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1 Introduction

Fractional differential equations arise from the studies of complex problems in many engi-
neering and scientific as the mathematical modeling of systems and processes in the fields
of physics, chemistry, biology, economics, control theory, signal and image processing,
biophysics, blood flow phenomena, aerodynamics, fitting of experimental data. Fractional
differential equations are also an excellent tool for the description of hereditary properties
of various materials and processes.

Therefore, fractional order boundary value problems, fractional evolution equations,
impulsive fractional differential equations, fractional partial differential equations are
found to be of significant interest for many researchers [1-4]. The fractional order bound-
ary value problems are especially popular. Since recently, there are several kinds of bound-
ary conditions in the study of fractional order boundary value problem such as two-point,
multi-point, periodic/anti-periodic, nonlocal and integral boundary conditions. We can
see the details of several recent works on the subject in [5-9].

Another interesting field of recent research is the coupled system of fractional differ-
ential equations. It have been shown to be more accurate and realistic that have many
applications in real-world problems such as synchronization of chaotic systems [10-12],
anomalous diffusion [13], disease models [14, 15], and ecological models [16].
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In [17], the authors considered a nonlinear coupled system of Liouville-Caputo type frac-
tional differential equations:

*Dix(t) Zf(t»x(t)»y(t),cD"‘y(t))r te[0,1],
‘DPy(t) = g(t,%(8), “D7x(8), y(2)), ¢ €[0,1],

x(0)=Wi(p), X (O)=ey(w),  x()=ar [y y(s)ds+ by I ay(n),
y(0)=Wa(x), Y (0)=exx'(w),  y(1)=ay [5 x(s)ds + by Y17 Bix(ny),

where 2 < p,g<3,1<01,00<2,0<w; <wp <& <N <My <--- < Nya < 1. The existence
and uniqueness results were obtained by applying Banach’s fixed point theorem and Leray-
Schauder’s alternative. We recommend the reader a series of papers studying on the cou-
pled systems of fractional differential equations [18—-27].

Motivated by the above mentioned work, we consider the existence and uniqueness re-
sults for the following fractional order differential systems:

Dot u(t) + fi(t, u(e),v(t)) =0, t€(0,1),

(1.1)
Do3v(®) + ot u(t),v(®) =0, te(0,1),
with the coupled integral and discrete mixed boundary conditions:
w(0)=1/0)=0,  u@)=21, [ v(s)dAils) + X157 biv(oy), w2

v(0) =v/(0) =0, v) =", fg’ u(s)dA;(s) + Zl"zzz bu(o;),

where 2 < oy < 3, D% is the standard Riemann-Liouville fractional derivative of order oy,
k=1,2;0<§ <n; <1, Ais) is a nondecreasing function of bounded variation in [0,1],
i=1,2,...,m;0<0,<1,0;,>0,i=1,2,...,m—2.

We emphasize that the multi-strip and multi-point mixed boundary conditions in (1.2)
state that the value of the unknown function at the right end point ¢ = 1 of the given interval
is equal to the summation of the Riemann-Stieljes integral values of the unknown function
on the sub-interval [&;,1;] (i =1,2,...,n) plus the linear combination of discrete values of
the unknown functionon o; (i = 1,2,...,m — 2).

By applying Leray-Schauder’s alternative, Banach’s contraction principle and the fixed
point theorems of cone expansion and compression of norm type, the sufficient conditions
for the existence and uniqueness results to a general class of multi-strip and multi-point
mixed boundary value problem for a coupled system of fractional differential equations
are obtained.

2 Preliminaries
We present here the definitions, some lemmas from the theory of fractional calculus and
some auxiliary results that will be used to prove our main theorems.

Definition 2.1 ([1]) The Riemann-Liouville fractional integral of order « > 0 of a function
y:(0,00) = R is given by

o _L ! _ -l
(10+y)(t)_1"(a)/0(t ) y(s)ds, t>0,
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provided the right-hand side is pointwise defined on [0,00), where I'(«) is the Euler
gamma function defined by I'(«) = [;° t*~'e™ dt, for o > 0.

Definition 2.2 ([1]) The Riemann-Liouville fractional derivative of order @ > 0 for a func-

tion y: (0,00) — R is given by

* —# i [ Y 2
(DOer)(t)_F(n—a)(dt) _/Oy(S)(t s) ds, t>0,

where n = [o] + 1, provided that the right-hand side is pointwise defined on [0, 00). The
notation [«] stands for the largest integer not greater than «. We also denote the Riemann-
Liouville fractional derivative of y by D§, y(£). If & = m € N then Dfj’, y(¢) = y(¢) for t > 0,
and if o = 0 then D, y(¢) = y(¢) for ¢ > 0.

Lemma 2.1 Let o >0 and n = [a] + 1 for o & N; that is, n is the smallest integer greater

than or equal to . Then the solutions of the fractional differential equation D, u(t) = 0

0<t<l,are
u@) =ct® et t*™, O<it<l,
where ¢, ¢, ...,C, are arbitrary real constants.

Lemma 2.2 Let o > 0, n be the smallest integer greater than or equal tox (n—1< o < n)
and y € L'(0,1). The solutions of the fractional equation D%, u(t) + y(t) =0,0 <t <1, are

u(t) = T )/ (t—s)"ty(s)ds + it + -+ ", O<t<l,

where ¢, 3, ...,y are arbitrary real constants.

Now we derive the corresponding Green’s function for the boundary value problem

(1.1)-(1.2) and obtain some properties of the Green’s function.

Lemma 2.3 For x,y € L'(0,1), boundary value problem

Dotu(t) +x(t) = 0, Dg2v(t) +y(t) =0, te(0,1),
u(0) = u'(0) =0, ul)=3"7, V(s) dA(s) + Y12 biv(oy), (2.1)
v(0)=v(0)=0, v)=Y1, f s)dA(s) + Y17 bu(oy)

has an integral representation

u(t) = fol Ki(t,5)x(s) ds + fol Hi(t,5)y(s) ds,

1 1 (2.2)
v(t) = [y Ka(t,s)y(s)ds + [y Ha(t,8)x(s) ds,
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where

m-2
Ki(t,s) = gi(t,s) + 11 n [Z / alt,s)dA; (t)+Zbg1(0,,s):|

&

R (2.3)
Hi(t,s) = _” [Z/ ©(t,5)dA; (t)+Zb,g2 a,,s)}
lltaz—l i
1(2(t,S) g2 t S 1 1112 |:Z/ g2 t S dA Zbng(an :|!
" (2.4)
Ha(t,s) = _l 7 [Z f &t 9)dA®) + Zb,gl(ol, }
1 k1 =)l (t—s)% 1, 0<s<t<l,
a(t,s) = (25)
Tlew) | pst(1 - )1, 0<t<s<l,
n n; m-2
=) / e dA() + Y bio* T, k=1,2. (2.6)
i=1 Véi i=1
Proof From Lemma 2.2, we can reduce (2.1) to the following equivalent integral equations:
t t— a1—1
u(t) = - ix(s) ds + et 4 0ot + ¢t 73,
o Tla)
(2.7)
t (t _ S)a -

-1
Y(s) ds + ¢ %27 + €072 + cy3t®2 73,

ING?))

From u(0) = #/(0) = v(0) = v/(0) = 0, we have ¢1» = ¢13 = ¢33 = ¢23 = 0. Thus (2.7) reduces to

t—g)- -1
—Cutal 1 / ( ) dS,

(2.8)
V(t) taz,l / (t — S 0(2 -1 (s) s
=C — _— .
“ 0o T@) °
Using the right side boundary conditions of (1.2) and combining (2.8), we have
1
= ol Zf v(s)dA;(s Z biv(oy) | + / g1(t,5)x(s) ds,
0
(2.9)

n ni m-2 1
=2l dA; b;u(o; . ds.
w(t) = ¢ [X; /gi u(s) (S)+,z:1: u(a)]+ /0 &(t,9)y(s)ds

Then we can get

Z / v(t) dA;(t Z bv(o;)

n m=2
_ o(68)y(s)dsdA;(t) + Y bi | g2(01,5)y(s)d.
21:// (L, 8)y(s) ds Z / 2104, 8)y\s) as

- i m-2 n n; m-2
. [Z /g | taz_ldAi(t)+Zbioia2_1} [Z /g | u(t)dAi(t)+Zbiu(ai)j|, (210)
i1 Y& =) —~ J; c
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n ni m-2
> [ w0+ Y- buto
i=1 Y6 i=1
Zf /gl (t,8)x(s) ds dA;(t Zb / g1(04,8)x(s) ds
n i m— n ni m-2
+ [Z f 217 dA(E) + Zbiai“‘l:| [Z / v(t) dAi(t) + Zbiv(ai):|. (2.11)
-1 Vi i-1 -1 Y& i-1
Combining (2.6), (2.10) and (2.11), we get
n . m-2
> f ' V() dAi(t) + Y biv(or)
i=1 Y& i=1
n il m-2 1
= 1_11112 |:<ZXI: /; /(‘) go(t,8)y(s) dsdA;(t) + ;bi/o 220y, 8)y(s) ds)
n . m-2
+1 (X{‘ /E in /0 1 gl(t,s)x(s)dsdA,»(t)+;bi /0 1 21(03,5)x(s) ds):|. (2.12)

Similarly, we get
n ni m=2
> [ w0+ Y- buto
i=1 Vi i=1

1 n ni 1 m-2 1
= =L [(; /si /0 a1(t,5)x(s) dsdA;(¢) + ;bi/() g1(01,8)x(s) ds)
m-2
+h (Z / / ©(t,5)y(s) ds dA;(t) + Zb / (05,9)(s) ds)] (2.13)

where i (k =1,2) is defined by (2.6). From (2.9), (2.12) and (2.13), we have

totl—l

n i pl m—2 1
A (; /;i /0 gZ(t’S)y(S)deAi(t)"';bi/O 22(03,8)y(s) ds)
o1-1 i
+ 5251112 (Z/j / g1(t,8)x(s) ds dA;(t Zh / g(o,s x(s)ds)
1
+ /0 g1(t, s)x(s) ds
1
:/0 g1(t,8)x(s) ds + 11 talllz / ds(Z/ a1(t,s)dA;(t) + Zb,gl cms))

o= -1

T / y(s)ds(Z / &(t,s)dA; (t)+ZbLg2(a,,s)>

- / Ki(t,s)x(s) ds + / H(t,5)y(s) ds,
0 0

u(t) =
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ay-1 n il m=2 1
W(t) = t_(ZI: /&" /0 gl(t,s)x(s)dsdAi(tHZ:b,- /o gl(a,-,s)x(s)ds>

1-hLi,
an—1
llflllz (Z/ /gzts (s)dsdA;(t Zb / 22(03,8)y(s) d. )
1
) d.
+ /0 &(t,8)y(s) ds
! L
=f0 &(6,8)y(s)ds + 1 talllzf ds<Z/, &(t,s) dA(¢ Zblgg s )
o2l 1 n ni m—
+ 1_1112/0 x(s)ds(; L ai(t,8)dA;(t) + ;bigl(o'i,s))

1 1
=/ I(z(t,s)y(s)ds+/ Hy(t, s)x(s) ds.
0 0

This completes the proof of the lemma. d

Lemma 2.4 Let V(¢) = t%7 (1 - ), ox(£) = (1 = £)% ¢, for t € [0,1], k = 1,2. The function

g«(t, s) defined by (2.5) has the following properties:
(1) gx(2,s) is continuous for (t,s) € [0,1] x [0,1] and gi(t,s) > 0 for t,s € (0,1);

(2) Yr(O)r(s) < T(er)ge(t,s) < (ax — L)ei(s) for t,s € [0,1];
(3) Vk(®)i(s) < T(ax)gk(t,s) < (ax — 1) (2) for t,s € [0,1].

Proof (1) The continuity of g is easily checked.
(2) For 0 <s <t <1, wehave

T(@)gi(t,s) = 14711 - ) = (¢ - 5)*

t(1-s)
= (g — 1)/ X2y
t—s

< (ax = D2 (1= )2 [(¢ — t5) - (£ — 5)]
= (ax - D)2 (1 = 5)*2(1 - t)s

< (-1 -5)**(A-5)s

= (o = D (s),

T (o )gi(t,8) = £ (1 = )™ — (£ — 5)*!
= %21 = )2 (t — ts) — (£ — )% 2(¢ —5)

> (21— 5)2[(¢t — ts) — (£ 5)]
= t%2(1 — §)%*2(s — ts)
> (1 — )% 2(s — ts)t**2¢(1 — s)

= Y (B)pi(s).
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For 0 <t <s <1, wehave
T () g (t, ) = %711 — )% = 221 — 5)* ¢
< (-1 -9)™"s
= (orx — 1)er(s),
T (o)gi(t,s) = £ (1 — )1 > (1 - £)(1 - 5)% s

= Yr()x(s).

(3) We just need to prove the right end of the inequalities. For 0 <s <# <1, we get

(o) gi(t,s) < (g — D)tk 2(1 - 5)* (1 — t)s
< (o — D21 - 8)¢

= (o = D).
For0 <t <s<1,weget

T (ax)gr(t,s) = £ (1 - )% < %711 -)
< (o =D (1~ 5)
< (e = D1~ 1)
= (o = D).
This completes the proof of the lemma. O

Denote

by

01= m[Z/ Yy (8) dAs(¢) + Zh 1/,1((,!:|

1

0= ST Z/l U () dA; (t)+Zb Y2 (07)

h

03 = m / Vo () dAs(E) + Zb Y2 (0y) }

1 noon n2
%= Fal- ) Z J, vioansere bt

p= Z/ dA(Hmfb
['(01) —1112 = vl
@1 dA(t b;
7= M- hb) Z/ (“Z’

(6%) -1 ll " i 2
P = T [l+ Ti (; /g dA(t) + Zb,ﬂ,

L i=1
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pi F(Oﬁ)(l—hlz)[ & dA““Zbl}’

0= min{Ql: 02,03, Q4}r pP= max{pl, 025 P35 IO4}

Lemma 2.5 For (¢,s) € [0,1] x [0,1], the functions Ki(¢,s) and Hy(t,s) (k = 1,2) defined by
(2.3) and (2.4) satisfy the following results:

(1) Ki(t,s) and Hy(t,s) are continuous, Ki(t,s) > 0 and Hy(t,s) > 0;

(2) ot gi(s) < Ki(t,8) < pga(s);

(3) 0t pa(s) < Hi(t,8) < pa(s), 0t* i (s) < Ha(t,5) < per(s);

(4) Hi(t,s) < pt*c™!, Ki(t,s) < pt!,

Proof The continuity of Ki and Hy (k =1,2) is easily checked. According to the property
(2) of Lemma 2.4 and (2.3), we have

0111

Ki(t,s) =g(t,s)

[Z / alt,s)dA(t Zblgl(a“s)i|

lzt“‘ ! / V1D ls) <P1 V(o)) ei(s
dA )+ b—————=
1 1112|: ( ) Z F( 1)
=01t i (s),

(1 —Dei(s) Lt [ S [ (o = Deu(s) 22 (- Deils)
Kilt,s) < —— 20 4 2 [Z/S lr(—l +Zb,;]

[ (a1) 1-hl o) l I'(a1)
o 1 l m-2 m-2
<2 |14 2 " dA) + b;
< mm[ A Zl | A0 Zl ¢i(s)

= p11(8),

1-1 n n; m-2
iy 12 |:12=1: /E,' gZ(t’ S) dAi(t) + ;bigz(di,s):|

Hl(tvs) = 1

e T Ya(Dga(s) &K, V2(0)ea(s)
= 1-hi, |:121: & F(Olz) dA {8} + Zbl (o) :|

o1-1

=02t @a(s),

and

ni _ m-2 _
Hi(t,s) < o 1112 [Z/ (a2 = D)gs(s) A,(t)+2bi%:|

T i=1

Oy — 1 - i -
e [Zl /s | dA(8) + ;b,} 2(s)

= P2a(s).
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Similarly, from the property (2) of Lemma 2.4 and (2.4), we get

03t7 03 (s) < Ko (,5) < p39a(9),

Q4tu271§01(s) < Hz(t,s) = ,04@1(8).

On the other hand, according to the property (3) of Lemma 2.4 and (2.3), we obtain

1= -1
Ki(t,s) = g(t, s) [Z / ailt,s)dA;(t) + Zbgl(a,,s):|

&i

ZtH / wl(t)dA(mwal o)
@ )
o —1 - 1 It 1-1
EF(a1)|:t —1112(2/ dA( t)+2b>:|

[Z / o(t,s)dA(D) + Zbng a,,s):|

&i

(=Dt [ =, w
fm[z / 271 - 1) dA(D) + Y bio; (l—o,»):|

&i i=1
P (ag — 1)zt Z/ dA(t)+Zh = oyt
2
[ ()1 - hLlp)
Similarly, from the property (3) of Lemma 2.4 and (2.4), we get
K (t,s) < p3t™2 7, Hy(t,s) < pat®7L.
This completes the proof of the lemma. g
Remark 2.1 From the Lemma 2.5, for £, 7,s € [0,1], we have

Ki(t,s) > ot Hy(z,s),  Ka(t,s) > wt™>'Hi(z,s),
Hi(t,s) > ot Ky (1, 9), Hy(t,s) > ot Ky (1,5),

Ki(t,s) > wt*'K;(z,s), Hi(t,s) > wt“'H(t,s),

wherew:%and0<a)<1.

Lemma 2.6 (Leray-Schauder alternative) Let F : E — E be a completely continuous oper-

ator (i.e., a map that restricted to any bounded set in E is compact). Let
e(F) = {x €E:x=AF(x),0<A< 1}.

Then either the set ¢(F) is unbounded, or F has at least one fixed point.
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Lemma 2.7 Let X be a Banach space, and let P C X be a cone in X. Assume 1, Q2 are
open subsets of X with 0 € Q; C Q1 CQy,andlet S:P— Pbea completely continuous
operator such that either

@ ISwll < liwll, we PNy, ISwll = lIwll, w € PN 32, or

(b) ISwll = llwll, we PN a2, ISwll < [wll, w € PN L.
Then S has a fixed point in PN (2 \ Q).

Let us introduce the space X = {u(t) | u(t) € C[0,1]} endowed with the norm |u| =
maxepo) |#(¢)|. Obviously (X, || - ||) is a Banach space. Also let Y = {v(¢) | v(¢) € C[0,1]}
endowed with the norm ||v|| = max;cjo1 |v(¢)|. The product space (X x Y, ||(x,v)]|) is also
a Banach space with the norm ||(, v)|| = ||| + ||v]|.

In view of Lemma 2.3, we define the operator 7: X x ¥ — X x Y by

(T
T = (Tz(u, v)(t)) ’
where
1 1
T1(u,v)(2) :/ Ky (8,5)fi (s, uls), v(s)) ds+/ H(t,9)f2 (s, u(s), v(s)) ds, (2.14)
0 0
1 1
To(u,v)(t) = /0 Ky (t,s) 2(3, u(s),v(s)) ds + /0 H,(t,s)f (s, u(s),v(s)) ds. (2.15)

Lemma 2.8 The operator T : X x Y — X x Y is completely continuous.

Proof By continuity of the functions f; and f, the operator T is continuous.
Let 2 C X x Y be bounded. Then there exist positive constants A; and A, such that

Lfl(t,u(t),v(t))| <A, [fz(t,u(t),v(t))| <A,;, V(u,v)eQ.

Then, for any (4, v) € 2, we have

1 1
T3 ,)(0)] < |As / Kit,9)ds + 4, / Hi(t,s)ds
0 0

< A1pt + Ay ptr!

= p(A; + Ayt
which implies that
| T1(u,v)|| < p(A1 +Ay).
Similarly, we get
T2, )| < p(A; + Ay).

Thus, it follows from the above inequalities that the operator T is uniformly bounded.
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Next, we show that T is equicontinuous. Let #, t; € [0,1] with £ < £,. Then we have

| T1 (u(t2), v(t2)) — T (u(tr), v(tr))|

<A +A

/l(Kl(tz»S) —Ki(t1,5)) ds
0

1
/o (Hl(tZrS) - Hi(t1,s)) ds|.

Analogously, we can obtain

| T (u(82), v(t2)) — T (u(tr), v(t1))|

<A

1
/0 (Ha(t2,) — Hy(t1,9)) ds

1
+ A2 / (I(z(tz,s) — I(z(tl,s)) ds
0

Therefore, the operator T'(u,v) is equicontinuous, and thus the operator T'(u,v) is com-
pletely continuous. O

3 Existence and uniqueness results
Let us introduce the following hypotheses which are used hereafter.

(H;) Assume there exist real constants u;, A; > 0 (i =1,2) and g, Ag > 0 such that Vu; €
R, i=1,2, we have

Vit ur, 12)| < g + pualuas | + paalual,

Vot w1, 12)| < Ao + Mafu| + Aalus).

(Hy) Assume that f;,£ : [0,1] x R? — R are continuous functions and there exist con-
stants m;, n;, i = 1,2 such that, for all £ € [0,1] and u;,v; € R, i=1,2,

Vit 1, 1) = fi(&, v, va) | < s = vi| + ma|us — va,

Vot 1, u2) = fo (6, v1,v2)| < mluy — wil + maluy — val.
For the sake of convenience, we set

M:min{1—2p(m+A1),1—2p(M2+A2)}. (3.1)
The first result is based on Leray-Schauder’s alternative.
Theorem 3.1 Assume that (Hy) holds. In addition it is assumed that

2p(p + A1) <1, 20(p2 + A2) < 1.

Then the boundary value problem (1.1)-(1.2) has at least one solution.

Proof It will be verified that the set ¢ = {(,v) € X x Y | (4,v) = AT(4,v),0 < A <1} is
bounded. Let (4, v) € ¢, then (4,v) = AT (u,v). For any ¢ € [0,1], we have

u(t) = AT1(u, v)(2), v(t) = AT (u, v)(2).
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From (H;), we have

|u(8)] = [AT1 (e, v)(@)| < | T2, v)(2)|

< ot (po + palluell + pallvll + ko + Axlluell + Aallv]l)
and
V(0] = [A T2, v)(0)| < | Ta(u, v)(2)|
< pt* (o + pmallull + oIVl + o + Aallell + Az |lv])).
Hence we have
lull < p(po + palluell + pallvll + 2o + Axllull + 22 |IVIl),
VIl < o (o + malluell + oVl + Ao + Aallell + A2 IvIl),
which imply that
lleell + 1] < 20 (peo + Ao + (ua + A luell + (g + A) V1)
Consequently,

2p0(uo + Ao)
|G| < —

for any ¢ € [0,1], where M is defined by (3.1), which proves that ¢ is bounded. Thus, by
Lemma 2.6, the operator T has at least one fixed point. Hence the boundary value problem
(1.1)-(1.2) has at least one solution. The proof is complete. a

In the second result, we prove existence and uniqueness of solutions of the boundary
value problem (1.1)-(1.2) via Banach’s contraction principle.

Theorem 3.2 Assume that (Hy) holds. In addition, assume that
20(my +my + 1y +1y) < 1.
Then the boundary value problem (1.1)-(1.2) has a unique solution.
Proof Define sup,(o1;/i(£,0,0) = N1 < 00 and sup,(g 1, /2(¢,0,0) = N3 < 0o such that

e 2p(N1 + N»)
T 1-2p(my +my +m +13)

We show that TB, C B,, where B, = {(u,v) € X X Y : ||(u,v)|| < r}. For (u,v) € B,, we have

1
| Ty (u,v)(2)| = max / Ki(,9)|fi (s, u(s), v(s)) = i(s,0,0)| + |fi(5,0,0)| ds
0

<t<1

1
+ / Hi(t,5)|fs (5, 4(5), vS) —3(5,0,0)] + [fa(5,0,0)| ds
0
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< ot (ml|ull + ma VI + Ny + m|ull + ma[[v]| + Na)

< p[(my + my)r + (1 + my)r + Ny + N .
Hence
| T v) | < p[(m1 + Mz + 1y + m2)r + Ny + Na .
In the same way, we obtain
| T2(,v) | < p[(m1 + M3 + 1y + m2)r + Ny + N .

Consequently, || T(u, v)|| <.
Now for (u3,v3), (41,v1) € X x Y, and for any ¢ € [0, 1], we get

| Ty (2, v2)(8) = T (w1, 1) (2)|
1
;AKN@M@mwmmwﬁ@mww@ﬂ@

1
+/Hﬁwm&mwww%ﬁ@m@m®ﬂﬁ
0

< pt* 7N (my|ua — wr| + ma|vy — vi| + milug — wr| + ma|vy — 1)
< p[(my + m)|uz — wr|| + (mz + m3)[|va — v ]

< p(my +my + my +m)(luz —ur|| + va = nil)),

and consequently we obtain

| T2 (12, v2) = Ta(ur, v1) | < p(my + my + 1y + 1) (la — || + [|v2 = 1 ]). (3.2)
Similarly,

| T2 (w2, v2) = Talur,v1) | < p(my + my + 1y + 1) (lua — || + [[v2 = val). (3.3)
It follows from (3.2) and(3.3) that

T (w2, v2) = T(ur, ) || < 2p(my + my + my + m3) (|2 — || + [|v2 = mal).

Since 2p(m; + my + m + np) <1, T is a contraction operator. So, by Banach’s fixed point

theorem, the operator T has a unique fixed point, which is the unique solution of problem
(1.1)-(1.2). This completes the proof. a

Remark 3.1 In the case that the left parts of boundary conditions (1.2) are also the multi-
strip and multi-point mixed boundary conditions, the existence and uniqueness conclu-
sions could be obtained by using the definition of the Caputo type fractional q-derivative.
This might be our forthcoming work.

Page 13 of 23



Cui et al. Advances in Difference Equations (2017) 2017:224

Example 3.1 Consider the following fractional boundary value problem:

2.5
D0+u(t) 8(t+2)2 M(t)

D3(t) = o= sin(27
u(0) =4/(0) =0,
v(0) =v'(0) =

where

A1(2) = 0.5¢, & =

A(t)=08t &=

+ 35 sinv(f) + 1,
u( )) V() +

ul) =7, ; V(s) dA(s) + Y7 biv(oy),
v(l) = Zl 1 e " u(s) dA;(s) + Zl L biu(oy),

3 b 1 1
) = = o1=o,
m 3 153 1=3
7 2 2
) = b = =5
M2 3 2 3 02 3

Then considering the condition (H;)

m(t1x17x2)| <1+ l|xl| + i|x2|,
- 32 32

We get i = 35, 12 = 55, At

= %, Ay = % As for the condition (H,)

1
[t w1, u2) = fi(t,v1,v2)| < —|M1 us| + §|V1 - 1al,

32

1 1
ot w1, 1u2) = fo (8, v1,v2) | < §|M1 | + —=v1 —val.

1 1 1
Wegetmlzs—Z,mz=3—2,n1=3—2,n2=

32

2
15
= dA(t b ) | ~ 33559,
pL=1p3 I‘(2.5)|: 1- 1112<Z/ +21: )}

p2=pa= r(25(1-1112 [Z/ dA(t)J'Zb}wn%

with

1_12_2/ £° dA(t

b.a}5 ~ 0.5734.

=1

Then p = max{p1, P2, p3, P2} =~ 3.3559. Therefore,

20(py + A1) 204194 < 1,

p(g +Ap) 204194 < 1.

%. By simple computation, we have

Page 14 of 23

(3.4)

By Theorem 3.1, the coupled boundary value problem (3.4) has at least one solution. We

also have

20(my +my + 1y +1y) X

By Theorem 3.2, the coupled boundary value problem (3.4) has a unique solution.

0.8390 <1.
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4 Existence and uniqueness results of a positive solution

In this section, X is the same Banach space as the space defined in Section 3. Denote

P= {(u, V) eX:u(t) > wt! || (u,v)

JV(8) > et ” (u,v)

,te(0,1]},

where o is defined in Remark 2.1. It can easily be seen that P is a cone in X. For any real

constants r and R with 0 < 7 < R, define
P, = {(u,v) epP: ||(u,v)|| <r}, Py = {(u,v) eP:r< ||(u,v)|| SR}.

In what follows, we list the following assumptions for convenience.
(Hs) f1 : [0,1] x [0,00) x [0,00) — [0, 00) is continuous, fi(£, 4, v) is nondecreasing in u
and nonincreasing in v, and there exist two constants 6y, %, € [0,1) such that

Kfi(t, u,v) <fi(t ku,v),

(4.1)
filtyu,kv) < kit u,v),  Yu,v> 0,k € (0,1).

(Ha) f2:[0,1] x [0,00) x [0,00) — [0, 00) is continuous, f5(¢, , v) is nonincreasing in u
and nondecreasing in v, and there exist two constants 6,9, € [0,1) such that

K%2f(t, u,v) <fo(t, u, kv),

fot,ku,v) < k™26 (t,u,v), Yu,v>0,x €(0,1).

(Hs) The following inequalities hold:

1 1
0< f P1(8)fi (s, 1,8™7") ds < +o0, 0< / @2 ()fa (5,517, 1) ds < +00,
0 0

where ¢; and ¢, are defined in Lemma 2.4.

Remark 4.1 From assumptions (Hsz) and (Hs), we have

fi(s 5“2_1,1) <A(s1, 5“2_1), (s 1, s"‘l_l) <f (s,s"‘l_l,l).

This together with (Hs) yields

1

1
0 </ o1(s)fi(s,5*271,1) dsf/ @1()fi(s,1,527") ds < +00,
0 0

1 1
0< / v2(8)fa (s, 1,3“1_1) ds < / <p2(s)f2(s, s"‘l_l,l) ds < +00.
0 0

Remark 4.2 The inequalities (4.1) and (4.2) imply that

filt,ku,v) < Kelfl(lf, u,v), filt,u,v) < /cﬂlfl(t, u,kv), Vu,v>0,k€(1,00); (4.3)

falt,u,kv) < Kezfz(t, u,v), folt,u,v) <k2f(t,ku,v), Yu,v>0,k € (1,00). (4.4)
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From the above assumptions (Hs), (Hs) and (Hs), for any (&, v) € P\ {(0,0)}, define the
operator T : P\ {(0,0)} — P introduced by (2.14) and (2.15). Obviously, (&, v) is a positive
solutions of the boundary value problem (1.1)-(1.2) if and only if (i, v) is a fixed point of T
in P\ {(0,0)}.

Lemma 4.1 Assume that (Hs)-(Hs) hold. For any 0 <r <ry < +00,T : Py ) = Pis a

completely continuous operator.
Proof For any (u,v) € P\ {(0,0)}, we can see that

w11 ”(u’ V) ” <u(t) < ” (z,v)|,

(4.5)
ot ] 0 < [, te o
Let x > 1 such that ||(«, v)||/k < 1. From (H3), (Hs), (4.3), (4.4) and (4.5), we have
Al (@), v(0) <t e, 0t |w)]) < 6" (“ b Mt)
<k (0| (u,v) H)_ﬂlfl (L1627,
(4.6)

Htu®),v(0)) <fot 0t (w,v)

k) < Kk%f (t, L'(Z’ 2l gl 1)

=% ) ) (o £71).

Hence, for any ¢ € [0,1], by Lemma 2.5 and (4.6), we get

1 1
Ty (u, v)(¢) = / Ki(, )fi (s, uls), v(s)) ds + / H, (&, 9)fa (s, u(s), v(s)) ds
0 0
-
< ,0</<91+’91 (w” (u,v) ||)_ ! / w1 ()fi (s, 1, s"‘z_l) ds
0

1
R (a)H (u,v) ”)7192 /0 ©2(8)fa (S, sl 1) ds)

< +00,

1 1
To(u,v)(2) = / Ks(t, 9)fa (s, u(s), v(s)) ds + / Hy(t,)fi (s, u(s), v(s)) ds
0 0
o [
< ,0(/(91“91 (w”(u, V) ||)7 ! /0 @1(s) 1(5, 1,3“2_1) ds

1
+ k72472 (o (u, v) ||)_ﬂ2 f P2(8)fo (s,57,1) ds)
0

< +0Q.

Together with the continuity of Ki(t,s) and Hi(t,s) (k = 1,2), it is easy to see that Tj €
Cl[0,1]. Therefore, T : P\ {(0,0)} — P is well defined.



Cui et al. Advances in Difference Equations (2017) 2017:224 Page 17 of 23

For any (u,v) € Py, 1, and t, T € [0,1], by Remark 2.1, we obtain

1

1
Ty (u, v)(¢) = /0 Ky (&, 9)fi (s, uls), v(s)) ds + /0 H, (&, 9)fs (s, u(s), v(s)) ds

1

1
> / ot K (T, )R (s, u(s), v(s)) ds + / ot Hy (1, 5)f (s, u(s), v(s)) ds
0 0

=t Ty (u, v)(7),

1

1
Ty (u, v)(¢) = /0 Ki(, 9)fi (s, u(s), v(s)) ds + /0 H, (&, 9)f>(s, u(s), v(s)) ds

1

1
> / ot Hy(1,5)fi (s, u(s), v(s)) ds + / ot 7 K (1, 5)f (s, u(s), v(s)) ds
0 0
=t Ty (u,v) (7).
Then we have

T1(u,v)(t) > 0t | Ty(u,v) |,

Ty (u, v)(t) > wt™! || Ty(u,v)

1
Ty (u,v)(2) > Ewt‘”"l | T2 (s, v), To(, v)||.
In the same way, we can prove that

Ty (u, v)(£) > wt*?™ || T5(u,v)

, Ta(wv)(t) > 0t Tu(u, v)

To(u,v)(t) > %wt"‘z‘1 | T2, v), To(u, v)|.

Therefore, we have TPy, ,,j € TP. Further T : Py, ., — P is completely continuous com-
bining with Lemma 2.8. 0

Theorem 4.2 Assume that (Hs)-(Hs) hold. Then the boundary value problem (1.1)-(1.2)
has at least one positive solution (u*,v*), and there exists a real number 0 < § < 1 satisfying

St < ¥ (8) < 571, st <y (p) <8712l telo,1].
Proof First, we show that the boundary value problem (1.1)-(1.2) has at least one positive

solution.
There exists a positive constant ¢ satisfying 0 < ¢ <1 - ¢ < 1. Choose r and R such that

1 ! =
O0<r< min{ (—Qc“1‘1w91 / vi1()A (s,s"“_l, 1) ds) , = },
2 ) 4
o [
R> max{ (E / @1(6)fi (s, 1,5%7") ds
0

1 l—maxl(H BT 1
+ B/ (pz(s)fg(s,s‘)‘l'l,l) ds) o ,—,1}.
2 0 w

For any (u,v) € 9P,, we have

rot ™ <u(t) <r, rot <v(t)<r, tel0,1]. (4.7)
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By Lemma 2.5, Remark 4.1, (H3) and (Ha), for any (u,v) € 9P,, we get
1 1
T1(u,v)(t) = / Ki(t,s) 1(5, u(s), v(s)) ds + / H,(t,8)f> (s, u(s), v(s)) ds
0 0
1 1
> / Ki(, )fi (s, u(s), (s)) ds > gt / o1 ($)fi (s, rewos™ ™, r) ds
0 0

1
> oc Hrow)? / 1(s) l(s, sl 1) ds
0

>2r= || (u,v)

, fortelcl-cl.
Similarly, we can get T5(u, v)(¢) > ||u, ||, for ¢ € [¢,1 — c]. This guarantees that

| 7w = |G v)

,  Y(u,v) € dP,. (4.8)
On the other hand, for any (&, v) € 9Pz, we have
Rt ™t < u(t) <R, Rot?> <v(t) <R, tel0,1].
By Lemma 2.5, (H3)-(Hs), (4.3) and (4.4), for any (&, v) € 9Pg, we get
1 1
T1(u, v)(t) = / Ki(8,5)fi (s, u(s), v(s)) ds + / H,(t,8)f> (s, u(s), v(s)) ds
0 0
1 1
< p[ o1 (s,R, Ra)s"‘z’l) ds + p/ o(8)fa (s, Ra)s"l’l,R) ds
0 0
1 1
< pR* / @ (8)fi (s,1,5°27") ds + pR” / @2(s)fo (5,571, 1) ds
0 0

1 1
< pRM¥x{t1.62} ( / @1(8)fi (s, 1,87 ") ds + / P2(8)fo(s,57,1) ds)
0 0
<2R= ”(u,v)“.
In the same way, we have T (i, v)(¢t) < 2R = ||(&, V)|, for all (&, v) € dPg. So we have

|7 =[G v)

,  Y(u,v) € 0Pg. (4.9)

By the complete continuity of T, (4.8), (4.9), and Lemma 2.7, we find that T has at least a
fixed point (u*, v*) € P,z Consequently, boundary value problem (1.1)-(1.2) has a positive
solution (u*,v*) € Py.g).

Next, we show there exists a real number 0 < § < 1 satisfying

St < ¥ (g) < 571, st l < v (p) <871l telo,1].
From the Lemma 4.1, we know (u*,v*) € P\ {(0,0)}. So, we have

o )] < © < ()], telon)

o )| <90 < ()

, te][0,1].
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Choose «, such that ||(#*,v*)||/k <1, k > 1/w. By Lemma 2.5, (H3) and (Ha), for ¢ € [0,1],

we have
1 1
u*(t) = / Ki(6: )i (s, 4" (), v*(s)) ds + / Hi(t, 8)f>(s, u*(s), v¥(s)) ds
0 0
1 1
< / Pt i (s, 0, 08™2 7| (u*,v¥) ) ds + / Pt o (s, 05| (u*, v¥)
0 0

1 k% 1 * ok
< ptm—l (/ fl(sﬂfr Msazl) ds + / fz<s’ Msml,/c) ds)
0 K 0 K

1
<ot (e o)) [ i) as
0

,K)ds

1
4 P02 (w” (u*,v*) ”)7192 / ﬁ(s,sal—l’l) ds)
0
1
< ptat (Kel*ﬂ‘ (2wR)™ / Als, 1,3“2’1) ds
0

1
+ k292(2R) 2 / fo (s, a7y 1) ds).
0

In the same way, for ¢ € [0,1], we also have
1
vo2 e (e or [ (s
0
1
+ K92+r92 (sz)—ﬁz / _fZ(S;Sa]_l,l) ds).
0
Choose
1
b= min{wr, (pereory [ o182 s
0

+ p 22 (20R) ™ /01f2 (S, s L 1) ds) _1, 1 },
combining with (4.7), we have
St < ¥ (g) < 571, st l < v (p) <8717l telo,1].
This completes the proof of Theorem 4.2. d

Theorem 4.3 Assume that (Hs)-(Hs) hold. Furthermore, assume 0, + 91 < 1 and 0, +19, < 1.
Then boundary value problem (1.1)-(1.2) has a unique positive solution on [0,1].

Proof Assume that the coupled boundary value problem (1.1)-(1.2) has two different posi-
tive solutions (u1,v1) and (uy,v;). By Theorem 4.2, there exist 0 < §; <1and 0 < §; < 1 such
that

St <y () <87, s <wi() <871, te(0,1],

St Sup() <81, 5T < wy(0) <8517, £ e[0,1].
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Further, we have

81821 () < i (2) < (8182) ' (t), te€[0,1],

818:v(8) < wi(8) < (8182) 'wa(8), £ €[0,1].
Obviously, one has §;5; # 1. Put

A = sup{8: 8uz(t) < u(£) < 87 un(2), 8va () < wi(t) < 87'va (), € [0,1]}.
It is easy to see that 0 < 8,8, < A <1, and

Auy(t) () < Aup(t),  Ava(t) <vit) < A7'wa(e), te0,1]. (4.10)
By (H3), (H4) and (4.10), we get

(6 m(@,m(®) = At Aus(t), Ao (2) = A1 (8 un(8), va (1))
= Aoﬁ (t) us (t)¢ VZ(t));
So(t, (), v1(0)) = fo (8, A un(8), Ava(2)) = A% £y (8, (2), v (1))

> Ao (8, ux (2), 2 (1)),

(4.11)

where o = max{6; + ¥1,60, + ¥} such that ¢ < 1. Similarly, by (Hs), (H4) and (4.10), we have

Fi(tua(0), va(0)) = fi (6 A (), A7 i (2)) = AN (8, 11 (2), 11 (£))
Z Aafl (tr ul(t)) Vl(t)):
fo(t,ua (@), va(8)) = fo (8 A" (8), Ani(2)) = AP P25 (8, 1 (8), 11 (2))

> A% (6, m(2), n(9)).

(4.12)

From (4.11), for ¢ € [0,1], we have
ui(t) = T1(ur, vi)(t)

1 1
:/0 Ki(t,9)fi (s, u1(s), va(s)) ds+/0 Hi(t,8)fs (s, ur(s), vi(s)) ds

1

1
> / Kults ) A Fi (5, 145(6), vas)) s + / Hy(t,5) A% (5, 142(5), vas)) s
0 0

= A% T1(u2, v2)(2) = A%uy(2),

vi(t) = To(u1, v1)(2)

(4.13)

1 1
= /0 Ko(t,8)fa (s, ua(s), va(s)) ds + /0 Hy (8, 8)fi (s, u1(5), vi(s)) ds

1

1
> / Ks(t, ) A fa (s, ua(s), va(s)) ds + / Hy(t,5) A fi(s, ua(s), v2(s)) ds
0 0

= A7 T (u2,v2)(8) = A%ws ().
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Similarly, from (4.12), for ¢ € [0,1], we have
uy(t) = T1(uz,2)(2)
1 1
= /0 Ki(t, s)h (s, us(s), vz(s)) ds + /o Hi(t,s)f> (s, us(s), vz(s)) ds

1 1
> / Ky (£,8) A% fi(s, u1(s), v1(s)) ds + / Hi(t,8)A° fo(s, u(s), v1(s)) ds
0 0

= A% Ti(u, m)(2) = A%ui (8),
(4.14)
va(t) = T (2, v2)(2)

1 1
= / Ky (t,5)f (s, us(s), vz(s)) ds + / H, (¢, 5)fi (s, us(s), vz(s)) ds
0 0
1 1
> / Ko (t,8) A% f (s, u1(s), vi(s)) ds + / H;(t,8) A% fi (s, 11 (), v1(s)) ds
0 0
= A7 Ty(u1, v1)(t) = A7vi(2).
Combining (4.13) and (4.14), we can obtain
A () <m(®) < (A7) "), AT vt < (A7) v, tel0,1].
Noticing that 0 < A, 0 <1, we get to a contradiction with the maximality of A. Thus, the
boundary value problem (1.1)-(1.2) has a unique positive solution (x*, v*). This completes

the proof of Theorem 4.3. g

Example 4.1 Consider the following fractional boundary value problem:

2.5 Vu@+l
Do, )& + i e ~

(D3EV)(0) + 20

e u) ~ (4.15)
w0)=u'(0)=0,  u@) =31, [ v(s)dAis) + X, bivlen),
v(0)=v(0)=0,  v() =37, [ uls)dAs) + 31 biuloy),
where
1 3 1 1
Al(t) = OSt’ 51 = g’ n= g! bl = g: o1 = g:

7 2 2
t =0,8t, = 5 = -, b = -, = —,
Ax(2) & n2 3 2 3 (o)) 3

co| Ut

Obviously, we have oy, o = 2.5. We have

Ju(t) +1 Jv) +1

Sfilt,u,v) = 2 0D foltyw) = Q2-0Wul +1)

Itis easy to see that f; : [0,1] x [0, 00) X [0, 00) is continuous, fi (¢, 4, v) is nondecreasing in u
and nonincreasing in v, f; : [0,1] x [0, 00) X [0, 00) is continuous, f5(¢, 4, v) is nonincreasing
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in # and nondecreasing in v. Take

1

0, = —,
720

19—2 9—3 77—1
1—5’ 2—57 2_5'

Then we know that condition (H3z) and (Hy) holds. As

1 - bo2(1-s)s
o —1 _ -
/0 1(s)fi(s 15" ") ds = /0 (2-9)(s>5 +1) “

1

2
< ——ds=2In2~1.3863 < +00,
0 2-5

1 . L2(1-9)ts
R N e

1
2
< 2—ds=21n2%1.3863<+oo.

=) 2=s
The condition (Hs) is also satisfied. Therefore, by Theorem 4.2, we see that the coupled
boundary value problem (4.15) has at least one positive solution (z*, v*). Furthermore,

19 4
91+l91:%<1, 02+l92:§<1.
By Theorem 4.3, we see that (#*, v*) is the unique positive solution of the coupled bound-

ary value problem (4.15).
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