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Abstract

In this paper, a diffusive Leslie-type predator-prey model is investigated. The existence
of a global positive solution, persistence, stability of the equilibria and Hopf
bifurcation are studied respectively. By calculating the normal form on the center
manifold, the formulas determining the direction and the stability of Hopf
bifurcations are explicitly derived. Finally, our theoretical results are illustrated by a
model with homogeneous kernels and one-dimensional spatial domain.
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1 Introduction

Bifurcation phenomena are observed and studied in a variety of fields, such as engineering
[1], ecological [2], chemical [3], biological [4—6], control [7, 8] and neural networks [9-13].
A classical predator-prey model is investigated as follows:

x(t) =x(1-x) -

xzy

ax?+bx+1’ (1.1)
() =y(6 - 2).

The study shows that model (1.1) has complex bifurcation phenomena and dynamic be-

havior, such as the existence of both Hopf bifurcation and Bogdanov-Takens bifurcation.

For more detailed results on model (1.1), one can refer to [14].

As we all know, the spatial heterogeneity of predator and prey distributions is more or
less obvious. The predator or prey can flow from higher density regions to lower density
ones, which is called normal diffusion. And specifically, to the best of our awareness, few
papers which discuss the dynamic behavior of model (1.1) with diffusion have appeared in
the literature. This paper attempts to fill this gap in the literature. To achieve this goal, we
look at the following model:

Wi A+ u(l—u) - (x,0) € (0, 1) x [0,00),£> 0,

¥ dyAv+v(s - L), (x,t) € (0,17) x [0,00),£> 0,

1(£,0) = v,(£,0) = 0, (1.2)
u (t,Im) = ve(t, Im) = 0, t>0,

u(0,%x) = ug(x) > 0, v(0,x) =vo(x) >0, xe€][0,ln],
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where u; = u;(x,1),i=1,2,A = % denotes the Laplacian operator, dj, d; are diffusion coef-
ficients of prey and predator, respectively. 2 is a bounded subset with sufficiently smooth
boundary 92 in R", where R” is an arbitrary positive-integer N-dimensional space. A is
the Laplacian operator in the region 2. The no-flux boundary condition means that the
statical environment 2 is isolated.

In the biological field, the study of the stability and bifurcations of the reaction-diffusion
models describing a variety of biological phenomena is one of the fundamental problems,
which can be conducive to understand the dynamic behavior. Recently, the stability of the
steady state [15, 16] and that of the non-constant steady state solution [17-20] are investi-
gated. The main contributions of this article are as follows: (a) the existence of the global
positive solution and the persistence of system (1.2) are discussed in detail; (b) the Hopf
bifurcation analysis of system (1.2) is provided; (c) the Lyapunov function is constructed
to complete the proof of global stability of the equilibria.

The rest of this article is organized as follows. In Section 2, the existence of a global pos-
itive solution of (1.2) as well as the boundedness are considered. In Section 3, the persis-
tence of the system is investigated. In Section 4, the stability of the constant equilibria, the
existence of Hopf bifurcations and the stability of a bifurcating periodic solution around
the interior constant equilibrium are investigated. In Section 5, the global stability of the
constant equilibria is proved by the Lyapunov function method under certain conditions

investigated. Finally, simulations are presented to verify our theoretical analysis.

2 Existence of a global positive solution of (1.2)

For convenience, we introduce some notations. For x,y € R, we denote x A y : min{x, y}, x v
y:=max{x,y}, x, : 2V 0, x_: (—x) V 0 and extend these notations to real-valued functions.
If (v, >) is a partially ordered vector space, we denote its positive cone by v, := {v e v :
v>0}. For p € [1,+00),p > N/2, let X = {L7(R2)}?. Assume W = (4, v) € X, and its norm is
defined as | W|| = |||, + [|[v]l,. Now, model (1.2) can be rewritten as an abstract differential

equation

% - Az +H(z), te(0,00),

(2.1)
z(0) = zy,

where z = (u(x, ), v(x, £)) T, zo = (40, v0) 7,

A:(A—I 0 ), (2.2)

0 A-1
with
_ 2a2 % v
DQU_{(MV)G{C(QH,écaQ_aUaQ_O}

and

(2w - a5
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Next, we prove the existence of the local solution for (2.1). First, we give out the following

lemma.

Lemma 2.1 For every zy € X,, the Cauchy problem (2.1) has a unique maximal local so-
lution

2 € ([0, Tmax); X) N C*((0, Trmax); X) N C*((0, Trmax); D(A)), (2.4)
which satisfies the following Duhamel formula for t € [0, Tyax):

2(t) = erzy + / t e Hz(s)] ds, (2.5)
0

where A, is an operator and the closure of A in X. Moreover, if Tnax < 00, then
limsupy- ||z(¢)|| = oo.

max

Proof Since the operator A, is the closure of A in X, it generates an analytic, condensed,
strong continuous operator semi-group e, Furthermore, for ¢ > 0, we have

lerw| < ellwll, YweX. (2.6)

Moreover, we observe that H : D(A) — X is locally Lipschitz on a bounded set. Via Theo-
rem 7.2.1 in [21], we complete his proof. d

Lemma 2.2 For the initial-boundary problem of model (1.2), the components of its solution
u(x,t), v(x,t) are nonnegative.

Proof To prove u(x,t), v(x,t) > 0,

' / / / v,
Sr=didu +u (1-u, — —5=+—),
au,”+bu’y +1 (2 7)

W= AV + eV, (8 - ‘f}: ),
with the boundary and initial conditions

! /
Wlo=%1a=0,

1 (x,0) = up, V(x,0) = vo.

After multiplying (2.7) by &’ and v/, respectively, and integrating by parts on the domain
2, we obtain

Hence, for ¢ € (0, Tmax),
[ ol + ol < o + V..o, =o.

Consequently, #'(x,£) > 0,V/(x,£) > 0.
Now, we know that (¢//(x, ),V (x,t)) is a solution of (1.2), and according to Lemma 2.1,
we finally get that u(x, ) > 0,v(x,t) > 0,¢ € (0, Tmax)- Next, we prove the global existence
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of the positive solution for (1.2). Via Lemmas 2.1 and 2.2, we only need to show that the
solution of model (1.2) is uniformly bounded, i.e., dissipation. For this, we first introduce
the following lemma. O

Lemma 2.3 ([22]) Suppose that z(x, t) satisfies the following equation:

%:dAz+z(l—z), xe€eQ,t>0,
g—fI:O, xeQ,t>0,

z(x,0) = z9(x) > 0,#£0, xeQ.
Then lim;_, » z(x,£) =1 for any x € Q.
Theorem 2.4 The solution (u(x, t),v(x, t)) of (1.2) satisfies the following inequalities:

lim sup max u(x, t) <1, lim sup max v(x, t) <
t—o0 ¥EQ t—>oo ¥EQ

=| >

Proof

g—’;gdlAu+u(1—u), x€Q,t>0,

=0, x€Q,t>0,
u(x,0) = ug(x), x € Q.

By the comparison principle and Lemma 2.3, we obtain easily the first inequality. There-
fore, there exist T} > 0 and sufficiently small 0 < € <1 such that u(x,t) <1+¢ foranyx € Q
and ¢ > T;. For the second equation, we have the following inequality:

%SdzAV+V( —1‘%), x€Q,t>0,

&=o, x€Qt>0,
n
v(x,0) = vo(x), x € Q.

By the comparison principle, for the above 0 < € <1, there exists T5(> T1) such that, for
any ¢ > T,

8(1+¢€)
p

vix, t) <

+ €.

For the arbitrariness of € > 0, we obtain

8
limsupmaxv(x, t) < —, VxeQ.
t—>o0 XEQ /3

As a result, we complete this proof. By Lemmas 2.1, 2.2 and Theorem 2.4, we can get the
following theorem. 0

Theorem 2.5 System (1.2) has a unique, nonnegative and bounded solution Z(x,t) =
(u(x, t), v(x, t)) such that

z(x, t) € C([O, oo),X) Nnct ((0, oo);X) N C((x, oo),D(A)).
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3 Permanence
In this section, we show that any nonnegative solution (u(x, t), v(x, t)) of (1.2) lies in a cer-
tain bounded region as ¢t — oo for all x € Q.

We make the following hypothesis: (Ho) % <1

Theorem 3.1 If (Hy) holds, the solution (u,v) of (1.2) satisfies the following inequalities:

o 5 o 80— 4)
liminf minu(x, ) > 1 - —, liminf min v(x, ) > ——.
t—>00 xeQ b t—>00 x€Q B

Proof From the first equation of (1.2) and Theorem 3.1, we have

S(1+e)
P e
—MzdlAu+u l—u-——").
ot b

By the comparison principle and Lemma 2.3, we obtain easily

.. . é
liminfminu(x,t) >1- —

t—>00 xeQ bﬂ

From the second equation of (1.2), we have

d
v zdzAv+v<8— #)

s
ot -5

This implies

o 51— 5)
liminf minv(x, ) > ———.
t—>00 xeQ B

From Theorems 2.4 and 3.1, we can easily obtain the following theorem. O
Theorem 3.2 If (Hy) holds, model (1.2) is permanent.

4 The stability of equilibria and the existence of Hopf bifurcations

4.1 The existence of equilibrium of model (1.2)

The system has always constant equilibria Eo(1,0). By the direct calculation, there exists
a unique constant positive equilibrium denoted by E, (i, vo) if and only if the following
cubic equation

au3+<%+b—a)u2+(1—b)u—1=0 (4.1)

holds in the interval (0, 1). Note that the third-order algebraic equation (4.1) can have one,
two, or three positive roots in the interval (0,1) which can be evaluated by using the root
formula of the third-order algebraic equation. Correspondingly, system (1.2) can have one,
two, or three positive equilibria. Regarding the number of positive equilibria in the interval
(0,1) of (1.2), [14] gives the result in detail as follows.

Lemma 4.1 ([14]) Let © = (% +b-a)?+3alb-1) and A =403 + (27a* + 9a(l - b)(% +
b-—a)- 2(% +b—a)®?.
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(H1) If A >0, then model (1.2) has a unique positive equilibrium E,, which is an
elementary and anti-saddle equilibrium.

(H2) If A =0 and © > 0, then the model has two different positive equilibria: an
elementary anti-saddle equilibrium E, and a degenerate equilibrium E.

(H3) If A =0 and © =0, the model has a unique positive equilibrium Ez(&,
which is a degenerate equilibrium.

(H4) IfA <o, % =a—b-+/3a(l-b) and -2./a < b <1, then model (1.2) has three
different positive equilibria Ef, E5 and E}, which are all elementary equilibria and
E3 is a saddle.

38
B(1-b) ),

Remark We further consider the following condition (H1). We suppose (H1) is satisfied
throughout the rest of this paper.

4.2 The existence of Hopf bifurcation
In this section we assume that (H1) holds. We first assume that E, (i, vo) is any point of
system (1.2). Now we define the real-valued Sobolev space

2

X:= {(ur V) S [HZ(O: lTL')] : (ux’ Vx)|x=0,ln = 0};
and the complexification of X

Xe:=X®iX ={x1 +ixy :x1,% € X}.

The linearized system of (1.2) at any point E(u, vo) has the form

A -B
L= ( 5 -5) (4.2)
B

with the domain Dy = X, where

ugvo(bug + 2) ul

A=1-2yy- LP0OM0r2) g W0
07 (a2 + bug +1)? au? + buy +1
0 0

Obviously, B > 0. From Wu [23], we obtain that the characteristic equation of (4.2) is
Ay —dAy—L(e"y) =0, yedom(dA),y#0. (4.3)
It is well known that the eigenvalue problem

-¢" = ng, x€(0,im):¢'(0)=¢'(lr) =0

has eigenvalues p,, = ’;—22 (n=0,1,2,...) with corresponding eigenfunctions

ni
©(x)n = cos —, n=0,1,....

Substituting
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into the characteristic Eq. (4.3), we have

A— din? _B
52 ) i Yin - Yin  n=0,12,....
F =8 =5 ) U You

Therefore the characteristic Eq. (4.3) is equivalent to

det(AI - M, —L) =0, (4.4)

where ] is the 2 x 2 identity matrix and M,, = 7—22 diag{d;,d>},n=0,1,2,.... It follows from
(4.4) that the characteristic equations for the equilibrium (i, vo) are the following se-
quence of quadratic transcendental equations:

A0, T)=A2=TA+D, =0, (4.5)
where

T, = —(dy +d2) — 5 + A,

o ) (4.6)
Dy = AR + (di§ - drA) r +8(5; - A).
The eigenvalues are given by
T,+.,/T?>-4D,
M= = n=012, (4.7)
We make the following hypothesis with fixing §:
Bb d
(Hs) A<pd and (Hg) — <A< s,
B dy
where p = min{1, Z—;,% .
Lemma 4.2
(i) Suppose (Hy) and (Hs) are satisfied. Then all the roots of Eq. (4.5) have a negative
real part.

(i) Suppose (Hy) and (Hg) hold, then Eq. (4.5) has at least one positive real part.

Proof

(i) Obviously, by (Hs) T, <0 for n=0,1,2,..., we know all the roots of Eq. (4.5) have
negative real parts.

(ii) If (He) holds, we know that D, is monotone increasing with regard to #, and
lim,,_,» D, = 00 and Dy < 0. There exists an integer #; > 1 such that D,, < 0 when
n=0,1,2,...,n§. Hence, there are D, < 0, Tﬁ —-4D,, > Tf, A1>0and A, <O for
n=0,1,2,...,nyand D, >0, T> — 4D, < T?, A1 > 0 and A, > O for n > nj. These
complete the proof of (i) and (ii).

From the discussion, we have the following theorem. O

Theorem 4.3
(i) Suppose (Hy) and (Hs) hold, the equilibrium E, is stable.
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(i) Suppose (Hy) and (Hg) hold, the equilibrium E, is unstable.

Next, we consider the occurrence of Hopf bifurcation of E,. by regarding A as a bifurcation
parameter with fixing 8. In the light of (4.7), it is known that (4.5) has purely imaginary roots
if and only if

2
A:An=(d1+d2)’;—2+5, n=01,..., (4.8)

and D, > 0 holds. From (4.8) we know that A, is monotone increasing with regard to n, and

lim A,=00, and Ay=68>0.

n—00

Hence, there is A, >0 forn=0,1,2,.... Bringing A, into D,, we get

d2n4 dzl’lz B 2
Dn=—l—4—2 2 8+(E—1>8 (4'9)

IfDy = 82(§ —1) > 0 holds, then there exists an integer ni > 1 such that D, > 0 when n =
0,1,2,...,nf and D, <0 when n > nj.
Let n* = [n{land A = {Ay1>Ayrg > Ape_3 > -+ > Ao}

Lemma 4.4 If % —1> 0 issatisfied, then Eq. (4.5) has purely imaginary roots if and only if
AeA.

Proof Let Ay(A) = y(A) +iw,(A),n=0,1,...,n* be the roots of Eq. (4.8) satisfying «,,(A) =
0,w,(A) = /D,(A).If % —1> 0 holds, we know that D, is monotone decreasing with regard
to n, and lim,,_, o, D, = —00 and Dy > 0. There exists an integer #} > 1 such that D, >0
whenn=0,1,2,...,n*. These complete the proof of Lemma 4.4. From expression (4.7) we

have the following conclusion. O

Lemma 4.5 Suppose g — 1> 0 is satisfied, then all the roots of Eq. (4.5) with A = A,

(n — 00) have at least one root with a positive real part except the imaginary roots

+iv/D,(A,),ne(0,1,...,n%).

Proof 1f g —1> 0 holds, we know that D, is monotone decreasing with regard to n, and
lim,,—, o D,, = —00. Hence, there are D,, < 0, T2 — 4D,, > T?, A1 > 0 and A3 < 0 for n > n*. In

combination with Lemma 4.4, we complete the proof of Lemma 4.5. g
Based on the above analysis, we have the following theorem.

Theorem 4.6 Suppose % —1> 0 issatisfied. Then model (1.2) undergoes a Hopf bifurcation
at the origin when A = A, for 0 < n < n*. Moreover:
(i) The bifurcation periodic solution from A = Ay is spatially homogeneous, which
coincides with the periodic solution of the corresponding ODE system.
(i) The bifurcation periodic solution from A = A,, is spatially non-homogeneous for

0<n<n*
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4.3 Direction and stability of Hopf bifurcation
From the previous section, we know that model (1.2) undergoes a Hopf bifurcation at the
origin when A =A,,n=0,1,...,n*, where n* and A, are defined as in (4.8).

In this section, we study the direction of Hopf bifurcation and the stability of the bifur-
cating periodic solution by applying the center manifold theorem and the normal form
theorem of partial differential equations. We first transform E, of (1.2) to the origin via
the translation: & = u — ug, ¥ — v and drop the hats for simplicity of notation, then (1.2) is

transformed into

W — &\ Vu +f(8,u,v),

;t (4.10)
5 = Vv +g(8,u,v),
where
2
) (1 + uo)*(v + vp)
flAu,v)=u+uo— (u+up)” — 5 )
a(u + ug)? + b(u + ug) +1
B +vo)
gA,u,v)=(v+ vo)((S -—).
U+ Uy
So we have
* 1
[\ _( 1 e _[90) _ Sir
q:= b - 52 ’ q = b* - B
0 B(5+iw) 0 27 (—iw+8)52
The straightforward computation yields
f N 2vg (bug+1) + ugvo (bug+2)(4aug+2b)
uu = (au%+bu0+l)2 (au%+bu0+l)3 ’
fow = __ bugr2up
uv (au%+bug +1)27
f _ 2bug+2 uq (bug+2)(4aug+2b)
uuv (a2 ug +bug+1)2 (au%+bu0+1)3 ’
2vo(12abud +2b2ug +8aug+2b-b)  4vo(dabul +b>ud +a4aud +2bug)  4vo(2abul+b2ug+2auq+b)

ﬁtuu =
ﬁ/v = 0;

_ o2
Suu = —2m;

(au(z) +bug+1)2 (au(z) +bug+1)3 (au% +bug+1)4 ’

)
uv = 2%¢
=435
uuww = —*—3,
o
=28
guVV - u% ’
- _28
gVV uo .
Moreover,
Q _ (cn) COSZ nx _ (fuuﬂ;%ﬁquvﬂnbn*fvvb%:),
99 dn l guuu,21+2gwanbn+gwb3,
Q _ = (e") COS2 nx _ (fuu‘an|2+2fuv(ﬂn§n+ﬁnbn)+fw|bn|2)
g Ja l guu‘ﬂn|2+2guv(ﬂnbn+Enbn)+gvv‘bn‘2 ’
Q o (gn) COSZ nx _ (fuuu|an‘2bn+fuuv(2‘ﬂn‘zbn"'ﬂ%?n)*'fuvv‘bn‘Zﬂn‘*biﬁn‘*‘ﬁ/vv‘bn‘zbn )
44 By l guuu‘ﬂn|2bn+guuv(2‘ﬂn‘zbw‘*‘ﬂ;qun)+guvv‘bn‘zﬂn‘*'b%an‘*gvvvwﬂzbn
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So

_ 2v0 (bug+1) ugvo (bug+2)(4aug+2b)
o fuu + Zﬁwbo +fvv 0~ =[-2 (au +bu0+1)2 + (au%+bug+l)3 ]
bu?+2u 2
+ 2[00 ]

(au0+bu0+1) ][_ﬁ(5+iw) ’
dO _guu + 2guvb0 +gvv [ Zﬁllo] + 2[2 d ][ /5(5+tw ]2’
€0 :fuu + 2f;4v(b0 + bO) +ﬁv|b0|2

- [_2 __2vp(bup+l) + uovo(bu0+2)(4au0+2h)]

(au%+bu0 +1)2 (uu% +bug+1)3
bu(2)+2ug 52
+ 2[_ (au(z) +bug+1)2 ][ ﬂ(SHw) - 5(5—50))]’

f() =8uu t+ 2guv(EO + bO) +gw|b0|2

_ 52 ) 82 52 28 2 12
=251+ 22 5] 5507 — Foay] + -5 - Fommy)

£o :fuuu +fuuv(2b0 + bO) "’fuvv(2|b0|2 + b% +fvvv|b0|2b0

a8 _ 2bug+2 ug (bug+2)(4aug+2b) _ 52
=[-4 2] +1 (a2ug+bug +1)2 (au%+bu0+1)3 1[-2 (5+lw ﬁ(ﬁ—iw)]’

ho = Guuu + Guuv(2bo + bo) +guvv(2|b0|2 + b%) + Gwvbol*bo
) 2
= [6 ﬂ8u2] [ 4 2 ][ Bﬂw) ﬁ(t? zw)]

28 32 2
+ [g][2| - ﬂ(6+iw)|

( /S(Bﬂw )2]

Then we have

L
1

@ Q)= (% )(a)

2l (—iw+8)82

= Z(fuu +2fuvbo +fvvb2) + Lw+6)62 (Guu + 28uwbo +gvvb )

(aud +bug +1) (aul +bug+1)3 aul +bug+1)2

2(Lcu+8 52([ Zﬁuo 2[2;_0][,3(8+iw)]2)’
(@ Q) ={(__% ) (»)

21n(zw+b)62

bug+1 bug+2)(2aug +b bug+2u
_([_1_ Vo(uo+) +uovo(uo+)(6mo+)]+[( 0+2H0 ][ﬂ5+zw])

Page 10 of 25

(4.11)

= Q(ﬁm + 2fuv bO + bO +fvv|b0|2) + W(guu + 2guv(EO + bO) +gvv|b0|2)

— ([ 9_ 21/0 (bug+1) uovo(bu0+2)(4uuo+2b)]

(au; +bu0+1) (au%+buo+l)
bu0+2u0
+ 2[_ (au +bug+1)2 ][ﬁ S+iw) 5 —iw) ])
8% s 28 2
+ (zw+8 )82 ([2ﬂuo] + 2[2 ][ﬁ S+iw)  B(6- m))] +[- ][/3(8+zw 1%

(@ Qag) = (( e ) )
2(—iw+8)52

%(fuu + 2fuvbo +fwb%)
+ W(guu + 2guvb0 +gvvb%)

:([_1_ vo(bu0+1) + uovo(bu0+2)(2tm0+b)] + [_ bu(z)+2”0 ][ﬂ(éz ])

(uu0+bu0 +1) (au% +bug+1)3 (uu% +bug+1)2 S+iw)

12020

m([ ][/3(5+lw)]2)

(@ Qqa) = (( i» (f?,>>

2(~iw+8)82

= %(fuuu +fuuv(2b0 + Z0) +fuvv(2|b0|2 + bz) +fvvv|b0|2b0)

+ 2 La)+8)82 (guuu +guuv(2b0 + bO) +guvv(2|b0|2 + b2) +ng|b0| bO)

%([ 4 ]+[_ 2bug+2 uo(bu0+2)(4au0+2b ][2 5+lw 52

(a2u0 +bug+1)2 (au +bug+1)3 ﬁ(5*iw

52
2(- La)+3)62([6 ] + [ 4 ][2 5+zw ﬂ(&—iw)]
2l 4 G

+
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and

e (5) o) o)
e () o) e ) -

which implies W5y = W1y = 0, that is to say,

{a", QWi1,9)) = (4", QWao,4)) = 0.
Therefore

c1(Ao) = {35 (0" Qqq) - (@% Qqa) + 34" Quqa) b
Re(c1(Ao)) = Re{5= (g%, Qqq) - (4%, Qqz) + 3 (0% Quaa) s
Im(c1(Ao)) = Im{5= (4%, Qqq) - (4% Qqg) + 34" Quaa) >
T, = [Im(c1(Ao)) — 242000y (5],

o’ (80)
where w'(4¢) =1 > 0, then we have the following theorem.

Theorem 4.7 Suppose % —1> 0 is satisfied.
The Hopf bifurcation at A = Ay is backward (resp. forward);

Page 11 of 25

The bifurcation periodic solution from A = Ay is asymptotically stable (resp. unstable) if

Re(c1(Ag)) < 0 (resp. > 0);

The bifurcation periodic solution from A = Ay is increasing (resp. decreasing) if To > 0

(resp. < 0).
When 0 <j < n*, for Aj, we have the following theorem.

Theorem 4.8 Suppose % —1> 0 is satisfied.

The Hopf bifurcation at A = A; for 0 < j < n* is backward (resp.forward);

The bifurcation periodic solution from A = A; is asymptotically stable (resp. unstable) if

Re(ci1(4))) < 0 (resp. > 0);

The bifurcation periodic solution from A = A; is increasing (resp. decreasing) if T > 0

(resp. < 0) for 0 < j < n*, where Re(ci(A))) is defined in Appendix.

5 Global stability of equilibria

In this section, we continue to study the global stability of equilibria.

Theorem 5.1 Suppose that the hypothesis of Lemma 2.3 holds, then the positive constant

equilibrium E,(uo, vo) is globally asymptotically stable if
aupvo Vo
- <1,
Qp* la+b+1]p*

1 Vo 82 UgVo
+ — —
1- bﬁﬁ (1_ fﬂ)Qp* 4'/32(1_ b5ﬂ)2 p*

>0 and

(5.1a)

(5.1b)
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5 1 0 (5.1¢)
U-gp 227" -
where Q = [a(1 - ) +b(1- )+1]

Proof Let (u(x,t),v(x, t)) be any solution of model (1.2). We introduce the Lyapunov func-

tion

1
V(u,v):/{u u0—1n1+—(v vo—ln—>}dx
Q uo B Vo

Now, we take the derivative of V with regard to ¢ along the trajectory of model (1.2).
Then

V=Vi+V,,
where

Vi =d1/(1——>Audx+d—<1——>Avdx
Q u B 14

< / d1u0|Vu|2 d2V0|VV|2
— Je u? Bv*

}deO

and

B uv 1 Bv
V2__/Q(M_MO)<1_M_m)dx+/§2(v_1}0)ﬁ<8_7> x.

Let V2 = V12 + V21, where

v /( ) . UpV) uv d
= (w—uo)|ug—u - x
A Q 07\ o a(ug)? +bug+1 au?+bu+1

uovo(au® + bu + 1) — uv(aud + bug + 1)
=(u—up) | |uo—u+ dx
Q ppr*

= / {—(u —up)® + £ ZO [uovo(au® + bu + 1) — uv(aug + bug + 1)]} dx
Q pp

= / {—(u —up)* + i[(uuovou —vo)(u — up)?
Q rp*

+ (om(z)u + buug + u)(u —ug)(v— vo)] } dx

2
augvou — vy | auu +buuy +u
- {(u —up)? |:1 g :| + —2 e (=) (v — vo)}
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1 V=79 Vo
:E/sz(V_VO)((S_'B » —ﬁ;)dx

_1 V-1 Vo
—Ejg(v—w))(S—ﬂ _ —ﬂ;)dx

=/__M+(V_VO)(§_V_O):|6M
Q u B u

:/ _—L_VO)Z +(V—v0)78u_ﬁvo:|dx
Q

L u Bu
- 2
V—v Su—du
:/ _{y=vo) +(V—v0)7o}dx
el u Bu
2
V=1 8
:/ —( ) + —(v—vo)(u—uo):| dx,
ol u Bu
_ 2u+b
where p = au® + bu +1, p* = aud + bug +1, an :1—%,@2 =dy = %{%u;’#ﬂd—&},
ajy = i
Next, we calculate V; as follows:
an a
V, = —/ (4 — ug,v—v9) o (1 —ug,v—vo)T } dx. (5.2)
Q ax ax

It is obvious that ”ﬁl—‘; < 0 if and only if the matrix in integrand (5.2) is positive definite,
equivalent to aj; > 0 ar;d d(u,v) = 6111&1222 — apay > 0, where ¢(u,v) = anayy — aparx =
_ b b .

(1 - 2orouvoyl _ 2 (“"()”;p',f‘”””)2 - 2(“”0";;0””)(;—”) + (%)2} > 0. By condition (5.1a)-
(5.1c), we know ay; > 0 and ¢(u,v) > 0. Consequently, E, is globally asymptotically stable.

Y g y asy y

Thus, we complete this proof. d

Next, we give out the conditions of the global asymptotic stability of the boundary equi-
librium Ey(1,0).

Theorem 5.2 The boundary equilibrium E, of (1.2) is globally asymptotically stable if

1 )
a+1<4'38+E (5.3)

holds.

Proof Define
Vo(u,v) = / {u-1-Inu+v}dx.
Q

Taking the derivative of V,, with regard to ¢ along the trajectory of model (1.2), we have

Vo=V3+VE,
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where

1 di|Aul?
Vé:/{dzAv+d1<1——)Au}dx§—/ 1 2u| dx <0.
Q u Q u

Furthermore, we calculate VZ and reach

VozZ/Q{(u_l)<1—u—#)+v<8—%>}dx

_ 2 #_i B B ,
——/Q{(u—l) +<au2+bu+1 ,Bu)(u v+ uv }dx.

According to condition (5.3), % < 0 except at Ey. By LaSalle’s invariance principle, Ey is

globally asymptotically stable. O

6 Numerical simulations

In this section, to confirm our analytical results found in the previous section, some ex-
amples and numerical simulations are presented. We use Matlab (2012a) to simulate and
plot numerical graphs.

Example 1 If we choosea =0.5,b=1,6 =0.5,8 =20,d; =1,d, =1, the conditions of The-
orem 3.2 are satisfied for system (1.2). We have that the axial equilibrium E(1, 0) is globally
stable (see Figure 1).

Example 2 If we choose a=1,b=1,8=2,d; =1,d, =10, § = 1, the conditions of Theo-
rem 3.1 are satisfied for system (1.2). The positive equilibrium E((0.8581,0.4290) is glob-
ally asymptotically stable (see Figure 2).

Example 3 If we choose @ =10,b = 0.1,§ = 0.2,8 = 0.01,d; = 0.1,d, = 10, then we know
that system (1.2) has a unique positive homogeneous equilibrium E(0.2484,4.9679),
which is asymptotically stable (see Figure 3). The system undergoes Hopf bifurcation at
the equilibrium E* (see Figure 4). By the formulas derived in the previous section, we get
c1(Ap) & 9.0339¢%992 4+ 8.0131¢%°02; with the initial value (0.65,3.5).

o
@

o
o

o
IS

Predator v(x.t)

Prey u(x.t)
o
Y

o i

-0.2

0.4
0\

\
5\
\

0

e

-50 0 50 100 150 200 250
Time t Time t

10
i - 0
Distance x Distance x 50

(a) (b)

Figure 1 Numerical simulations of system (1.2) fora=0.5,8=1,d1=1,d>=100,b=1,8 =1.2. The
positive equilibrium £*(1,0) of (1.2) is globally asymptotically stable.
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Prey u(x.t)

-50 4 S0
Time t

(a)

Distance x

100

150

200

250

Predator v(x.t)

1
Distance x

0

50
Timet

(b)

100 150 200 250

Figure 2 Numerical simulations of system (1.2)fora=1,8=2,dy =1,d,=10,b=1, § = 1. The positive
equilibrium £* of (1.2) is globally asymptotically stable with the initial value (0.8,0.4).

200
Timet

@

10
Distance x -100 O 100

600

Predator v(x.t)
N W s DN ® o

10
Distance x

-100

200
Timet

(b)

100

Y
300 400 00 600

Figure 3 Numerical simulations of system (1.2) fora=7, # =0.01,d; =0.1,d, =10,b=0.1,§ =0.2.
The positive equilibrium £* is locally asymptotically stable with the initial value (0.65,3.5).

10
Distance x

Predator v(x,t)
o

10
Distance x

(b)
Figure 4 Numerical simulations of system (1.2) fora=10, $ =0.01,d, =0.1,d> =10,b=0.1,§ =0.2.

The positive equilibrium £* of (1.3) becomes unstable and there exist spatially homogeneous periodic
solutions with the initial value (0.65,3.5).

7 Conclusions

Based on model (1.1), we propose a diffusive prey-predator model with Leslie-type sig-
moidal functional response and subject to the Neumann boundary conditions which is in
the form of model (1.2). The dynamic behavior of the model is investigated. Some impor-

tant qualitative properties, such as the existence of a global positive solution, persistence,
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the local stability and global stability of the equilibria, are obtained. Hopf bifurcations are
explored by analyzing the characteristic equations. Moreover, the formulas determining
the direction and stability of the bifurcating periodic solutions are derived by using the
center manifold and the normal form theory of partial functional differential equations.
Some numerical simulations are carried out to support our theoretical analysis. In the fu-
ture, some challengeable attempts to study the Hopf bifurcation, steady state solution and
Turing-Hopf bifurcation of fractional diffusive in a predator-prey system with or without
time delay will be proceeded.

Appendix

In this section, we follow the bifurcation formula [24] to determine the bifurcation direc-
tion of the spatially non-homogeneous periodic solutions found in Theorem 4.8. When
A= Afi (j € N), we calculate Re(C;(4))). We set

T

T
g ,
q:= COS]Zx( ’) =COS]Zx 82 )
b/ B(S+iw+ dlzzl )

, " T , —iw+d
- l (,Zj _ Z 2ln s 5
q :=Cos7x * =C0s o fﬁ(iw+5)(—iw+6+d2—/)
I \b l 2
/ 2n83

T

From [25], we know (g%, Quq) = (4%, Qqz) = (4%, Qg) = 0, when j € N, it follows that we
calculate (g%, Qunoz)s (4" Quay,) and (g%, Cyqg). It is straightforward to compute that

) 4 | [ 2iw; + 8 + 4d2’ -B
[Zla)jf - Lz,'(A,-)] (o1 +iorz)” , ady® |
2ij + A] -2

2iw; + 8 -B
[21(0,] Lo(A; )] = (a3 + iog) ™! w] ,
lej + Aj

where

4dyj? 4d,?
o = (3 — )(A, - ) — 40 + BS*/B,

4dy? v dy- 4d1j2)’

a2:2a)(8+ 2 2

a3 =08Aj—4w] + BB, ay=2w(8 +A;—u’).

Then we get

1 2oy + 8 + 143~ -B e\ 2
Wy = —— COS —X
07 ey + iaty) 2 2iwj +Aj— 4‘11’ dyn [

B

1 2la)] +4 -B ¢
+ PN ’
2Aes i) \ L 2iy+A) \dg

o1 (-s-tet B e\ 2% 1 (-5 B\{(g
Wy = — COS —X — —— ’
1 205 —% —A;+ 4"’1’ i 1™ 2(axe) —% -A; ] \d;
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where as = (5 + 240 (4; - *42) 1 B52/B, a6 = 5A; + BS*IP.

¢ = fuu + 2fub; +fwb-2

bu%+2u0 52

— [ 2_ 2vg (bug+1)

ugvo (bug+2)(4aug+2b) ] 2 [_
(au0+bu0+1)

(uu% +bug+1)3

_ [ 9 _ 21/0 (bug+1) uovo(bu0+2)(4au0+2h)] 2[_

2 2
(aug+bug+1) B(S+iw+ dz/ )

T 2
€ = fuu + 2fuv(bj + b)) + fi| )
[ 92— 21/0 (bug+1) uovo(bu0+2)(4~au0+2b)]
- (aug +bu0+l) (au%+hu0+1)3
bu0+2u0 §2 n 52
2
(au0+buo+l) BS+iw+ dZ] ) B(S—iw+ dlzzl )

+2[-

— [_2 __2vp(bug+l) uovo(bu0+2)(4au0+2b)] _ 4(b”%+2’40)5zﬂ
(au(z) +bug+1)2 (au(z)+bu0+1)3 (uu(z) +bug+1)2B(u2+w?)’
T 2
f’ =8uu t ng/(b‘ + b]) +gvv|bj|
2 2 2 28 52 9
9 ab 2, 5 28 |
puo + i B+ior By plo—iar d22’ )y M0 g5 B2 d2’ )

98 52 883u 25%
Buo ¥ uoBG2eD) T uopulra?)’
& zfuuu +fuuv(2bj + b]) +ﬁ4vv(2|bj|2 + b]Z) +fvvv|bj|2bj

_ 2w (12abu(2) +2b%ug+8aug+2b-b) 4y (4abu(3) +b? u(z) +4au% +2bug)

bu(2)+2u0 82 (pu—iw)
Sl

(au +bug+1)2 (au(2)+buo+1)3 (au(2)+bu0+1 B2 +w?)
_ [_2 _ 2v0(bu0+1) uovo(bu0+2)(4au0+2b)] _ 2(b’4%+2’40)521’~
- (uu +bu0+1) (au2+bu0+1)3 /S(,u2+w2)(au2+buo+l)2
0 0
2i8%w (bu0+2uo)
ﬁ(u_2+w2)(au0 +bug+1)2’
2
dj = guu + 28/ b; +gwb/
98 a8 82 28 82 2
=-2 1 4140 2 T g Cdy?
6(8+zw+lT) ;3(5+m)+lT)
- 99 52 8 [ 2(u— tw)]_%[ﬁ(p.—iw)]z
Buo t uo Bu2+w?) ! uo L B(u2+w?)
g% 483 28 (u?-0?) 4ipstue _ _ aitde
Bugo uoﬁ(uzﬂvz) uo B2+ T ug (2 +0?)?  ugf(ut+w?)’
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4vp (Zahu(z) +b2 1 +2aug+b)

- (au%+bu0+1)2 (au%+bu0+l)3 (au%+bu0+1)4
__ 2bug+2 s (butg +2) (4o +26) ¢ 82 ) 82
(a2ug+bug+1)2 (aul+bug+1)3 ,B(8+tw+d?l ) ﬁ(a—iandy )
2o (12abul +2b% ug +8aug+2b-b)  4vo(dabu+bub+daud +2bug) 4v0(2abu0+b2uo+2au0+b)
- (au%+bu0+1)2 (au(z) +bug+1)3 (au(z)+bu0 +1)4
_ 2bug+2 o (bug +2)(daug +2b)82 (3u—iw)
(a2ug+bug +1)2 (au%+bu0+l)3ﬂm2+w2) ’
A 2 2 2
hj = Suuu +guuv(2bj + b) +guw(2|b'| + b) +ng|b‘| bj
2 2
:65_2_4%[2( 2 z) 2] [ 2 ) 12+ ( 5 2)2]
Prig o™ pswior D) plo-ior B B(sior ) i+ 2)
i _ 483(3;L—iw) + ﬂ[ + (u la))2 ]
But  uiB(u2+0?) T uip " (P+0?) T (2402 Y

and f,u, f,v, g,u, g,v, &V, fuuu, f,uv, g,uu, g,uv, g,vv are given in (4.6). Then we have

Skl + fun) + fubjE jx  2jx

COS — COS — +

guu‘i: + +guv5j$ l l

B SuuT +fuv X +qu5jt
Quyoz =

and

ST +fuw X + funbjT
guu"'_' +gqu +guvbjf

g v_ v & i 2j
Quyg = f“”? +a 'z+f“ b,&_ cosE cos ZX &
guug +guv77 +guvbjs l l

QuuT + X + GunbyT

jx

l:

jx

l ’
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with

ity 4 Ay
&= 2(011 +a2)|:(21a)j+8+—12 ¢j—Bd; |,

82 ad,j?
n= %= lC\l2 |: Cj + (Zia)j +Aj - —1]>d],
20} +ad)| B 2

az—iag

(2iw; + 8)c; — Bd; |,

2(053 )[ ] ] l]
o3 — iOl4

52
X = |:§c, + (2iw; +A,)d,},

2(a? +0a3)
- -1 4d2]

-8 — + Bf; |,
5 2015|:< 5 ) f]
-1T &° 4d,?
s T e |

r_’ =
T=—[-8e +Bf],
206 [ 4 ﬁ]
-1 8
v = Ze—Af|.
"= 2a [ Y ‘ﬂ}
Notice that, for any j € N, [i" cos? =&, o cos s gog? & = 2, o cos® 5 = 3T 50 we
have
I .
-
(q*’ QWzoé) = / cos” Tq* Quoq A%
0
I - — - —
= Z [al*(fuué +f;4v77 +fuvb]‘é;:) + bl*(guu%- + 8w +guvb/'€)]
In

+ ?[ﬂ_]*(ﬁmt +ﬁth +fuvb_jt) + b_f(guuf +8uv X +guv];jt)]:
I , ,
. Ry
(q ¢QW11q> = /0 cos T cos? 761 Quwyg dx
I, . - _ S sz _ _
= 2 [“/‘ (fuk + funll +fuvbj€) + b/‘ (Guué + gl +guvb/'$)]

I - _ _ _ - _ _ _
+ T[a}‘(ﬂmt + furX + fubiT) + b} QT + 8un X + LurbiT)),

I
* ] % 3lr Tk x
(q ’qu51>:/0 cos 7‘1 Caaz = 3 (‘lj<gi+b/ hi)'

2
lw+6)(m)+6+ )
253

Since lna}“ = fotd yo b*

o , it follows that

. 3 3 823 + ) 3 B(Su + w?)
Re(q ’ qu@) = Efuuu 16 W uwy ¥ —— 16 Tguuu
3 3812 + 2uw? + Sw?
16 S(u? + w?)

3 8[0un+ 0?2+ u—w?) +2uw* (S - )]

16 B(u? + @?)

Suuv

uvvr
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and

5 2
% (guugR + guvnR):|

S —
W (guuél + guvnl)i|

In 1 8 1 82w
+ Z |:fquR< 1 )

In[1
Re(q*, QWzoé) = % |:E (fudR + fuvnR) +

In

* [_%(ﬁm& + fuvni) =

2B +w?) 28 B(u2 +w?)

1 8w 1 82u
_f”&<5 BT+ o?) 25 B+ w%ﬂ
In B+ w?) 82 Bw@B-p) S
vy [gung( 283 Bu+w?) 283 Bur+ aﬂ))

Blu+w?) o Bo-pn)  u
‘g””€’< 2 P+ 288 ﬁ(u2+w2)>}

Ir[1 Bu +w?)

+ 7 _E(fuuTR +fMVXR) + ﬂl;T(guuTR +gWXR):|
[ 1 (8 - p)

+ 7 _—%(fuufl +fqu1) - ﬂZTM(gMMU +g'4VX1):|
iy 1 8u 1 5w

+ fuvTR 5 Y
2 | 2 B(u2+@?) 28 B(u? +w?)

1 o 1 82u
’f‘””(i B> +a?) " 26 B2 +w2)>]
In BBu+w?)  8*u Bw(-—pn) Sw
’ _[ ””’R< 28 BG+a?) 265 B+ w2)>

5 &
Blu+w?) o Bo(d—u) u
_g‘””< 255 Bl +a?) | 200 B+ wZ))}’

1) 2 -
% (guuéR + guvn_R)i|

S — _
'Bw(283 M) (guugl +guvﬁ1)]

I _ (1 8u 1 82w
T [f“”SR(E B> +a?) 25 B(p* + w2>)
(1 2 1 2
'f”V&(E ﬁ(/jz ok %ﬁ(; . w2))}
I - (BBu+w?)  8u Bw@—pn) o
T [gng< 28 Bui+w?) 250 B+ w2>)
. <ﬂ(5u +0’) o Bo(d—u) u ﬂ

In[1 -
Relg", Quug) = o [E(ﬂm& ) +

I

1 _
+ — [_%(fuu%-I +fuv77_1) -

4

- gwéi 283 B2 +?) 283 B(u?+ w?)

In[1,. _ . S+ w? - _
+ = |:E (fuutR +fquR) + %(guutl? +gquR):|

2
S —
w (guu T+ guvil)]

I 1 _ _
+ 7 [_%(fuufl +fqu1) -



Li Advances in Difference Equations (2017) 2017:323 Page 20 of 25

ln 1 8u 1 82w
T [f””R(z B2 +a?) %ﬁ(umﬂ))

82w 1 8%u
f"”(2ﬂu 24 w?) %ﬁ(uhaﬁ))]
I _(Bp+0?) 8 Bw@B-pn) o
+7[g””’R( 28 BGlrwd) 200 ﬁ(u2+w2)>

_(BGu+o”) Fo o -pn)  8u
_guvfl< 983 ﬂ(pﬂ +w2) + 283 ﬂ(M2 +w2)>]

where we denote = § + 412{ and define I'p := ReT", I'; := ImT for ' = &,n,t, x. More

precisely,

£ - o { [ 28%w(bul + 2up) i|
k= 2(af +al) B(u? + w?)(aul + bug +1)2
< 4dy? > [ 2vo (bug +1) uovo(bug + 2)(4aug + 2b)
+|d+ -2- (

2 au? + bug +1)? (aul + bug +1)3
2(bu3 + 2u0)8* ] B|: 5 52 . 4831 2884 (u? — w?) i“
B(u? + w?)(aug + bug + 1) Buo  uoB(u? +@?)  uofr(u? + w?)?
oy { [ 2vo(bugy +1) ugvo(bug + 2)(4augy + 2b)
2(ot1 +03) (aul + bug +1)? (aud + bug +1)3

2(bud + 2u0)8* ]
B + w?)(aul + bugy + 1)
N <5 N 4d2j2>[ 28%w(buf + 2u) ]

2 B + w?)(aul + bug + 1)

B[ 4if8* pw 4i83w ]}
T LuoB2 (P + ) uoB(? + 0?)

—oty 28%w(buf + 2uq)
M= St v o) | U BGE + o) 2
T+ u? + w?)(aug + bugy +1)

N (5 4dyj? > [_ _ 2vo(bug +1) uovo(bug + 2)(4aug + 2b)
2 (au3 + bug +1)2 (au? + bug +1)3
~ 2(bud + 2u0)8* ] —B[—Zﬁ N 4831 ~ 2B88%(u? — w?) i“
B(u? + w?)(aug + bug + 1) Buo  uoB(u?+@?)  uof*(u* + w?)?

o ) ) 2vo(bug +1) ugvo(bug + 2)(4aug + 2b)
a)« p— —
2a? +a2) a?) | (aul + bug +1)2 (au3 + bug +1)3
2(bu3 + 2u0)8* ]
B(u? + w?)(auf + bug +1)2

N (5 . 4d2j2>[ 28%w(bud + 2uy) ]

2 B + w?)(au + bugy + 1)
~ B[ 4iB8* nw ~ 4i83w ] }
B (u* + ?)?*  uof(u? + @?)
a 52 2v0(bugy +1) ugvo(bug + 2)(4aug + 2b)
) {F [‘ (

2(a} + a3

= au? + bug +1)? (au3 + bug +1)3
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2(bud + 2u0)8* 11
B + w?)(auf + bug + 1)
488* nw 48%w 4d,j? 82
- 26()1‘ — + Aj - —-2—
uoBA(u? + @?)?  uoB(u? + w?) 2 Buo
483 288%(u? - w?)
+ —_—
uoB(u? +@?)  uof?(u? + w?)?
L@ 82 28%w(bud + 2uq)
2(a? +0a3) | B LB + w)(aud + bug + 1)2
52 483 2884 (u? - w?)
+ 20| 22—+ 2 2y 2(,,2 22
Buo  uof(u? +w?)  uoB*(u? + w?)

4 4d,j? 4B8* uw 483w
+( e )[uoﬁ2w2+w2>2‘uoﬁ<u2+w2)]}’

iy 52 2vo(bug +1) . uovo(bug + 2)(daug + 2b)
2t +ad) | B
2(bu3 + 2u0)8* ]
B + w?)(auf + bug + 1)
5 488* nw 483w
TLuoB2(1? + 0?)?  uoB(u? + w?)

N <A,— 4d1j2>[ ) 82 483 2B88%(1u? - w?) “

" (aul + bug +1)2 (aul + bug +1)3

P ) Buo " uoB(i2+0?)  uoB 2 + 0?)?

o {g[ 28%w(bud + 2ug) i|
) B(

+
2(a} +03) | B LB + w)(aud + bug +1)2

.9 ) 82 . 4831 2884 (u? - w?)
wl 22— _
LT Buo  uoB(u? +@?)  uoBA(u? + 0?)?

4 4d,j? 4B8* nw 483w
TR Lwopr v o T uope? v o ]I

_ o3 —482wwj(bu(2) + 21/l0)
C2(af+a2) | B(

T
K w2 + w?)(au + bugy + 1)2

vsl o 2vo(bugy +1) ugvo(bug + 2)(4daug + 2b)
(au? + bugy +1)2 (au? + bugy +1)3
0 0
2(bud +2u0)8* i| [ 5 52 N 483 288%(u? — w?) ] }
B(u? + w?)(auf + bug + 1) Buo  uoB(u?+@?)  uof(u?* + w?)?
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So far, we have
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I [ . (,3(8,u +w?) 8%u Bw—pn) 8w )
uv ‘R -

" 2 8 283 B2+ w?) 283 B(u?+ w?)

Blu+w?) o Bod—p) 8
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Thus the bifurcating periodic solution is supercritical (resp. subcritical) if
ﬁA]H) Re(Cl(Af[)) <0 (resp. > 0).
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