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1 Introduction

It is well known that special numbers and polynomials related to the Bernoulli numbers
and polynomials, Euler type numbers and polynomials, the Stirling numbers have many
applications in mathematics and in other areas. Recently, there were many special num-
bers and polynomials having applications in not only mathematics, but also in physics, in
computer science, in engineering and in the analysis of ambulatory blood pressure mea-
surements and also biostatistics problems. Polynomials are used to model real phenomena
in these areas (c¢f. [1-29]; see also the references cited therein).

The Apostol-Bernoulli polynomials B, (x; 1) are defined by

- t"
3 —_— X — . —_—
Ealt) = ——e = n§:0 Baw ) —. (L1)

One has the following the Apostol-Bernoulli numbers:
B(1) = B4(0; 1)

(cf [1-29]; see also the references cited therein).
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Kim et al. [15] gave the following new type Apostol polynomials B, (x; 1):

logh +¢ > t"
Fpt,x;0) = ————é™ = B, (0 A)— 1.2
s(txih) = ————e ZO n52)— (12)

(cf [15, 28]).
The Frobenius-Euler numbers H,(u) are given by

1-u > t"

Fr(t,u) = e ;Hn(u)a,

where u #1 (cf [10], [15], Theorem 1, p.439, [21, 28]).
The A-Stirling numbers Sy(n, k; 1) are defined by

ref —1)F & t"
FS(ttk;)‘-) = % = ZOSZ(n)k;)\')E, (1'3)

where k € Ny ={0,1,2,...} (¢f [17, 22, 27]).
Substituting A =1 into (1.3), one has the following classical Stirling numbers of the sec-
ond kind:

Sa(m,v) = Sa(n,v;1)
(cf [1-29]; see also the references cited therein).
The Daehee numbers of the first kind are defined by
logl+t) = t"
og(l +1) _ Z D,

t n!
n=0

(cf: [7]). The Daehee numbers are related to factorial numbers, this explicit relation is given

(cf [19], p.45, [7, 24, 25]).

We briefly summarize the main results of this manuscript as follows:

In Section 2, by using the p-adic g-integral and its integral equation, we construct gen-
erating functions for special numbers and polynomials. We give some properties of these
numbers and polynomials. By using functional equations of these generating functions,
we also give some formulas and relations for these numbers and polynomials.

In Section 3, we give partial differential equations for the generating functions. By using
these equations, we derive some derivative formulas for these numbers and polynomials.

In Section 4, we give a conclusion of this paper.

2 Construction of generating functions by the p-adic g-integral
In this section, by using the p-adic integral on Z,, we construct generating functions for
a new family of numbers and polynomials which are related to the Apostol-type numbers
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and polynomials. We give relations between these numbers, the A-Bernoulli numbers, the
Stirling numbers and the Daehee numbers. We also give p-adic integral representation of
these numbers. Firstly we give some standard notations for the Volkenborn integral. Let
p be a fixed odd prime. Throughout this paper Z,, Q, and C, denote the ring of p-adic
integers, the field of p-adic rational numbers and the completion of the algebraic closure
of Q,, respectively. Let K be a field with a complete valuation, K 2 Q, and C'(Z, — K)
be a set of continuously differentiable functions. Let v, be the normalized exponential
valuation of C, with

ply =p™"% =1/p.

It is well known that ¢ is considered as an indeterminate. That is, if g € C, then |g| <1 and
also if g € C,, then

1

lg—1l,<p 77T
On the other hand, if x|, <1, then
q" =exp(xlogq).

Definition 1 The Volkenborn integral of the function f € C'(Z, — K) is

1 2
S @i = fim 5 ;f(x), (21)

where (1 denotes the Haar distribution defined by

1
mlw PN Ly) =

(¢f (11, 20]).

Throughout this paper, p is an odd prime.
Kim [11] gave the g-Haar distribution p,(x) = pg(x + N Zy) and the p-adic g-integral
I,(f) as follows, respectively:

Mq(x +PNZP) = [pjvi]q’

where g € C, with |1 -¢|, <1and

1A
= [ s = tim oo > s (2:2)

where f € C}(Z, — K) and

1-g* 1
Weofwiq =] 970
X, qg=1.
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The integral equation of (2.2) was derived by Kim [14] as follows:
-1,
0 [ S 0dn= [ 709 +aLr ) +alg-1700), 23)
Zp Zy 0gq

where

0=2
£10)=—f@

x=0

In [20], p.70, exponential function is defined by

The above series converges in region E, which is a subset of field K with char(K) = 0. Let
k be residue class field of K. If char(k) = p, then

E-= {xeK:lxl <pﬁ}
and if char(k) = 0, then
E={xecK:|x| <1}.
Substituting the following function:
fx) = a*

into (2.3), we obtain

tl -1
/ a” dug(x) = ( ] g4 + 1) q(qt ), (2.4)
Z 0gq qa' -1

where a #1 and
oze(C; = {xe(Cp:|1—x|p<1}.
Ift =1and g — 1 into (2.4), we derive Exercise 55A-1 in [20], p.170, as follows:

log,(a)
[ -0
Zy a-1

wherea € C) anda #1.
If a = e and g — 1 into (2.4), we also derive Exercise 55A-2 in [20], p.170, as follows:

t
/ e dui(x) = —
Zp et -1

where ¢ € E with ¢ # 0. The right hand side of the above equation gives us the generating

function for the Bernoulli numbers B,,.
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By using (2.4), we construct the following generating function, which is related to the
Apostol-type Bernoulli numbers:

1 _ o0
Flt;a,q) = (tlg’gg: + 1) ‘f;:t _1) =Y s@a’ (2.5)
n=0

By using (2.5), we give a recurrence relation for the Apostol-type Bernoulli numbers as
follows:

1 n
q(q—n%rw(q ) qZ(Z (1) (loga)" ’s,<a,q>)i,
(o @] tn
- su@a)—.
=0 n.

If we equate the coefficients of % on both sides of the above equation, then we get the
following theorem.

Theorem 1 Let

so(a;q) =q
and

(g -1-qlogq)qloga
(g-1)logq

s1(a; q) =

Ifn> 2, we have
5(a;) = qZ( )(log a)"75;(a; q).

We are ready to give generating function for Apostol-type Bernoulli polynomials as fol-

lows:

o0
t}’l
Glt,x;a,b,q) =a"F(ta,q) = Y _su(xia59)—. (2.6)
= n!
By using (2.6), we obtain
> t” (tyloga)"
Yoty =Yty - O
n=0 n! nl n=0 o
By using the Cauchy product in the above equation, we obtain
n oo n

> ¢ Ny i ¢
gsn(x+y;a;q); =Z<; (],)(yloga) Jsj(x;u;q)>a.

n=0
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If we equate the coefficients of tn—n, on both sides of the above equation, then we get the

following theorem.

Theorem 2 The following formula holds:

n " 4
Su(x +y;a;q) = Z (}) (yloga)"”s(x; a; q). (2.7)
j=0
Substituting y = -1 into (2.7), we get
n " .
sux—La;q) = Z (})(— loga)"”s;(x; a; q).

j=0

The main motivation of the generating function F(¢; 4, ) is given as follows:

tloga > 1\t & t"
1 1 "H\ - )— = a(aq)—.
q( e )Z( 0za) (q)n! > aa

n=0
From the above functional equation, we get

loga & 1\ t" = 1\¢"
qi Zn(log a)"'H,, (—) —+ qZ(loga)"Hn<—) -
logq “= VR /"

oo ["
=Y sul@q)—.
n:

n=0

t}’l
n

Equating the coefficients of % on both sides of the above equation, we get a relation

between the Frobenius-Euler numbers and the numbers s,,(a; g) by the following theorem.

Theorem 3 The following formula holds:

1 1 1
5u(@3q) = qn—= (log @)™,y (_) +qlloga)'H, (_>
logg q q

By combining (2.4) and (2.5), we get

o0 tn o0 tn
> —,/ (xloga)" dig(®) = ) su(a;q)—.
n=0 n Zp n=0 n.

By using the above equation, we get a p-adic integral representation for the numbers

s, (a; q) as follows.

Theorem 4 The following identity holds:

i) = [ (wloga) duy(s). 238)
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Remark1 Setting g — 1 and a = e in (2.8), we arrive at the Witt formula for the Bernoulli

numbers:

/ x" duy(x) = B,,. (2.9)

Zp

We also easily see that
| o din@ -5, (210)
Zp

(cf [11, 13, 20]; see also the references cited therein).

Combining (2.4) and (2.5), we get

> (Z(log a)"S(n, WZ)/Z (®)m d“q(x)>;_ng - ;5"(% q);_y;'

n=0 \m=0 P

If we equate the coefficients of tn—n, on both sides of the above equation, then we get the
following theorem.
Theorem 5 Let n € Ny. Then we have

n

sy(a;q) = Z(loga)”Sz(n,m) ; (%) dprg (x). (2.11)

m=0

The g-Daehee numbers are defined by means of the following p-adic g-integral repre-
sentation:

Dun(q) = / () dpty ) 2.12)

Zp

(cf [7, 9]). Substituting (2.12) into (2.11), we get a relation between the numbers s,,(a; q)
and the numbers D,,(g) by the following theorem.

Theorem 6 The following formula holds:

su(@q) = Y _(loga)"Sy(m,m)Dy(q). (2.13)

m=0
Remark 2 Substituting ¢ — 1 into (2.11), we get

n

su(a;1) = Z(log a)"Sy(n,m)D,,.

m=0
Remark 3 Substituting a = e into (2.13), we get

Bn = ZSZ(”I: m)Dm
m=0

(cf [7, 24, 26)).
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3 Partial differential equations for generating functions
In this section, we give partial differential equations for the generating functions.
We compute the derivative of equation (2.6) with respect to x to derive the following

higher order partial differential equation:

k

pv: {G(t, x;a,b, q)} = (tloga)kG(t,x; a,b,q),

where k is a nonnegative integer. By combining the above equation with (2.6) we get

x ak " S . tn+k
— 15 a;q) | — = 1 5,(x; a; .
EO axk{ (xa;9)} - ;:0( oga)'s(®aiq)—

After some calculation, comparing the coefficients of tn—r: on both sides of the above equa-

tion, we arrive at the following theorem.

Theorem 7

ak

oo {5,,(x; a; q)} =k! (Z) (log a)ks, 1(x;a; q).

We also compute the derivative of equation (2.5) with respect to ¢ and g to derive the

following partial differential equations, respectively:

tE{F(t;a,q)} =

qlq-1)
at log

Fa(tloga,0;q) — qF(tloga,1;q)F(t;a, q) (3.1)
q

and

2g +(2qg —1)logg
(logg)?

a
ta—{F(t;a,q)} =t Fy(tloga,0;q) + Fy(tloga,0;q)
q

loga

1
- ——Faltloga,L;q)F(ta,q), (3.2)
loga

where a # 1.

Theorem 8 Let n be a nonnegative integer. Then we have

nu(@;q) = LD togay By -4 S (7) (loga)" /B, (1;9)s/(as ).

-1
logg pr

Proof Combining (1.1) and (2.5) with (3.1), we get

> " glg-1) & "
N su@a)= = T2 S loga)"B.(g) =
— n! logg — n!

oo t” [e¢] t"
-q Z(log a)"B,(1;q) i an(a; q) i
n=0

n=0

Page 8 of 11
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Using the Cauchy product into the above equation, after some elementary calculation, we

obtain
ad " qlg-1) & ; £
Y sulaq)— = T3 (loga) B.(g)—
pry n: 0ogq 'm0 n.
o0 n t”
—qZZ( ) loga)"B,(5; )sy(a;q)—
n=0 j=0

If we equate the coefficients of on both sides of the above equation, then we get the
desired result. O

Theorem 9 Let n be a positive integer and a # 1. Then we have

2q +(2q - 12) 198 1 0g 2y 1B, 1 (q) - (2¢ —1)(loga)"B,(q)
(logq) loga

1 " In .
D ( ,)<1oga>"18n,»(1;q)s,»(a; 9
oga ~ ]
j=0

naa—q {sn1(asq)} =

Proof Combining (1.1) and (2.5) with (3.2), we get

o a If"+1

Z . 5n “r('I)}

n=0 aq

_2q+(2q-1)logq s

(logq)?

Zﬂ ga)'B, (q)
1 — ¢
N 1 "B,(1;q)—
1oga;(°g“’ By(l;q)—

—Li(lo ' By(Lg)- is @a)-

loga < g ™ — GO

Using the Cauchy product into the above equation, after some elementary calculation, we
obtain

= 9 t" 2q+(2q 1)logq ~— 1 t"
n-1(a; _— 1 "B,(q)—
ZO aq{s @) log ) ;n(oga) Bia)—

1 71
~ioea Zaoga B(ia)

oo

-y Z ( ><1oga>"-fB SGas@a)
n=0 j

}’1

If we equate the coefficients of % on both sides of the above equation, then we get the
desired result. O

4 Conclusion
By applying the p-adic g-integral equation to continuously differentiable functions on ring
of p-adic integers, in this manuscript we define generating functions for new family of
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special numbers and polynomials. Using these generating functions and their functional
equations, we derive many new identities and relations for these new families of special
numbers and polynomials. Special values of these numbers and polynomials are associ-
ated with the Apostol-type Bernoulli numbers and polynomials and the Frobenius-Euler
numbers. Moreover, we give partial differential equations for these generating functions.
By using these equations, we derive some identities and derivative formulas for these new
numbers and polynomials. In addition, the results of this manuscript will shed light on

many branches of mathematics, physics, engineering, and other sciences.
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