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Abstract

This paper focuses on fault detection filter (FDF) design for continuous-time nonlinear
Markovian jump systems (NMJSs) with mode-dependent delay and time-varying
transition probabilities (TPs). By using a novel Lyapunov-Krasovskii function and
based on convex polyhedron technique, a new FDF, as the residual generator, is
constructed to guarantee the mean-square exponential stability and a prescribed
level of disturbance attenuation for admissible perturbations of NMJSs. Finally, the
numerical simulation is carried out to demonstrate the effectiveness of our method.

Keywords: Markovian jump system; time-varying; transition probabilities; fault
detection; nonlinear

1 Introduction

Subject to the random abrupt variations, Markovian jump systems (M]Ss) are assumed to
be a framework to model dynamic systems, and they can be found in economic systems,
communication systems, robot manipulator systems and so on. During the past decades,
many efforts have been devoted to MJSs, which can be possibly used in the field of system
stability [1-6], system control [7-13] and filtering [14-16].

For MJSs, fault detection is an important research topic. In the framework of fault de-
tection, a threshold on residual signals is set. Once the value of residual evaluation func-
tion goes beyond the predefined threshold, the alert is triggered [17]. Up to now many
results on fault detection of MJSs have been published, see [18—28] and the references
therein. Generally, the fault detection method can be divided into three groups. The first
group is the filter-based method. In [29], a filter is used to generate the residual signals
to detect the fault. The second group is the statistic method. In [30], Bayesian theory and
the likelihood method are used to evaluate the fault. The third group is the geometric
method. In [31], a geometric approach is employed to find the fault. However in general,
TPs are assumed to be time invariant. It is meaningful to focus on the case that TPs are
time variant for the possible application in real engineering. In addition, time delays are
mode-dependent sometimes, and usually the existence of nonlinear terms makes the real
fault detection problem more complicated. To our best knowledge, the studies on fault
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detection for continuous-time nonlinear MJSs (NMJSs) with mode-dependent delay and
time-varying TPs have been seldom carried out up to now, which motivates this paper. In
addition, some techniques and lemmas will be included to improve the conservatism of
theoretical results.

The remainder of this paper is organized as follows. The mathematical model under
consideration and some preliminaries are provided in Section 2. A FDF for continuous-
time NMJSs with mode-dependent delay and time-varying TPs is designed in Section 3.
The illustrative example is included to verify the correctness of obtained theoretical results
in Section 4, and finally the paper is concluded in Section 5.

Notations used in this paper are fairly standard. Let R” be the n-dimensional Euclidean
space, R"*" represents the set of # x m real matrix, the symbol * denotes the elements be-
low the main diagonal of a symmetric block matrix, A > 0 means that A is a real symmet-
ric positive definitive matrix, I denotes the identity matrix with appropriate dimensions.
diag{-} denotes the diagonal matrix. E{-} refers to the expectation operator with respect
to some probability measure P. || - || refers to the Euclidean vector norm or the induced
matrix 2-norm. The superscript T stands for matrix transposition, L, = L([-4, 0], R") de-
notes the Banach space of continuous functions mapping the interval [-/, 0] into R” with

the topology of uniform convergence.

2 Model description and preliminaries

In this paper, (2, Y, P) denotes the probability space, where € is the sample space, Y is o -
algebra of a subset of the sample space, and P is the probability measure defined on Y.
The process {r;,t € [0,+00)} is described by a Markovian chain with finite state space
S ={L,2,...,N}, and its transition probability matrix [1+a) = [JT,-(ZU”A)]NxN (4,1 e &) is

governed by

_ | muAt + o(Ab), [ #1i,

Pir, =llr, =i} =
revar = lre= 1) 1+ At +o(AL), =i,

where 7;; = — ZZLM 7, limag 0 0(At)/ At = 0,and ry; > 0, [ # i is the transition rate from
mode { at time t to mode / at time ¢ + At.

In real engineering I1€++4) is not invariable. Hence, in this paper, we assume that o; varies
in another finite set S, = {1,2,..., M}, and the variations are considered as the stochastic
variation. The variation of o; is governed by a higher-level transition probability (HTP)

matrix A = [Ajg]axar (j, kK € S2) and the transition probability of Markov chain satisfies

. A At + o(AL), k#j,
Plovsac =kloy =jy = | % &
1+ 1At +o(AL), k=),

where A = - ZkMsz#j Ajts and Ay > 0, k #j is the transition rate from mode j at ¢ to mode
k at £ + A. The stochastic processes r; and o; are assumed to be independent throughout

this paper.
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First, consider the Markov jump system with time-varying TPs as follows:

®(£) = A(re, 00)x(£) + B(re, 00)x(t — T (&, 1t, 0¢)) + D(re, 04)G(t) + E(ry, 01 )u(t)
+Eq(ry, 00)d(t) + Ef(ry, 0 )f (1),

Ue) = Ai(re, 00)x(£) + By(re, 00)x(t — T(£, 11, 0¢)) + Di(re, 01)G(E) + Ear(re, 04)d(2) @)
+ Eg(ry, 0)f (8),

x(to +0) =Y (g +0), 6 ¢€[-h,0],

where x(t) € R” is the state vector of the system, 7(¢,r:,0;) is the mode-dependent
time-varying delay of the system, which satisfies iy < ©(¢t,r1,0;,) < h and (¢, 1, 00) < d,,,
hip = h — Iy is the change region of delay. /(¢) € R” is the measurable output, u(f) € R is
the control input, d(¢) € R? is the unknown disturbance input, f(¢) € R? is the fault, d(¢)
and f(t) are assumed to be L, norm bound, ¥ (¢t + 6) € L, is the initial condition of the
state vector, G(t) € R” is the nonlinear term, such that

Mx(t) < G(¢) < Nx(2).

To enhance the feasible region of the criteria, we can divide the bounding into two subin-
tervals

M+ N
2

x(t) < G(£) = Nx(2),

N

M) < 60 < N o).

Model (1) can be represented as

®(t) = y(8),
¥(t) = A(r, 0)x(t) + B(rs, 00)x(t — T(t, 11, 0¢)) + D(r, 0,)G(£) + E(ry, o) u(t)

+ Eq(ry, 00)d(t) + Ef(re, 0,)f (¢), 2)
I(t) = Ay(re, 00)x(t) + Bi(ry, 00)x(t — T(t, 11, 04)) + Di(re, 00)G(t) + Eqy(rs, 00)d(t)

+ Eq(ry, o)f (8).

In this paper, the following linear filter is designed:

xr(2) = yr(2),

Yr(t) = Ap(re, 00)x7(£) + By (1, 01)1(2),
re(t) = Ly (r, o) %7 (8),

xr(to +0) =Yr(to +0), 0 el-h0],

3)

where x/(£) € R” is the state vector of the filter.

To improve the sensitiveness of residual to fault, we add a weighting matrix function
Wi (s) into the fault f(¢), that is, 7,,(s) = Wy (s)f (s), where r,,(s) and f(s) refer to the Laplace
transform of r,,(£) and f(£). The minimal realization of r,,(s) = Wy (s)f(s) is assumed to be

X (t) = yu(2),

Yw(t) = Ay (re, 00)xu () + Ey(ry, 00)f (2),
rw(t) = Ly(re, 00)x(2),

xy(to +0) =Y,(to +60), 6 ¢€[-h0],

(4)
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where r,(t) is the reference residual, and our objective is to design a fault detection filter
(FDF) which can result in the minimal difference between the reference model and the
fault detection filter.

For simplicity, for each possible r, = r;, 0, = 0j, i € Sy, j € Sy, the matrix A(r;, 0;) will be
denoted by A;;, and so on.

Define r(t) = r(t) — r,(£), we get the filtering error system as follows:

x(2) = y(t),
_j_/(t) = A,']O_C(t) + B,‘jl(Tﬁ_C(t — ‘L'ij(t)) + D,,G(x) + EijW(t), (5)
r(t) = ZiIT %(2),

x(to +0) = Yulto +0), 6 €[-h,0],
where

) =[x, % 0,20, wo) = [u(@),d0).f®)]",

[ 4; 0 0 B
Aj=|ByAy Ay 0 |, Bj=|BgBy |,
0 0 Ay 0
[ D Euj  Ewj  Eyy
Dj=|ByDy |»  Ej=| 0 ByEw ByEy |
0 0 0 Euj

_ T T
Llj:[o Lij —Lﬁ/] ’ K=[I 0 0].

The problem of fault detection can be transformed into Hy, filtering problem for the sys-
tem, that is, to determine all matrices such that the filtering error system (5) is robustly

mean-square exponentially stable with H., performance y as follows:

sup @l
wieyzo lw() |l

<Y, (6)

where [[r(t)|| = \/{[;" r@®)r(®)dt}, W)l = \/{ [~ wt)w(t)} dt.
In this paper, the residual evaluation function J(r) and threshold /i1, are chosen as follows:

to+T
7 = f O dt < v, @)
to+T
Jin= sup E { / rT()r(t) dt}, (8)
f(®)=0 to

where [ty,to + T] is the finite-time window, T denotes the timeslot, and ¢, denotes the
initial evaluation time. The occurrence of fault can be detected by comparing /(r) and Ji,

based on the relationship as follows:

J(r) > Jin = with fault = alarm, 9)

J(r) < Jin = without fault. (10)
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Before ending the section, we give the following notations, definitions and lemmas,
which will be used in the proof of our main results.

er=[I-K",05...,0,]",  e=[0-K",00..., 000,001y, O]
Wi = [01"'-yOk—lylk’OkJrlruoyOVl]T'

Definition 1 The filtering error system (4) with w(z) = 0 is mean-square exponentially
stable if there exist scalars & > 0 and 8 > 0 such that

E|0)| < ae P2, (11)

where |/ [l = max{sup, 4 o 1% (0), sup;, g < 1% (O)}.

Definition 2 Given a positive scalar y, the filtering error system (5) is mean-square ex-
ponentially stable with Hy, performance y if, for every system mode and delay mode, the
filtering error system (5) with w(¢) = 0 is mean-square exponentially stable, and under zero
initial condition it satisfies ||r(£)]|2 < y [[w(¢£)|l2 for any non-zero w(t) € L,[0, +0o0].

Lemma 1 ([32]) Let @1, Py,..., Py : R" — R" be a given finite number of functions such
that they have positive values in an open subset D of R™. Then a reciprocally convex com-
bination of these functions over D is a function of the form

1 1 1
— P+ —Py+---+ —Dy:D—> R, (12)
o7 (%)) aN

where the real numbers o; satisfy a; >0 and ) ;o = 1.

Lemma 2 ([33]) For any constant matrices E, G and F with appropriate dimensions,
FTF <kl kisa positive scalar, then

k
2xTEFGy < cxEEx + —(yTGTGy, (13)
c
where c is a positive scalar, x € R", and y € R".

Lemma 3 ([34]) For any positive definite matrix ® € R"*", scalar y > 0, vector function
w:[0,y] — R" such that the integrations concerned are well defined, then

y T Y Y
( / w(s) ds) <I>< / w(s) ds) <y / wT (s)dw(s) ds. (14)
0 0 0

3 Main results
In this section, based on the Lyapunov method and linear matrix inequality techniques,
the following theoretical results can be derived.

Theorem 1 Ford, <1, given positive scalars h, hy and k, if there exist Ry, Ry, R3, S12, M, Q1,
Qq, U, Uy, Uy, W, My, Fj with appropriate dimension, such that

T. 5.
[ oy } <0, (15a)
* =yl
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* -yl
w u
>0,
* R1
w U,
>0,
k R1
W U
>0,
* R1
(R, S
2 2| 0,
S Ry

M+ Y m My + Y Ay <0,
1651 k652

where

M+ N

T;‘;‘=Ti;’0—{€5—e7— (61—63)}{65—37—N(€1—63)}T

- {67—68—M;N(€3—€2)}{67—68—N(€3—€2)}T

N
- {es —e9 — M; (e2 —34)}{68 —e9 — N(ez —64)}T,

Tjo=%;+0+ ef-a- d,,)ezTMi,ez +het"w +pijpi]T-,
® = [UK",Us - Uy, U, - U,~U5,0,0,0,0,0],
pij=1L;0,0,0,0,0,0,0,0]",  H=he" R, +hlye"2R,,

By = [ELF]

=T T
5 F;,0,0,0,0,E;KV,0,0,0]",

. M+N ’
Tj=Ty —{es—e; —M(61—€3)}{85—e7— (e —63)}

2
T
- {67—68—/\4(63—62)}{67—68—M;N(63—€2)}
T
—{68—69—M(€2—€4)}{68—69—M+N(€2—€4)} )

21’1 = Fiinj +A5Fl] + kFl‘]‘ + Z”i(;)FU + Z )\ijik + I((Ml] +hM + Q1 + Qz)](T,
leSl keSz

%1 = F;Byj,

Top = 2Ry + Si2 + Sy,
Y23 =2Ry — 281,

Y33 =-Qe ™ — Ry,

Y94 = 2Ry — 251,

Page 6 of 23

(15b)

(15c¢)

(15d)

(15e)

(15f)

(15g)
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Y34 = 2812,

—kh
Y44 =—-Qe™ =Ry,

%15 = FyDy,

Tie = A§1<v,
To6 = BIKV,
Ss6 = DKV,
Yes=H-V.

Page 7 of 23

For d, > 1, given positive scalars h, hy and k, if there exist Ry, Ry, R3, S12, Q1, Q2, U, Uj,

U,, W, Fyj with appropriate dimension, such that

Hy  Ey
ij i <0,

x =yl
Hj; EZ;‘]’ j| <0,
* =yl
‘w u
>0,
% R1

‘w u,
%

>0,
R,

Ry
(R, s
2 Sel o
Sz Ry

v
|

where

M+ N
2

Hjj = Hjjo — {65 —e7—

- {67—68—M;N(es—62)}{67—68—N(€3—€2)}T

- {98—69—M;N(€2—€4)}{68—69—N(€2—€4)}T,

Hjo=Z;+0+ 07 + het"w +pi/p;,

2
M+ N

T
—{67—68—M(63—€2)}{€7—68— (63—62)}

M+ N

T
—{68—69—M(€2—€4)}{€8—€9— (62—64)} ,

(er —es)}{es —e;—N(e1—e3)}"

_ M+N .
Hj = Hjjo — {es —e; — M(ey —e3)} { es — &7 — (e1—e3)

(15h)

(15i)

(15))

(15k)

(151)

(15m)
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21’1 = Fi/Aij +A;Fij + kFl‘]‘ + Z”i(;)FU + Z )\ijik + I((Ql + Qz)I(T,
lGSl kESg

¥y = F;Byj,

Top = 2Ry + Si2 + Sty
To3 = 2Ry — 28,
B33 =-Qe ™ — Ry,
Y4 = 2Ry — 281y,
T34 =251,
Taa=-Qe ™ — Ry,
15 = FyDy,

Ti6 = AJKV,

To6 = BIKV,

Ss6 = DKV,

Yo =H-V.

Then the filtering error system (5) is mean-square exponentially stable with H., perfor-

mance y.

Proof For d, <1, choosing the following Lyapunov function candidate

8
V(ti )= ) Vilt,ij), (16)

i=1
where
Vi(t, i) = &7 (£)Fy(2),
t
Va(t,i,)) = / %7 (s)Ke" QK T %(s) ds,
t—i
t
Vs(tyi,j) = / %7 (s)Ke" D QK T x(s) ds,
t—h
0 t
Va(t,i,j) = / / 1 (@) Kek @M R KT y(a) dox dB,
—h Jt+p
0 t
Vi(t,ir)) = f £7 (@)K WKTE (o) dor df,
-h Jt+B
- t
Veo(t,i,j) = hya / / 7T (@) Kk R, KT (o) dex d B,
-h t+B
t
Vo (i) = / X7 (s)KeK DMK T x(s) ds,
t:

—73(£)

0 t
Vis(t,i,)) = / / %7 (o) K" P MK T %(ot) dox d B
—h Jt+p
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with

£@) = [#7@),x" (t - 1)K, 2" (t - m)K,x" (t - WK, G(2), 7" (O)K,

G(t—h),G(t - (), Gt -h)]".

Let L be the infinitesimal generator of random process. Then we have

8
LV(t,i,j) = Y LVi(t,i,)), 17)
i=1

where
LVi(t,i,j) = 2x7 (8)Fy(Ayx(t) + ByK "% (¢ — ©;(2)) + DyG(t) + Egw(t))
+x1(8) (Zn Fj+ Z Ajk Lk)x(t)
leS keSy
LVy(t,i,)) = %7 () KQUK T%(t) — e M%7 (¢ — ) KQUK T (t — hy) — kV5(t,i,)),

LV3(t,i,j) = T () KQu K Tx(2) — e ™ %7 (t — h)KQ,K T %(t — h) — kV3(t,i,)),

t
LV4(t, i,j) = he" 5T () KR K T(t) — / S ENZT(KRK T y(s) ds — kVa(t,i,))
t-h

t
< ey (£)KR KT y(t) — / T ()KRKT§(s) ds — kVa(t, i, )),
t—h
t
LVs(t,i,j) = he"e T () WE () — / K NET( QW E(s)ds — kVis(t, i, ))
t—h

t
< he"eT()We(t) - / , ET(s)WE(s)ds — kVs(t, i, ),
t—
t—hy

LVi(t,i,j) < 2,257 () KRy K T 3(t) — Iy / T (s) KR KT y(s) ds

t-75(t)

t_fij(t)
- hpy / YT (s)KRyK T y(s) ds — kVis(t,i,))
t-h

< I, "2y T (KRKTy(t) — ————&7(t)(e3 — e2)Ra(e3 — €2)TE(2)
l/(t) hl

h1

)
< hfzekhmyT(t)1<Rzl<Ty(t) — 1+ y)ET () (e3 — ex)Rales —e2) E(2)

~ 1+ 1)ET(t)(e2 — ea)Ra(er — ea) TE(E) — kVis(t, i),

ET(t)(er — ea)Ro(er — ea) TE(E) — kVis(t, i,))

Tt](
T

For matrix [ 5122 ;122] > 0, it holds that

_eT(p | V7 - [ S” Ve —e) | (18)
\/_(2—64 S12 \/%(32_34

h— Tl/(t) <1.

where 0 <y = o =

<1, 0<J/2—
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Hence

—1ET(t)(e3 — e2)Ra(e3 — e2) TE() — 12E T (£)(e2 — ea)Ro(es — ea) TE(2)

<-&7(t)(e3 — e2)Roler —€a) TE(t) — ET(¢)(e2 — €a)Ra(e3 — €2) TE(2).
We can obtain

LVe(t,i,j) < 2,257 (£) KRy K T 3(t)
T T T T
- R, S —e
_£T(p| BT :oon 2 | &(0) - kvt
E()Lg-e{ Sy R 2T_84 E(t) — kVs(t,i,)).

Remark 1 When 7;(¢) = & or 7;(t) = I, it can be derived that £7(¢)(es — e;) = 0 or
ET(t)(ey — es) = 0, respectively. Hence the inequality holds.

LV5(t,i,j) < X7 () KM;K T x(t)

— (1= @) e™x" (t — 7;(8) KMuK "% (t — 7(8)) — k V5 (8, i, j)

+ Z Ty / s)KMl,K TX(s) ds

leS; ¢ Tl/

) ik / T (s) KMy KT x(s) ds,

keSy t=7(2)

t
LVis(t,i,j) < hexT () KMK T %(t) - / %7 (s)KMK T x(s) ds — kVi(t, i, ).
t-h

Remark 2 For d, <1, it can be concluded that —(1 - 7;(¢)) < 0, which means V5 (¢, i,/) and

Vs(t,i,]) can be used to improve the conservatism of criteria.

According to the Leibniz-Newton formula,

2gT(t)u1<T[5c(t) —X(t-h) - / t 3(s) ds] =0,
t—hy

t—hl
26T (OUKT |:5c(t — ) —x(t - n,(t)) 3(s) dsi|

t-7;(8) (19)
267 (s )u31<T[ (t = 14(0)) — (¢ — h) - t " ]

29T (OKVKT[-3(t) + Ayx(t) + B;K x(t (8)) + DyG(t) + Eyw(t)] = 0.
Then the following inequality can be concluded:
t t
Witif) <" OZon0)- [ cTocdss [ S OKOKTH0ds
t-h 12 th(t)

t-n t=7;5(t)
-[ cTose ds—/ T4t ds—kVI(L,i,)), (20)
t t-h

_Tij(t)
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w
P = wou ’ O3 = Wt s b, = Us s
* Ry xRy xR
T T
() =[E"@,w ©)], t=[E70.5" )],
Tijo=2X;+ 0O+ o —1- dn)ezTMi,-ez +het" w7,
0= [UKT’ u3 - UZ) UZ - u: —U3, 0) 0: 01 01 O];

= _[rTgT
Eai = [Ej Fj

7,0,0,0,0,KTE;V7,0,0,0]",

Oy=-M+ Y a)My+ Y dpMa.
leSy keSy

For case 1: XN x(¢) < G(¢) < Nx(¢).

2
Consider
P (wl0) - e~ ) < GO~ Gt — ) < N(x(0) ~ (e~ ),
M+ N
) (x(t = M) —x(t - Tij(t)) <G(t-hy) - G(t - Tij(t)) < N(x(t - hy) —x(t - ‘L'ij(lf))),
M . N et = (1)) = (2 = 1)) < G(t = 7y(0)) - G(x(t - )
< N(x(t - r,»,(t)) —x(t - h)).
We get

0<lew-cu_n YN

() —x(t—ho)}
x {f(6) = f(t = hy) = N (x(¢) - x(t — 1))},

0 <6t =)= (e = 150) = N (st = ) - x(t - rij(t)))}

X {G(t - hl) - G(lf - 'L'l‘]'(t)) —N(x(t - hl) —x(t - Ti]‘(t)))},

0<- G(t—Tij(t))—G(t—h)—M+N

(e(t = 75(0)) — (¢ — ) }

x {G(t - 1;(0)) - G — h) = N (x(t - 7(2)) — x(t - b)) }.

The following inequality can be concluded:

t t
LV(t,4,j) < n" (O 8yn(t) - cTdicds + f %L ($)K DK %(s) ds

t—hy t—‘L’,'/‘(t)

t-n t=7;5(t)
-[ cTose ds—/ T4 ds—kVI(L,i,)), (21)
t t-h

_Tij(t)
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where

M+ N
2

T
Tij:leo—{65—€7— (61—63)}{65—67—]\[(61—63)}

- {67 —eg— M;N(f?S —62)}{37 —eg—N(es —62)}T

M+N
—{68—69— ; (ez—64)}{68—69—N(e2—e4)}T,

Consider the following performance index:

J

E{ft[rT(s)r(s) - ysz(s)w(s)] ds}

E{ ft[rT(s)r(s) — 2wl (s)w(s) + LV s, i,j)] ds} + E{ V(to, i,j)} - E{ V(t, i,j)}.
For E{V (to,i,j)} = 0 and E{V(¢,i,j)} > 0, we have

J< E{/t[rT(s)r(s) - y*wl(s)w(s) + LV (s, i,))] ds}

to

=E{ /to |:’7T(S)Hij’7(5)— /S_hlg“T(s)cblé(s)dw / % () KoK T(u) du

t-;5(s)

t-h t—Tij(t)
_ f ¢7 ()3t () du - / h ;T(s)d>4c(s)du—kV(s,i,j>] ds},

~7;5(t)
where
T B
Hij = [ ! 2;] }7
* =yl
T
Tij = Tij +pifptj .
With (15a)-(15m), it can be derived that IT;; < 0.

For case 2: Mx(t) < G(t) < @x(t).

Consider

M(a(t) — (e~ ) < G(0) - Gl — ) < N (o) (e - ),

Mx(t — ) —x(t - 7j(t)) < Gt — ) - G(t - 7(1)) < M+ N (%(t = ) — x(t — (1)),

M(x(t — () — x(t = h)) < G(t - 75(0)) — G(x(t - )

M+N
< ; (w(t - 75(0) - x(t — ).
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We get
0 <-{G(t) - G(t - ) — M(x(t) — x(¢ — 1)) }

< 170 (- )~ P —x(t—ho)},

0< —{G(t —hy) - G(t - ‘L'l‘]‘(t)) —M(x(t -h) - x(t - ‘L','j(lf)))}

M ; N (e = ) = x(t = 7(0))) }

x 1 Gt — ) - G(£ - 7;()) —

0 < —{G(t - 7;j(t)) — G(t — h) = M(x(t — ;5(2)) — x(t — h)) }
N (e = () - (e - ) }

X {G(t - 1;()) - G(t - h) -

Then the following inequality can be concluded:

t t
LV(t,i,j) < n" (O E;n(t) - cTdicds + / %L () KD, KT %(s) ds
t—hy t—sz(t)
t- t=7;(t)
—/ cTose ds—/ cT®uc ds— kVI(L,i,)), (22)
tft,'j(t) t-h
where

v M+ N
T = Yo — {es — e7 = Mle1 —e3)} yes —e7 — —

T
(e1 - 63)}

M+N
—{e7 —es —Mles —ep)}{e7 —es — 5

T
(e3 — 62)}

T
M+N(€2—€4)} .

—{es —e9 — M(es _64)}{38 —ey —

Consider the following performance index:
r-ef [ 7O -y (wls)] s}
= E{/tt[rT(S)r(S) —y*wl(s)w(s) + LV (s,i,)] dS} + E{V(to,irj)} - E{V (&)}
For E{V (to,i)} = 0 and E{V(¢t,i)} > 0, we have
j< E{ / [ OHS) - T ©wls) + LV (5,6 )] ds}
= E[ /t 0 |:nT(S)1:Iiji7(s) - f . T ($)D12(s) du + /t o T (U)K DK %(u) du

t-hy t—fij(t)
. / ¢7 () st (5)du - / h gT(sm;(s)du—kV(s,i,j)] ds},

-7;i(t)
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where

= Tj By
Hij:|:* A

Tj=";+ppj.

With (15a)-(15m), it can be derived that l:[,j <0.

Page 14 of 23

Next, we discuss the stability of the filtering error system (5) with w(¢t) = 0, which is

equivalent to the stability of the filtering error system (5) without w(¢).

For case 1 and case 2, with (21) and (22), we can get the following inequalities respec-

tively:

t
/ T (s)K DK T%(s) ds
t

~7;5(2)

LV(t,i,)) < ET(OY5E(8) - / th ¢Tdigds+

t—hy tfl'i]'(t)
—/ cTdse ds—/ T @40 ds — kV(t,i,)),

tfl'i/'(t) t—h

t
/ T (s)K DK %(s) ds
t

_Tij(l)

LV(tij) < €T Tye() - / (Tdds+
t—hy

t— t-;5(t)
—/ (Tost ds—/ Ty ds — kV(t,i,)).
L t-h

—7;i(£)

Considering IT;; < 0, l:I,j < 0, one can obtain Y <0, T,-,v <0.

Then with (15a)-(15m) it can be concluded
LV (¢,i,)) < —kV(t,i,)).

Hence

LV (t,i,))) = € (LV(t,i,)) + kV(t,4,)) < 0.
With Dynkin’s formula, one can obtain

L
EV(t,i,j)e = EV(to,i,j)e + E / L(e4V (s,4,))) ds

Lo

<EV(to, i,j)e".

Then

hmin(FHE|20) | < EV(8,4,)) < EVI(to, i, j)e ™ ),

According to the definition of V(t,,), we have

EV(to,i,)) < [)\max(Fij) + h)\max(Mz’/’) + hz)\max(M) + Mnax (Q1) + MhAmax (Q2)

+ h%)"max(Rl) + h%)\max(W) + h?z)\max(RZ)]E”w ”1%1

(23)

(26)

(27)
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The following inequality can be concluded:

E|#0)] < ae s E| | (28)

where

a= \/O‘tmax(Fij) + h)‘-max(Mij) + hz)\max(M) + hl)‘max(Ql) + h)\max(QZ) + h%)"max(Rl) + hz}‘rmax(W) + h:fQAmax (RZ))
)\min(Fi}') '

By Definition 1, it can be derived that the fault detection system (1) without w(t) is mean-
square exponentially stable. Then, based on Definition 2, we can conclude that the filtering
error system (5) is mean-square exponentially stable with H, performance y.

Now let us consider the case d,, > 1. Choose the Lyapunov function candidate as follows:

6
V(i)=Y Vilt,i,j).

i=1

Remark 3 For d, > 1, it can be concluded that —(1 - 7;(¢)) > 0, which means V7(t,,/) and
Vi(t, i,j) will increase the conservatism of theoretical results. Hence, in this case, V7(t, i, /)
and Vj(t, i,j) will not be included to construct the Lyapunov function.

Then the following inequality can be concluded:
_ t
LV(t,i,j) < n" (&) Ejon(t) —/ ¢t ¢ ds
t—h

t-n t=7;(t)
- f ¢ ®sg ds - f ¢ T @4 ds - kV(4,i,)),
t

—1(0) t—h

o= Tijo Eaj
yu — ’
/ * 0

FT‘ijO = 2,‘/‘ + 0+ @T + hekhW.

where

o

As above proof, it can be concluded that
E|7(0)] < ae 3B ), (29)

where

a= \/(kmax(Flj) + hlkmax(Ql) + h)\max(QZ) + h%}\max(Rl) + hz)‘max(W) + h%zkmax(R”)
- )\min(Fij)

Considering Definition 1, it can be derived that the filtering error system (5) without w(z)
is mean-square exponentially stable. Then, combined with Definition 2, we can conclude
that the filtering error system (5) is mean-square exponentially stable with Hy, perfor-
mance y. The proof of Theorem 1 is thus completed. d
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Based on Theorem 1 and LMI techniques, the fault detection filter design problem is

addressed as follows.

Theorem 2 For d, <1, given positive scalars h, hy and k, if there exist Ry, Ry, S12, M, Q1,
Q, U, Uy, Uy, W, My, Fj with appropriate dimension, such that

(7. =,
v } <0, (30a)
* =yl
[T =,
v } <0, (30b)
* =yl
‘w u
>0, (30¢)
* R1
‘w u
2} >0, (30d)
* R1
‘w u
3} >0, (30e)
k R1
(R, s
el BN (30f)
| Sz Ry
M+ Y mI My + Y Ay <0, (30g)
1651 k652
where

M+ N

T
Tz‘j=Tijo—{W7—W9— (Wl—es)}{W7—W9—N(W1—W5)}

M+N
—{W9—W10— 5 (Ws—W4)}{W9—W10—N(W5—W4)}T
M+ N T
- {WIO - Wi — (W4_W6)}{W10 —wi - N(wy —wg)} ",

Tyo = sire+0T-1- a’,,)w{M,;w;; + he"w +pijp§,
® =[U,0,0,Us; - U,, U, - U,-U3,0,0,0,0,0],

pij=10,L;;,—Lg;,0,0,0,0,0,0,0,0]",  H =he" R, + h,e"2R,,

- M+N T
Ty = Tjo — {wr — wo — M(wy — ws) }{ wy — wo — (w1 —ws)
M+N T
= {wo — wig — M(ws — wa) }{ wo — wio — (s — wy)
M+N T
—{wio — wi — M(wa — we) } {wio — w1 — ) (Wa —we) ¢
ELFL 0 EL !

wiF1i 0000 V.0 0o
o= |EpFly EgBy; 0 0 0 0 0 EjV 0 0 0],
0000 V.0 0o

EfFly  EpBy  EuFsy
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), = FugAy+ ALFiy + kP + > ) Fip+ > ApFuac+ My + BM + Qp + Qy + PeHQs,
1651 kéSz

T B
2:1 2~ Alszﬁ]’

23‘2 = Aﬁ/ +AJ£] + kFZij + Zni(;)FZIj + Z )\.ijzl'k,
1651 kESz

i T 0)
25 = FsiAwij + AlyFai + K3+ > Fyi+ Y dixFai,
1651 kESz

{4 = FiBj
%54 = BBy
)344 = 2R, + S5 + SE,
22{5 =—Qie™M —R,,
B = 2R, - 281,
Eé’; = 251,

66 =-Qe ™ Ry,
%/, = FiyDy,

25, = ByDyj,

):18_A v,
)348_BTV,
78 _DT
2;{8 =H-V.

For d,, > 1, given positive scalars h, hy and k, if there exist Ry, Ry, S12, Q1, Q2, U, Us, Uy,
W, F;j with appropriate dimension, such that

H: E,;
v } <0, (30h)
* -yl
(. =,
v } <0, (30i)
* =yl
‘w u
} >0, (30j)
k R1

[ w
o, (30K)
*

R,

R,

R2 SIZ

>0, (30m)
S Ry

W UB} >0, (301)
*
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where

M+ N

T
Hij:HijO—{W7—W9— (Wl—Ws)}{W7—W9—N(W1—Ws)}

M+N

_{W9_W10_ (Ws—W4)}{69—€1O—N(W5—W4)}T
M+N

- {WIO —wn- (wy —W6)}{€10 —en —N(wsy _W6)}T7

Hjo=%2"+0+0" + hekhw +p,jp§,

_ M+N T
Hy = Hyjo — {w7 — wo — M(wy — ws) }{ w7 — wo — (w1 - ws)
M+N T
= {wo — wig — M(ws — wa) }{ wo — wyo — ) (W5 — wa)
M+ N T
—{wio — wi — M(wa — we) } {wio — w1 — (Wa —we)
T
ELFL 0 0 0 0 0 ELV o

0 uy 0 0
Bajj = | EfyFly EZ;ZUBE 0 0000 EV 00 0|,
0 0

T T T BT T pT T
E i Elﬁ]Bﬁl E,ifs; 0 0 0 0 EgV 0

iill =F A, + Aij Fuyj + kFyjj + Z JTi(lj)Fuj + Z AjkFrig + Qr+ Qo + 2l Qs,

lESl kESg
i _ AT RpT
,=ALBE,

2_:;1,2 :Aﬁ] +A;i; + kFZij + Zni(;)FZZj + Z )\'ijZikr
leSy keSy

£ = Paifly + AL Fsi + kP + Y 7 Fay+ > APt
=25 keSy

7, = FuBy,

£74 = BBy,

244 = 2Ry + S + ST,
55 = —Qie™

£ = 2R, - 251,

T =28,
6 6= _Q2e =Ry,
%1, = gDy,

%7, = ByDiy,

Sls=ALV,
EZS :Bi’ v,
£)s=D}V,

Seg=H-V.
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Then the filtering error system (5) is mean-square exponentially stable with H., perfor-
mance y , and the desired parameters of FDF are determined by

Bij=FyBy,  Ay=FyAg  Lg=Lg. (31)

Proof First define Fj; = diag{Fi;, Fy;j, F3;}. Based on (15a)-(15m) and (31), one can obtain
(30a)-(30m). Then, combined with Theorem 1 and Definition 1, it can be concluded that
the filtering error system (5) is mean-square exponentially stable with H., performance
y. The proof of Theorem 2 is thus completed. O

4 Simulation results

In this section, we will verify the proposed methodology by giving an illustrative example.
Consider MJNDSs with parameters, Markovian switching modes and state-space matrices
as follows:

120 11 05 4
A= ’ B, = ’ D, = 0 0 ’
05 -9 15 -1 0 05
0.15 05 05
Eu = ) E = > E = )
! [0.1] a [0.2} f [ 0 ]
Ap=[18 20], Ba=[15 0], Dp=[015 0.1],

E i =0.15, Ep =02,
1115 1012 02 0
A2 = ) BZ = ) D2 = )
2 -13 05 -0.9 0 o1
0.1 0.2 0.2
E, = 5 Egpp = ) Eq = ’
u [0.2} @ [0.3} 12 [ 0 }

Ap=1[21 19], Bp=[1.0 038], Dp=[01 01],

Eu=02, Ep=01,

G(t) = 0.25(|x(t) + 1| + [a(2) - 1).

The piecewise homogeneous TP matrices are

-0.4 0.4 -0.6 0.6 -0.8 0.8
IT; = ) I, = ) I3 = .
05 =05 0.3 -0.3 0.4 -04
The HTP matrix is
-0.7 0.3 0.4

A=] 03 -08 05
04 02 -06

Other parameters are 7;(£) = 0.3 + 0.3 sin(5¢), 75(£) = 0.4 + 0.2 cos(6¢), 1y = 0.4, 1 = 0.6,
hp=03,d,=15 M=0, N =05l y =10, k = 0.1. The weighting matrix is W(s) =
5/(s + 5). Then, based on (4), it can be concluded that A,, = -5, E,, =5, L,, = 1. Based on

Page 19 of 23
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Theorem 2, the filtering parameters are determined as follows:

) [-33246 1.0424 [o5686

T 14333 05130 | M= 0.0371 |
Ly =[4.4313 04725],

B [-24723 -17799 [o0.4426

271 34085 -3.5492 |’ 1271 08135 |
Lsy = [5.4478 3.9307],

| 28576 14977 .. | 04552

371 _32110 -3.2455 |’ 7371 07358 |

Lps =[5.3461 3.5849],

| -03764 02019 5. _ | 00452
F17 1 02568 —2.9246 |’ 72171 0.9800 |
Lyy =[-0.0492  4.3755],

[ -35381 —01402 5. _| 05712
12271 0.0847 -05042 | /2271 0.0383 |

Ly =[4.8461 —0.0796],

[ 06926 00777 5[ 0.0978
12371 _02226 —2.6826 |’ 72371 0.8859 |’

Lpsz =[0.4404 3.9300].

Remark 4 It is noticed that d,, = 1.5, which means that our theoretical results are suitable

for the case that the derivative of time delay is bigger than 1.

For numerical simulation, the initial state is ¢(6) = [0.4,-0.6]7, ry = 1, 6y = 1. The dis-
turbance input d(¢) is the uniform distribution noise between [-1,1]. The fault signal f(¢)
is a square wave signal with unit amplitude. Corresponding numerical simulation results
are shown in Figures 1-5.

Figure 1 Evolution of system jumping mode
with time-varying TPs.

System justing mode
o
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Figure 2 Time response of disturbance input 2
d(t).

Disturbance input
o

tis

Figure 3 Time response of residual signal r(t). 07
0.6
0.5F

0.4r

Residual signal
o
N

tis

Figure 4 Evolution of residual evaluation 18 T T e
. | | with fault
function J(r). ) S S — - — without faut

Residual evaluation function

Remark 5 Figure 1 depicts the evolution of system jumping mode with time-varying
TPs, which is more random compared with time-invariant TPs. Figure 2 depicts the
time response of disturbance input d(t). Figure 3 depicts the time response of the resid-
ual signal r(¢). Figure 4 depicts the evolution of residual evaluation function J(r). Fig-
ure 5 depicts the time response of warning signal. For the case without fault, one can get
f020 rT()r(t) dt = 0.1760. We can choose threshold /i, = 0.18. Then, considering the case
that fault exists, one can get f(f 8 rT()r(t) dt = 0.1863 > Jiy,. From Figure 5 it can be found
that the alert is triggered at about 5.8 seconds, which means that it will take 0.8 seconds

to detect the fault.
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Figure 5 Time response of warning signal.

0.8

0.6

0.41

Warning signal

-0.2

t/s

20

5 Conclusions

In this paper, the problem on fault detection filter design for continuous-time NM]Ss with

mode-dependent delay and time-varying TPs has been investigated. Based on Lyapunov-

Krasovskii function approach and convex polyhedron technique, a FDF has been con-

structed for the possible application in fault detection such that the mean-square expo-

nential stability and a prescribed level of disturbance attenuation are satisfied. Finally, the

typical numerical example has been included to verify the correctness of theoretical re-

sults.
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