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1 Introduction and preliminary

In 1990, Pardoux and Peng [2] firstly put forward the theory of nonlinear backward
stochastic differential equations (BSDEs for short) and proved an existence and unique-
ness result under the Lipschitz assumption. Since then, many scholars have paid more
attention to the existence and uniqueness of solutions for BSDEs under weaker assump-
tions, such as Lepeltier and San Martin [3], Mao [4], Jia [5] and Fan [6]. In particular,
Pardoux [7] investigated the existence and uniqueness of L? solutions for BSDEs when the
generator g satisfies monotonicity, continuity and general growth conditions with respect
toy.

On the other hand, many scholars were devoted their work to investigating BSDEs
driven by different noises and its applications such as Cohen and Szpruch [8], Nualart
and Schoutens [9], Zhou [10] and their references therein. In particular, Di Nunno and
Sjursen [1] introduced a new class of BSDEs driven by time-changed Lévy noises. In fact,
it derives from a conditional Brownian motion and a doubly stochastic Poisson random

field of the following type:

T T
. / 25,2 yor25) s — / /R a@ndsds), tel0T], L1

where the terminal time T > 0, the terminal condition & € L*(2, Fr,P), the generator
gw,t, 0, 9,2) : 2 x [0, T] x [0,+00)% x R x ® > R is G;-measurable for all £ € [0, T] and

is the mixture of a conditional Brownian measure B on [0, T'] x {0} and a centered doubly
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stochastic Poisson measure H on [0, T] x Ry with
w(A):=B(AN[0,T] x {0}) + H(AN[O,T] x Ry), AC[0,T] xR
They proved the existence and uniqueness of solution under the following conditions

(L1)-(L2):
(L1)

ig(W, t; A'xyxz) —g(W; t; }‘-’y,’Z)| S C|y _y/

’

(L2)

lgw, t,1,3,2) —g(w, t,0,0,2)| < C|lz 2|,

where C > 0 is a constant and
lz=27 = |2(0) = 2 (0) "2 + / |2(x) — 2/ (%) *q(dx) 2.
Ro

Moreover, they also obtained a sufficient maximum principle for a general optimal control
problem.

Motivated by the above work, our paper aims to discuss the existence and uniqueness
of solutions for BSDEs driven by time-changed Lévy noises when the generator g satisfies
monotonicity, continuity and general growth conditions with respect to y, which general-
ize the existence and uniqueness result of [1]. Moreover, we introduce the stability result
for the first time under this structure.

In the sequel, we shall introduce the preliminary to establish our desired result. For more
details, please refer to [1] and the references therein.

Let (2, F, P) be a complete probability space and A := (A8, 1) € L1(Q x [0, T]; (R*)?) be
a pair of stochastic process whose components are nonnegative and continuous in prob-
ability. Let X = ([0, T'] x {0}) U ([0, T] x Ry), where Ry = R \ {0} and Bx denotes the Borel

o -algebra on X. Define the random measure A on X by

T T
A(A) := / Lisoyeay(OAE dt + / f 1a(t,%)q(dx)2F dt
0 0 JRo

= AP(AN[0,T] x {0}) + A" (ANT[0,T] x Ry),

as the mixture of measures on disjoint sets, A C X. Here, g is a deterministic and o -finite
measure on the Borel sets of R satisfying | Ro x2q(dx) < +o0.

Here, F* represents the o -algebra which is generated by the values of A. B and H are
called signed random measures on the Borel sets of [0, T'] x {0} and [0, T] x Ry, respec-
tively. And they satisfy Definition 2.1 of [1]. Let H := H — A" be a signed random measure
given by

H(A)=H(A) - AT(A), AC0,T] x Ro.
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Definition 1 ([1]) We define the signed random measure p on the Borel subsets of X by
w(A):=B(AN[0,T] x {0}) + H(AN[0,T] x Ry), A CX.

Based on the definitions of B and H, i is the mixture of a conditional Brownian measure
B on [0,T] x {0} and a centered doubly stochastic Poisson measure H on [0, T] x Ry.
Moreover, we know that

E[n(A)|FA] =0, E[B(A)*|FA] = A%(A),
E[H(AF ] = A7), E[p(A)P|1F ] = AD),

and
E[u(A)m(A)|F" ] = E[u(A)IFP [E[(82)| FA] =0, if AN Ay =¢.

Here the random measures B and H are specific types of time-changed Brownian motion
and a pure jump Lévy process.

Let F = {F,,t € [0, T1}, where F, := (., F} and F}' = FE v F' v F). Let G = {G, t €
[0, T]} where G; = FI* v F*. Remark that G = Fr and Gy = F*. Next, we introduce some
definitions of spaces.

Let S% be the space of G-adapted cadlag processes ¥ such that

E[ sup |I/ft|2] < +00;
te(0,T]

let Lé be a subspace of L2(Q2 x [0, T] x R, F ® Bx,P ® A) of the random fields admitting
a G-predictable modification and its norm be

T T
Wiz, ::E[/O | (0) P22 ds + /0 /R |ws<x)|2q<dx)xﬁds}<+oo;

let ® be the space of functions z: R — R such that |z(0)|? + fRo |z(x)|2q(dx) < +00.

Definition 2 A solution to the BSDE (1.1) is a pair of stochastic processes (¥:,2:)ze[0,1]
satisfying (1.1) such that (y;, 2¢)seqo,7) € S& x L%.

2 Main result
In this section, we shall state the existence and uniqueness result for solution of BSDE
(1.1). Let us start with introducing the following assumptions (H1)-(H4):
(H1) dP x dt-a.e., for each z € ®, the mapping y > g(¢, 1, y, z) is continuous. Moreover,
there exists a constant « € R such that

2
H

0 -5)ewt. 19,2 -gw t,2,y,2)) <aly-y

(H2) there exists a continuous increasing function ¢ : R* — R* such that dP x dt-a.e.,
for each y € R,

lgw, £, 2,9, 0)| < [g(w, £,1,0,0)| + ¢ (1y1);
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(H3) there exists a constant C > 0 such that dP x dt-a.e., for each y e Rand z,z' € ¢

lgw,t, 2, 9,2) —g(w, £, 1,9,2)| < C|z -2

Vv

(H4) E[f, |g(w,t, 1., 0,0)> dt] < +o00.
Theorem 1 is the main result of this paper.

Theorem 1 Under assumptions (H1)-(H4), for each & € L*(Q2, Fr,P), BSDE (1.1) has a

unique solution (¥, z¢)te(o,1]-

Remark1 Itisnothard to check that (L1) = (H1) and (H2). Thus, our main result extends

the corresponding conclusion of [1].

Before giving the proof of Theorem 1, we establish the following two propositions (see
Propositions 1-2). Proposition 1 and Proposition 2 are, respectively, the prior estimate and
stability of the solutions to BSDEs, which play an important role in the proof of our main
result. For convenience, we always assume that o = 0 in (H1). Indeed if (y;,2:)ce[0,77 is a
solution of (1.1), then (7, Z)rc(o,77 With 7; = e*‘y, and Z; = e*'z; satisfies an analogous BSDE
with terminal condition & = ¢*7¢ and generator

26102 = e'g(t, A, ey, e '2) — ay.

g satisfies assumptions (H1)-(H4) with « = 0. Hence in the rest of this section, we will

suppose that o = 0.

Proposition1 Let g satisfy (H1) and (H3); let (y;, z¢)se(0,11 e a solution of BSDE (1.1). Then

there exists a constant A > 0 depending on C and T such that, foreach0 <u <t <T,

.|
a.).

Proof From Definition 1, BSDE (1.1) is equivalent to the following BSDE:

E[ sup [y?]G.] +E[/tT/R|zs(x)|2A(ds,dx)

relt,T)

T
< A(E[|g|2|gu] + E[/ |g(s, 25,0, 0)|2 ds

T T T
yimE+ / 205,350 22) s — / 2,(0) dB, - / / L0)Ads,dx), tel0,T).
¢ ¢ t JRy

Applying the It formula to |y;|?, we get

dlys|* = =2y,8(5, A5, s, 25) ds + 2y (zs(O)st + / z,(x)H (ds, dx))
Ro

2
+ (zs(O)st +/ zs(x)]:I(ds,dx)>
Ro

= —2y.4(s, )Ls,ys,zs)ds+2ys/zs(x)u(ds,dx)+/zsz(x)A(ds, dx).
R R
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Integrating both sides from ¢ to T, we deduce

T
|yt|2+/ /R|zs(x)|2A(ds,dx)

T T
16l +2 [ gsrannzids=2 [ [ yatoutdsdn 2.1)
t t R
By (H1) and (H3), we can get

2958(8, As» Ysr 25) = 295 (8(8, hsr s Z5) — €(5, 45, 0,0)) + 29g(s, A, 0, 0)
1
< §[|zs(0)|2xf + / |zs(x)|2q<dx)xf'}
Ro

+(2C7 +1) 1y + [g(s, 25,0, 0", (2.2)

By the Burkholder-Davis-Gundy (BDG) inequality, { fot S yszs@®)u(ds, dx)}sefo,7) is @ uni-
formly integrable martingale. In fact, there exists a constant p > 0 such that

[,5[‘3% | / f yszs(x)u(ds,dw]
T 1/2

2 2
szoE[( fo /R s 2s®)] A(ds,dx)) ]

T
< 2E] sup |J’z|2]+§E|: / / |zs(x)|2A<ds,dx)}
te[0,T1] 0 R

< +00.

Taking E[-|G,,] on both sides of (2.1) for each 0 < u < t < T and combining with the above

inequality and (2.2), we can obtain

%E[/;T/R |Zs(x)|2A(ds,

where

gu:| S Xt’ (23)

Furthermore, it follows from the BDG inequality that there exists a positive constant d
such thatforeachO0<u <t <T,

[rsgpﬂ / / yszs(x) u(ds, dx)
<ael ([ [ |ys|2|zs(x)|2A(ds,dx)>m\gu}

1 d2 T 9
=3 prta] el [ [leorace

T T
:E[|E|2|gu]+(2C2+l)/ E[ sup |y,|2|gu]dS+E|:/ |g(S,ks,0,0)|2dS Gu
t t

rels, T

Qu}. (2.4)
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By virtue of (2.2) and (2.4), it follows from (2.1) that

; [r:;%] [yr| |gu]+ E[/ /izs(x)i A(ds,

d T
§Xt+?E|:/t /R|zs(x)|2A(ds, g,,}.

Thus, from the above inequality and (2.3), we have

[ s viPlo.] + | [ [ nis

By letting

gl [ [

and noticing the definition of X;, we know that, foreach0 <u <t <T,

gu} + (2Cz+1)/tThsds).

d

] <(2+24°)X,

T
he < (2+ 2d2) <E[|§|2|Qu] +E[/ |g(s,ks, 0,0)|2 ds
t

Finally, Gronwall’s inequality yields, for each ¢ € [0, T,

T
By < e®r24CH (T <(2 +2d%)E[1€*1G.] + (2 + 2012)5[ / |g(5,,0,0)|ds|G,,
t

)

which completes the proof of Proposition 1. d

Proposition 2 is a stability result. For each n > 1, let (y:, z¢)sefo,77 and (¥}, 2))zefo,17 be,
respectively, a solution of the BSDE (1.1) and the following BSDE depending on the pa-
rameter n:

T T
y, =&" +/ g"(s,ks,yf,zf) ds—/ /zf(x),u(ds,dx).
t t R

Furthermore, we introduce the following assumptions (B1) and (B2):
(B1) &" € L*(Q, Fr,P) and all g" satisfy (H1) and (H3);
(B2) 1imyo E[IE" — £ + [ 1g7(5, Ao Yoo 25) = g(5, by Y 25)| ls] = 0

Proposition 2 Under assumptions (B1) and (B2), we have

T
lim E|: sup \yt yt|2 +/ /|zf(x)—zs(x)|2A(ds,dx):| =0.
o Jr

n—00

Proof Foreachn>1,lety" =y"—y,2" =z" —z. and é" =&" —&.Then

T T
= f” + / [g" (S) )\s,)’f, Zf) _g(S’ )\-s;ysy Zs)] ds — / /R%f(x)u(ds, dx)
! t
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Applying It6's formula to [7”|* on [¢, T], we have

T
AR / /léf(x)\zA(ds,dx)
¢ Jr
= |§”‘ + 2] &?[g”(s, )\s,_)/:l,Z:l) —g(s, As,ys,zs)] ds
t
T
2 [ [ sz,
¢ JR
By (H1) with & = 0 and (H3), we have

2908 (s A5 020 22) = 8(8, s V5 25) ]

=2C3 |z

A (87 (5, s ¥5:26) — g8, A5 Y2 25) |
11,. . .
< 5[|zg(0)|2xf+/ |zg(x)|2q(dx)xf] +(2c 1))
Ro
1875, Mg 950 25) — (5,05, 75, 26) |-

Thus,
a2 LT
’yt’ +§/ f’zs(x)| A(ds, dx)
t Jr
- T T
<& —2/ /&f%?(x)u(ds,dx)+(2C2+1)/ ANS
t R t
T 2
+/ [gn(s’)‘-srysrzs)_g(s’)‘-srys;zs)] ds. (25)
t

Taking the mathematical expectation on both sides of (2.5), by Gronwall’s inequality, we

can obtain

E[

T
5] fKE[|§"|2 . / (€60 702) —g(s,ks,ys,zs)]2d3]~
0

Then by (2.5) with ¢ = 0 and the previous inequality, we can get

Al

Finally, taking the supremum over ¢ € [0, 7] on both sides of (2.5) and the mathematical

T
éf(x)|2A(ds, dx)] < KE|:|§”|2 +/ [g”(s,ks,ys,zs) —g(s,)\s,ys,zs)]2 ds:|.
0

expectation, and applying the BDG inequality to the supremum of the martingale on the
right-hand side, we have

T
E[ sup I&?IZ] §I<E[|S”|2 +/ [g”(s,ks,ys,zs)—g(s,/\s,ys,zs)]ZdS].
te[0,T] 0

Note that the above K is a positive constant depending on C and T Thus, in view of (B2),
we complete the proof of Proposition 2. d

Now, we give the proof of Theorem 1.
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Proof of Theorem 1 The uniqueness part of Theorem 1 is established immediately by
Proposition 2. Hence, we just need to prove the existence part, which can be divided into
three steps.

Step 1. We shall prove that, for each & € L*(2, Fr,P), if there exists a constant M > 0
such that

dP-as., |§|<M and dP xdt-ae, |g(t,1,0,0)| <M, (2.6)

and g satisfy (L1) and (H3), then there exists a unique solution to BSDE (1.1).
For (s, v¢)iefo,1) € Sg x LE, define

T
Ve :=E[E +/ (8, Agy g, v5) dis Qt].
t

Moreover, by the martingale representation theorem

T t
yt = E|:$ + / g(S, )\sx Us, Vs)ds gt:| - f g(S, As; Us, Vs) dS
0 0

T t t
=E[§+ f g<s,xs,us,vs)ds\fﬂ+ f / 2,(6) (s, dx) — f 25, 14y v5) s,
0 0 R 0

where z. € L%. It follows from (2.6) that y. € S4. Thus, (y;,2:)cef0,7] is a solution of the
BSDE:

T T
ye=§ +/ g(s, A, ut, Vs)dS—/ /zs(x)u(ds,dx).
t t R

Therefore, we can define the map E: S% x L%, — S2 x L%, by putting E((uy, v¢)) = (v, 2¢). Let

(w,v.), W,v) e SExLE, (y,z) = E((u.,v.), (v,2) = E((«,V)). Let (i.,v.) = (u. —u/,v. V),
(#.,z) = (y. =¥,z — Z). Applying It6 formula to e*|y;|?, we can obtain, for each 8 € R,

T T
eﬁtE[|&t|2]+E[/ eﬁsmysﬁdu/ /eﬁ3|zs(x)|2A(ds,dx)}
t t R
T
< ZCE[ / eyl (1| + ||17s||xs)ds:|
t
T 1 T T 2
546215[/ e’ss|51s|2ds:|+§E|:/ eﬂs|ﬁs|2ds+/ /eﬂS|fzs(x)| A(ds,dx)}.
t t t R
Choose 8 =1+ 4C?, hence
T T 9
E[/ eﬁs|)7s|2ds+/ /eﬁs|23(x)| A(ds,dx)]
t t R
1 T T 2
< —E|:/ e’35|izs|2ds+/ /e’gs{f/s(x){ A(ds,dx):|,
2 LJs ¢ Jr

from which E is a contraction on S x L2 equipped with the following norm:

T T 1/2
o Bs 2 Bs 2
||(y4,z.)||ﬁ. <E[f0 e’ |ys| ds+/0 ‘/Re |zs(x)| A(ds,dx)]) .
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Thus, (¥4, 2¢)telo,1] is @ unique solution of BSDE (1.1).
Step 2. We shall prove that, for each & € L*(Q2, Fr,P) and V € L%, if g satisfy (H1)-(H4),

then there exists a unique solution to the following BSDE:

T T
yr=§& +/ g(s,)»s,ys,\/;)ds—/ /st(x)u(ds,dx). (2.7)

Firstly, we assume that (2.6) holds. For given V, g(s, 1,7, V) will be viewed as g(s, A, ).
By similar proof as Proposition 2.4 in [7], we can construct of smooth approximations
(gnneN)ofg,

8t 1,9) = (a8t 2,) ),

where p,, : R~ R* is a sequence of smooth functions with compact support which approx-
imate the Dirac measure at 0 and satisfy f pn(x)dx =1. For each n > 1, g, is smooth and
monotone in ¥, and thus locally Lipschitz in y uniformly with respect to (w, £, A). Hence,

we need to introduce a truncation function g, in g,:

py
ylvp

gn,p(tv )”ry) =8n (t, A qp(y))’ qp(y) =

By Step 1, (¥;7, 2, )tef0,1) is  unique solution for BSDE (2.7) with generator Zup- The se-
quence (y,”).c[0.77 is bounded and its boundedness does not depend on p. In fact, since

&np satisfies globally Lipschitz in y, applying the It6 formula to |y;”|* on [¢, T], we can get

] 2C+1)/ y2?|*1G,) d

By (2.6) and Gronwall’s inequality, for each r € [¢, T], we can obtain

T
7| < E[I5 P2 |gt]+E[ / |8 (5,2, 0)| ds| G,
t

E[|J’f’19|2|gt] <M?*(1+ T)e(2C+1)(T—r)'
Taking 7 = ¢, we obtain
’y?'p|2 S MZ (1 + T)e(2C+1)T,

Therefore, for p large enough, ("7, 2"") turns into (3", z""). From the above facts, g, satisfies
conditions of Proposition 1 with relative constant independent of #. So, (¥}, 1}, 2)se[0,17 is

bounded, i.e.,

T T T
supE|:/ ‘yﬂzds+/ ‘u?’2d5+/ /‘zﬂzA(dx,ds)} <M,
neN  LJo 0 o Jr

where u} = g,(t, A, y7). Thus, we can find a subsequence (named again (yt, u},2})er0,11)
converging weakly to (y;, 4y, 2¢)eo,1). Moreover, the martingale ft f R zl'(x)u(ds, dx) con-
verges weakly to ft [ zs@®)u(ds, dx) in L*(22 x [0, T). In fact, let n € Lz(Q,]-'T;R), which
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can be written as n = E[n|F*] + fOT [z s(x)pe(ds, dx). Then

oo || [masan] o] || fsnonaa)]
— E|:/¢ /st(x)<ps(x)A(ds,dx):| =E|:n-/t [ezs(x)u(ds,dx)].

By a similar proof to Proposition 2.4 in [7], u, is equal to g(¢, A, ).
Lastly, condition (2.6) can be taken away by a truncation procedure. For each x € R and
m > 1, let g™ (x) = xm/(|x| v m). Set

EM:=q"(&) and g"(tAy) =gt Ay) - gt A 0) +q" (gt 1, 0)).
By (H4), for each m,r > 1, we can get

lim supE[}é”‘*’ - $m|2] =0

m—>00 ;]

and

T
lim supE|:/ |qWI+V (g(t, )"t’ 0)) - qm (g(tr )\t’ 0)) |2 dt:| =0
0

m—>00 5]

Moreover, g" satisfies (H1)-(H4) and (2.6). Thus, for each m > 1, (y/,2")ico,1] is the
unique solution to the following BSDE:

T T
ey / & (5 3o y") ds — / / 27 () (s, dx).
t t R

m+r

Set y™" =y’

m

-y

T
[/l =Emr 4 /g S A5 )" ds—/ /m’x)uds,dx)
t

where for each (£, 4,y), & (t, 1, y) := g (t, A,y + y7") — g (¢, A, y7"). We can check that, for
each m,r > 1, g™ satisfies (H1) and (H3),

Snr

, 2™ = 2™ — 2" and é”’” = &M &M Then

T
lim supE[}é”‘”—Om =0 and lim supE[/ |§m”(s,ks,0)—E(s,ks,0)|2ds:| =0,
0

m—> 00 Y‘Zl m—00 }“Zl

where for each (¢, 1, %), g(¢, A,y) := 0. Thus, by Proposition 2, we can get

T
lim supE|: sup |y —0|2+/ /|23’””(x)—0|2A(ds,dx)] -
o Jr

m—00 y>1 5€[0,T]

Thus, the sequence (y/,2))ic(o,r] converges to the solution (y;,z)ic(o,r) in S x L% as
n— Q.

Step 3. We shall prove that, for each & € L2(Q, Fr, P), if g satisfy (H1)-(H4), then there
exists a unique solution to BSDE (1.1).
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A

Clearly, we can find a mapping &: S% x LE — S% x Lg by Step 2, where E(U,V)) =
(y.,z.) with solution (y.,z.) € S4 x L% satisfying BSDE (2.7). And it is a contractive mapping
with the norm || - || s with suitable 8 by the same arguments as Step 1. Thus, it has a fixed
point (¥, z¢)sejo, ) which is a solution of the BSDE (1.1). O
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