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Abstract

In this paper, we consider a two-dimensional predator-prey model with a time delay
and square root response function. We analyze the stability of equilibria with the
delay t increasing and the critical value of T when Hopf bifurcation occurs. Because
the model has the term of square root, the zero point is a singularity. In order to
clearly study the stability of the zero point, we rescale the variable x(t), say x(t) = X2(1).
The conclusion is that the zero point is not stable and the instability is not affected by
the delay t. We apply the normal form method and center manifold theorem to
obtain the direction and stability of the Hopf bifurcation. Finally, we make several
numerical simulations which is consistent with the conclusion of theoretical analysis.

Keywords: predator-prey model; time delay; square root response function; Hopf
bifurcation

1 Introduction

Dynamics of predator-prey models are one of the important subjects in ecology and math-
ematical ecology. Many researchers have studied predator-prey models with delay and
derived some important results [1-9]. A few researchers have studied the model with the
term of square root [10—12]. Braza [11] analyzed the following predator-prey model with
square root response function:

x(t) = x(2) — x*(t) — Vx(O)y(2),

1.1
3(£) = —sy(t) + c/x@)y(2), (1.1)

where x(¢) and y(¢) denote the population (or density) of the prey and predator, respec-
tively. s is the death rate of the predator, and c is the biomass conversion or consumption
rate.

In system (1.1), x(¢) stands for the number of prey without competition and predation,
x%(¢) stands for the reduced number of competition of prey and prey, the term of /x(¢)y(t)
stands for the amount of assimilation by predator via competition of prey and predator
[13], and sy(¢) is the dead quantity of predator. Because the c is the consumption rate, and
the term of /x(¢)y(t) stands for the amount of assimilation by predator, the c/x(£)y(t)
stands for the growth of predator via competition of prey and predator. In [10], Salman et
al. have investigated the nonlinear dynamics of a discrete predator-prey model with square

© The Author(s) 2017. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, pro-
vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and
indicate if changes were made.


http://dx.doi.org/10.1186/s13662-017-1292-1
http://crossmark.crossref.org/dialog/?doi=10.1186/s13662-017-1292-1&domain=pdf
mailto:dyxian1976@sina.com

Zhu et al. Advances in Difference Equations (2017) 2017:235 Page 2 of 15

root functional response, obtained by applying a forward Euler discretization method to
system (1.1). In [11], the dynamics of the square root system (1.1) are compared and con-
trasted with the dynamics of predator-prey systems that use a typical Lotka-Volterra inter-
action term. The process of growth needs time to finish, so in order to accurately express
the model, we should add a time delay to the model, and system (1.1) becomes system (1.2)
as follows:

x(t) = x(t) — x2(2) — Vx(O)y(t

1.2
J(t) = —sy(t) + c/x(t — T y(t), 1.2)

Here, we assume the predator takes time t to convert the food into its growth. By choosing
7 as bifurcation parameter, we get the condition under which Hopf bifurcation occurs. At
last we will give an example showing that the stability of the positive equilibrium will be
changed with 7 increasing.

This paper is organized as follows: In Section 2, we first focus on the stability of the
equilibria and Hopf bifurcation by analyzing the eigenvalues. In Section 3, we derive the
direction and stability of the Hopf bifurcation by using normal form method and central
manifold theorem. In Section 4, a numerical simulation is made to examine the discussion
of the previous section. A brief discussion is given in the last section.

2 Stability analysis and Hopf bifurcation
In this section, we research the stability of the equilibria and Hopf bifurcation by analyzing
the eigenvalues of the system (1.2).

There are at most three nonnegative equilibria for system (1.2):

E; =(0,0), E; =(1,0), Ej = (s*/c,s(c* = s%)/cP).

E3 is a unique positive equilibrium if and only if the following condition is true:
(Hp) ¢>s.

Let E* = (x*,5*) be the arbitrary equilibrium, then the linearized system of (1.2) at E* is
i(t) = Au(t) + Bu(t - 1), (2.1)

where u(t) = (x(£), y(£))7,

A= aw TV |a|m ) (2.2)
0 —$+ c/x* 0 axn
0 0 0 0
B= |: o i| 2 |: i| (2.3)
2= 0] |ba O

The characteristic determinant of system (2.1) is
|AE - (A +Be™7)| =0. (2.4)
The characteristic equation of system (2.1) is

A2 = (an + axn)A + ana — apnbye™* =0. (2.5)
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In the following, we discuss the stability of the equilibria and Hopf bifurcation:
(1) E*=E; =(0,0).
It is obvious that matrices (2.2) and (2.3) are indeterminate at E;. We rescale the variable

x(¢), say x(t) = X*(¢), so system (1.2) becomes the following form:

X() = 5X(0) - 3X°(0) - 55(0), 26)
y(£) = =sy(t) + cX(£ = T)y(t).
The characteristic equation of system (2.6) at E; is
1
(A - §>(A +5)=0. (2.7)

The eigenvalues of the characteristic equation (2.7) are % and —s; it is obvious that E}
is unstable. From equation (2.7), it is seen that the delay t has no effect on the stability
of Ef.

(2) EXx=E;=(1,0).

The characteristic equation of system (2.1) is

A+D(A+s-c)=0. (2.8)

The eigenvalues of the characteristic equation (2.8) are —1 and ¢ —s, so Ej is stable when
s > ¢ and unstable when s < c. However, if the predator death rate s is larger than its con-
sumption rate ¢, the predator will die out, leaving the prey to flourish. From equation (2.8),
it can be seen that the delay 7 has also no effect on the stability of E7.

(3) E* =E5 = (s*/2,s(c* — s?)/c3).

In the following, we study the local stability of the positive equilibrium E3 by analyzing
the distribution of the roots of equation (2.5). We consider two cases.

Case 1. When 1 = 0, the characteristic equation of system (2.1) is
A2 = (an + axn)A + anaz — apby = 0. (2.9)

From equation (2.9), we can see that when % <0, A =(ay + an)?* — 4anay —
aizba1) < 0, the two roots of equation (2.9) have always negative real parts; when #5722 > 0,
and A < 0, the two roots of equation (2.9) have always negative real parts; when #5722 > 0,
and A > 0, equation (2.9) has at least one positive root.

Let

(H>) ”—“;“22 <0,A<0;
(Hg) % > 0.

Then it is not difficult to verify that the following result holds.
Lemma 2.1 For t =0, the following statements are true:

(1) Ifthe conditions (Hy) and (H,) hold, then E is stable.
(2) Ifthe conditions (Hy) and (Hs) hold, then E is unstable.
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Case 2. When 1 > 0, the characteristic equation of system (2.1) is equation (2.5).

The equilibrium Ej is stable if all roots of (2.5) have negative real parts, thus we should
observe the distribution of roots of equation (2.5). If iw (w > 0) is a root of equation (2.5),
o should satisfy

—w? = i(an + ax)o + andgs — a1aby (cos wt — isinwt) = 0. (2.10)
Separating the real and imaginary parts, we have

—0)2 + d1dgy — (llgbzl CoOSwT = 0,

. (2.11)
—(a11 + ax)w + anby sinwt =0,
which implies
o'+ (afl + “%2)‘“2 +aya, — ajyb3) = 0, (2.12)
y* C2 _ 352
an=1-2x" - =
. 24/ x* 2¢?
s
ap =-vVxt=-—-,
‘ s (2.13)
axy =-S+cVx*=-s+c-=0,
c
oyt -5
by = =
24/ x* 2c
Let z = »? and denote
p=a; +aj, q = ahasz, — apby,. (2.14)
Then equation (2.12) becomes
Z+pz+q=0. (2.15)

Denote
h(z)=2>+pz+q
we have
W (z) =2z +p.

Assume that (H;) holds, from (2.13) and (2.14), —%’ < 0 and g < 0, we know that equa-
tion (2.15) has one positive root for z € (0, 00). The positive root is denoted by z,. Equa-
tion (2.12) has a positive root denoted by w,, then w, = \/z,.

2
—Wxta11422

By (2.11), we have cos w, T, = b

Thus, if we denote

| —w? +ana
=— O +27j ¢, (2.16)
Wy anby
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where j = 0,1,2,..., then %iw, is a pair of purely imaginary roots of equation (2.5) with
rf). Define
=70 =min{r?}, wo=w, (i=0,12,...). (2.17)

In order to investigate the distribution of the roots of equation (2.5), we need to intro-

duce the following Lemma 2.2 from Ruan and Wei [14].
Lemma 2.2 Counsider the exponential polynomial

P(em,. e ™) =3+ pOur g p O g pO
+ [pgl))\'n—l " '“+P5,121)x +p§11)]e‘“1
oot [p(lm)kn’l +ot +pim e,
where t; > 0 (i = 1,2,...,m) and p}(-i) (i =0,1,...m;5 = 1,2,...,n) are constants. As
(T1, Tas -+ > T) vary, the sum of the order of the zeros of p(h,e™*%,...,e7*™) on the open
right half plane can change only if a zero appears on the imaginary axis.

G)

Let A(7) = a(7) + iw(7) be the root of equation (2.5) near 7 = zV satisfying

a(z?) =0, o(t?) = w,.
Then the following transversality condition holds.

2 ) dRer)) »
Lemma 2.3 Suppose that z, = wZ, and W (z.) # 0, then = #0, and the sign of

dRer(x))
dr

is consistent with that of i (z..).

Proof Substituting A(7) into equation (2.5) and differentiating the resulting equation in t,

we obtain

di
[22 — (a1 + a2) + apbne ™ (7)] P ~apbye ),

thus

—, 2.18
e + (2.18)

A7 R2h—(an +an)le” T
- —apbn A —A

where 7 = rf), A= iw,,

{[ZA —(an + azg)]e“ }r:rff) = [Zia)* —(an + a22)] (cos a)*rf) +isin a)*rf)),
(2.19)
{—ﬂ1zbzlk}rzrg) = —iw.a12b.
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From (2.18), (2.19) and (2.11), we obtain

Redi(r) - (22 — (a1 + az)]e™” T
- =Re +Re| ——
dt. [0 L —a2by A . A

()

T=Ty

(22 — (a1 + az)]e™
=Re
L —&Zubm)» r—r(’)

“Re [ [2iwy — (a11 + ax)](cos a)*tf) +isin a)*r* ):|
L —apbii,
-19; —oltanay | :(an+an)os
_Re [2iw, = (an + ax))(— 5 Y )]
L —abyiw,

—Re [[2iw, — (an + a2)][-0} + anay + i(an + an)o.io,
al, b} w?

2(w? — anan) + (an + ax)?

ainb
20?2 + a2 +aj,
) apb3,
= i{Zz* +p}
A
W (z,)

= ’

A

where A = a},b3, > 0. Thus, we have

[Redl(r)j| , |:Red)»(r)j|_1 , [h’(z*)]
enf ———— =sign| ———— = sign et

dr 0 dr [0)

=Ty =Ty

Notice that A > 0, we conclude that the sign of [Recﬂ ]f=r(j) is determined by /#'(z,). The
proof is complete. d

Applying Lemmas 2.1-2.3, we get the following stability and bifurcation results for sys-
tem (1.2).

Theorem 2.1 Suppose that (Hy) and (H,) hold, then all roots of equation (2.5) have
negative real parts for T € [0, rio)), the positive equilibrium Ej is asymptotically stable
for T € [0, ) and the system (1.2) undergoes a Hopf bifurcation at Ej when T = %
(i=0,1,2,...).

Theorem 2.2 Suppose that (H,) and (Hg) hold, then equation (2.5) has at least one
root wzth posmve real parts for t € [0, 0 ) the positive equilibrium E* lS unstable for
r €0, )andsystem (1.2) undergoes a Hopf bifurcation at E5 when t = 7V (] 0,1,2,...).

3 Direction and stability of the Hopf bifurcation

In the second section, we got the condition of the system (1.2) appear as a Hopf bifurcation
att =19 (j=0,1,2,...). We determine the Hopf bifurcation direction and the properties of
these bifurcating periodic solutions by using the normal form method and center manifold
theorem.
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Let x; = x — ™, xp =y — y*, %:(¢) = x(8), T = rf) + 1, where T,,Ej) is defined by (2.16). For
convenience, drop the bar and let p(x) = \/, then the system (1.2) can be written as an
FDE in C = C([-1,0],R?) as

x(t) = Ly (xe) + f (1, %0), (3.1)

where x(t) = (x1(£),%2(¢))T € R*and L, : C — R*, f : R x C — R? are given, respectively, by

Lu(¢) = (9 + n)A¢(0) + (t¥V + 1) Bo(-1) (3.2)
and
fl,8) = (= +u) (J,l) (3.3)

where fi = —¢7(0) — 1¢1(0)¢2(0) — L7 (0)p2(0) — I393(0) + -+, fo = lagi(~1)¢2(0) +

Lg?(-1)$a(0) + lo#2(-1) + -+, and $(6) = (41(6),p2(O)T € R, b = ("), by = 28,
ly="2 (xz)}’ = cp(x*), Is = sz(x )’16 _@ (926 W

In the previous section, we found that, in system (3.1), the Hopf bifurcation appears at

7 = 19, Next we will apply the Riesz representation theorem to analyze a function 1(6, ).

L.p= /f dn(0,0)¢(0), for¢ e C,0¢€[-1,0]. (3.4)
In fact, we can choose
(0, 1) = (tV + 1)AS(0) - (9 + n)BS (O +1), (3.5)
where § is a Dirac-delta function. For ¢ € C([-1, 0], R?), define

40 0 € [-1,0),
Awp={ ¥ €10
f_l dﬁ(s; M)¢(S), 0=0,

and

0, 0 €[-1,0),
f(/'L! ¢)7 0 =0.

R(u)g =

Then, when 0 = 0, system (3.1) is equivalent to
X = A()xe + R(u)xs, (3.6)

where x,(9) = x(t + 6) for 6 € [-1,0). For v € C1([0,1], (R?)*), define

= s€(0,1],
A= "
[%dnT(t,00y(~t), s=0,
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and a bilinear inner product

0 p6
(W(S),¢(9)>=W(0)¢(0)—L s70@(%‘—9)0177(9)¢>(€)01%‘, 3.7)

where 1(6) = n(6,0). Denote A = A(0), then A and A* are adjoint operators. By Theo-
rem 2.1, we know that +iwyt? are eigenvalues of A.

; iwg —an —a 0
f“(_b oy )qw):(O),
21€ lwo — dyy

which yields

. T
4(0) = (L) = (1, M) .

a2

Similarly, it can be verified that g*(s) = D(l,a*)eis“’or(j) is the eigenvector of A* corre-

sponding to —iwot", where

By (3.7), we get

(4%(5),4(0) = D(L&) (1, a)" - / ’ / 9 D(1,a%)e 00 dy(0)(1, ) e de
a1 Je=o

0 .
21_)[1_,_0(%_/ (La_*)eeiéwor(l) dr](@)(l,()l)T:|
-1

=D[l+aa* + byartVe iwot! ].
Thus, we obtain

1

D= — —
1+ aa* + byartie-iwot"

such that (g*(s),g(6)) = 1. In the following, we will compute the coordinates which describe
the center manifold Cy at u = 0 by using the same notations as the ideas in Hassard et al.
[15]. Let x; be the solution of equation (3.1) when u = 0. Define

() = (q*, %), W (£,0) = x,(0) — 2Re[2(£)q(0)]. (3.8)
On the center manifold Cy,, we have
2

2
W(t,0) = W (z(£),2(£),0) = WzO(O)% + Wa(0)22 + Won(0) 5+,

where z and z are local coordinates for center manifold Cj in the direction of g and g. Note
that W is real if x; is real. We consider only real solutions. For the solution x; € Cy of (3.1),
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since u = 0, we have

Z=iwet"z + (g"(0).£(0, W (2(2),2(2),0) + 2Re[2(t)q(0)]))
= iwotz + 7 (0)f (0, W (2(2),2(£),0) + 2Re[2(£)g(0)])

=iw0T z+q( )fo(z,z) zwor +g(z,z) (3.9)

where
22 -2

22 =70)fs(2,2) = g20(9)—+g11(9)23+g02(9)%+“'- (3.10)

By (3.8), we have x,(0) = (x1:(0), %2, (0)T = W(¢,0) + zg(8) +zg(h), and then

+-e,

o | N,

2
z
x1,(0)=z+Z+ W;}))(O)3 + W(0)zz + W) (0)

2 =2
Va z
%:(0) = zat + Za + WZ%)(O)E + W2(0)zz + ng)(O)E $on,

N|NI'L

x1,(-1) = ze" 0™ 1 zgioo™” +Wé%3(—1>2 + W (-1)2z + W (-1)

2 =2
. V4 z
x2e(=1) = zae 0™ 4 Zgeio™” 4 W2<f)’(—1)E + WO 1)z + W(§§>(—1)E N

It follows together with (3.3) that

o o f(o)
£z2) = ¢ (0)fo(2,2) = DT (1, &%) ( f1<0) )
2

=D7¥ [—7,(0) = L1x1,(0)%24(0) — Lyx7,(0)x2,(0) — I3x3,(0) + - - -

+ o (L (=1)x2 (0) + Isg, (=1)2(0) + Loy, (=1) + -+ ) ].

Comparing the coefficients with (3.12), we have

€20 =2DtV[-1-ha - lza® + a_*(lz;oze’i“"”w + l6e’2i“’0’(j))],
gu =Dt -2 - L@ + &) - 2ls00 + &*[ls (aeiwof@ + @eiwot! ) +206]},
802 = 21_)7:(1) [_1 _ lla _ lgaz + E(l4aelw0‘r +1 eZza)or(/))]’

1) (2)
W (0 W, (0
20 ( )0[ + 20 ( )

g =2D7? {-(WQQ(O) +2w,(0)) - 11( W (0)e + Wf?(O))

L@ +20) - 13( D(0)a + 22 W (0))

2)
— Wy, (0) . Wy (-1 o
e |:l4 <%()elwof(] 202( )— WI(IZ)(O)e—tworU) + Wl(ll)(_l)a>

+15(e7%0 T 1+ 20) + I (2W, (~e 0 + Wz(},)(-1)e"w0fw)} }
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In order to determine gy, in the sequel, we need to compute W5 (0) and Wi;(6). From
(3.6) and (3.8), we have

AW —2Re{g*(0)foq(6)}, 0 € [-1,0),

W:x’t—éq—é_q= _
AW — 2Re{77(0)foq(®))} + fy, 0=0

£ AW + H(z,Z,0), (3.11)
where
z? z2
H(Z, Z, 9) = Hzo(@); + HH(Q)ZE + HOQ(Q)E + e (312)

Notice that near the origin on the center manifold Cy, we have

W = W,z + W3z, (3.13)
thus

(A -2itPwoI) Wao(0) = —Hao(0),  AWn(0) = —Hu (0). (3.14)
Since (3.11) holds, for 6 € [-1,0), we have

H(z%,6) = -q*(0)foq(0) - 4"(0)0q(0) = ~¢q(0) - gq(0). (3.15)
Comparing the coefficients with (3.12) gives

Hy(8) = —£209(0) — 80,9(9), H1u(6) = —guq(0) - g,4(0). (3.16)
From (3.14), (3.15) and the definition of A, we get

Wi (6) = 2itVwo Wao(6) + g204(0) +Z0,q(0)-
Notice that g(9) = q(O)ei’(j)“’Og. We have
3

g0 " 50, A s BT, (3.17)
0 0

Wi () =

where E; = (Eﬁl),Ef)) € R? is a constant vector. In the same way, we also obtain

igu
woTV

q(o)eitwwoﬁ + lglll Z](O)e—izq)woﬁ +E,, (3.18)

WII(Q) == m

where E; = (ES),E;”) € R? is also a constant vector. In what follows, we will seek appro-
priate E; and E;. From the definition of A and (3.14), we obtain

0
/ dn(6) Wao(6) = 207 w6 Wao(0) = Hao(0) (3.19)
1
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and

0
/ dn(6)Wha) = -Hu(0) (3.20)

where n(0) = n(0,0). From (3.11) and (3.12), we have

_ - —1—[1(1—[30[2
H0(0) = ~g209(0) — 80,9 (0) + 277 (l4ae—iwor(/) + lge~2iwot” (3:21)

and

-2-hL(@+a)- 20 ) ' (3.22)

Hy1(0) = —g11g(0) — 2,(0) + 279 7 G
1(0) = -gnq(0) - g,4(0) ( Li(@e ™ 4 geioo™) 1 2

Substituting (3.17) and (3.21) into (3.19) and noticing that

0 .
(iwor(j)l —/ eioot0 dn(@))q(O) =0
-1

and
(—ia)ot(’)l - / g iwoT”0 dn(e))q(O) =0,
-1
we obtain
o0 , 1 - ha - l5a?
iyt - oot dn®) |Ey, =279 : 3 )
0 o 1 Lo e—iw0r<1> +1, e—2iw0t(/) i
which leads to
Ziwo —an —ajiy E =2 -1- ll(x — 13012
_ —2iwg¥) . _ 1= —iwg ) —2iwgt¥) |
b21€ 2la)0 an» 14016 + 166
It follows that
E(l) _ 2 -1- 1106 — lgOlZ —ain
U 7Dy | Laeioor? o 166'2”"“(]) 2iwy — x|
(2) 2 2ia)0 —an -1- llOl — 30[2
El = —2iwg V) —iwgt!) —2iwgt¥) |’
Dl —b21€ 0 14,016 0 + 166 0
where
D = 2iwg —an —apn
! _b2le—2iwgr(/) 21a)0 —an) '

Similarly, substituting (3.18) and (3.22) into (3.20), we get

—aj; —aip E, =2 -2 - ll(a + (1) — 2[30[&
by —an ] T\ (@™ @iy o )
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Thus, we have

(1) 2 -2 - ll(ﬁ + Ol) — 2[30[5 —ajiy
E2 N gt | = —iwgr? ’
Dy |l (ae™0™ +ae™™0") + 2lg  —ay
(2) 2 —ai -2 - ll (E + Ol) - 2[30[&
E2 . iwot) | — —iwgr? ’
Dy | —by; Iy +@e ™ @07) + 2l
where
—a —a
D2 _ 11 12 .
by —axn

Firstly, we determine g9, g11, g02, then we can determine E; and E;. Next, we can deter-
mine Wy and Wj;. Finally, we can determine gy;. Thus it is easy to compute the following
values:

L& Re[c;(0)]

’ M2 =

i 2 1 2
c1(0) = ———( g20g11 — 2Igu1| —§|g02| 5 “Rep(0)]’

2wt

Im(c;(0)] + po Im[V'(z9)]
B wot?

Ty = , B2 = 2Re[cl(0)],

which determine the quantities of bifurcating periodic solutions in the center manifold at
the critical value %. Suppose Re{}'(z?)} > 0. 11, determines the directions of the Hopf
bifurcation: if 5 > 0 (< 0), then the Hopf bifurcation is supercritical (subcritical) and the
bifurcation exists for r > 7 (< t?). B, determines the stability of the bifurcation periodic
solutions: the bifurcating periodic solutions are stable (unstable) if 8, < 0 (> 0). And T, de-
termines the period of the bifurcating periodic solutions: the period increases (decreases)
if T, >0 (<0).

4 Numerical simulation
In this section, we make numerical simulations to examine the conclusion of the previous

sections. We might as well consider the following system:

®(8) = x(2) — x*(t) — V/x()y(2),

4.1
9(2) = —0.3y(t) + 0.54/x(t — T)y(2). “D

System (4.1) has a positive equilibrium E3(0.36, 0.384), and the characteristic equation
of system (4.1) at E is

22 +0.042 + 0.096e77 = 0. (4.2)

Next, we analyze the stability of the positive equilibrium E3(0.36, 0.384) with 7 increas-
ing by several figures.
(1) When 7 =0, from the Routh-Hurwitz criterion, it is obvious that E3(0.36,0.384) is
stable. This agrees with Figure 1.
Since —£, ¢ < 0, from Theorem 2.1, it is obvious that the positive equilibrium E3 of equa-
tion (4.1) is stable for t € [0, r,so)).
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Figure 1 The trajectories of system (4.1) with T = 0. The positive equilibrium E5 is asymptotically stable.
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0.3842}
‘?:_ 0.36 0.3842
x
0.3841}
0.3595 0.38411
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t 4 0.3841
x
0.3844 A
0.384 1 \J)
0.3842 038391
T 0.3839 |
0.384
0.3838|
0.3838 0.3838 ‘
0 100 200 300 400 . 0.3595 0.36 0.3605

t x1(t)

Figure 2 The trajectories of system (4.1) with 7 = 0.2. The positive equilibrium E3 is asymptotically stable.

Now, we will choose two appropriate values of t to verify.
From the discussion of Section 2, we get

p=0.0016, g=-0.0092,
(4.3)
z,=0.0951, ,=0.3084, ¥ =0.4417.

(2) When t =0.2, it is obvious that £3(0.36,0.384) is asymptotically stable (see
Figure 2).

(3) When 7 = 0.44, a periodic solution bifurcates from the equilibrium E3(0.36,0.384)
in Figure 3.
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Figure 3 The trajectories of system (4.1) with T = 0.44. A periodic solution bifurcates from the
equilibrium E5.

From the discussion of Section 3, we also get a series of data:

¢1(0) = -0.6538 + 0.0939;,

1y =0.0314, T,=-13628,  p,=-1.3076.

Since py > 0, By < 0, the bifurcating periodic solution from the positive equilibrium E}

is supercritical and asymptotically stable at T = g

5 Conclusion
In this paper, a predator-prey model with a time delay and square root response function
is considered. Taking the time delay as bifurcating parameter, the stability of the equi-
libria and the existence of Hopf bifurcation is discussed. It is shown that the stability of
T =1(0,0) and E} = (1,0) have not changed as the delay t increases. We have also obtained
the conditions at which system (1.2) undergoes a Hopf bifurcation at the positive equilib-
rium E3. By using the center manifold theory and normal form method, the direction and
stability of the Hopf bifurcation are determined. The results of our numerical simulations
are in agreement with the theoretical findings.
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