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Abstract

In this paper, a new SEIR (susceptible-exposed-infected-removed) rumor spreading
model with demographics on scale-free networks is proposed and investigated. Then
the basic reproductive number Ry and equilibria are obtained. The theoretical analysis
indicates that the basic reproduction number Ry has no correlation with the
degree-dependent immigration. The globally asymptotical stability of rumor-free
equilibrium and the permanence of the rumor are proved in detail. By using a novel
monotone iterative technique, we strictly prove the global attractivity of the
rumor-prevailing equilibrium.
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1 Introduction

With the development of online social networks, rumor has propagated more quickly and
widely, coming within people’s horizons [1-3]. Rumor propagation may have tremendous
negative effects on human lives, such as reputation damage, social panic and so on [4-7].
In order to investigate the mechanism of rumor propagation and effectively control the
rumor, lots of rumor spreading models have been studied and analyzed in detail. In 1965,
Daley and Kendal first proposed the classical DK model to study the rumor propagation
[5]. They divided the population into three disjoint categories, namely, those who who
never heard the rumor, those knowing and spreading the rumor, and finally those knowing
the rumor but never spreading it. From then on, most rumor propagation studies were
based on the DK model [8-14].

In the early stages, most rumor spreading models were established on homogeneous
networks [15-18]. However, it is well known that a significant characteristic of social net-
works is their scale-free property. In networks, the nodes stand for individuals and the
contacts stand for various interactions among those individuals. Scale-free networks can
be characterized by degree distribution which follows a power-law distribution P(k) ~ k™
(2 < y <3) [19]. Recently, some scholars have studied a variety of rumor spreading models
and found that the heterogeneity of the underlying network had a major influence on the
dynamic mechanism of rumor spreading [18, 20-26].
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It is noteworthy that the influence of hesitation plays a crucial role in process of rumor
spreading. Lately, there were a few researchers who have studied the effects of hesitation.
For instance, Xia et al. [27] proposed a novel SEIR rumor spreading model with hesitating
mechanism by adding a new exposed group (E) in the classical SIR model. Liu et al. [28]
presented a SEIR rumor propagation model on the heterogeneous network. They calcu-
lated the basic reproduction number R, by using the next generation method, and they
found that the basic reproduction number R, depends on the fluctuations of the degree
distribution. However, in most of the research work mentioned above, the immigration
and emigration are not considered when rumor breaks out. Although references [27, 28]
proposed a SEIR model with hesitating mechanism, neither could serve as a strict proof
of globally asymptotically stability of rumor-free equilibrium and the permanence of the
rumor. In this paper, considering the immigration and emigration rate, we study and ana-
lyze a new SEIR model with hesitating mechanism on heterogeneous networks and com-
prehensively prove the globally asymptotical stability of rumor-free equilibrium and the
permanence of rumor in detail.

The rest of this paper is organized as follows. In Section 2, we present a new SEIR spread-
ing model with hesitating mechanism on scale-free networks. In Section 3, the basic repro-
duction number and the two equilibria of the proposed model are obtained. In Section 4,
we analyze the globally asymptotic stability of equilibria. Finally, we conclude the paper in

Section 5.

2 Modeling

Consider the whole population as a relevant online network. The SEIR rumor spreading
model is based on dividing the whole population into four groups, namely: the susceptible,
referring to those who have never contacted with the rumor, denoted by S; the exposed,
referring to those who have been infected, in a hesitate state not spreading the rumor,
denoted by E; the infected, referring to those who have accepted and spread the rumor,
denoted by I; the recovered, referring to those who know the rumor but have ceased to
spread it, denoted by R. During the period of rumor spreading, we suppose that the indi-
viduals with the same number of contacts are dynamically equivalent and belong to the
same group in this paper. Let Si(t), Ex(¢), Ix(t) and Ri(t) be the densities of the above-
mentioned nodes with the connectivity degree k at time ¢. Then the aggregate number of
population at time is N(#), and the density of the whole population with degree k satis-
fies

Nie(#) = Si() + Ex () + I (2) + Re(2). 21

The transfer diagram for the SEIR rumor propagation model is shown in Figure 1. In this
paper, we assume that the degree-dependent parameter b(k) > 0 denotes the number of
new immigration individuals with degree k per unit time, and each new immigration indi-
vidual is susceptible. The emigration rate of all individuals is x. Exposed individuals turn
into infected individuals with probability S/ due to believing and spreading the rumor.
They recover from the rumor with probability (1 — /). The infected individuals become
exposed individuals with probability §m. They recover from the rumor with probability
§(1 - m).
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Figure 1 Transfer diagram for SEIR rumor BU-h)

propagation model.
A(k)o(r)
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Based on the above hypotheses and notation, the dynamic mean-field reaction rate equa-
tions described by

B p(k) - (k) O ()Sk(t) — 1Si(t),

dEk“ = M(K)O()Sk(t) — BEK(t) + Smli(t) — nEx(D),
O = BhE(t) - 81 (£) — juLi (2),

de = B~ W)Ex(t) + 8(1 — m)I(t) — 1R (2),

(2.2)

where A(k) > 0 is the degree of acceptability of k for individuals for the rumor, and the
probability ©(¢) denotes a link to an infected individual, satisfying

1 Zw(z) 110 03

Ni(t)'

Here, 1/i represents the probability that one of the infected neighbors of an individual,
with degree i, will contact this individual at the present time step; P(i|k) is the probability
that an individual of degree k is connected to an individual with degree i. In this paper,
we focus on degree uncorrelated networks. Thus, P(i|k) = iP(i)/(k), where (k) = ), iP(i)
is the average degree of the network. For a general function f(k), it is defined as (f(k)) =
Y .f()P(i). The function ¢(k) is the infectivity of an individual with degree k.

Adding the four equations of system (2.2), we have dN" @ = b(k) — uNi(t). Then we can
obtain N(t) = %(1 e *) + Ni(0)e ", where Ni(0) represents the initial density of the
whole population with degree k. Hence, limsup,_, . Ni(t) = b(k)/u, then Ni(t) = Si(t) +
Ep(8) + I (£) + Re(2) < b(k)/ e for all £ > 0. In order to have a population of constant size, we
suppose that Si(£) + Ex(£) + Ix(£) + R (t) = Ni(t) = ni, where ng = b(k)/ . Thus, we have

o) = 75 Z@ P(R)I(t) (2.4)

Furthermore,

S@) =) PU)S@®),  E@)=y_ PKE(®)
k k
t)=Y PL(t), and R(t)=)_ PKR(t)
k k

are the global average densities of the four rumor groups, respectively. From a practical
perspective, we only need to consider the case of P(k) > 0 for k =1,2,.... The initial con-
ditions for system (2.2) satisfy

0 < 8x(0), £x(0),1x(0), R (0) < 1,

Si(0) + Ex(0) + I1(0) + R (0) = ny, ®(0) > 0.
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3 The basic reproduction number and equilibria
In this section, we reveal some properties of the solutions and obtain the equilibria of
system (2.2).

, . _ Bh (p(k)A(K))
Theorem 1 Define the basic reproduction number Ry = GG Fem® then there
always exists a rumor-free equilibrium Ey(1x,0,0,0). And if Ry > 1, system (2.2) has a

unique rumor-prevailing equilibrium E, (S°, EX°, I7°, RY?).

Proof We can easily see that the rumor-free equilibrium E (1, 0,0,0) of system (2.2) is
always existent. To obtain the equilibrium solution E, (S3°, EZ°, I.°, RY°), we let the right
side of system (2.2) be equal to zero. Thus, we have

b(k) = L(k)®>®SF — uS® =0,
MK)OXSE — BEX + 8mIP — nEX =0,
BhE® — 8I2° — uI® =0,

BA-hEX + 80 -mIX - uR? =0,

where @ = <17> Y ke %’?P(k)[,fo. One has

I CETD)
ErX= I,

Bh
_ (B+n)(8+pn)-Bhém
S/?o = Bhi(k)OX Ikoo7 (3.1)
_ (8+pn)(A=h)+h8(1—m)
R,fo i e I,fo.

According to S3° + EX° + IY° + R = 1y for all k, we have

1o - pBhA(k)O> i
T B+ )8 + ) — uphsm + A(K)O®[(B + n)(8 + ) — mphs]’

(3.2)

Inserting equation (3.2) into equation (2.4), we can obtain the self-consistency equation:

s 1 (k)

(k> k=1 Nk
« PK) uBhA(k)O> i
(B + 1) + ) — uBhdm + A(k)O®[(B + w)(8 + ) — mphs]
éf(e)oo). (3.3)

Obviously, ®> = 0 is a solution of (3.3), then S =nrand E° = [}° = R° = 0, whichis a
rumor-free equilibrium of system (2.2). In order to ensure equation (3.3) has a nontrivial
solution, i.e., 0 < @ <1, the following conditions must be fulfilled:

daf (@)
dO> g

>1 and f(1) <Ll

Thus, we can obtain

Bh (p(k)A(k))

1.
B+m)@+u)-phsm (k)
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Let the base reproduction number as follows:

: B (P (k)
B+ +w)-phom (K)

Ry (3.4)
System (2.2) admits a unique rumor equilibrium E, (Sp°, EZ°, I°, R°) satisfying equation
(3.1) ifand only if Ry > 1. The proof is completed. d

Remark1 The basic reproductive number Ry is obtained by equation (3.4), which depends
on some model parameters and the fluctuations of the degree distribution. Interestingly,
the basic reproductive number R, has no correlation with the degree-dependent immi-
gration b(k). According to the form of R,, we see that increase of the emigration rate u
will make Ry decrease. If b(k) = 0 and u = 0, then system (2.2) become the network-based

SEIR model without demographics, and Ry = 5 _hhm) <<o(/2(l>(k)) , which is in consistence with

reference [28].

4 Discussion

4.1 The stability of the rumor-free equilibrium

Theorem 2 The rumor-free equilibrium E, of SEIR system (2.2) is locally asymptotically
stable if Ry <1, and it is unstable if Ry > 1.

Proof Let Si(t) = ni — Ex(t) — Ix(¢) — Ri(¢), where ng = b(k)/ . Therefore, system (2.2) can
be rewritten as

GO _ (O () 1k — Ex(e) — I(8) = Re(t)) — (B + WEK(D) + S, (8),
LD~ BREL(E) - (5 + 1WIi(e), 1)

PO = B(1—~ M)Er(t) + 8(1 — m)I(t) - uRi ().

Then the Jacobian matrix of system (4.1) at (0,0, 0) is a 3kpax * 3kmax as follows:

Ay ) Bi3 -+ Bl
By Ay By Bokpa
J= . . )
Bkmax1 Bkmax2 Bkmax3 e Akmax
where
—(B+p) Sm+ *(/’)tfl((/‘))P(i) 0 0 k(i)«z((/’))P(i) 0
Aj= Bh —(8+ ) o1, Bi=1]0 0 0
B -h) 8(1—m) - 0 0 0

By using mathematical induction, the characteristic equation can be calculated as follows:
(z+ Wz + B+ ) mo (24 8 + o)t

X ((z+,3+,u)(z+8+M)_ﬁh§m_5hM> -0,

(k)
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where

(AR () = D) MPA) + 2(2)p(2)P(2) + - - - + MKinax ) (Kinax) P(Kinax)-
The stability of E is only dependent on

(z+ﬁ+u)(z+8+u)—ﬂh8m—ﬁh%=0. (4.2)

Then we have

(A (K)g (k)

22+(/3+8+2u)z+(ﬂ+u)(8+u)—ﬁh8m—ﬂh 7

=0. (4.3)

According to equation (4.3), if Ry < 1, we can easily get (8 + w)(8 + u) — Bhém —
phRe®) k)“’ >0, ie, z < 0. Hence, E, is locally asymptotically stable if Ry <1 and unsta-
ble if RO > 1. The proof is completed. O

Theorem 3 The rumor-free equilibrium Eq of SEIR system (2.2) is globally asymptotically
stable if Ry < 1.

Proof First, we define a Lyapunov function V(¢) as follows:

v -3 20 [P(k)Ek(w 4 /;h“)lk(r)} (4.4)

k

Then, according to a calculation of the derivative of V(¢) along the solution of system (2.2),
we have

k
V=Y M[Ek(t) & gh“ )Ik(t)}

~ Tk

Z —P(k) [k(k)®(t)5k(t) (B + WEK(t) + Smi(t)
+w+m
Bh

< Zﬂp(k |:A(I< O mﬂh_(’;; M)(6+M)Ik(t)}

SmpPh— (B + 1) + p) x— ¢(k)
—=P(k)],
B Ek ~ (k)i (2)

SmpBh— (B + )8 + 1)
Bh

= @ﬂﬁ[ﬂh(w(k)k(k)) + [8mBh — (B + 1) + W) ](k)]

= 0(t)(k)

(BhEK(®) - (5 + M)Ik(t))]

=00 Y (kIPUIK) +
k

= O(5)(@(k)A(k)) + (k)©()

[(B + 1) + ) — Bhdm]
Bh

When Ry < 1, we can easily find that V(t) < 0 for all V(¢) > 0, and that V(¢) = 0 only
if ©(¢) =0, i.e., It(¢) = 0. Thus, by the LaSalle invariance principle [29], this implies the

(Ro - 1).
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rumor-free equilibrium E; of system (2.2) is globally attractive. Therefore, when Ry < 1,
the rumor-free equilibrium E, of SEIR system (2.2) is globally asymptotically stable. The
proof is completed. O

4.2 The global attractivity of the rumor-prevailing equilibrium
In this section, the permanent of rumor and the global attractivity of the rumor-prevailing
equilibrium are discussed.

Theorem 4 When Ry > 1, the rumor is permanent on the network, i.e., there exists a posi-
tive constant ¢ > 0, such that iminfI(¢); .o = liminf, , o Y, P(k)Ix(¢) > ¢.

Proof We desire to use the condition stated in Theorem 4.6 in [30]. Define

X = {(Sl’El’Il’Rl’ cee2 Skmax’Ekmax’Ikmax’kaax) :

St Ey I, R > 0and S + Ex + I + Ry =,k = 1,...,kmax},

XO = {(Sl’El’Il)Rl,"'}Skmax’Ekmaxﬂlkmax’Rkn‘lax) eX: Zp(k)lk > O}r
k

3Xo = X\ Xo.

In the following, we will explain that system (2.2) is uniformly persistent with respect to
(Xo,0Xp).

Clearly, X is positively and bounded with respect to system (2.2). Assume that
®(0) = % D ke %()P(k)lk(O) > 0, then we have [;(0) > 0 for some k. Thus, I(0) =
Y ka1 PUOI(0) > 0. For I'(¢) = Y, P(K(£) = —(8 + ) Y~ PUOIk(t) = —(8 + w)I(t), we have
I(t) > 1(0)e"®*M? 5 0. Therefore, X, is also positively invariant. Furthermore, there exists
a compact set B, in which all solutions of system (2.2) initiated in X ultimately enter and
remain forever after. The compactness condition (C4.2) of Theorem 4.6 in reference [30]
is easily verified for this set B.

Denote

MB = { (51(0),E1 (0)’11(0)’ RI(O)» oo Skmax (0)1Ekmax (0))Ikmax (O)r kaax (0)) :

(Sl(t):El (t),ll(t), Rl(t)’ oo Skmax (t)rEkmax (t)rlkmax (t): kaax (t)) € 8X0, t> 0},
and

Q= U{w(sl (O)! El(O)r 11 (0)7 Rl(o)r LR Skmax (0)’ Ekmax (0)' Ikmax (0)’ kaux (0)) :
(Sl (0):E1(0)1 11(0): Rl(o), oo Skmax (O)IEkmax (0),Ikmax (0): kaax (0)) € X};

Where w(Sl(O);El(O)’Il(O), Rl(o); ooy Skmax (O)y Ekmax (0); Ikmax(o); kaax (0)) is the Omega hmlt
set of the solutions of system (2.2) starting in (51(0), £1(0), 1;(0), R1(0), . . ., Sty (0)5 Epyy (0,
T (0), R (0)). Restricting system (2.2) on My, we can obtain
dS;t(t) = b(k) — uSi(2),
E (B + w)Ex(2),
WO _ (54 1)),

2 = B(1— h)Er(t) — 1R ().

(4.5)
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Obviously, system (4.5) has a unique equilibrium Ey in X. Thus, E, is the unique equi-
librium of system (2.2) in Mj. We can easily find that E; is locally asymptotically stable.
For system (4.5) is a linear system; this indicates that E is globally asymptotically stable.
Hence Q2 = {Ey}. And Ej is a covering of X, which is isolated and acyclic (because there
exists no nontrivial solution in M, which links Ej to itself). Finally, the proof of theorem

will be completed if it is shown that E, is a weak repeller for Xy, i.e.,

lim tS_l)lOpo dist((S1(2), E1(6), L(£), Ri(®); . » Skomax (0> Enax ) Tkna () R (8)) Eo) > 0,
where (S1(2), E1(£), 11(2), Ri(2), . . . Skinax () Eknax (8)s Lkmax (£)s Ricax (£)) is an arbitrary solution
with initial value in Xj. In order to use the method of Leenheer and Smith [31], we
need only to prove W*(Ey) N Xy = ¥, where W*(Ey) is the stable manifold of E,. As-
sume it is not sure, then there exists a solution (S;(¢), E1(£), 1(£), Ri(£), - . ., Skinax ()5 ke ()
Tinax (8) R (£)) in X, such that

Sk(t) = m»  Ex(t) = 0, I(t) — 0, Ri(t) > 0 ast— oo. (4.6)
. ~ b (8
According to Ry = s <k“; > 1, we have

3 MRp(P(k) ~ plly +e+p)(B+38 +p) - Pe]

>
— " kom " %

Then we can choose sufficiently small £ > 0 such that

</\(/<)<p(/<) (s — $)> plly +e+p)(B+5+p) - pel 4.7)

(k)i bp
Since £ > 0, by (4.6) there exists a constant 7' > 0 such that
b b
— —E<8 ()< — +&, 0 < Ex(t) <é, 0<Ii(t) <&, 0<Ri(t)<& (4.8)
w w
forallt> T and k=1,2,. kmax

The derivative of V (¢) = Zk P(k)Ek(t) + ﬂ *“ Ii(2)] along the solution of system (2.2)

is given by

k
V() = Z‘Mp(k) B+ P +““)1;(t))

‘”(k) (A KOWS(t) + Sml, (£) - Wﬁ#b{(t))
k
w(k) <A SMﬁh -(B+w+ M)Ik(t))
Bh
k
Rl <k(k)®(t) 0 1060110,
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_ Z @P(k)<k(k)(nk -&) Z (p(i)P(i)Ii(t))
Mk ) ~

(k
Smph— (B + )8+ 1) x— @) .
+ 5 Z - P()I;(£)
_ [e(k)r(k) @) SmpBh—(B+ )@+ 1) x~ el .
_< —_x (nk_€)>,zl: . P()I;(¢) + o Z o P()L(2)
~ @ (k) (k) (B+ 1)@ +p) = Bhém @) .
ZR (k) (”k‘5’>‘ B ] ; POLD)

i=1

> 0.

Consequently, V(£) — oo as t — oo, which apparently contradicts the boundedness of
V(¢). This completes the proof. d

Lemmal ([32]) Ifa>0,b>0 and % > b —ax, when t > 0 and x(0) > 0, we can obtain
liminf,_, ;o x(2) > s. Ifa>0,b>0 and % < b - ax, when t > 0 and x(0) > 0, we can
obtain limsup,_, ., x(¢) < g.

Next, by using a novel monotone iterative technique in reference [33], we discuss the
global attractivity of the rumor-prevailing equilibrium.

Theorem 5 Suppose that (Sk(t), Ex(t), Ix(£), Ri(2)) is a solution of system (2.2), satisfying
the initial condition equation (2.5). When Ry > 1, then limy_, o (Sk(£), Ex(£), Ix(¢), Ri(£)) =
(S, EX, IR°, RYY), where (S3°, EX°, IX°, RY®) is the unique positive rumor equilibrium of sys-
tem (2.2) satisfying (3.1) for k =1,2,...,n.

Proof Since the first three equations in system (2.2) are independent of the fourth one, it
suffices to consider the following system:

Bb _ p(k) — MK)O(E)Sk(t) — 1Sk (2),

dt
L0 _ 3()O(O)Sk(E) — (B + WEE) + SmIi(©), (4.9)
O _ BRE(E) - (6 + Wk (2).

We assume that k is fixed to be any integer in {1,2,...,n}. By Theorem 4, there exist
a positive constant 0 < ¢ < 1/3 and a large enough constant T > 0 such that [;(¢) > ¢ for
t>T. Hence,
1 (i) 1 ¢(io)P(io)

@(t) = m " P(l)]l(t) > WTF; =ve> 0,

i=1

where ¥ = (,1<—> W From the first equation of system (4.9), we have

io

dSk(t
;t( ) < (k) = M RPSD) - i), £ T
By Lemma 1, we derive that limsup,_, , ., Sk(£) < %. Then, for arbitrarily given pos-

itive constant 0 < &; < %, there exists a #; > T such that Si(¢) < X,((l) —g fort>t,
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1) Uk
X = ——— +2& <.
KAk e + LTk

For O(t) < % > i 9(@)P(i) = M, from the second equation of system (4.9) for ¢ > t;, we

can get

dE(¢)
dt

< MK)M (i — Ex(k) = Ii(k) = Ri(k)) = (B + w)Ex(2)
+8m(nx — Ex(k) — Sk (k) — Re(k))

MM (i = Ex(k)) = (B + WEk(t) + 8m(nx — Ex(K))

= ni[MK)M + 8m] — Ex(k)[M(k)M + 8m + B + ]

Similarly, for arbitrary given positive constant 0 < &5 < min{1/2, &, m%} there

exists a t, > 1, such that E;(f) < Y,El) — &, for t > tp, where

a A(k) My
KT MM +8m+ B+ 11

+2¢€9 < Ng-

From the third equation of system (4.9), we have

dl(t)
= Bh(nk — I(t)) = (8 + Ik (t) = B — (8 + ju + BI)(2), ¢ > to.
Thus, for arbitrary given positive constant 0 < £3 < min{1/3, &, (i;:i h+ ,32 }, there exists a

t3 > by, such that Ii(¢) < ZE — &3 for t > t3, where

 _ SNk

= 42 .
KT G pn) R

On the other hand, from the first equation of system (4.9), we can get

dS;t(t) > b(k) = MROMSi(t) — uSe(®), t>T.

T ,(b)M e . Then, for arbitrary given posi-
1)

}, there exists a £4 > t3, such that Sg(¢) > %, + ¢4,

By Lemma 1, we derive that liminf,_, ;o Sk(£) >
tive constant 0 < g4 < min{1/4, €3, m
for t > t4, where

a _ b(k )

X, = ———— — 284 >0.
kT oMy "

It follows that

dE(t
,t( ) > Mk )ﬁsxk +8mng — (B + o+ 8m)Ei(t), t>ty.
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A(k)ﬁsxg)wmnk

S Brniom }, there ex-

Hence, for arbitrary given positive constant 0 < &5 < min{1/5, &4,

ists a t5 > t4, such that Ei(¢) > y,(}) + g5 for ¢ > t5, where

M )»(k)z?axg) + dmny

= -2 0.
KT T Baprom 7
Then
dal (t
D by 6+ 1ite), £>05

M
. . - . h .
Hence, for arbitrary given positive constant 0 < g¢ < min{1/6, &5, 2‘15—{’;”}, there exists a

te > 5, such that I (£) > z,((l) + g¢ for t > tg, where

Z(1) _ ﬂhy‘k”
)

—2€6>0.

Since ¢ is a small positive constant, we have 0 < xf) < X,((l) < Mgy, 0 < y,(j) <Y, ,il) < nx and
0< z,((l) < Z,((l) < ng. Let

0~ Ly 0 piz oo LR i
" (k)Xk: o 0z, W (k)Xk: CPOZ0, j=12...

From the above discussion, we found that
0<uw < ) < wO M, t> te.

Again, by system (4.9), we have

dasi(t
< b0 2050 - Si0), 1>t
Hence, for arbitrary given positive constant 0 < &; < min{1/7, g¢}, there exists a t; > t¢
such that
. b(k)
2 & (1)
Sk(t)SXk —mln{Xk —81,m+87}, t>ty.
Thus,
dE(t
;t( ) < AROWOXD +smzd — (B + WE(), t>t;.

Therefore, for arbitrary given positive constant 0 < eg < min{1/8, ¢}, there exists a tg > t7,
such that

AOWOXD + smzY }
+&g¢.

E@#)<y? 2 min{ Y — e, B

It follows that

dl (¢
:;i ) < ﬁhY,EZ) — (8 + w)k(t), t>tg.
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So, for arbitrary given positive constant 0 < &9 < min{1/9, €g}, there exists a 9 > tg, such

that
(2)
. BhY;
L(t)<Z z?» 2 mm{Z(l) — &3, ——— +&9y¢, L[>l
k k (6 +mu)

Turning back to system (4.9), we have

dSi(t)
dt

> b(k) - MW (2) - uSk(0), £ > to.

Hence, for arbitrary given positive constant 0 < £;9 < min{1/10, o, }, there ex-

ists a f19 > t9, such that Si(¢) > x,(f) + &y for t > typ, where

b(k)
20()W @ +)

x(2) = max x(l) + &4 & —2¢€10 (-
k k AW +

Accordingly, one obtains

dE
;t( ) > A(k)wWx (2) + (sz,((l) — (B + w)Er(t), t>tpo.
. . L. . )L(k)w Xy )+5mz§(
Hence, for arbitrary given positive constant 0 < &1; < min{1/11, &1, ) }, there
exists a f11 > tyg, such that Ei(¢) > y,((z) + &q1 for t > t;1, where
J’(z) max { y(l) +é& Mkw l)x’ +omz 3 -2 }
= 5 11
k k (B +n)
Thus,
d]k(t)
3 2 ﬂh k -6+ wWh(t), t>ty.
ﬁh @

Hence, for arbitrary glven positive constant 0 < €15 < min{1/12, &3, 572~ 6 i }, there exists a

tia > ti1, such that [ (t) > z; @, &1 for ¢ > t15, where

h (2)
z,(f) = max{z,((l) + &6, % - 2512}.

In the same way, we can carry out step h(h= 3, 4,...) of the calculation and get six se-
quences: {X } { Y } {Z } {xk )} {y } and {z }. We found that the first three sequences

are monotone increasing and the last three sequences are strictly monotone decreasing,



Wan et al. Advances in Difference Equations (2017) 2017:253 Page 13 of 15

and there exists a large positive integer N so that for # > N

w__ b
k )\,(k)w(hfl) i 6h-5>

_ h h-1
NORRAL) wtDXP 4 smz

- + E6h-4»
, (B+n) o
W _ BhY”
k = + E6h-3»
(8 + )
(4.10)
o0 _ & 2
k= }\‘(k) W(h) 6h-2>
" AW DEP 4§17V
Ve = — 28641,
B+ 1)
(h)
0 Py
AN EH)
Clearly, we found that
W eso=x,  W<E®O<Y' <0<zl tstg. (@11)

Owing to the existence of sequential limits of equation (4.10), let lim;_, Q ) = Q,
where Qg(h e x ,Yk ),Z,((h),xk ,yk ,zk),Wk ,wk 'Yand @ € {X, Ye, Zt, % V60 20 Wi, Wi ).
For 0 < ¢, < 1/h, one has ¢, — 0 as h — oo. Taking # — o0, by calculating the six se-

quences of equation (4.10), we can obtain the following form

X 2 b(k) ~ AMERYWX + SmZy _ BhYy
Tolow B T
(4.12)
B b(k) B MKWy + Smzy, B Bhyx
YW T B 0 TG

From equation (4.12), a direct computation leads to

4 BIA(K)W b(k)
T+ 0B+ p) — Bhom] akyw +
(4.13)
Bhr(k)w b(k)

HET6 + W (B + ) — phsm] AROW + 11

k k
where w= 73", %)P(k)zk, W= %)P(k)zk.
Further, substituting equation (4.13) into w and W, respectively, we can obtain

1 Zwk)Pk)k b(k)
[(5+,u)(/3+u) Bhsm] <= e M)W +p

(4.14)

—_

Bh Z‘P (k)b(k)
(k) [(5+ 1)(B + ) — Bhdm] 5= i K(k)W+u '

Subtracting the above two equations, a direct computation leads to

1 ph k) PUNLKIBIAK)
—(w-W)— == .
0= O 16 + 1B + 10— o] ; me COW + m)0kw + )
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Obviously, it implies that w = W. So, % D %’:)P(k) (Zr — zx) = 0, which is equivalent to
zx = Zy for 1 < k < n. Then, from equation (4.12) and equation (4.13), it follows that

lim Si(¢) = Xy = xx, lim Ex(¢) = Yk = yx, lim I (t) = Z; = z.
t—0 t—0 t—0

Finally, by substituting w = W into equation (4.13), in view of equation (3.1) and equation
(4.12), it is found that X = S°, Yi = EP°, Zi = RY°. This completes the proof. a

5 Conclusions

In this paper, a new SEIR rumor spreading model with demographics on scale-free net-
works is presented. Through the mean-field theory analysis, we obtained the basic repro-
duction number R, and the equilibria. The basic reproduction number R, determines the
existence of the rumor-prevailing equilibrium, and it depends on the topology of the un-
derlying networks and some model parameters. Interestingly, Ry bears no relation to the
degree-dependent immigration b(k). When Ry < 1, the rumor-free equilibrium Ej is glob-
ally asymptotically stable, i.e., the infected individuals will eventually disappear. When
Ry > 1, there exists a unique rumor-prevailing E,, and the rumor is permanent, i.e., the
infected individuals will persist and we have convergence to a uniquely prevailing equilib-
rium level. The study may provide a reliable tactic basis for preventing the rumor spread-
ing.
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