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Abstract
In this paper, a diffusive Leslie-type predator-prey model is investigated. The existence
of a global positive solution, persistence, stability of the equilibria and Hopf
bifurcation are studied respectively. By calculating the normal form on the center
manifold, the formulas determining the direction and the stability of Hopf
bifurcations are explicitly derived. Finally, our theoretical results are illustrated by a
model with homogeneous kernels and one-dimensional spatial domain.
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1 Introduction
Bifurcation phenomena are observed and studied in a variety of fields, such as engineering
[], ecological [], chemical [], biological [–], control [, ] and neural networks [–].
A classical predator-prey model is investigated as follows:

⎧
⎨

⎩

ẋ(t) = x( – x) – xy
ax+bx+ ,

ẏ(t) = y(δ – βy
x ).

(.)

The study shows that model (.) has complex bifurcation phenomena and dynamic be-
havior, such as the existence of both Hopf bifurcation and Bogdanov-Takens bifurcation.
For more detailed results on model (.), one can refer to [].

As we all know, the spatial heterogeneity of predator and prey distributions is more or
less obvious. The predator or prey can flow from higher density regions to lower density
ones, which is called normal diffusion. And specifically, to the best of our awareness, few
papers which discuss the dynamic behavior of model (.) with diffusion have appeared in
the literature. This paper attempts to fill this gap in the literature. To achieve this goal, we
look at the following model:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂u
∂t = d�u + u( – u) – uv

au+bu+ , (x, t) ∈ (, lπ ) × [,∞), t > ,
∂v
∂t = d�v + v(δ – βv

u ), (x, t) ∈ (, lπ ) × [,∞), t > ,

ux(t, ) = vx(t, ) = ,

ux(t, lπ ) = vx(t, lπ ) = , t > ,

u(, x) = u(x) ≥ , v(, x) = v(x) ≥ , x ∈ [, lπ ],

(.)
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where ui = ui(x, t), i = , ,� = ∂

∂x denotes the Laplacian operator, d, d are diffusion coef-
ficients of prey and predator, respectively. � is a bounded subset with sufficiently smooth
boundary ∂� in Rn, where Rn is an arbitrary positive-integer N-dimensional space. � is
the Laplacian operator in the region �. The no-flux boundary condition means that the
statical environment � is isolated.

In the biological field, the study of the stability and bifurcations of the reaction-diffusion
models describing a variety of biological phenomena is one of the fundamental problems,
which can be conducive to understand the dynamic behavior. Recently, the stability of the
steady state [, ] and that of the non-constant steady state solution [–] are investi-
gated. The main contributions of this article are as follows: (a) the existence of the global
positive solution and the persistence of system (.) are discussed in detail; (b) the Hopf
bifurcation analysis of system (.) is provided; (c) the Lyapunov function is constructed
to complete the proof of global stability of the equilibria.

The rest of this article is organized as follows. In Section , the existence of a global pos-
itive solution of (.) as well as the boundedness are considered. In Section , the persis-
tence of the system is investigated. In Section , the stability of the constant equilibria, the
existence of Hopf bifurcations and the stability of a bifurcating periodic solution around
the interior constant equilibrium are investigated. In Section , the global stability of the
constant equilibria is proved by the Lyapunov function method under certain conditions
investigated. Finally, simulations are presented to verify our theoretical analysis.

2 Existence of a global positive solution of (1.2)
For convenience, we introduce some notations. For x, y ∈ R, we denote x∧y : min{x, y}, x∨
y := max{x, y}, x+ : x ∨ , x– : (–x) ∨  and extend these notations to real-valued functions.
If (∨,≥) is a partially ordered vector space, we denote its positive cone by ∨+ := {v ∈ ∨ :
v ≥ }. For p ∈ [, +∞), p > N/, let X = {Lp(�)}. Assume W = (u, v) ∈ X, and its norm is
defined as ‖W‖ = ‖u‖p +‖v‖p. Now, model (.) can be rewritten as an abstract differential
equation

⎧
⎨

⎩

dz
dt = Az + H(z), t ∈ (,∞),

z() = z,
(.)

where z = (u(x, t), v(x, t))T , z = (u, v)T ,

A =

(
� – I 

 � – I

)

, (.)

with

D(A) =
{

(u, v) ∈ {C(�̄)
},

∂u
∂ν

∣
∣
∣
∣
∂�

=
∂v
∂ν

∣
∣
∣
∣
∂�

= 
}

and

H(z) =

(
u( – u – uv

au+bu+ )
v(δ +  – βv

u )

)

. (.)
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Next, we prove the existence of the local solution for (.). First, we give out the following
lemma.

Lemma . For every z ∈ X+, the Cauchy problem (.) has a unique maximal local so-
lution

z ∈ ([, Tmax); X
)∩ C((, Tmax); X

)∩ C((, Tmax); D(A)
)
, (.)

which satisfies the following Duhamel formula for t ∈ [, Tmax):

z(t) = etAp z +
∫ t


e(t–s)Ap H

[
z(s)
]

ds, (.)

where Ap is an operator and the closure of A in X. Moreover, if Tmax < ∞, then
lim supT–

max
‖z(t)‖ = ∞.

Proof Since the operator Ap is the closure of A in X, it generates an analytic, condensed,
strong continuous operator semi-group etAp . Furthermore, for t > , we have

∥
∥etAp w

∥
∥≤ e–t‖w‖, ∀w ∈ X. (.)

Moreover, we observe that H : D(A) → X is locally Lipschitz on a bounded set. Via Theo-
rem .. in [], we complete his proof. �

Lemma . For the initial-boundary problem of model (.), the components of its solution
u(x,t), v(x,t) are nonnegative.

Proof To prove u(x, t), v(x, t) ≥ ,
⎧
⎨

⎩

∂u′
∂t = d�u′ + u′

+( – u′
+ – u′

+v′
+

au′
+

+bu′
++

),
∂v′
∂t = d�v′ + cv′

+(δ – βv′
+

u′
+

),
(.)

with the boundary and initial conditions
⎧
⎨

⎩

∂u′
∂ν

|� = ∂v′
∂ν

|� = ,

u′(x, ) = u, v′(x, ) = v.

After multiplying (.) by u′
– and v′

–, respectively, and integrating by parts on the domain
�, we obtain

⎧
⎨

⎩

– 


d
dt
∫

�
|∂u′

–|� dx – d
∫

�
|∇∂u′

–| dx = ,

– 


d
dt
∫

�
|∂v′

–|� dx – d
∫

�
|∇∂v′

–| dx = .

Hence, for t ∈ (, Tmax),
∥
∥u′

–(·, t)
∥
∥

 +
∥
∥v′

–(·, t)
∥
∥

 ≤ ∥∥u′
–(·, )

∥
∥

 +
∥
∥v′

–(·, )
∥
∥

 = .

Consequently, u′(x, t) ≥ , v′(x, t) ≥ .
Now, we know that (u′(x, t), v′(x, t)) is a solution of (.), and according to Lemma .,

we finally get that u(x, t) ≥ , v(x, t) ≥ , t ∈ (, Tmax). Next, we prove the global existence
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of the positive solution for (.). Via Lemmas . and ., we only need to show that the
solution of model (.) is uniformly bounded, i.e., dissipation. For this, we first introduce
the following lemma. �

Lemma . ([]) Suppose that z(x, t) satisfies the following equation:
⎧
⎪⎪⎨

⎪⎪⎩

∂z
∂t = d�z + z( – z), x ∈ �, t > ,
∂z
∂n = , x ∈ �, t > ,

z(x, ) = z(x) ≥ , �≡ , x ∈ �.

Then limt→∞ z(x, t) =  for any x ∈ �.

Theorem . The solution (u(x, t), v(x, t)) of (.) satisfies the following inequalities:

lim sup
t→∞

max
x∈�

u(x, t) ≤ , lim sup
t→∞

max
x∈�

v(x, t) ≤ δ

β
.

Proof

⎧
⎪⎪⎨

⎪⎪⎩

∂u
∂t ≤ d�u + u( – u), x ∈ �, t > ,
∂u
∂n = , x ∈ �, t > ,

u(x, ) = u(x), x ∈ �.

By the comparison principle and Lemma ., we obtain easily the first inequality. There-
fore, there exist T >  and sufficiently small  < ε ≤  such that u(x, t) ≤  + ε for any x ∈ �

and t > T. For the second equation, we have the following inequality:

⎧
⎪⎪⎨

⎪⎪⎩

∂v
∂t ≤ d�v + v(δ – βv

+ε
), x ∈ �, t > ,

∂v
∂n = , x ∈ �, t > ,

v(x, ) = v(x), x ∈ �.

By the comparison principle, for the above  < ε ≤ , there exists T(> T) such that, for
any t > T,

v(x, t) ≤ δ( + ε)
β

+ ε.

For the arbitrariness of ε > , we obtain

lim sup
t→∞

max
x∈�

v(x, t) ≤ δ

β
, ∀x ∈ �.

As a result, we complete this proof. By Lemmas ., . and Theorem ., we can get the
following theorem. �

Theorem . System (.) has a unique, nonnegative and bounded solution Z(x, t) =
(u(x, t), v(x, t)) such that

z(x, t) ∈ C
(
[,∞), X

)∩ C((,∞); X
)∩ C

(
(x,∞), D(A)

)
.
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3 Permanence
In this section, we show that any nonnegative solution (u(x, t), v(x, t)) of (.) lies in a cer-
tain bounded region as t → ∞ for all x ∈ �.

We make the following hypothesis: (H) δ
bβ

< .

Theorem . If (H) holds, the solution (u,v) of (.) satisfies the following inequalities:

lim inf
t→∞ min

x∈�
u(x, t) ≥  –

δ

bβ
, lim inf

t→∞ min
x∈�

v(x, t) ≥ δ( – δ
bβ

)
β

.

Proof From the first equation of (.) and Theorem ., we have

∂u
∂t

≥ d�u + u
(

 – u –
δ(+ε)

β
+ ε

b

)

.

By the comparison principle and Lemma ., we obtain easily

lim inf
t→∞ min

x∈�
u(x, t) ≥  –

δ

bβ
.

From the second equation of (.), we have

∂v
∂t

≥ d�v + v
(

δ –
βv

 – δ
bβ

)

.

This implies

lim inf
t→∞ min

x∈�
v(x, t) ≥ δ( – δ

aβ
)

β
.

From Theorems . and ., we can easily obtain the following theorem. �

Theorem . If (H) holds, model (.) is permanent.

4 The stability of equilibria and the existence of Hopf bifurcations
4.1 The existence of equilibrium of model (1.2)
The system has always constant equilibria E(, ). By the direct calculation, there exists
a unique constant positive equilibrium denoted by E∗(u, v) if and only if the following
cubic equation

au +
(

δ

β
+ b – a

)

u + ( – b)u –  =  (.)

holds in the interval (, ). Note that the third-order algebraic equation (.) can have one,
two, or three positive roots in the interval (, ) which can be evaluated by using the root
formula of the third-order algebraic equation. Correspondingly, system (.) can have one,
two, or three positive equilibria. Regarding the number of positive equilibria in the interval
(, ) of (.), [] gives the result in detail as follows.

Lemma . ([]) Let 	 = ( δ
β

+ b – a) + a(b – ) and 
 = –	 + (a + a( – b)( δ
β

+
b – a) – ( δ

β
+ b – a)).
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(H) If 
 > , then model (.) has a unique positive equilibrium E∗, which is an
elementary and anti-saddle equilibrium.

(H) If 
 =  and 	 > , then the model has two different positive equilibria: an
elementary anti-saddle equilibrium E∗ and a degenerate equilibrium E.

(H) If 
 =  and 	 = , the model has a unique positive equilibrium E( 
–b , δ

β(–b) ),
which is a degenerate equilibrium.

(H) If 
 < , δ
β

= a – b –
√

a( – b) and –
√

a < b < , then model (.) has three
different positive equilibria E∗

 , E∗
 and E∗

 , which are all elementary equilibria and
E∗

 is a saddle.

Remark We further consider the following condition (H). We suppose (H) is satisfied
throughout the rest of this paper.

4.2 The existence of Hopf bifurcation
In this section we assume that (H) holds. We first assume that E∗(u, v) is any point of
system (.). Now we define the real-valued Sobolev space

X :=
{

(u, v) ∈ [H(, lπ )
] : (ux, vx)|x=,lπ = 

}
,

and the complexification of X

XC := X ⊕ iX = {x + ix : x, x ∈ X}.

The linearized system of (.) at any point E(u, v) has the form

L =

(
A –B
δ

β
–δ

)

(.)

with the domain DL(s) = XC , where

A =  – u –
uv(bu + )

(au
 + bu + ) , B =

u


au
 + bu + 

.

Obviously, B > . From Wu [], we obtain that the characteristic equation of (.) is

λy – d�y – L
(
eλy
)

= , y ∈ dom(d�), y �= . (.)

It is well known that the eigenvalue problem

–ϕ′′ = μϕ, x ∈ (, lπ ) : ϕ′() = ϕ′(lπ ) = 

has eigenvalues μn = n

l (n = , , , . . .) with corresponding eigenfunctions

ϕ(x)n = cos
nπ

l
, n = , , . . . .

Substituting

y =
∞∑

k=

(
yn

yn

)

cos
nπ

l
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into the characteristic Eq. (.), we have
(

A – dn

l –B
δ

β
–δ – dn

l

)(
yn

yn

)

= λ

(
yn

yn

)

, n = , , , . . . .

Therefore the characteristic Eq. (.) is equivalent to

det(λI – Mn – L) = , (.)

where I is the  ×  identity matrix and Mn = n

l diag{d, d}, n = , , , . . . . It follows from
(.) that the characteristic equations for the equilibrium (u, v) are the following se-
quence of quadratic transcendental equations:


n(λ, τ ) = λ – Tnλ + Dn = , (.)

where
⎧
⎨

⎩

Tn = –(d + d) n

l – δ + A,

Dn = ddn

l + (dδ – dA) n

l + δ( Bδ
β

– A).
(.)

The eigenvalues are given by

λ, =
Tn ±√T

n – Dn


, n = , , , . . . . (.)

We make the following hypothesis with fixing δ:

(H) A < ρδ and (H)
Bδ

β
< A <

d

d
δ,

where ρ = min{, d
d

, B
β
}.

Lemma .
(i) Suppose (H) and (H) are satisfied. Then all the roots of Eq. (.) have a negative

real part.
(ii) Suppose (H) and (H) hold, then Eq. (.) has at least one positive real part.

Proof
(i) Obviously, by (H) Tn <  for n = , , , . . . , we know all the roots of Eq. (.) have

negative real parts.
(ii) If (H) holds, we know that Dn is monotone increasing with regard to n, and

limn→∞ Dn = ∞ and D < . There exists an integer n∗
 ≥  such that Dn <  when

n = , , , . . . , n∗
. Hence, there are Dn < , T

n – Dn > T
n , λ >  and λ <  for

n = , , , . . . , n∗
 and Dn > , T

n – Dn < T
n , λ >  and λ >  for n ≥ n∗

. These
complete the proof of (i) and (ii).

From the discussion, we have the following theorem. �

Theorem .
(i) Suppose (H) and (H) hold, the equilibrium E∗ is stable.
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(ii) Suppose (H) and (H) hold, the equilibrium E∗ is unstable.
Next, we consider the occurrence of Hopf bifurcation of E∗ by regarding A as a bifurcation

parameter with fixing δ. In the light of (.), it is known that (.) has purely imaginary roots
if and only if

A = An = (d + d)
n

l + δ, n = , , . . . , (.)

and Dn >  holds. From (.) we know that An is monotone increasing with regard to n, and

lim
n→∞ An = ∞, and A = δ > .

Hence, there is An >  for n = , , , . . . . Bringing An into Dn, we get

Dn = –
dn

l – 
dn

l δ +
(

B
β

– 
)

δ. (.)

If D = δ( B
β

– ) >  holds, then there exists an integer n∗
 ≥  such that Dn >  when n =

, , , . . . , n∗
 and Dn ≤  when n ≥ n∗

 .
Let n∗ = [n∗

 ] and � = {An∗– > An∗– > An∗– > · · · > A}.

Lemma . If B
β

–  >  is satisfied, then Eq. (.) has purely imaginary roots if and only if
A ∈ �.

Proof Let λn(A) = αn(A) + iωn(A), n = , , . . . , n∗ be the roots of Eq. (.) satisfying αn(A) =
,ωn(A) =

√
Dn(A). If B

β
– >  holds, we know that Dn is monotone decreasing with regard

to n, and limn→∞ Dn = –∞ and D > . There exists an integer n∗
 ≥  such that Dn > 

when n = , , , . . . , n∗. These complete the proof of Lemma .. From expression (.) we
have the following conclusion. �

Lemma . Suppose B
β

–  >  is satisfied, then all the roots of Eq. (.) with A = An

(n → ∞) have at least one root with a positive real part except the imaginary roots
±i

√
Dn(An), n ∈ (, , . . . , n∗).

Proof If B
β

–  >  holds, we know that Dn is monotone decreasing with regard to n, and
limn→∞ Dn = –∞. Hence, there are Dn < , T

n – Dn > T
n , λ >  and λ <  for n > n∗. In

combination with Lemma ., we complete the proof of Lemma .. �

Based on the above analysis, we have the following theorem.

Theorem . Suppose B
β

– >  is satisfied. Then model (.) undergoes a Hopf bifurcation
at the origin when A = An for  ≤ n ≤ n∗. Moreover:

(i) The bifurcation periodic solution from A = A is spatially homogeneous, which
coincides with the periodic solution of the corresponding ODE system.

(ii) The bifurcation periodic solution from A = An is spatially non-homogeneous for
 < n ≤ n∗.
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4.3 Direction and stability of Hopf bifurcation
From the previous section, we know that model (.) undergoes a Hopf bifurcation at the
origin when A = An, n = , , . . . , n∗, where n∗ and An are defined as in (.).

In this section, we study the direction of Hopf bifurcation and the stability of the bifur-
cating periodic solution by applying the center manifold theorem and the normal form
theorem of partial differential equations. We first transform E∗ of (.) to the origin via
the translation: û = u – u, v̂ – v and drop the hats for simplicity of notation, then (.) is
transformed into

⎧
⎨

⎩

∂u
∂t = d∇u + f (δ, u, v),
∂v
∂t = d∇v + g(δ, u, v),

(.)

where

f (A, u, v) = u + u – (u + u) –
(u + u)(v + v)

a(u + u) + b(u + u) + 
,

g(A, u, v) = (v + v)
(

δ –
β(v + v)

u + u

)

.

So we have

q :=

(
a

b

)

=

(

δ

β(δ+iω)

)

, q∗ :=

(
a∗



b∗


)

=

(


lπ
β

lπ (–iω+δ)δ

)

.

The straightforward computation yields

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

fuu = – – v(bu+)
(au

+bu+) + uv(bu+)(au+b)
(au

+bu+) ,

fuv = – bu
+u

(au
+bu+) ,

fuuv = – bu+
(au+bu+) + u(bu+)(au+b)

(au
+bu+) ,

fuuu = v(abu
+bu+au+b–b)

(au
+bu+) + v(abu

+bu
+au

+bu)
(au

+bu+) + v(abu
+bu+au+b)

(au
+bu+) ,

fvv = ,

guu = – δ

βu
,

guv =  δ
u

,

guuv = – δ

u


,

guvv = β

u


,

gvv = – β

u
.

Moreover,

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

Qqq =
( cn

dn

)
cos nx

l =
( fuua

n+fuvanbn+fvvb
n ,

guua
n+guvanbn+gvvb

n

)
,

Qqq̄ =
( en

fn

)
cos nx

l =
( fuu|an|+fuv(anbn+anbn)+fvv|bn|

guu|an|+guv(anbn+anbn)+gvv|bn|
)
,

Qqqq̄ =
( gn

hn

)
cos nx

l =
( fuuu|an|bn+fuuv(|an|bn+a

nbn)+fuvv|bn|an+b
nan+fvvv|bn|bn

guuu|an|bn+guuv(|an|bn+a
nbn)+guvv|bn|an+b

nan+gvvv|bn|bn

)
.
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So

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

c = fuu + fuvb + fvvb
 = [– – v(bu+)

(au
+bu+) + uv(bu+)(au+b)

(au
+bu+) ]

+ [– bu
+u

(au
+bu+) ][– δ

β(δ+iω) ],

d = guu + guvb + gvvb
 = [– δ

βu
] + [ δ

u
][– δ

β(δ+iω) ],
e = fuu + fuv(b + b) + fvv|b|

= [– – v(bu+)
(au

+bu+) + uv(bu+)(au+b)
(au

+bu+) ]

+ [– bu
+u

(au
+bu+) ][– δ

β(δ+iω) – δ

β(δ–iω) ],

f = guu + guv(b + b) + gvv|b|
= [– δ

βu
] + [ δ

u
][– δ

β(δ+iω) – δ

β(δ–iω) ] + [– β

u
][– δ

β(δ+iω) ],
g = fuuu + fuuv(b + b) + fuvv(|b| + b

) + fvvv|b|b

= [– δ

u


] + [– bu+
(au+bu+) + u(bu+)(au+b)

(au
+bu+) ][– δ

β(δ+iω) – δ

β(δ–iω) ],

h = guuu + guuv(b + b) + guvv(|b| + b
) + gvvv|b|b

= [ δ

βu


] + [– δ

u


][– δ

β(δ+iω) – δ

β(δ–iω) ]

+ [ β

u


][| – δ

β(δ+iω) | + (– δ

β(δ+iω) )].

(.)

Then we have

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

〈q∗, Qqq〉 = 〈(


lπ
β

lπ (–iω+δ)δ

)
,
( c

d

)〉
= 

 (fuu + fuvb + fvvb
) + β

(iω+δ)δ (guu + guvb + gvvb
)

= ([– – v(bu+)
(au

+bu+) + uv(bu+)(au+b)
(au

+bu+) ] + [– bu
+u

(au
+bu+) ][ δ

β(δ+iω) ])

+ β

(iω+δ)δ ([– δ

βu
] + [ δ

u
][ δ

β(δ+iω) ]),

〈q∗, Qqq̄〉 = 〈(


lπ
β

lπ (iω+δ)δ

)
,
( e

f

)〉
= 

 (fuu + fuv(b + b) + fvv|b|) + β

(iω+δ)δ (guu + guv(b + b) + gvv|b|)
= 

 ([– – v(bu+)
(au

+bu+) + uv(bu+)(au+b)
(au

+bu+) ]

+ [– bu
+u

(au
+bu+) ][ δ

β(δ+iω) + δ

β(δ–iω) ])

+ β

(iω+δ)δ ([ δ

βu
] + [ δ

u
][ δ

β(δ+iω) + δ

β(δ–iω) ] + [– β

u
][ δ

β(δ+iω) ]),

〈q∗, Qqq〉 = 〈(


lπ
β

(–iω+δ)δ

)
, c

d 〉
= 

 (fuu + fuvb + fvvb
)

+ β

(–iω+δ)δ (guu + guvb + gvvb
)

= ([– – v(bu+)
(au

+bu+) + uv(bu+)(au+b)
(au

+bu+) ] + [– bu
+u

(au
+bu+) ][ δ

β(δ+iω) ])

+ β

(–iω+δ)δ ([– δ

βu
] + [ δ

u
][ δ

β(δ+iω) ]),

〈q∗, Qqqq̄〉 = 〈(


lπ
β

(–iω+δ)δ

)
,
( g

h

)〉
= 

 (fuuu + fuuv(b + b) + fuvv(|b| + b
) + fvvv|b|b)

+ β

(–iω+δ)δ (guuu + guuv(b + b) + guvv(|b| + b
) + gvvv|b|b)

= 
 ([– δ

u


] + [– bu+
(au+bu+) + u(bu+)(au+b)

(au
+bu+) ][ δ

β(δ+iω) + δ

β(δ–iω) ])

+ β

(–iω+δ)δ ([ δ

βu


] + [– δ

u


][ δ

β(δ+iω) + δ

β(δ–iω) ]

+ [ β

u


][| δ

β(δ+iω) | + ( δ

β(δ+iω) )])
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and

H =

(
c

d

)

–
〈
q∗, Qqq

〉
(

a

b

)

–
〈
q∗, Qqq

〉
(

a

b

)

= ,

H =

(
e

f

)

–
〈
q∗, Qqq̄

〉
(

a

b

)

–
〈
q∗, Qqq̄

〉
(

a

b

)

= ,

which implies W = W = , that is to say,

〈
q∗, Q(W, q)

〉
=
〈
q∗, Q(W, q̄)

〉
= .

Therefore

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

c(A) = { i
ω

〈q∗, Qqq〉 · 〈q∗, Qqq̄〉 + 
 〈q∗, Qqqq̄〉},

Re(c(A)) = Re{ i
ω

〈q∗, Qqq〉 · 〈q∗, Qqq̄〉 + 
 〈q∗, Qqqq̄〉},

Im(c(A)) = Im{ i
ω

〈q∗, Qqq〉 · 〈q∗, Qqq̄〉 + 
 〈q∗, Qqqq̄〉},

T = [Im(c(A)) – Re(c(δ))
α′(δ) ω′(δ)],

where ω′(A) =  > , then we have the following theorem.

Theorem . Suppose B
β

–  >  is satisfied.
The Hopf bifurcation at A = A is backward (resp. forward);
The bifurcation periodic solution from A = A is asymptotically stable (resp. unstable) if

Re(c(A)) <  (resp. > );
The bifurcation periodic solution from A = A is increasing (resp. decreasing) if T > 

(resp. < ).

When  < j ≤ n∗, for Aj, we have the following theorem.

Theorem . Suppose B
β

–  >  is satisfied.
The Hopf bifurcation at A = Aj for  < j ≤ n∗ is backward (resp.forward);
The bifurcation periodic solution from A = Aj is asymptotically stable (resp. unstable) if

Re(c(Aj)) <  (resp. > );
The bifurcation periodic solution from A = Aj is increasing (resp. decreasing) if T > 

(resp. < ) for  < j ≤ n∗, where Re(c(Aj)) is defined in Appendix.

5 Global stability of equilibria
In this section, we continue to study the global stability of equilibria.

Theorem . Suppose that the hypothesis of Lemma . holds, then the positive constant
equilibrium E∗(u, v) is globally asymptotically stable if

auv

Qp∗ –
v

[a + b + ]p∗ < , (.a)


 – δ

bβ

+
v

( – δ
bβ

)Qp∗ –
δ

β( – δ
bβ

)
–

uv

p∗ >  and (.b)
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δ

( – δ
bβ

)β
–


b > , (.c)

where Q = [a( – δ
bβ

) + b( – δ
bβ

) + ].

Proof Let (u(x, t), v(x, t)) be any solution of model (.). We introduce the Lyapunov func-
tion

V (u, v) =
∫

�

{

u – u – ln
u
u

+

β

(

v – v – ln
v
v

)}

dx.

Now, we take the derivative of V with regard to t along the trajectory of model (.).
Then

V̇ = V + V,

where

V = d

∫

�

(

 –
u

u

)


u dx +
d

β

(

 –
v

v

)


v dx

≤ –
∫

�

{
du|∇u|

u +
dv|∇v|

βv

}

dx ≤ 

and

V =
∫

�

(u – u)
(

 – u –
uv

au + bu + 

)

dx +
∫

�

(v – v)

β

(

δ –
βv
u

)

dx.

Let V = V + V, where

V =
∫

�

(u – u)
(

u – u +
uv)

a(u) + bu + 
–

uv
au + bu + 

)

dx

= (u – u)
∫

�

[

u – u +
uv(au + bu + ) – uv(au

 + bu + )
pp∗

]

dx

=
∫

�

{

–(u – u) +
u – u

pp∗
[
uv

(
au + bu + 

)
– uv

(
au

 + bu + 
)]
}

dx

=
∫

�

{

–(u – u) +


pp∗
[
(auvu – v)(u – u)

+
(
au

u + buu + u
)
(u – u)(v – v)

]
}

dx

=
{

(u – u)
[

 –
auvu – v

pp∗

]

+
au

u + buu + u
pp∗ (u – u)(v – v)

}

and

V =

β

∫

�

(v – v)
(

δ – β
v
u

)

dx

=

β

∫

(v – v)
(

δ – β
v – v + v

u

)

dx
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=

β

∫

�

(v – v)
(

δ – β
v – v

u
– β

v

u

)

dx

=

β

∫

�

(v – v)
(

δ – β
v – v

u
– β

v

u

)

dx

=
∫

�

(v – v)
(

δ

β
–

v – v

u
–

v

u

)

dx

=
∫

�

[

–
(v – v)

u
+ (v – v)

(
δ

β
–

v

u

)]

dx

=
∫

�

[

–
(v – v)

u
+ (v – v)

δu – βv

βu

]

dx

=
∫

�

[

–
(v – v)

u
+ (v – v)

δu – δu

βu

]

dx

=
∫

�

[

–
(v – v)

u
+

δ

βu
(v – v)(u – u)

]

dx,

where p = au + bu + , p∗ = au
 + bu + , a =  – auvu–v

pp∗ , a = a = 
 { au

u+buu+u
pp∗ – δ

βu },
a = 

u .
Next, we calculate V as follows:

V = –
∫

�

{

(u – u, v – v)

(
a a

a a

)

(u – u, v – v)T

}

dx. (.)

It is obvious that dV
dt <  if and only if the matrix in integrand (.) is positive definite,

equivalent to a >  and φ(u, v) = aa – aa > , where φ(u, v) = aa – aa =
( – auvu–v

pp∗ ) 
u – 

 {( au
u+buu+u

pp∗ ) – ( au
u+buu+u

pp∗ )( δ
βu ) + ( δ

βu )} > . By condition (.a)-
(.c), we know a >  and φ(u, v) > . Consequently, E∗ is globally asymptotically stable.
Thus, we complete this proof. �

Next, we give out the conditions of the global asymptotic stability of the boundary equi-
librium E(, ).

Theorem . The boundary equilibrium E of (.) is globally asymptotically stable if


a + 

< βδ +
δ

β
(.)

holds.

Proof Define

V(u, v) =
∫

�

{u –  – ln u + v}dx.

Taking the derivative of V with regard to t along the trajectory of model (.), we have

V̇ = V 
 + V 

 ,
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where

V 
 =
∫

�

{

d
v + d

(

 –

u

)


u
}

dx ≤ –
∫

�

d|
u|
u dx ≤ .

Furthermore, we calculate V 
 and reach

V 
 =

∫

�

{

(u – )
(

 – u –
uv

au + bu + 

)

+ v
(

δ –
βv
u

)}

dx

= –
∫

�

{

(u – ) +
(

u
au + bu + 

–
δ

βu

)

(u – )v +
βδ

u
v
}

dx.

According to condition (.), dV
dt <  except at E. By LaSalle’s invariance principle, E is

globally asymptotically stable. �

6 Numerical simulations
In this section, to confirm our analytical results found in the previous section, some ex-
amples and numerical simulations are presented. We use Matlab (a) to simulate and
plot numerical graphs.

Example  If we choose a = ., b = , δ = .,β = , d = , d = , the conditions of The-
orem . are satisfied for system (.). We have that the axial equilibrium E(, ) is globally
stable (see Figure ).

Example  If we choose a = , b = ,β = , d = , d = , δ = , the conditions of Theo-
rem . are satisfied for system (.). The positive equilibrium E(., .) is glob-
ally asymptotically stable (see Figure ).

Example  If we choose a = , b = ., δ = .,β = ., d = ., d = , then we know
that system (.) has a unique positive homogeneous equilibrium E(., .),
which is asymptotically stable (see Figure ). The system undergoes Hopf bifurcation at
the equilibrium E∗ (see Figure ). By the formulas derived in the previous section, we get
c(A) ≈ .e+ + .e+i with the initial value (., .).

(a) (b)

Figure 1 Numerical simulations of system (1.2) for a = 0.5, β = 1, d1 = 1, d2 = 100, b = 1, δ = 1.2. The
positive equilibrium E∗(1, 0) of (1.2) is globally asymptotically stable.



Li Advances in Difference Equations  (2017) 2017:323 Page 15 of 25

(a) (b)

Figure 2 Numerical simulations of system (1.2) for a = 1, β = 2, d1 = 1, d2 = 10, b = 1, δ = 1. The positive
equilibrium E∗ of (1.2) is globally asymptotically stable with the initial value (0.8, 0.4).

(a) (b)

Figure 3 Numerical simulations of system (1.2) for a = 7, β = 0.01, d1 = 0.1, d2 = 10, b = 0.1, δ = 0.2.
The positive equilibrium E∗ is locally asymptotically stable with the initial value (0.65, 3.5).

(a) (b)

Figure 4 Numerical simulations of system (1.2) for a = 10, β = 0.01, d1 = 0.1, d2 = 10, b = 0.1, δ = 0.2.
The positive equilibrium E∗ of (1.3) becomes unstable and there exist spatially homogeneous periodic
solutions with the initial value (0.65, 3.5).

7 Conclusions
Based on model (.), we propose a diffusive prey-predator model with Leslie-type sig-
moidal functional response and subject to the Neumann boundary conditions which is in
the form of model (.). The dynamic behavior of the model is investigated. Some impor-
tant qualitative properties, such as the existence of a global positive solution, persistence,
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the local stability and global stability of the equilibria, are obtained. Hopf bifurcations are
explored by analyzing the characteristic equations. Moreover, the formulas determining
the direction and stability of the bifurcating periodic solutions are derived by using the
center manifold and the normal form theory of partial functional differential equations.
Some numerical simulations are carried out to support our theoretical analysis. In the fu-
ture, some challengeable attempts to study the Hopf bifurcation, steady state solution and
Turing-Hopf bifurcation of fractional diffusive in a predator-prey system with or without
time delay will be proceeded.

Appendix
In this section, we follow the bifurcation formula [] to determine the bifurcation direc-
tion of the spatially non-homogeneous periodic solutions found in Theorem .. When
A = AH

j,± (j ∈ N ), we calculate Re(C(Aj)). We set

q := cos
j
l
x

(
aj

bj

)T

= cos
j
l
x

⎛

⎝

δ

β(δ+iω+ d j
l

)

⎞

⎠

T

,

q∗ := cos
j
l
x

(
a∗

j

b∗
j

)T

= cos
j
l
x

⎛

⎝

–iω+δ
lπδ

β(iω+δ)(–iω+δ+ d j

l
)

lπδ

⎞

⎠

T

.

From [], we know 〈q∗, Qqq〉 = 〈q∗, Qqq̄〉 = 〈q̄∗, Qq̄q〉 = , when j ∈ N , it follows that we
calculate 〈q∗, Qwq̄〉, 〈q∗, Qwq〉 and 〈q∗, Cqqq̄〉. It is straightforward to compute that

[
iωjI – Lj(Aj)

]– = (α + iα)–

(
iωj + δ + dj

l –B
δ

β
iωj + Aj – dj

l

)

,

[
iωjI – L(Aj)

]– = (α + iα)–

(
iωj + δ –B

δ

β
iωj + Aj

)

,

where

α =
(

δ +
dj

l

)(

Aj –
dj

l

)

– ω
j + Bδ/β ,

α = ω

(

δ +
dj

l + Aj –
dj

l

)

,

α = δAj – ω
j + Bδ/β , α = ω

(
δ + Aj – u∗).

Then we get

w =


(α + iα)

(
iωj + δ + dj

l –B
δ

β
iωj + Aj – dj

l

)(
cn

dn

)

cos
j
l

x

+


(α + iα)

(
iωj + δ –B

δ

β
iωj + Aj

)(
cj

dj

)

,

w =
–
α

(
–δ – dj

l B
– δ

β
–Aj + dj

l

)(
en

fn

)

cos
j
l

x –


(α)

(
–δ B
– δ

β
–Aj

)(
cj

dj

)

,
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where α = (δ + dj
l )(Aj – dj

l ) + Bδ/β , α = δAj + Bδ/β .

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

cj = fuu + fuvbj + fvvb
j

= [– – v(bu+)
(au

+bu+) + uv(bu+)(au+b)
(au

+bu+) ] + [– bu
+u

(au
+bu+) ][ δ

β(δ+iω+ d j
l

)
]

= [– – v(bu+)
(au

+bu+) + uv(bu+)(au+b)
(au

+bu+) ] + [– bu
+u

(au
+bu+) ][ δ(μ–iω)

β(μ+ω) ]

= [– – v(bu+)
(au

+bu+) + uv(bu+)(au+b)
(au

+bu+) ] – (bu
+u)δμ

β(μ+ω)(au
+bu+)

+ iδω(bu
+u)

β(μ+ω)(au
+bu+) ,

dj = guu + guvbj + gvvb
j

= – δ

βu
+  δ

u
[ δ

β(δ+iω+ d j
l

)
] – β

u
[ δ

β(δ+iω+ d j
l

)
]

= – δ

βu
+  δ

u
[ δ(μ–iω)
β(μ+ω) ] – β

u
[ δ(μ–iω)
β(μ+ω) ]

= – δ

βu
+ δμ

uβ(μ+ω) – βδ(μ–ω)
uβ(μ+ω) + iβδμω

uβ(μ+ω) – iδω

uβ(μ+ω) ,

ej = fuu + fuv(bj + bj) + fvv|bj|
= [– – v(bu+)

(au
+bu+) + uv(bu+)(au+b)

(au
+bu+) ]

+ [– bu
+u

(au
+bu+) ][ δ

β(δ+iω+ d j
l

)
+ δ

β(δ–iω+ d j
l

)
]

= [– – v(bu+)
(au

+bu+) + uv(bu+)(au+b)
(au

+bu+) ] – (bu
+u)δμ

(au
+bu+)β(μ+ω) ,

fj = guu + guv(bj + bj) + gvv|bj|
= – δ

βu
+  δ

u
[ δ

β(δ+iω+ d j
l

)
+ δ

β(δ–iω+ d j
l

)
] – β

u
| δ

β(δ+iω+ d j
l

)
|

= – δ

βu
+ δμ

uβ(μ+ω) – δ

uβ(μ+ω) ,

gj = fuuu + fuuv(bj + bj) + fuvv(|bj| + b
j ) + fvvv|bj|bj

= v(abu
+bu+au+b–b)

(au
+bu+) + v(abu

+bu
+au

+bu)
(au

+bu+) + v(abu
+bu+au+b)

(au
+bu+)

– bu+
(au+bu+) + u(bu+)(au+b)

(au
+bu+) [( δ

β(δ+iω+ d j
l

)
) + δ

β(δ–iω+ d j
l

)
]

= v(abu
+bu+au+b–b)

(au
+bu+) + v(abu

+bu
+au

+bu)
(au

+bu+) + v(abu
+bu+au+b)

(au
+bu+)

– bu+
(au+bu+) + u(bu+)(au+b)δ(μ–iω)

(au
+bu+)β(μ+ω) ,

hj = guuu + guuv(bj + bj) + guvv(|bj| + b
j ) + gvvv|bj|bj

=  δ

βu


–  δ

u


[( δ

β(δ+iω+ d j
l

)
) + δ

β(δ–iω+ d j
l

)
] + β

u


[| δ

β(δ+iω+ d j
l

)
| + ( δ

β(δ+iω+ d j
l

)
)]

=  δ

βu


– δ(μ–iω)
u

β(μ+ω) + δ

u
β

[ (μ+ω) + (μ–iω)

(μ+ω) ],

and fuu, fuv, guu, guv, gvv, fuuu, fuuv, guuu, guuv, guvv are given in (.). Then we have

Qwq̄ =

(
fuuξ + fuvη + fuvb̄jξ

guuξ + guvη + guvb̄jξ

)

cos
jx
l

cos
jx

l
+

(
fuuτ + fuvχ + fuvb̄jτ

guuτ + guvχ + guvb̄jτ

)

cos
jx
l

,

and

Qwq =

(
fuuξ̄ + fuvη̄ + fuvbjξ̄

guuξ̄ + guvη̄ + guvbjξ̄

)

cos
jx
l

cos
jx

l
+

(
fuuτ̄ + fuvχ̄ + fuvbjτ̄

guuτ̄ + guvχ̄ + guvbjτ̄

)

cos
jx
l

,
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with

ξ =
α – iα

(α
 + α

)

[(

iωj + δ +
dj

l

)

cj – Bdj

]

,

η =
α – iα

(α
 + α

)

[
δ

β
cj +

(

iωj + Aj –
dj

l

)

dj

]

,

τ =
α – iα

(α
 + α

)
[
(iωj + δ)cj – Bdj

]
,

χ =
α – iα

(α
 + α

)

[
δ

β
cj + (iωj + Aj)dj

]

,

ξ̄ =
–
α

[(

–δ –
dj

l

)

ej + Bfj

]

,

η̄ =
–
α

[

–
δ

β
ej +

(

–Aj +
dj

l

)

fj

]

,

τ̄ =
–

α
[–δej + Bfj],

χ̄ =
–

α

[

–
δ

β
ej – Ajfj

]

.

Notice that, for any j ∈ N ,
∫ lπ

 cos jx
l = lπ

 ,
∫ lπ

 cos nx
l cos jx

l = lπ
 ,
∫ lπ

 cos jx
l = π

 , so we
have

〈
q∗, Qwq̄

〉
=
∫ lπ


cos jx

l
q̄∗Qwq̄ dx

=
lπ

[
ā∗

j (fuuξ + fuvη + fuvb̄jξ ) + b̄∗
j (guuξ + guvη + guvb̄jξ )

]

+
lπ

[
ā∗

j (fuuτ + fuvχ + fuvb̄jτ ) + b̄∗
j (guuτ + guvχ + guvb̄jτ )

]
,

〈
q∗, Qwq

〉
=
∫ lπ


cos

jx
l

cos jx
l

q̄∗Qwq dx

=
lπ

[
ā∗

j (fuuξ̄ + fuvη̄ + fuvbjξ̄ ) + b̄∗
j (guuξ̄ + guvη̄ + guvbjξ̄ )

]

+
lπ

[
ā∗

j (fuuτ̄ + fuvχ̄ + fuvbjτ̄ ) + b̄∗
j (guuτ̄ + guvχ̄ + guvbjτ̄ )

]
,

〈
q∗, Cqqq̄

〉
=
∫ lπ


cos jx

l
q̄∗Cqqq̄ =

lπ

(
ā∗

j gj + b̄∗
j hj
)
.

Since lπ ā∗
j = iω+δ

δ
, lπ b̄∗

j =
β(–iω+δ)(iω+δ+ d j

l
)

δ , it follows that

Re
〈
q∗, Cqqq̄

〉
=




fuuu +



δ(μ + ω)
β(μ + ω)

fuuv +



β(δμ + ω)
δ guuu

+



δμ + μω + δω

δ(μ + ω)
guuv

+



δ[(δμ + ω)( + μ – ω) + μω(δ – μ)]
β(μ + ω)

guvv,
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and

Re
〈
q∗, Qwq̄

〉
=

lπ


[



(fuuξR + fuvηR) +
β(δμ + ω)

δ (guuξR + guvηR)
]

+
lπ


[

–


δ
(fuuξI + fuvηI) –

βω(δ – μ)
δ (guuξI + guvηI)

]

+
lπ


[

fuvξR

(



δμ

β(μ + ω)
–


δ

δω

β(μ + ω)

)

– fuvξI

(



δω

β(μ + ω)
+


δ

δμ

β(μ + ω)

)]

+
lπ


[

guvξR

(
β(δμ + ω)

δ
δμ

β(μ + ω)
–

βω(δ – μ)
δ

δω

β(μ + ω)

)

– guvξI

(
β(δμ + ω)

δ
δω

β(μ + ω)
+

βω(δ – μ)
δ

δμ

β(μ + ω)

)]

+
lπ


[



(fuuτR + fuvχR) +
β(δμ + ω)

δ (guuτR + guvχR)
]

+
lπ


[

–


δ
(fuuτI + fuvχI) –

βω(δ – μ)
δ (guuτI + guvχI)

]

+
lπ


[

fuvτR

(



δμ

β(μ + ω)
–


δ

δω

β(μ + ω)

)

– fuvτI

(



δω

β(μ + ω)
+


δ

δμ

β(μ + ω)

)]

+
lπ


[

guvτR

(
β(δμ + ω)

δ
δμ

β(μ + ω)
–

βω(δ – μ)
δ

δω

β(μ + ω)

)

– guvτI

(
β(δμ + ω)

δ
δω

β(μ + ω)
+

βω(δ – μ)
δ

δμ

β(μ + ω)

)]

,

Re
〈
q∗, Qwq

〉
=

lπ


[



(fuuξ̄R + fuvη̄R) +
β(δμ + ω)

δ (guuξ̄R + guvη̄R)
]

+
lπ


[

–


δ
(fuuξ̄I + fuvη̄I) –

βω(δ – μ)
δ (guuξ̄I + guvη̄I)

]

+
lπ


[

fuvξ̄R

(



δμ

β(μ + ω)
–


δ

δω

β(μ + ω)

)

– fuvξ̄I

(



δω

β(μ + ω)
+


δ

δμ

β(μ + ω)

)]

+
lπ


[

guvξ̄R

(
β(δμ + ω)

δ
δμ

β(μ + ω)
–

βω(δ – μ)
δ

δω

β(μ + ω)

)

– guvξ̄I

(
β(δμ + ω)

δ
δω

β(μ + ω)
+

βω(δ – μ)
δ

δμ

β(μ + ω)

)]

+
lπ


[



(fuuτ̄R + fuvχ̄R) +
β(δμ + ω)

δ (guuτ̄R + guvχ̄R)
]

+
lπ


[

–


δ
(fuuτ̄I + fuvχ̄I) –

βω(δ – μ)
δ (guuτ̄I + guvχ̄I)

]
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+
lπ


[

fuvτ̄R

(



δμ

β(μ + ω)
–


δ

δω

β(μ + ω)

)

– fuvτ̄I

(



δω

β(μ + ω)
+


δ

δμ

β(μ + ω)

)]

+
lπ


[

guvτ̄R

(
β(δμ + ω)

δ
δμ

β(μ + ω)
–

βω(δ – μ)
δ

δω

β(μ + ω)

)

– guvτ̄I

(
β(δμ + ω)

δ
δω

β(μ + ω)
+

βω(δ – μ)
δ

δμ

β(μ + ω)

)]

,

where we denote μ = δ + dj
l and define �R := Re�, �I := Im� for � = ξ ,η, τ ,χ . More

precisely,

ξR =
α

(α
 + α

)

{

–ωj

[
δω(bu

 + u)
β(μ + ω)(au

 + bu + )

]

+
(

δ +
dj

l

)[

– –
v(bu + )

(au
 + bu + ) +

uv(bu + )(au + b)
(au

 + bu + )

–
(bu

 + u)δμ

β(μ + ω)(au
 + bu + )

]

– B
[

–
δ

βu
+

δμ

uβ(μ + ω)
–

βδ(μ – ω)
uβ(μ + ω)

]}

+
α

(α
 + α

)

{

ωj

[

– –
v(bu + )

(au
 + bu + ) +

uv(bu + )(au + b)
(au

 + bu + )

–
(bu

 + u)δμ

β(μ + ω)(au
 + bu + )

]

+
(

δ +
dj

l

)[
δω(bu

 + u)
β(μ + ω)(au

 + bu + )

]

– B
[

iβδμω

uβ(μ + ω) –
iδω

uβ(μ + ω)

]}

,

ξI =
–α

(α
 + α

)

{

–ωj

[
δω(bu

 + u)
β(μ + ω)(au

 + bu + )

]

+
(

δ +
dj

l

)[

– –
v(bu + )

(au
 + bu + ) +

uv(bu + )(au + b)
(au

 + bu + )

–
(bu

 + u)δμ

β(μ + ω)(au
 + bu + )

]

– B
[

–
δ

βu
+

δμ

uβ(μ + ω)
–

βδ(μ – ω)
uβ(μ + ω)

]}

+
α

(α
 + α

)

{

ωj

[

– –
v(bu + )

(au
 + bu + ) +

uv(bu + )(au + b)
(au

 + bu + )

–
(bu

 + u)δμ

β(μ + ω)(au
 + bu + )

]

+
(

δ +
dj

l

)[
δω(bu

 + u)
β(μ + ω)(au

 + bu + )

]

– B
[

iβδμω

uβ(μ + ω) –
iδω

uβ(μ + ω)

]}

,

ηR =
α

(α
 + α

)

{
δ

β

[

– –
v(bu + )

(au
 + bu + ) +

uv(bu + )(au + b)
(au

 + bu + )
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–
(bu

 + u)δμ

β(μ + ω)(au
 + bu + )

]

– ωj

[
βδμω

uβ(μ + ω) –
δω

uβ(μ + ω)

]

+
(

Aj –
dj

l

)[

–
δ

βu

+
δμ

uβ(μ + ω)
–

βδ(μ – ω)
uβ(μ + ω)

]}

+
α

(α
 + α

)

{
δ

β

[
δω(bu

 + u)
β(μ + ω)(au

 + bu + )

]

+ ωj

[

–
δ

βu
+

δμ

uβ(μ + ω)
–

βδ(μ – ω)
uβ(μ + ω)

]

+
(

A –
dj

l

)[
βδμω

uβ(μ + ω) –
δω

uβ(μ + ω)

]}

,

ηI =
–iα

(α
 + α

)

{
δ

β

[

– –
v(bu + )

(au
 + bu + ) +

uv(bu + )(au + b)
(au

 + bu + )

–
(bu

 + u)δμ

β(μ + ω)(au
 + bu + )

]

– ωj

[
βδμω

uβ(μ + ω) –
δω

uβ(μ + ω)

]

+
(

Aj –
dj

l

)[

–
δ

βu
+

δμ

uβ(μ + ω)
–

βδ(μ – ω)
uβ(μ + ω)

]}

+
α

(α
 + α

)

{
δ

β

[
δω(bu

 + u)
β(μ + ω)(au

 + bu + )

]

+ ωj

[

–
δ

βu
+

δμ

uβ(μ + ω)
–

βδ(μ – ω)
uβ(μ + ω)

]

+
(

Aj –
dj

l

)[
βδμω

uβ(μ + ω) –
δω

uβ(μ + ω)

]}

,

τR =
α

(α
 + α

)

{
–δωωj(bu

 + u)
β(μ + ω)(au

 + bu + )

+ δ

[

– –
v(bu + )

(au
 + bu + ) +

uv(bu + )(au + b)
(au

 + bu + )

–
(bu

 + u)δμ

β(μ + ω)(au
 + bu + )

]

– B
[

–
δ

βu
+

δμ

uβ(μ + ω)
–

βδ(μ – ω)
uβ(μ + ω)

]}

+
α

(α
 + α

)

{

ωj

[

– –
v(bu + )

(au
 + bu + ) +

uv(bu + )(au + b)
(au

 + bu + )

–
(bu

 + u)δμ

β(μ + ω)(au
 + bu + )

]

+ δ

[
iδω(bu

 + u)
β(μ + ω)(au

 + bu + )

]

– B
[

βδμω

uβ(μ + ω) –
δω

uβ(μ + ω)

]}

,

τI =
–α

(α
 + α

)

{

–ωj

[
δω(bu

 + u)
β(μ + ω)(au

 + bu + )

]

+ δ

[

– –
v(bu + )

(au
 + bu + ) +

uv(bu + )(au + b)
(au

 + bu + )
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–
(bu

 + u)δμ

β(μ + ω)(au
 + bu + )

]

– B
[

–
δ

βu
+

δμ

uβ(μ + ω)
–

βδ(μ – ω)
uβ(μ + ω)

]}

+
α

(α
 + α

)

{

ωj

[

– –
v(bu + )

(au
 + bu + ) +

uv(bu + )(au + b)
(au

 + bu + )

–
(bu

 + u)δμ

β(μ + ω)(au
 + bu + )

]

+ δ

[
iδω(bu

 + u)
β(μ + ω)(au

 + bu + )

]

– B
[

iβδμω

uβ(μ + ω) –
iδω

uβ(μ + ω)

]}

,

χR =
α

(α
 + α

)

{
δ

β

[

– –
v(bu + )

(au
 + bu + ) +

uv(bu + )(au + b)
(au

 + bu + )

–
(bu

 + u)δμ

β(μ + ω)(au
 + bu + )

]

– ωj

[
βδμω

uβ(μ + ω) –
δω

uβ(μ + ω)

]

+ Aj

[

–
δ

βu
+

δμ

uβ(μ + ω)
–

βδ(μ – ω)
uβ(μ + ω)

]}

+
α

(α
 + α

)

{
δ

β

[
δω(bu

 + u)
β(μ + ω)(au

 + bu + )

]

+ ωj

[

–
δ

βu
+

δμ

uβ(μ + ω)
–

βδ(μ – ω)
uβ(μ + ω)

]

+ Aj

[
iβδμω

uβ(μ + ω) –
iδω

uβ(μ + ω)

]}

,

χI =
–α

(α
 + α

)

{
δ

β

[

– –
v(bu + )

(au
 + bu + ) +

uv(bu + )(au + b)
(au

 + bu + )

–
(bu

 + u)δμ

β(μ + ω)(au
 + bu + )

]

– ωj

[
βδμω

uβ(μ + ω) –
δω

uβ(μ + ω)

]

+ Aj

[

–
δ

βu
+

δμ

uβ(μ + ω)
–

βδ(μ – ω)
uβ(μ + ω)

]}

+
α

(α
 + α

)

{
δ

β

[
δω(bu

 + u)
β(μ + ω)(au

 + bu + )

]

+ ωj

[

–
δ

βu
+

δμ

uβ(μ + ω)
–

βδ(μ – ω)
uβ(μ + ω)

]

+ Aj

[
iβδμω

uβ(μ + ω) –
iδω

uβ(μ + ω)

]}

.

So far, we have

Re
(
C(Aj)

)
= Re

〈
q∗, Qwq

〉
+




Re
〈
q∗, Qwq̄

〉
+




Re
〈
q∗, Cqqq̄

〉

=
{

lπ


[



(fuuξ̄R + fuvη̄R) +
β(δμ + ω)

δ (guuξ̄R + guvη̄R)
]
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+
lπ


[

–


δ
(fuuξ̄I + fuvη̄I) –

βω(δ – μ)
δ (guuξ̄I + guvη̄I)

]

+
lπ


[

fuvξ̄R

(



δμ

β(μ + ω)
–


δ

δω

β(μ + ω)

)

– fuvξ̄I

(



δω

β(μ + ω)
+


δ

δμ

β(μ + ω)

)]

+
lπ


[

guvξ̄R

(
β(δμ + ω)

δ
δμ

β(μ + ω)
–

βω(δ – μ)
δ

δω

β(μ + ω)

)

– guvξ̄I

(
β(δμ + ω)

δ
δω

β(μ + ω)
+

βω(δ – μ)
δ

δμ

β(μ + ω)

)]

+
lπ


[



(fuuτ̄R + fuvχ̄R) +
β(δμ + ω)

δ (guuτ̄R + guvχ̄R)
]

+
lπ


[

–


δ
(fuuτ̄I + fuvχ̄I) –

βω(δ – μ)
δ (guuτ̄I + guvχ̄I)

]

+
lπ


[

fuvτ̄R

(



δμ

β(μ + ω)
–


δ

δω

β(μ + ω)

)

– fuvτ̄I

(



δω

β(μ + ω)
+


δ

δμ

β(μ + ω)

)]

+
lπ


[

guvτ̄R

(
β(δμ + ω)

δ
δμ

β(μ + ω)
–

βω(δ – μ)
δ

δω

β(μ + ω)

)

– guvτ̄I

(
β(δμ + ω)

δ
δω

β(μ + ω)
+

βω(δ – μ)
δ

δμ

β(μ + ω)

)]}

+



{
lπ


[



(fuuξR + fuvηR) +
β(δμ + ω)

δ (guuξR + guvηR)
]

+
lπ


[

–


δ
(fuuξI + fuvηI) –

βω(δ – μ)
δ (guuξI + guvηI)

]

+
lπ


[

fuvξR

(



δμ

β(μ + ω)
–


δ

δω

β(μ + ω)

)

– fuvξI

(



δω

β(μ + ω)
+


δ

δμ

β(μ + ω)

)]

+
lπ


[

guvξR

(
β(δμ + ω)

δ
δμ

β(μ + ω)
–

βω(δ – μ)
δ

δω

β(μ + ω)

)

– guvξI

(
β(δμ + ω)

δ
δω

β(μ + ω)
+

βω(δ – μ)
δ

δμ

β(μ + ω)

)]

+
lπ


[



(fuuτR + fuvχR) +
β(δμ + ω)

δ (guuτR + guvχR)
]

+
lπ


[

–


δ
(fuuτI + fuvχI) –

βω(δ – μ)
δ (guuτI + guvχI)

]

+
lπ


[

fuvτR

(



δμ

β(μ + ω)
–


δ

δω

β(μ + ω)

)

– fuvτI

(



δω

β(μ + ω)
+


δ

δμ

β(μ + ω)

)]
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+
lπ


[

guvτR

(
β(δμ + ω)

δ
δμ

β(μ + ω)
–

βω(δ – μ)
δ

δω

β(μ + ω)

)

– guvτI

(
β(δμ + ω)

δ
δω

β(μ + ω)
+

βω(δ – μ)
δ

δμ

β(μ + ω)

)]}

+



{



fuuu +



δ(μ + ω)
β(μ + ω)

fuuv +



β(δμ + ω)
δ guuu

+



δμ + μω + δω

δ(μ + ω)
guuv

+



δ[(δμ + ω)( + μ – ω) + μω(δ – μ)]
β(μ + ω)

guvv

}

.

Thus the bifurcating periodic solution is supercritical (resp. subcritical) if


α′(AH
j )

Re(C(AH
j )) <  (resp. > ).
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