



es–τ(s)eτ(s)x(s – τ(s))
 – τ ′ d

(
s – τ(s)

) ≤ eτ̄

 – τ ′

∫ t–τ(t)

–τ()
esx(s) ds

≤ eτ̄

 – τ ′

∫ 

–τ()
esx(s) ds +

eτ̄

 – τ ′

∫ t


esx(s) ds.
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Then we can rewrite ()

et ln
(
x(t) + y(t)

) ≤ ln
(
x() + y()

)
+

aeτ̄

 – τ ′

∫ 

–τ()
esx(s) ds

+
∫ t


es[ln(

x(s) + y(s)
)

+ r
]

ds +
aeτ̄

 – τ ′

∫ t


esx(s) ds

–
∫ t



min{σ 
,σ 

}es( – es–γ k)(x(s) + y(s))
(x(s) + y(s)) ds + ρeγ k ln k

≤ ln
(
x() + y()

)
+

aeτ̄

 – τ ′

∫ 

–τ()
esx(s) ds + ρeγ k ln k

+
∫ t


es

[
ln(x + y) + r +

aeτ̄

 – τ ′ [x + y]

–
min{σ 

,σ 
}( – es–γ k)


(x + y)
]

ds. ()

Obviously, there is a positive constant K such that

ln(x + y) + r +
aeτ̄

 – τ ′ [x + y] –
min{σ 

,σ 
}( – et–γ k)


(x + y) ≤ K.

Let C = ln(x() + y()) + aeτ̄

–τ ′
∫ 

–τ() esx(s) ds. Then, for all  ≤ t ≤ γ k, k ≥ K(ω),

et ln
(
x(t) + y(t)

) ≤ C +
∫ t


Kesds + ρeγ k ln k.

If γ (k – ) ≤ t ≤ γ k and k ≥ k(ω), we obtain

ln(x(t) + y(t))
ln t

≤ C
et ln t

+
Ket – K

et ln t
+

ρeγ k ln k
et ln t

.

We infer

lim sup
t→+∞

ln(x(t) + y(t))
ln t

≤ ρeγ . ()

Letting ρ → , γ → , by () we have

lim sup
t→+∞

ln(x(t))
ln t

≤ , lim sup
t→+∞

ln(y(t))
ln t

≤ , a.s.

5 Persistence and extinction
It is critical to discuss the persistence and extinction for an ecological population system.
In this section, we will mainly investigate the persistence in mean and extinction of sys-
tem ().

Theorem .
() If r < .σ 

, populations x and y of system () will go extinct a.s., namely,
limt→+∞ x(t) = limt→+∞ y(t) = , a.s.
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() If r > .σ 
, population x is weakly persistent a.s., namely, x∗ > .

(a) If r > .σ 
 and a(r–.σ

)
(–τ ′)a

– (d + .σ 
) < , population y of system () will go

extinct a.s., namely, limt→+∞ y(t) = , a.s.

(b) If r > .σ 
 and a(r–.σ

)
(–τ ′)a

– (d + .σ 
) > , then 〈y(t)〉∗ ≤

a(r–.σ
)

(–τ ′)a
–(d+.σ

)

a
,

a.s.
() If r = .σ 

, then the population x is nonpersistent in the mean a.s., namely, 〈x〉∗ = .

Proof Applying Itô’s formula to system (), we have

d ln x =
[
r – ax – ax

(
t – τ(t)

)
– ay

(
t – τ(t)

)]
dt

– .
[
σ 

 + σ 
x + σ 

x(t – τ(t)
)

+ σ 
y(t – τ(t)

)]
dt

+ σ dB(t) + σx dB(t) + σx
(
t – τ(t)

)
dB(t)

+ σy
(
t – τ(t)

)
dB(t),

d ln y =
[
–d + ax

(
t – τ(t)

)
– ay(t) – ay

(
t – τ(t)

)]
dt

– .
[
σ 

 + σ 
y + σ 

x(t – τ(t)
)

+ σ 
y(t – τ(t)

)]
dt

+ σ dB(t) + σy dB(t) + σx
(
t – τ(t)

)
dB(t)

+ σy
(
t – τ(t)

)
dB(t).

Integrating both sides from  to t, we get

ln x(t)/x() =
∫ t


r – ax(s) – ax

(
s – τ(s)

)
– ay

(
s – τ(s)

)
ds

– .
∫ t


σ 

 + σ 
x(s) + σ 

x(s – τ(s)
)

+ σ 
y(s – τ(s)

)
ds

+
∫ t


σ dB(s) +

∫ t


σx(s) dB(s) +

∫ t


σx

(
s – τ(s)

)
dB(s)

+
∫ t


σy

(
s – τ(s)

)
dB(s), ()

ln y(t)/y() =
∫ t


–d + ax

(
s – τ(s)

)
– ay(s) – ay

(
s – τ(s)

)
ds

– .
∫ t


σ 

 + σ 
y(s) + σ 

x(s – τ(s)
)

+ σ 
y(s – τ(s)

)
ds

+
∫ t


σ dB(s) +

∫ t


σy(s) dB(s) +

∫ t


σx

(
s – τ(s)

)
dB(s)

+
∫ t


σy

(
s – τ(s)

)
dB(s), ()

where

N(t) =
∫ t


σ dB(s), N(t) =

∫ t


σx(s) dB(s),

N(t) =
∫ t


σx

(
s – τ(s)

)
dB(s), N(t) =

∫ t


σy

(
s – τ(s)

)
dB(s),
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N(t) =
∫ t


σ dB(s), N(t) =

∫ t


σx

(
s – τ(s)

)
dB(s),

N(t) =
∫ t


σy(s) dB(s), N(t) =

∫ t


σy

(
s – τ(s)

)
dB(s).

Noting that Ni(t) is a local martingale, we have

〈
N(t), N(t)

〉
=

∫ t


σ 

x(s) ds,
〈
N(t), N(t)

〉
=

∫ t


σ 

x(s – τ(s)
)

ds,

〈
N(t), N(t)

〉
=

∫ t


σ 

y(s – τ(s)
)

ds,
〈
N(t), N(t)

〉
=

∫ t


σ 

x(s – τ(s)
)

ds,

〈
N(t), N(t)

〉
=

∫ t


σ 

y(s) ds,
〈
N(t), N(t)

〉
=

∫ t


σ 

y(s – τ(s)
)

ds.

By the exponential martingale inequality () (choose T = k, α = , β =  ln k), we have

P
{

sup
≤t≤γ k

[
Ni(t) –



〈
Ni(t), Ni(t)

〉]
>  ln k

}
≤ /k, i = , , , , , .

By virtue of the Borel-Cantelli lemma, for almost all ω ∈ �, there exists a k(ω) such
that, for all k ≥ k(ω),

Ni(t) ≤ 

〈
Ni(t), Ni(t)

〉
+  ln k,  ≤ t ≤ k, k ≥ k(ω).

Substituting above inequalities into () and (), we have

ln x(t)/x() ≤
∫ t


r – .σ 

 – ax(s) – ax
(
s – τ(s)

)
– ay

(
s – τ(s)

)
ds

+ N(t) +  ln k

≤
∫ t


r – .σ 

 ds + N(t) +  ln k, ()

ln y(t)/y() ≤
∫ t


–d – .σ 

 + ax
(
s – τ(s)

)
– ay(s) – ay

(
s – τ(s)

)
ds

+ N(t) +  ln k

≤
∫ t


–d – .σ 

 + ax
(
s – τ(s)

)
ds + N(t) +  ln k, ()

for all  ≤ t ≤ k, k ≥ k. When  ≤ k –  ≤ t ≤ k, by ()

ln x(t)/x()
t

≤ r – .σ 
 +

N(t)
t

+
 ln k
k – 

.

() If r – .σ 
 < , have limt→+∞ x(t) = . In combination with () we easily obtain

limt→+∞ y(t) =  a.s.
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() If r – .σ 
 > , suppose this assertion is not true, that is to say P(S) > , where

S = {x∗ = }. Then for ω ∈ S, we have limt→+∞ x(t,ω) = , hence,

lim
t→+∞

〈
x(t,ω)

〉
= lim

t→+∞
〈
x(t,ω)

〉
= lim

t→+∞
〈
x
(
t – τ(t),ω

)〉
= lim

t→+∞
〈
x(t – τ(t),ω

)〉
= lim

t→+∞
〈
y
(
t – τ(t),ω

)〉
= lim

t→+∞
〈
y(t – τ(t),ω

)〉
= . ()

Then, according to the law of large numbers for local martingales, Ni(t)
t = . By virtue of

() and () we have

[
ln x(t)/x()

t

]∗
= r – .σ 

 > . ()

By Theorem . we obtain

[
ln x(t)/x()

t

]∗
≤

[
ln x(t)/x()

ln t

]∗[ ln t
t

]∗
≤ .

Obviously, this is a contradiction, namely x∗ > .
For all  ≤ t ≤ k, k ≥ k. Then, ∀ε > , there exists a T > , when  < k –  ≤ T ≤ t ≤ k

and [  ln k
t ]∗ < ε.

It follows from () that

ln x(t)/x()
t

≤ r – .σ 
 + ε – a

〈
x(t)

〉
+

N(t)
t

, t ≥ T . ()

If r – .σ 
 > , we have 〈x(t)〉∗ ≤ r–.σ


a

.
In the same way, by ()

ln y(t)/y()
t

≤ –d – .σ 
 + t–

∫ t


ax

(
s – τ(s)

)
ds – a

〈
y(t)

〉
+

N(t)
t

+
 ln k

t

≤ –d – .σ 
 +

a

t( – τ ′)

[∫ 

–τ ()
x(s) ds +

∫ t


x(s) ds

]
– a

〈
y(t)

〉

+
N(t)

t
+

 ln k
t

,

for all  ≤ t ≤ k, k ≥ k. ∀ε > , there exists a T > , when  < k –  ≤ T ≤ t ≤ k, [  ln k
t ]∗ <

ε/ and a
t(–τ ′)

∫ 
–τ () x(s) ds < ε/.

We have

ln y(t)/y()
t

≤ a(r – .σ 
)

a( – τ ′)
–

(
d + .σ 


)

– a
〈
y(t)

〉
+

N(t)
t

.

(a) If a(r–.σ
)

a(–τ ′) – (d + .σ 
) < , we have limt→+∞ y(t) = , a.s. (b) If a(r–.σ

)
a(–τ ′) –

(d + .σ 
) > , we have 〈y(t)〉∗ ≤

a(r–.σ
)

(–τ ′)a
–(d+.σ

)

a
, a.s.

() If r – .σ 
 = , by () we have 〈x(t)〉∗ ≤ ε

a
. Since ε is arbitrary, we have 〈x(t)〉∗ = ,

a.s.
The proof of Theorem . is completed. �
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Figure 1 Solution of system (2) for r = 0.3, a11 = 0.6, a12 = 0.2, a13 = 0.5, d = 0.4, a21 = 0.6, a22 = 0.4,
a23 = 0.3, τ1(t) = 0.2(2 + cos t), τ2(t) = 0.3(1 + sin t), τ3(t) = 0.2(2 + sin t), τ4(t) = 0.3(1 + sin t), σ12 = 0.2,
σ13 = 0.4, σ14 = 0.2, σ21 = σ22 = σ23 = σ24 = 0.2. (a) σ11 = 0.8, σ21 = 0.2. (b) σ11 = 0.2, σ21 = 0.2.

Remark . The definition of weak persistence is not a very appropriate one for stochastic
models. Many authors have introduced some more appropriate definitions of permanence
for stochastic population models, for example, stochastic persistence in probability (see
[, ]) or a new definition of stochastic permanence (see []). We will continue to study
them in future work.

6 Numerical simulations
Now let us use Milstein’s method (see []) to support our results. See Figure . We choose
r = ., a = ., a = ., a = ., d = ., a = ., a = ., a = ., τ(t) = . ×
( + cos t), τ(t) = .( + sin t), τ(t) = .( + sin t), τ(t) = .( + sin t), σ = ., σ = .,
σ = ., σ = σ = σ = σ = .. The difference between the conditions of Figure (a)
and Figure (b) are the values of σ and σ. In Figure (a), we choose σ = ., σ = ..
Then r – .σ 

 < , hence, by Theorem .(), we see that populations x and y go extinct;
see Figure (a). In Figure (b), we choose σ = ., σ = .. Then, by computation, we
obtain r – .σ 

 >  and a(r–.σ
)

a(–τ ′) – (d + .σ 
) < , hence, by Theorem ., we see that

population x is weakly persistent and population y goes extinct; see Figure (b).

7 Conclusions
In this paper, we consider a stochastic predator-prey system with time-dependent delays.
We first show that system () has a global positive solution and is stochastically ultimate
bounded. And then we also discuss the asymptotic properties for the moments as well
as the sample paths of the solution. Finally, we obtain the critical value between weak
persistence and extinction of the prey and simulate the model to support our results.

There are still many interesting and challenging questions that need to be studied. We
outline some open problems and topics for further research.

() The stability of the positive equilibrium state is one of the most interesting topics in
the study of population models. Considering the influence of environment noise, the
stochastic models do not keep the positive equilibrium state of the corresponding
deterministic systems. However, in recent years, many authors have studied the
stability in distribution of stochastic population models (see [–]). Hence, the
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study about the stability in distribution of system () is necessary. We will continue
to investigate this in our future work.

() In the natural environment, the populations are inevitably subject to the
environmental noises, and when the intensity of the noise is sufficiently large, the
population will go extinct (see Figure (a)). Hence, we can extend classical
deterministic systems with time dependence. For example, in [, ], the authors
considered a population model:

ẋ(t) =
m∑

k=

αk(t)x
(
hk(t)

)
– β(t)x(t), t ≥ ,

where m ≥  is an integer, and functions hk : [,∞) → R are continuous, such that
t – τ ≤ hk(t) ≤ t, τ = constant. They considered the effects of environmental noise,
and studied the stochastic permanence, the stability in distribution and other
dynamic properties of stochastic population models.
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