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with real coefficients a(n), g(n), o (n), and independent identically distributed random
variables & (n) having zero mean and unit variance. The sequence (a(n))nen is
K-periodic, where K is some positive integer, lim,,_, ., g(n) = § < 0o and

liMp— 00 0 (NE (N + 1) =0, almost surely. We establish conditions providing almost sure
asymptotic periodicity of the solution X(n) for |L| =1 and |L]| < 1, where [ := ]_[S afi).
A sharp result on the asymptotic periodicity of X(n) is also proved. The results are
illustrated by computer simulations.
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1 Introduction

There is a vast literature about the periodic solutions of difference equations and we men-
tion here only few works. Reference [1] which can be considered as a text book for dif-
ference equations, discusses periodicity. Reference [2] gives an overview of the results on
the existence of periodic solutions of difference equations that have been obtained in the
last two decades. It covers both ordinary and Volterra difference systems. Reference [3] is
devoted to the periodicity for nonlinear difference equations. In [4, 5] the authors study
linear difference equations perturbed by Volterra terms. Reference [6] discusses asymp-
totic stability of perturbed continuous time-difference equation with a small parameter.
All these works consider only deterministic difference equations.

Stochastic difference equations have been studied intensively during the last 10 years.
For results on asymptotic behaviour of the solutions to stochastic difference equations and
stabilisation see e.g. [7-11]. References [8] and [10] deal with the nonlinear stochastic dif-
ference equation perturbed by a vanishing noise. The main equation in the present note
has a similar structure, but it is linear, contains periodic coefficients and in addition to
stochastic perturbations it also has deterministic perturbations. In other words we con-
sider a linear difference equation perturbed by the deterministic term g and the stochastic
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term o&:
X(m+1)=a(m)X(m) +gm) + c(m)é(m+1), me Ny, X(0)=X, eR. (2)

Here No = N U {0}, (a(m))men, (B(m))men and (o (m1)),,en are nonrandom sequences of
real numbers, sequence (a(m)),en is periodic with a period K € N, limy;,—, oo g(m) = g € R,
and (£ (m))men is a sequence of independent and identically distributed random variables
with zero mean, variance 1 and a distribution function F. The term o (m)&(m + 1) is the
random perturbation added on step # + 1.

There are several publications about the periodic, asymptotically periodic, and almost
periodic solutions of the stochastic differential equations; see e.g. [12—14]. However, to the
best of our knowledge, the periodicity for stochastic difference equations of type (2) was
discussed only in [15], where sufficient conditions of periodicity was derived for g = 0.
This note can be viewed as an extension and generalisation of [15].

Let

m-1

Jom):=[[at), meN,  L:=JK). (3)

i=0

The unperturbed counterpart of (2), i.e. the equation
Z(m+1) =a(m)Z(m), m e Ny, X(0)=Xo eR, (4)

has a periodic solution only when |L| = 1. This case along with all other possible cases of
the asymptotic behaviour of the solution Z(m) is discussed in Lemma 1, Section 3.
We assume that

lim o(m)é(m+1) =0, almost surely. (5)
A detailed analysis of condition (5) can be found in [10] (see also [9, 16]). In particular, it
was shown there that when & () are independent A/ (0, 1)-random variables, the following
rate of decay of o:

o(m)y/logm— 0, asm— oo,

is the critical one which guarantees (5). It was also shown in [10] that when tails of & decay
polynomially, i.e. [1 — F(y)]y — constant, as y — oo, for some M > 2, then (5) holds if
and only if 77 [0 ()]M < co.

In several statements of the paper we impose more restrictions on the decay of o,
assuming that o € I, that is, > ;- 0%(i) < co. This assumption implies that the series
Y = 0()E( + 1) converges almost surely (see, e.g., [17], page 384, or Lemma 4 below).
This, in turn, implies condition (5).

We cannot expect the solution X(m) of (2) to be periodic when perturbations g(m) and
o (m)& (m+1) are not periodic. So we are looking for the asymptotic periodicity, when X(n)
approaches a periodic stochastic process almost surely. The main result of the paper about
the asymptotic periodicity of X(n) is given in Theorem 1, Section 6.2. For L =1, 0 € I, and



Rodkina and Rapoo Advances in Difference Equations (2017) 2017:220 Page 3 of 29

some additional assumptions on g, it states that there exists an almost surely finite random
function R(s), defined on S :={0,1,...,K — 1}, such that, almost surely,

lim |X(n1( +5)— R(s)| =0, foreachseS. (6)

Equation (6) also holds when |L| < 1 and condition (5) is fulfilled. In case L = -1, 0 € I,
> 1g(i) — 81 < oo, instead of limit (6) we get, almost surely,

nll)ngo ‘X(an( +e)— R(e)’ =0, foreacheec&:={0,1,...,2K -1} (7)
In Proposition 2, Section 6.2, we present a sharp result, which proves that, under some
additional assumptions on g, condition o € I, is necessary and sufficient for the asymptotic
periodicity of X(#) in form (6), when L =1, and in form (7), when L = -1.
The proofs of Theorem 1 and Proposition 2 are based on Lemma 10, Section 6.1, which
establishes the asymptotic behaviour of the auxiliary process Y*, defined by

Y*(n)=X(nK +s), se€S,neN.
In Section 3.1 we show that Y* satisfies the equation
Y(n+1)=LY*(n) + G(n) + H*(n + 1), Y*(0) = X(s), (8)

where G*(n) and H*(n + 1) behave similar to g(n) and o (n)& (1 +1) from equation (2). In par-
ticular, for each s € S, G°(n) is nonrandom and converges to a finite limit and (H*(n)),en
is a sequence of independent random perturbations having mean zero and uniformly
bounded second moments. Properties of G° and H* are discussed in Sections 4.1 and 5.2.

By solving the linear equation (8) we get the following representation of Y*:
Y¥(n) =L"Y*(0) + V’(n) + H*(n+1), mneN, 9)

which allows us to get a conclusion about the asymptotic behaviour of Y*(n) based on
the limits of each term in the right-hand side of (9). The convergence of the sequences
(Y*(n))nen for each s € S, implies convergence of X(#). So we reduce the K-periodic case
withany K e Nto K =1.

Deterministic sequences (V*(n)),en are analysed in Lemma 3, Section 4.2. Stochastic
sequences (H°(n)),en are analysed in Lemma 9, Section 5.3. The proof of Lemma 9 is based
on the results about the limits of martingales, which are given in Section 5.1. In Section 2
we give necessary definitions and formulate our main assumptions. Two auxiliary lemmata
are referred to the Appendix, Section 7.2.

2 Main notations and assumptions
In this section we give a number of necessary definitions and lemmata which we use in
the proofs of our results. A detailed exposition of the definitions and facts of the theory of
random processes can be found in, for example, [17].

Let (€2, F,P) be a given probability space.
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Assumption 1 Let (§(n)),en be a sequence of independent and identically distributed
random variables with zero mean and variance 1, E£ = 0, E€? = 1, and with a distribution
function F.

The sequence of random variables (& (n)),en satisfying Assumption 1 generates a filtra-
tion {F,},en, Where

Fu=0cl():i=1,2,...,n}, neN. (10)

We use the standard abbreviation ‘a.s.” for the wordings ‘almost sure’ or ‘almost surely’
throughout the text.

A stochastic process (M(7n)),en is said to be an F;,-martingale if M(n) is F,-measurable,
E|M(n)| < oo and E[{M(n)|F,-1] = M(n—1) forall n € N a.s.

A martingale (M(n)),.cx is called square integrable, if EM?(n) < oo for all n € N.

Let (p(n)),en be a sequence of independent random variables with Ep(n) = 0 and
E[p(n)]? < oo, for all n € N. Then the stochastic process (M(#)),en, where M(0) = 0 and
M(n) = Z::Ol p(i), is a square integrable martingale with the quadratic variation (M(n))
defined by

(M(n)) = E[M(}’l)]z = iE[p(i)]z.

i=0

In this situation the quadratic variation (M(n)) is not random and (M(n)) = Var(M(n)), for
all # e N.

Assumption 2 Let (0 (n)),en be a bounded sequence of real numbers: for some H, > 0
andallz e N

’o(n)’ <H,. (11)

To avoid the trivial case we also assume that there are infinitely many i € N such that

o (i) #0.

Remark 1 If Assumptions 1 and 2 hold, then (M(n)),cn, where M(0) = 0 and M(n) =
Z;’j o (i€ (i), is a square integrable martingale with

n-1
(M@m)=> ")
i=0

Also, (M(n)) #0 for big enough n € N.

Assumption 3 Let (a(n)),cn be a periodic sequence of nonzero real numbers with a pe-
riod K € N, i.e. a(n + K) = a(n), a(n) # 0 for each n € N.

Assumption 4 Let (g(n)),cn be a sequence of real numbers such that, for some g € R,

lim g(n) = g. (12)
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Denote by I, a Banach space of sequences o = (0 (1)),en of real numbers, such that
o0
lolle, =) 0(m) < 0.
n=0

Denote by L, = L,(S2, F,P) a Banach space of random variables ¢ with E|¢|? < oo.
Since random variables £(n), n € N which satisfy Assumption 1 are identically dis-
tributed, sometimes we omit the index # and write, for example, E|£]|.

3 Presentation of the solution

Consider the perturbed stochastic linear difference equation
X(m+1) =a(m)X(m) + glm) + c(m)é(m+1), m e Ny, X(0) =X, e, 13)

where sequences (£ (1)) nen, (0 (7)) men; (@(m))men, and (g(m)) nen satisfy Assumptions 1,
2, 3, and 4, respectively.

Define
m-1
Jom):=[Ta@, meN, (14)
i=0
and
S:={0,1,...,K - 1}. (15)

Since a(m) # 0 for each m € N, the function J : N — R\ {0}, so [J(:1)] ! is well defined and
[J(m)]™! #0 for all m € N. By the periodicity of (i), we have, for all m € N,

m+K-1 m-1
J(m+K) = Ha(z) x H () =J (&) [ T ali) =TT (m). (16)
j=0
Denote
K-1
L:=J(K) =] [a). 17)

i=0

Lemma 1 Let Assumption 3 hold. Let ] be defined as in (14) and S be defined as in (15).
Then

() L=T15at+ D =TI5"" ali) for each 1 e N.

(ii) Foreacht € N,s€ S, we have

J(tK +s)=LJ(s).

(ili) IfL =1, then ] is K-periodic.

(iv) IfL = -1, then ] is 2K-periodic.
(v) If|L| <1, then lim,,—, o |J(m)| =
(vi) IfIL| > 1, then lim,,_, |/ (m)| = 00



Rodkina and Rapoo Advances in Difference Equations (2017) 2017:220 Page 6 of 29

The proof of Lemma 1 is straightforward and we do not present it. Note that Lemma 1 gives
a full description of the limiting behaviour of the solution of unperturbed equation (4).
Since equation (13) is linear, solution X(#) can be presented in the following form (see

e.g. [1], page 131):

m-1
X(m) = J(m) |:X0 + Z J i+ 1)(g(0) + o ()G + 1))}, meN. (18)

i=0

Denoting, for m € N,

m-1 m-1
Vim):=Jm) Y T+ 1)g(i),  Stm):=Jm))_J i+ Do (e +1), (19)
i=0 i=0

we write (18) in the form

X(m) =J(m)Xo + V(m) + S(m), meN. (20)

Remark 2 Notice that we have adopted the notation

k k
[[a®)=1 and ) aG)=o.
i=k+1 i=k+1

3.1 Reductionto K =1
Let X be a solution to equation (13). Since each m € N is presented in the form

m=nK+s, neN,seS,
for each s € S we can introduce a new process

Y*(n):=X(mK +s), mneN. (21)
From (21) we conclude that convergence of the sequences (Y*(n)),en, s € S, implies
asymptotic behaviour of X. Equation (25) which we derive for Y* in this section will also
show that by introduction of Y* we reduce the K-periodic case with any K € N to K =1.

From (20) we get the following expression for Y*:
Yi(n) =J(nK +8)Xog + V(K +s) + SmK +s), néeN, Y*(0) = X(s),

where, for each s € S,

X(s)=J(s)Xo + V(s) + S(s)

s—1 s—-1
=J(Xo + Y _J i+ Dg@) + Y T i + Do (e +1).
i=0 i=0

Note that the initial value Y*(0) is random and F;-measurable.
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Applying Lemma 1(i)-(ii), and (19) we get
Yi(n+1) = LJ(nK + )Xo + V((n + 1K + s) + S((n + 1)K + s),

where

(n+1)K+s-1

V((n+ DK +5) =J((n+ DK +5) Z J7Yi + Dg(i)

nK+s-1 (n+1)K+s-1

=LK +s) Y J i+ Dg@) +J((n+ DK +s) Y i+ 1)g(0)

i=0 i=nK+s

(n+1)K+s-1

=LV(mK +5)+]((n+ DK +s5) > i +1)gl),

i=nK+s
S((n +1)K + s) =LS(nK +s)

(n+1)K+s—1

+J((n+ 1K +35) Z J i+ 1)o(D)EG +1).

i=nK+s

Since
LY*(n) = LJ(nK + 8)Xo + LV(nK + 5) + LS(nK +s),

we arrive at

(n+1)K+s—1

Y (n+1)—LY*(n) :]((n + 1K + S) Z J 7+ 1)g(i)

i=nK+s

(n+1)1<+s 1
+J((n+ 1)K +5) Z TG+ Do ()EG +1). (22)
i=nK+s
Denote
K-1
Gi(n) := Z|:l—[a(1+s):| (nK +s+j-1), (23)
j=1 Lz=j
K [K-1
Hn+1): Z|:l_[a(r+s] oK +s+j-1)EMnK + s +j). (24)
j=1 Le=j

Remark 3 Note that the reason for considering H* in (24) as a function of n + 1 is that the
& with the maximum index is

EMK +s+K)=&((n+ 1K +5).

Since forje S

K-1
J((n+ DK + )] nK +5+)) = (s + K)J s +)) = [ [a(r +9),

T=j
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by substituting j = i + 1 — nK — s we obtain
(n+1)K+s-1
]((n+1)K+s Z T+ 1)g(i)
i=nK+s
K
= Z]((n +1)K +s)]_1(nl( +s+))gmK +s+j-1) = G(n)
j=1
and
(n+1)K +s-1
]((n+11(+s Z J i+ Do (EG+1) = H(m+1).
i=nK+s
Now equation (22) for Y* can be written as
Y(n+1)=LY*(n) + G(n) + H*(n + 1), Y*(0) = X(s). (25)
From equation (25) we derive, for each n € N,
Y(n+1) =LY 0)+ Y L'G'(n—i)+ Yy L'H(n+1-1)
i=0 i=0
=LY (0)+ Y LG () + Y L"TH(j +1). (26)
j=0 j=0
Denoting
n n-1
Vim):=Y L7GG),  H(m):=) L"TH+1), (27)
j=0 j=0
we arrive at the following presentation of solution Y*(#) to equation (25):
Y(n) =L"Y*(0) + V’(n—-1) + H’(n), meN. (28)

Presentation (28) shows that in order to know limiting behaviour of Y* it is enough to get
the same for V° and H*. In Lemma 3, Section 4.2, we analyse the asymptotic behaviour
of V*. Lemma 9, Section 5.3, deals with #*.

4 Limiting behaviour of V*
Denote, for each s € S,

and

K-1 K-1
C, ::;(I)??}é_l{l_[ |a(z +s) }, Cs ::j=g?.i,121{n |a(z +9)| } (30)

Page 8 of 29
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Remark 4 Note that A, > 0 if a(i) > 0 for all i € S and A, > 0. Also, for each s € S,
Key < A < KC,.

In Example 1, Section 7, we consider coefficients a(i), i € {0,1,2}, such that A, = 0 while

Aoy, A1 #0.

4.1 Limiting behaviour of G*(n)

Lemma 2 below shows that the limiting behaviour of G° is similar to g.

Lemma2 Let Assumptions 3 and 4 hold. Let G° be defined as in (23). Then, for eachs € S,
lim G*(n) = gAs.
n—00

Proof Let A; be defined in (29). Fix some ¢ > 0 and let /, € N be such that, for [ > ,,

&

< =.
As

lg() -2

le+1

Then, for n > Ve

and for all s,j € S, we have

’g(n[(+s+j—1)—§|<i,
A

S

which implies that

K [K-1
|G (n) - gA,| < Z[n |a(z +s)|i|]g(m1<+s+j—1)—fg[ < %I:g -
=1 L= s

4.2 Limiting behaviour of V*

The next lemma describes some important cases of the limiting behaviour of V*.

Lemma 3 Let Assumptions 3 and 4 hold.
(i) LetL=1.
(@) Ifg #0, As #0, then |V*(n)| — oo.
(b) Ifeither A;=0,) - 1g(i)) —gl <ooorg=0,> 7 |g(i)| < 0o, then there exists a
number V¢ € R such that

lim V¥(n) = Vs,
n—oQ
(c) Ifg(n) =0, then V*(n) = 0.
(ii) Let L=-1andy ;- |g(i) - g| < 0o. Then there exist a number VseRanda
2-periodic function V;(n) such that
lim [V*(n) - Vs = Vi(n)| = 0.

n—0o0
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(iii) Let |L| <1. Then

hn;Q Vi(n) = fAL

(iv) IfILI > Land 375, L7 G(j) # 0 then |V*(n)| — oo.

Proof (i) In case (a), lim,_. G*(n) = §A; # 0, so the series which defines V*(x) diverges.
When gA; > 0, we can find N such that G*(n) > 0 for n > N. So, for n > N,

N n
Vi)=Y GG+ Y G
j=0 j=N+1

and lim,,_, o Z/'?:N 11 G°(j) = oo. Similarly, lim,,_, o Z]’LN 1 G°(j) = —oo when gA; < 0.
In case (b), when A, =0, Y7 |g(i) - &| < 00, we have

n K [K-1
Vi(n) = Z (Z |:1_[ a(k + s)i| [g(mK +5+/-1) —fg]) (31)
k=j

and
n K (n+1)K+s
V| <C ) D lemK+s+j-1)-g[<C Y g (32)
m=0 j=1 i=0

so V*(n) converges absolutely to the number

i(Z[ﬁdk+s:| m1<+s+j—1)—§]). (33)

m=0

When g =0, Y7 |g(i)| < 0o, we substitute g by 0 in (31)-(33) and obtain the result.
Case (c) is straightforward.
(ii) We have

n K [K-1
VS(n) = Z - W‘|:Z|:Hu(k+s)i| m1(+S+j—1)—§]i|

m=0 =j

K-1

+ gZ —1) Z |:l_[a(k + s):| =V (n) + Vi (n). (34)

The term V5 (1) converges absolutely to the number Vs defined by (33). Noting that

z 1+ (-1)"
Vion =34,y (1= gAY

, (35)

we conclude that V;(n) is a 2-periodic nonrandom function.
(iii) The result follows from Lemma 2 and Lemma 11 (see Appendix).
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(iv) The result follows from the representation

Vi) =L" Y L7 G(j).

j=0

Remark 5 Note that if g(1) = g, where g is any real number, and A, = 0, then Vs = 0.

5 On limits of random series

In Section 5.1 we present several auxiliary statements about the limits of the martingales.
In Section 5.2 we introduce a new sequence of o -algebras and discuss properties of ran-
dom variables H*(n).

Lemma 9 in Section 5.3 describes the asymptotic behaviour of H*(n), as n — oc.

5.1 Limits of martingales
In this section we deal with limits at infinity of the martingales (M (#)),en which have the

following form:

n-1

M(©0)=0,  M(m)=)_ Bl)ni+1), neN. (36)
i=0

Here (i) and (i) satisfy the following assumptions.

Assumption 5 Let ((#n)),en be a sequence of independent random variables with zero

mean, En, = 0, and with distribution functions F,. Let also E|n(#)|?

stant H, >0 and all # € N.

< H, for some con-

Assumption 6 Let Assumption 5 hold. Let also there exist constants ,, H, > 0 such that,
foralln eN,

E[nm)| <H,  E[n(m)|’ >, (37)

Assumption 7 Let 8 = (B(n)),en be abounded sequence of real numbers: |8(n)| < Hpg for
some Hg >0 and all 7 € N.

Lemma 4 below is a variant of martingale convergence theorem (see e.g. [17]).

Lemma 4 Let Assumption 5 hold. Let M = (M(n)),en be a martingale defined by (36). Let
B €ly. Then lim,,_, oo M(n) = M, where M is an a.s. finite random variable.

Remark 6 Assumptions of Lemma 4 imply that M is a Cauchy sequence in Ly(2, F, P),
)

M= Zﬁ(i)n(i +1) € Ly(Q, F,P).

i=0

Also, EM = 0 and E[M]? = Y2 B2()E|n(i + )I* < H,|IBll1,-
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Lemma 4 provides conditions under which M(n) has an a.s. finite limit. In the proofs
M(n)

+/ (M(m)) and

. To prove Lemma 6 we apply a variant of the central limit theorem

of our results in Section 5.3 we also need Lemma 6 about limsup,_, .
M(n)

A/ (M(n))

which is based on Theorem 1 from [17], page 329, for the sum of independent but not

liminf,_, o

identically distributed random variables. To apply Theorem 1 to the martingale M we
need to show that the Lindeberg condition is satisfied. In order to do this we prove that the
Lyapunov condition with § = 1 holds, which implies the Lindeberg condition for M (see
Lemma 5, Corollary 1 and Corollary 2 below). For more details as regards the Lyapunov
and Lindeberg conditions see [17], page 332.

Lemma 5 Let Assumption 7 hold and B ¢ I,. Then

LioIBOP
(Xio 1B

— 0, asn— oo. (38)

Proof The proof follows from the estimates

-0.5
SEBOP  H YL IO (n .
5o B = oo g - LIBON ) 0 asnmee

i=0

Corollary 1 Let Assumptions 5, 6 and 7 hold. Let B & l,. Then the Lyapunov condition
with § =1 holds:

Yo IB@PENG +1)°
37 IB@IZEInG + D)2

— 0, asn— oo.

Proof The result follows from Lemma 5 and the estimate

YL BOPEMG+ D Hy Yo 1BOP
[ IBGPEMG+DIPTS ~ 15 [, IB@IPT -

Corollary 2 Let Assumptions 5, 6 and 7 hold. Let B & l,. Then the Lindeberg condition
holds:

2io y:1y|=eDn ¥’ dFi(y)
D;

— 0, asn— oo,

where Fy are distributions of B(k)n(k), D> = "1 B()[*E|n(i + 1)|2.

Proof By Corollary 1, the Lyapunov condition with § = 1 holds, which, by [17], page 332,
implies the Lindeberg condition. O

Corollary 3 Let Assumptions 5, 6 and 7 hold. Let B ¢ I,. Let ® be the standard normal
cumulative distribution function. Then the central limit theorem holds:

Z:’:o B(i)n(i)
o IBOREING + D2

lim P[

n—00

>y] =1-®(y), VyeR (39)
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The proof of the following result is an adaptation of the argument presented on pages
379-382 in [17] (see also [9]) and is referred to the Appendix.

Lemma 6 Let Assumptions 5,6 and 7 hold. Let 8 & I,. Then

n

lim sup 1 Z Bn(i+1) =00, a.s.,
neo Y IBOPEING + 12 1
., (40)
liminf ! Z,B(i)r](i +1)=-00, a.s.
" T IBOPEmG + DI
5.2 Properties of H*(n)
By (24) we have
K [K-1
H(n) := Z |:l_[ a(t + s)]o (n=DK +s+j-1)&((n - DK +s+)). (41)
j1 Lo

Before discussing properties of random variables H*(n) we need to introduce a new se-

quence of o -algebras: for all # € N, we define
G: = Fuk+s» where F,, is defined by (10). (42)

Lemma 7 Let Assumptions 1,2 and 3 hold. Let H, be defined by (11), H*(n) be defined by
(41), C; be defined by (30).

Then, for any s € S,

(i) E(H*(n)) =0 foreach n € N;

(i) E(H*(n))*> < H*(K —1)C? for each n € N;

(iii) H*(n) and H*(k) are independent for each n,k € N, n # k;

(iv) the family (G }nen is a filtration;

(v) H*(n) is G5 measurable for each n € N;

(vi) H*(n) > 0 as, ifo(m)é(mn+1) — 0 a.s., as n— oo.

Proof Proof of (i) is straightforward. To prove (ii) we apply the inequality

K [K-1 2
E[Hm] =" []‘[ alk + s):| o2((n=DK +5+j) < HX (K -1)C2. (43)
j=1 Lksj

To prove (iii) we note that, for any k > n, k,n € N, the random variable H*(x) defined as in

(41) is a weighted sum of random variables from the set
Ty = {5((71— DK +s+ 1),5((71— DK +s+ 2),...,§(n1<+s)},
and the random variable H*(k) is a weighted sum of random variables from the set

Te={E((k-DK +s+1),&((k—DK +s+2),...,E(kK +)}.
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Since k > n + 1, the minimum index of & in set T is greater than the maximum index of &
in set 7T,

(k—1DK+s+1>nK +s+1>nkK +s.

So T,,NTx = @, which, due to independence of §;, implies independence of H*(n) and H*(k).
To prove (iv) we notice that, for each n; < n,, we have
gﬁll = }_an+s - ]:nzl(+s = gflz
Item (v) follows from the proof of (iii) and the definition (42) of G;.

To prove (vi) we apply the estimate

K K-1

|Hs(n)| < ZH|a(k+s)||0((n—1)1(+s+j—1)$((n—1)K+s+j)|

j=1 k=j

<Ci(K-1) ’nlla>}<|a((n—1)1(+s+j—1).§((n—1)1(+s+j)|. 0
j=1.s

5.3 On limits of H*(n)
Fix s € S and L € R. Let H*(j) be defined by (24). Denote

n-1
M(n):=Y L7H(j+1), neN. (44)
j=0

The next lemma describes the properties of M*(x) for |L| =1 and |L| > 1. It is the main

tool for proving Lemma 9 about the asymptotic behaviour of #*(n).

Lemma 8 Let Assumptions1,2 and 3 hold. Let (G}),en be defined as in (42) and let M*(n)
be defined as in (44). Then
(i) M?®:= (M°(n))nen is a G;-martingale.
(i) Let |L| = 1.
() Ifo € by, then, for some a.s. finite random variable M,

lim M*(n) = M°,  a.s. (45)

n—0

(b) Ifo ¢l and E|E|? < 0o, then, a.s.,

limsupM*(n) =oco0 and liminf M*(n) = —o0.

n—00 n—00
(iii) Let |L| > 1, then (45) holds.

Proof From Lemma 7 we conclude that (G}),en is a filtration, the random variable M*(n)
is G} -measurable, EH*(j) = 0, and E|H*(j)| < H, (K —1)C;, for each j € N. This implies that,
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for each n € N,

n-1

E|M(n)| <> L7E[H(i+1)| <o and
j=0
n-2
E(M(n)|G} ) = L7H(j+1) = M*(n - 1),
j=0

which proves (i).
(ii) Applying (43) we get

n-1 n-1
(M) = Y E(LIFH G+ ) = Y ILE(H i + 1)’
i=0 i=0
n-1 K-1
=) L Z[]‘[ a(k+s)] oK +s+j-1). (46)
i=0 j=1 k=j

For |L| =1, we have

1

OS>

i=0 j=1

X

1 2
[1_[ k+s:| 02K +s+j-1),

and then, for C; and ¢, defined as in (30), we obtain

nK+s-1 nK+s-1
¢ Y =Mn)<C Y o). (47)
q=s q=s

Now part (a) follows from Lemma 4.
To prove part (b) we present M*(n) in the following form:

n-1 K [/K-1
M (n) := ZL’j |:Z (H a(t + s))a(jK +S5+i— 1):|é(j[( +5+1). (48)
j=0

i=1 \7=i
By the substitution
q:=jK+s+i-1, s<g<nK+s-1 for0<j<n-11<i<K,

we transform (4:8) into

nK+s-1[7 K gtloics K-1
Mim)= Y |:ZL‘K (Hd(r +s)>o(q)]g(q+1). (49)

q=s i=1 T=i

Denoting

. K-1
O(g): —ZL_M (Hﬂ r+s)>
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we arrive at

nK+s-1

M= Y 0@iq+D. (50)
q=s
Since o ¢ I; and |L| = 1, we have
! l K /K-1 2 l
Z @2(q) = Z[Z (Ha(t +s)):| az(q) > cf(K -1)? Zaz(q) — 00, (51)
q=0 q=0 L i=1 T=i q=0
as [ — oo. Then, for each s € S,
nK +s-1 nK+s-1[ K /K-1 2 nK+s—1
Y 6=y [z (nau >)] )2 K-17Y o= oo ()
q=s q=s i=1 \rt=i q=s

as n — oQ.

In addition, E|£|? = 1, E|£|? < 0o, so after application of Lemma 6 we obtain, a.s.,

. Sup[z’q=o Og)k(q + 1)} e i f[ 00 O(@E(g + 1>] e 3
’ e -
Fro0 vV Zlq=0 ©%(q) * vV Zlq=0 ©%(q)
The limits in (53) imply that, for each s € S,
, [Z;’j;s—l O(q)&(q + 1)] o [Z;f;“ O(q)€(q + 1)]
lim sup =00, liminf =—
n—00 /ngsﬂ—l 62(61) n—00 ngsﬂ_l 2 (q)
Then, applying (50), (51) and (52), we conclude that
lim sup M*(n) = oo, liminf M*(n) = —oc.
n— 00 n—00
(iii) For |L| > 1 we obtain from (4:6) that, for all # € N,
n-1 1
s 2772 ~2i 2772
(M (m)) < (K —1)C2H? XO:L <(K-1)CH; +—,
which along with Lemma 4 implies (45). O

Lemma 9 Let Assumptions 1,2, 3, and 4 hold. Let H*(n) be defined as in (27) and M® be
defined as in (45).
(i) Let|L| =1.
() Ifo €ly, then lim,,_.o H*(n) = M* a.s.
(b) Ifo ¢, and E|E|? < 0o, then

limsupH*(n) = o0  and liminfH’(n) = —oc.

H— 00 n—00
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(ii) Let |L| <1 and
lim c(M)é(n+1)=0, a.s., (54)

then lim,,_, oo H*(n) = 0 a.s.
(iti) Let |L| > 1, then M® is a.s. finite and limsup,,_, , |H*(n)| = 00 a.s. on the set
{w: M (w) #0}.

Proof Parts (i)(a)-(b) follow from Lemma 8(ii)(a)-(b).
To prove (ii) we apply first Lemma 7(vi), and then apply, almost surely, Lemma 11 (see

the Appendix).
When |L| > 1, Lemma 8(iii), implies that M*(n) — M?®, where M?® is a.s. finite. Since
IL|" — oo, part (iii) follows on the set {e : M*(w) # 0}. O

Remark 7 Note that condition (54) holds when &(n) are normally distributed random

variables and o (1) decays as [log n] /2~

or or more quickly as n — co.

When tails of & decay polynomially, i.e. [1 — F(n)]Jn™ — constant as n — 0o, where
F is the distribution function of the & and M > 2, then (54) holds if and only if
Y2 o ()M < co.

Note also that assumption o € I, implies a.s. convergence of Y - o'(i)& (i +1), and, there-
fore, condition (54).

A detailed analysis of condition (54) can be found in [10] (see also [9, 16]).

6 Almost sure asymptotic periodicity of X(n)
In Section 6.1 we deal with the a.s. convergence of the solution Y*(x), and then, in Sec-
tion 6.2, with the a.s. asymptotic periodicity of the solution X() of the original equa-
tion (13).

In Section 6.2 we also discuss the possibility of a partial a.s. periodicity; see Remark 9.

6.1 On limits of Y*(n)

In this section we prove Lemma 10 about the asymptotic behaviour of Y*(n), applying
Lemmata 3 and 9 and equation (20). Proposition 1, which is a corollary of Lemma 10,
contains several sharp results about convergence of Y*(n).

Lemma 10 Let Assumptions1,2,3,and 4 hold. Let g be defined as in (12) and S be defined
as in (15).
Lets € S. Let A, be defined as in (29) and Y* be defined as in (28).
(i) Let L=1,0 €5, §=0, > |g(i)| < 0o. Then there exists an a.s. finite random
variable Q° such that

lim |Ys(n) - Qs| =0, as. (55)
n— 00

(i) LetL=1,0 €l, A; =0, 7 |g(i) — &| < 00. Then there exists an a.s. finite random
variable OQ° such that (55) holds.

(iii) LetL=-1,0 €ly, Y - |g(i) — &| < 00. Then there exist an a.s. finite random variable
O and a 2-periodic nonrandom function Vs(n) such that

lim |Y¥(n) - Q° — V*(n)| =0, as. (56)

n—0
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(iv) Let |L| <1 and let condition (54) hold. Then

lim Y50 = %
n—00 1-L

Proof In cases (i)-(ii) we have Y*(n) = Y*(0) + V*(n) + H*(n + 1), Lemma 3(i)(b), and Lemma
9(i)(a), hold, and then

lim H*(n) = M*, where M?® is a.s. finite random variable, (57)
lim VS(n) = V5. (58)
n—00

The result holds for Q% = Y*(0) + V* + M¢, where V* defined by (33), with g = 0 in case (i).
Note that Vs =0 ifg(n)=0.

In case (iii) we have Y*(n) = (-1)"Y*(0) + V*(n) + H*(n + 1), Lemma 3(ii), and
Lemma 9(i)(a), hold. So, in addition to (57), we have

lim ’Vs(n) —Vs— Vf(n)‘ =0,
where Vs is number defined by (33) and V% (n) is a 2-periodic nonrandom function. Then

the result holds for Q° = Vs + M* and V*(n) = (=1)"Y*(0) + Vi (n).
In case (iv) we have Y*(n) = L"Y*(0) + V(1) + H*(n + 1), Lemma 3(iii), and Lemma 9(ii),

hold, and
N o BA o
lim L”Y*(0) = 0, lim V*(n) = A and lim H*(n) =0,
which implies the result. O

Remark 8 Recalling that Var(M®) # 0, we can conclude that under assumptions of
Lemma 10,
(a) Y*(n) converges either to an a.s. finite random variable in (i)-(ii) and (iv), or to a
2-periodic function in (iii);
(b) The limit in (iv) is nonrandom, while the limits in (i)-(iii) are random.
(c) In all cases the limit of Y*(n) may depend on s € S; see Example 1, Section 7.
(d) The only case when the limit of Y*(#n) can be zero is given in (iv), when either g = 0
or A, =0.

In the next proposition, which is a corollary of Lemmata 10 and 9, we highlight the cases
when condition o € I is necessary and sufficient for the convergence of Y*(u) to an a.s.
finite random variable (or to 2-periodic nonrandom function).

Proposition 1 Let Assumptions 1, 2, 3, and 4 hold and let E|§|® < co. Let § be defined as
in (12), S be defined as in (15), L be defined as in (17), A; be defined as in (29).
(i) LetL=1,8=0,) 7 1g(0)| < 00. Then, for each s € S, there exists an a.s. finite
random variable Q° such that

lin(l) |Ys(n) - Qs| =0, as., ifandonlyif oe€l,. (59)
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(i) Let L=1,8#0and y ;) |g(i) — g| < 0o. Let A, = 0 for some s € S. Then there exists
an a.s. finite random variable Q° such that (59) holds.

(ii) Let L =-1. Then, for each s € S, there exist an a.s. finite random variable Q° and
2-periodic nonrandom function Vs(n) such that

,l,i_r,% |Ys(n) - Q- Vs(n)| =0, as., ifandonlyif o €l,.
Proof Lemma 10(i)-(ii), implies the sufficiency for parts (i)-(ii), respectively. To prove
the necessity, assume that o ¢ I,. By Lemma 9(i)(b), limsup,,_,, |H*(n)| = oo, a.s. The
first term, L"Y*(0) = Y*(0) in the right-hand-side of (28) is a.s. bounded, and, by
Lemma 10(i)-(ii), the second term V*(n) is nonrandom and converges. This implies that
limsup,_, o |Y*(n)| = oo, a.s.

Lemma 10(iii), implies the sufficiency for part (iii). To prove the necessity, we are rea-
soning as in the proof for parts (i)-(ii). By Lemma 9(i)(b), limsup,,_, , |H*(n)| = oo, as.
if o ¢ I,. Since the first term (-1)"Y*(0) in the right-hand-side of (28) is a.s. bounded,
and, by Lemma 10(iii), the second term V*(n) is nonrandom and bounded, we have
limsup,_, o |Y*(n)| = 00, as. a

6.2 Almost sure asymptotic periodicity of X(n)
In this section we return to the solution X of the original problem (13). Armed with
Lemma 10 we formulate the main result of the paper, Theorem 1, which establishes con-
ditions of a.s. asymptotic periodicity of X (n).

Define a set

£:=1{0,1,...,K-LK,...,2K - 1}. (60)

Theorem 1 Let Assumptions 1,2, 3, and 4 hold. Let S be defined as in (15), g be defined
as in (12), A be defined as in (29), € be defined as in (60).
If X is a solution to equation (13), then:
(i) There exists an a.s. finite random function R(s), defined on S, such that

lim |X(nK +5) — R(s)| =0, a.s. foreachseS, (61)
if one of the following conditions holds:
(@ L=1,0€lh,8=0,% 7 1g(i)| <oc.
(b) L=1,0€h, Y 7 lg(i) - gl <00, and As =0 for each s € S.

(¢) |L| <1 and condition (54) holds.
(i) There exists an a.s. finite random function R(e), defined on E, such that

lim |X(2nK +e)— R(e)| =0, a.s. foreachect, (62)

fL=-1,0 €h, Y 77 |g(i) - g < oc.

Proof Since X(nK + s) = Y*(n), the results for (i)(a)-(i)(b) follow from Lemma 10(i)-(ii),
respectively, with

R(s) = Y*(0) + Vs + M.
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The result for (i)(c) follows from Lemma 10(iv), with

_&A
R(s) = A

Now we prove part (ii). Let Q° and Vs(n) be, respectively, an a.s. finite random variable
and 2-periodic nonrandom function defined as in Lemma 10(iii) (see also Lemma 3(ii)):

O = Vs + M°, VS(n) = (=1)"Y*(0) + Vi(n), foreachseS,neN.
Define a random function R(e) on £ by the following:

R(0) = Q° + Y°(0) + V(0),
R(1) = Q'+ Y'(0) + V}(0),

R(K -1) = Q7 + Y5 0) + VE(0), )
63
R(K) = Q° - Y°(0) + V)(1),

R(K +1) = Q' - YH(0) + VI(1),

R(2K -1) = QK1 — YX1(0) + VK (1).

Recall that X(2kK + e) = Y¢(2k) for e € S and X(2kK + e) = X((2k + 1)K + e — K) =
Y K(2k + 1) for e — K € S. So the result follows from equation (56) in Lemma 10(iii). [

Remark 9 Note that only in case (c) of Theorem 1, solution X tends to a periodic non-
random function V(n), which is identical to zero if either g=0or A;=0forallseS.In
all other cases X tends to a periodic stochastic process, which has nonzero variance.

It can be proved that, when K = 3, the case A;=A #0, s =0,1,2, is possible only when
a(i) =a #0,i=1,2,3. However, this case cannot be considered as 3-periodic. So for |L| < 1,

K =3, X cannot converge to a constant nonzero limit.
Now we formulate the sharp statement about the asymptotic behaviour of X.

Proposition 2 Assumptions 1, 2, 3, and 4 hold and let E|€|® < co. Let S be defined as in
(15), g be defined as in (12), A; be defined as in (29), £ be defined as in (60). Let X be a
solution to equation (13).
(i) Let one of the following conditions hold:
(@ L=1,g=0,> 77 1g()] < oo.
(b) L=1,>"7 Ig(i) — gl <00, and A; =0 foreach s € S.
Then there exists an a.s. finite random function R(s), defined on S, such that

lim ’X(nK +5)— R(s)’ =0, foreachseS,a.s.,

ifand only if o € l,.
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(ii) Let L=-1,> ;% |g(i) — &| < 0. Then there exists an a.s. finite random function R (e),
defined on &, such that

lim ’X(2n[( +e)— R(e)‘ =0, foreacheef, as.,
ifand only if o €.

Proof Since X(nK + s) = Y*(n), the results for parts (i)(a)-(i)(b) follow from Proposi-
tion 1(i)-(ii), and the results for part (ii) follows from Proposition 1(iii). O

7 Examples and simulations

7.1 Calculations of A,

In Example 1 we present a(i) such that either A; = 0, but A, # 0 for some s3,s, € S or
A =0 for all s € S. However, the first case can happen only if L # 1, as will be shown in
Example 2.

Example 1 Let A; be defined as in (29). We consider K =2 and K = 3.
(i) K=2, A, = ij:l ]_[izja(t +5), 50

2 1
Ao=) T]ax)=a@) +1,

=1

2 1
A1=Zna(r+1)=a(2)+1=a(0)+1.

j=1 T

For a(0) = -1, a(1) =1, we have Ay =2, A; =
(i) K=3and A = 21.3:1 ]_[3:1. a(t +5), so

3 2
Ao =Y [ax) =aa2) +a@2) +1,

j=l t=j

3 2
A, = Z Hd(r +1) = a(2)a(0) + a(0) + 1, (64)
j=1 t=j

3

2
Ay =Y []a(r +2) =a(0)a) + a(d) +1.

j=1 t=j
(a) Fora(l)=1,a(0)=-2, a() 2 we have Ag =5, 41 =-5, 4, =0
(b) For a(l) = ( )= = -1, a(0) = -4 = -2, we have Ao =0, A =

Ay =0

Example 2 Suppose that
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We show that if Ag = 0 then A; =0 for all s =1,2,...,K -1, so partial periodicity is not

possible.
We have
K-1 K-1 K-1 1 1 1
.Ao:l—[a,-+l—[a,-+---+a1<_1+1=1_[ai|:1+—+—+---7] =0
K-1
i=1 i=2 i=1 4 [T a
S0
1 1 1 1
— + + .. =—]1.
ar  did 5 a
But then

K-1 K-1 1 1 1 1
Ai=ag| |ai+ao a4+---+a0+1:L[—+—+---+7+—j|:0
1:2[ ! !:3[ ! a; dar 1_[15_1

Similar calculations can be done for each A;.

7.2 Simulations

In this section we illustrate our results with computer simulations. We consider equation
(2) for different types of a(m). In all the examples random variables & (i) are supposed to
be independent and normally A/(0,1) distributed, X(0) = 2 and

om) = ——,
m+1

. (66)

gm) =g+ i with eitherg=10org=0, m € No.
So the equation which we are simulating is
R o 1
Xm+1)=amX(m)+|g+ ——— |+ ——=&Em+1), meN,,
(m+1)2 m+1 (67)

X(0) =2.
Example 3 Let

K=2, a(0) = -1, a(l) =1, g=1,
)

L =a(0)a(l) = -1, Ao =2, A =0.

Since the assumptions of Theorem 1(ii), hold, we can expect to get four random limits of
the solution. More exactly, the limits R(e), e € {0,1,2,3}, are given by (63). The following
simulations illustrate the results. In all the simulations, we have used o = 0.1.

Figure 1 demonstrates one run, with four coloured lines indicating the random limits for
e=0,1,2,3.
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_0-5 1 1 1 1 1 1 1 1 1
0 10 20 30 40 50 60 70 80 20
Figure 1 K=2,a(0)=-1,a(1) =1, g = 1. One sample trajectory, showing the dynamics of the solution
(black line) and the four limits for e =0 (red), e =1 (yellow), e = 2 (blue) and e = 3 (green).

2.5 T T T T T

1

1

1

1

0 10 20 30 40 50

e=0(red), e=1 (yellow), e= 2 (blue) and e = 3 (green).

60

70

80

90

100

Figure2 K=2,a(0)=-1,a(1) =1, g= 1. A set of ten sample trajectories, showing the four random limits for

Figures 2 and 3 demonstrate two different samples of ten runs, showing the random

limits fore=0,1,2, 3.

Figures 4 and 5 demonstrate the random limits for e = 0 and e = 2, respectively, for 80

different runs.
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_1 5 1 1 1 1 1 1 1 1 1
0 10 20 30 40 50 60 70 80 90 100

Figure3 K=2,a(0)=-1,a(1) =1, g= 1. A set of ten sample trajectories, showing the four random limits for
e=0(red), e=1 (yellow), e= 2 (blue) and e = 3 (green).

0 10 20 30 40 50 60 70 80 0 100

Figure4 K=2,a(0)=-1,a(1) =1, g=1.The random limit for e = 0 for 80 different runs.

Example 4 Let
K=2, a(0) =1, a(l) = -, g=1
S0

L=a(0)a(1)=%<1, Aoza(1)+1=§, Ar=a)+1=a(0)+1=2.
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-0.5 I I I I I I 1 1 1

Figure5 K=2,a(0)=-1,a(1) =1, g=1.The random limit for e = 2 for 80 different runs.

0 10 20 30 40 50 60 70 80 920 100

Figure6 K=2,a(0)=1,a(1)=1/2,g=1.Sample trajectory, showing the dynamics of the solution (black
line) and the two limits for s = 0 (red) and s =1 (blue).

Now we are under assumptions of Theorem 1(i)(c), so we can expect to get two nonrandom
limits of the solution. More exactly, they are R(s), s € {0,1}, where
8A;

R(s) = 1L 2A,, soR(0)=3,R(1) =4.

Figure 6 demonstrates one run showing also the two limits for s = 0,1, while Figure 7
demonstrates 10 different runs, showing nonrandom limits for s = 0 and s = 1. Both simu-

lations used o = 0.5.

Example 5 Let
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2 1 1 1 1 1 1 1 1 1
0 10 20 30 40 50 60 70 80 90 100

Figure 7 K=2,a(0)=1,a(1)=1/2, g = 1. Ten trajectories, showing two nonrandom limits for s = 0 (red)
and s=1 (blue).

Figure 8 K =2, a(0)=1/2,a(1) =2, g = 1. Sample trajectory, demonstrating the divergence of the solution,
s=0(red)and s=1 (blue).

S0
3
L=a(0)a(l) =1, Ao=al)+1=3, A1 =a(0)+1= 3
Recall that, for L =1, S = {0,1} we have
X(nK +s)=X0)+V(n-1)+ H(n), meN,se{0,1}, X0)=c,

where V* and H* are defined by (27). Since both Ay # 0 and A; # 0, and also g # 0, we
are under assumptions of Lemma 3(i)(a), which implies that |V*(n)| — coc. Since M° is a.s.
finite and L = 1, this implies that lim,_, o, | X (27 +s)| = oo for each s = 0, 1. This is illustrated

on Figure 8.
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Figure9 K =2,a(0)=1/2,a(1) =2, g = 0. Twenty trajectories, showing two random limits for s = 0 (red) and
s=1 (blue).

If, however, we assume g = 0, i.e. we simulate the solution of the equation

X(m+1)=a(m)X(m)+;+;§(W1+1), m € Ny, X00) =g,
m+1)2 m+1

with a(m) given above, we will get two random a.s. bounded limits. Figure 9 shows the
two random limits, s = 0, 1, for 20 different trajectories.

Appendix
First we formulate and prove an auxiliary lemma, which is used in the proofs of Lemma 3
in Section 3 and Lemma 9 in Section 5. After that we present a proof of Lemma 6.

Lemma 11 Let (o,),en be a sequence of real numbers such that lim,_, o, o, = & and let
|l| < 1. Then

" a
lim /" oy = —.
Jim 11> e = ——

i=0

Proof Let A > 0 be such a number that, for each n € N,
lo; —a| < A.

Fix some ¢ > 0 and find Nj € N such that, for n > N;

Looe@=1)

o —al < —.
4
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Let

N { e(1-11)) }
5 >max{Nj, .

1 - - @
PN A = )

Then, for n > N>,

g Z oy —al’ Z I
i=0 i=0

Np n
<W"Y N e = a1 1 e - &
i=0

Ni+1

L BV R U
= -1 4 - -

)

which concludes the proof. d

Proof of Lemma 6 For ¢ > 0 define the events

A= {a) : lim sup ! > BlinG) > c},
o [ IBOREmG)E

A= {a):limsup ! > Blim() = oo},
= YL IBOPEROR

Then A, | A as ¢ — o0o. The events A, are tail events. Therefore it follows, from the inde-
pendence of the sequence (1(n)),cn and the zero-one law, that

P[A.] >0 foreveryc>0 (68)

implies P[A.] = 1, and so P[A] = lim,_, o, P[A.] = 1. Therefore it suffices to prove (68) to
establish the first part of (40).
Using the fact that for any sequence of random variables { x (#)},,ey we have

{a) :limsup x (n)(w) > x} > {a) :x(n)(w) >x i.o.}, forallx € R,

n—00

and the fact that P[B, i.0.] > limsup,,_, . P[B,] for any sequence of events {B,},cn, and
then Corollary 3 in turn, we get

1 n
P[Ac] = IP’|:limsup Zﬂ(l)n(l) > C:|
e S IBOPER O T

1 n
=P Z,B(i)n(i) >c i.o.:|
[JZ?.O BGOPEMG =

> limsupIP’|: ! > BGnG) > c:|
e > o IB@IPEING@)? =0

- lim P[ ! > BGnG) >ci| =1-®(c),
= LT BOPERGR

proving (40). O
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