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1 Introduction

The Daehee polynomials are defined by the generating function to be

n=0 :
(see [2-7]).

For x = 0, D,, = D,(0) are called the Daehee numbers.
In [1], Kim and Kim introduced the degenerate Daehee numbers which are given by the

generating function:

Alog(1 + % log(l +At)) & t"
= D,,—. 1.2
log(1 + At) Z ol 12)

n=0

For x =0, D,,5 = D,;(0) are called the degenerate Daehee numbers.
We observe here that D,,;, — D, as . — 0.

The Stirling numbers of the first kind are given by

@n=x@-1) (x-n+1)=) Simhx' (x>0), (1.3)
=0
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and the Stirling numbers of the first kind are defined by the generating function to be

© I
(loglx+1))" = Y8100 n)% (n>0)

I=n

(see [1, 3]).

Recently, many researchers have studied nonlinear differential equations arising from
the generating functions of various special polynomials (see [1-6, 8—20]). They also in-
vestigated some identities and explicit expression of these polynomials from the solution
of nonlinear differential equations. In [1], Kim and Kim have studied some results of de-
generate Daehee numbers which are derived from nonlinear differential equations. From
the viewpoint of the inversion formula, we study the degenerate Daehee number arising
from a nonlinear differential equation. In this paper, by using the generating function and
nonlinear differential equations, we deduce the explicit expression of degenerate Daehee

numbers as the inversion formula of [1].

2 Some identities of degenerate Daehee numbers arising from nonlinear
differential equations
Let

F=F(t)= log(l + % log(1 + kt)). (2.1)

Then, by taking the derivative with respect to ¢ of (2.1), we get

d 1 |
FO - ZF@) =1+ =log(l +Art) ) ——
dt ® +A0g( + M) 1+ At

1

— — log(1+% log(1+At))
1+At

e

= et (2.2)

From (2.2), we get

et =1+ r)FW. (2.3)
From (2.3), we note that

(—FMe = AFW 1+ (1 + 2)F?. (2.4)
Thus, by multiplying (1 + A£) on both sides of (2.4), we get

1+ A)FVe™f = —A(1 + A0)FY — @ + At)*F?. (2.5)
From (2.3) and (2.5), we get

e 2 = 2@+ A)FY — (1 + A0)*F?. (2.6)
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From (2.6), we have
—2FWeF = H2FW _33(1 + A)F? — (1 + A1)2F®. (2.7)
Multiplying (1 + At) on both sides of (2.7), we get

21+ A)FVe™ = (=1)2A2(1 + A0)FY + (=1)?31(1 + A2)2F?

+(=1)%(1 + 12)°F®, (2.8)
From (2.3) and (2.8), we get
2073 = (=1)222(1 + A)FW + (=1)?3A(1 + A£)2F? + (=1)2(1 + A)>F®). (2.9)
From (2.9), we have

2(-3FM)e™3F = (1?23 FW + (-1)?7A%(1 + A)F®

+(=1)261(1 + A2)2F® + (=1)2(1 + A2)>F@., (2.10)
Multiplying (1 + At) on both sides of (2.10), we get

311+ A)FWVe™3F = (<1231 + A)FY + (=1)>702Q + At)2F?

+ (12611 + A2)°F® + (<1)3(1 + A2)*F@, (2.11)
From (2.3) and (2.11), we get

3l = (=1)°A3(1L + A FW + (=1)°7A%(1 + A£)2F@
+(=1)26A(1 + A2)°F® + (=1)3(1 + A2)*F@, (212)
Continuing this process, we get
N
(N =1)te™ = (=DM "N+ ) (N FP (2.13)

k=1

Let us take the derivative on both sides of (2.13) with respect to ¢. Then we have

N
(N = 1)!(-NFD)e™ = (DN " aNHa, (N) {ka (1 + 2y
k=1
x F® 4 1+ agy F*D1, (2.14)

Multiplying (1 + At) on both sides of (2.14), we get

N
N1+ A FDe™NF = (1N AN, (N) {ka (L + at)*
k=1

x F® + (1 + ) e (2.15)
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Then, by (2.3) and (2.15), we get

N
N1tem ™ = ()N "N K g (N (ka1 + 1)
k=1

x FO 4+ 1+ At)k+1F(k+1)}

N
= (DN Y ANFA 4 A kar(N)F®
k=1

N
+ (=N Z AR+ A g (N)FEHD
k=1

N
= (=N Z AN 4 ) kap (N)E®
k=1

N+1
+ (DN AN+ 1) i (N)FD
k=2

= DNV + A0)a (N)FD + (=D)N (1 + )N

N
x any(N)FN 4 (21N AN (14 ap)f
k=2

x (kar(N) + a1 (N))F®. (2.16)

By replacing N by N + 1 in (2.13), we get

N+1
Ntem™F = (C)NS " ONFA @ 4wy ar (N + 1)F
k=1

= (DVAN(A + 1)@ (N + DEFD + (=D)N (1 + Ap)N*

N
x ans (N + DENH 4 ()N Z ANKA (4 )k
k=2
x ag(N + 1)FX. (2.17)

Comparing the coefficients on both sides of (2.16) and (2.17), we have
ar(N +1) = a1(N), an1(N +1) = an(N), (2.18)
and
ar(N +1) = kag(N) + a;r_1(N), for2<k<N. (2.19)
From (2.3) and (2.13), we have

ef =1+ 1)FY =1 + A0)a; Q)FD. (2.20)
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By (2.20), we get

611(1) =1.

Thus, by (2.18) and (2.21), we have

aN+1)=a(N)=ai(N-1)=---=a1(1) =1

and

ana(N+1) =an(N) =ay (N -1)=---=ai(1) = 1.

For k =2 in (2.19), we have

dz(N + 1) = 242(N) + ﬂl(N)
= 2(2ﬂ2(N— 1) + dl(N— 1)) + Ill(N)

= 22112(]\[ - 1) + 241(]\[ - 1) + al(N)

=210, 2) + 28 201(2) + - - + an(N).
Then by (2.22), (2.23) and (2.24), we get

as(N +1) =284, (2) + 2Y20,2) + - - - + a1 (N)
=2V1g,) + 2V 24 (2) + - - - + a1 (N)

=Ny oN=2 4 1
N-1

= 2t

i1=0

For k = 3 in (2.19), we have

az(N +1) =3az(N) + a(N)
= 3(3a3(N —1) +ay(N - 1)) + ay(N)

=3243(N = 1) + 3ay(N = 1) + ay(N)

=3V24.03) + 3V 32,(3) + - - - + 4 (N)

=3V24,2) + 3V 3a,(3) + - - - + 4 (N)

N-2

= 32a)(N —ip).

in=0
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(2.21)

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)
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Then by (2.25) and (2.26), we get

N-2
as(N +1) =Y 32ay(N — i)

in=0

N-2 N-2-iy

DRI

ip=0 i1=0

N-2N-2-ip

:Z Z 30290 (2.27)

ip=0 =0

For k = 4 in (2.19), we have

as(N +1) =4ays(N) + az(N)
=4(4a4(N -1) + as(N - 1)) + a3(N)

=42a4(N = 1) + 4a3(N - 1) + a3(N)

=4N30,(4) + 4N a3(4) + - + az(N)

=4N34.3) + 4N Ya3(4) + - - - + az(N)

N-3

- Z4i3a3(N— i3). (2.28)

i3=0
By (2.27) and (2.28), we have

N-3
as(N +1) = Z4i3ﬂ3(N— i3)

i3=0

N-3 N-3-i3 N-3—i3-iy

=Y 4k Y 3 3bon

i3=0 ip=0 i1=0
N-3 N-3—i3 N-3-i3—iy
=YY ) abshan (2.29)
i3=0 =0 i1=0
Continuing this process, for 2 < k < N, we have

N-k+1 N-k+1-i}_q N—-k+1-ip_j——ip

aN+)=>" Y . > ki1, (2.30)
ir-1=0  ix_p=0 i1=0

Therefore, we obtain the following differential equations.

Theorem 2.1 Let N € N. Then the differential equations

N
(N =1)te™ = (DN 2N K1+ 1) a(N)F
k=1
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have a solution F = F(t) = log(1 + % log(1 + At)), where

an(N) =1, ai(N) =1

and

N-k N-k—-ip_y N—-k—ij_1—+—iy

:Z Z Z Kik1. ..,

ik-1=0 ir_o=0 i1=0

From (2.1), we easily get

1
F =log <1 iy log(1 + At))

A log(1 + % log(1 + At)) log(l + At)
N log(1 + At) A

o M\ (1 (),
= (;Dzl,;\ E) (X lzzzl 712 % )
§:D fiG%WAW
1o ,

=1
S
=0 ll

(SALEEAYY
s -y

(_)\.)13—11—1 I
(-1 )t }

. Dll —p)sht 13—k
-y Z 1) ()it

From (2.31), we get

d k o0 I3-1 Dl
o _ 2 1A
#-(4) {2(2

I3=1 \1=0

(2.31)

I3=k \[;=0
oo [l3+k-1 I3+k-1;-1
Dy, (-2)kh
i Z( Z lll',A . ((l ) k—10) )US e .
=0\ g=0 3+f—h
From (2.32), we get
o _ (5 (K 00) 5 B N I
1+ A FY = At LA I3 + k)it
(1+42) ;() ; % WGkt )BT
00 )t oo (l3+k-1 Dy (=a)Brk-h-1 th
(k) )» e 2 Vs + k) —
lz=0: ! [3Z=; llz=£ ll' (13+k—ll) (3 ) l3
i 2”:’3*2]‘:1 (5 + K)( (k)n IBD
L\ lﬂh+k L
x (_1)13+k111)\'n+k111) % (233)
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and also

F"’1

Z
0 )m1 1 my
Z <log (1 ty log(1 + kt)))

- > 1 (1 2
= Z (-N)™ Z Sl(mz,ml)ﬁ (X log(1 + At))
m1=0 my=m1 2¢
00 my 1
= Z (Z (=N)"™8(ms, M1))\m2> — (log( + )™
mp=0 \m1=0 M.
ad 2 > A
=> (Z(—N)msumz,ml)kmz)( ma)=—
mp=0 \m1=0 n=ms :
tﬂ
Z Z Z NY"™ 81 (1o, 1) Sy (1, m) A" | —. (2:34)
n=0 \mp=0m1=0 n.

Here S (n, k) is the Stirling number of the first kind.
Thus, by (2.13) and (2.33), we get

(N —1)le™™NF

N

= DV YN a )

k=1

) ( n I3+k— l(l +k (k)n s o

D -1 I3+k—l— IAVH—/( h-1
2.2 zl'(13+k 1) (=D nl

I3=0 =0

3

oo( n I3+k-1 l +k k)n s

:Z (—1)N-! ZAN kg (N)Z Z W (2.35)

n=0 I3=0 [=0

tVl
% Dll,k (_1)13+k111)\n+k111) ;

n Ilg+k-1

Z(ZZ Z ( 1)N+13+k ll)\N+n -1 (N)

k=1 13=0 =0

Is + K)(;0) (k)i "
o+ R1(,) K-ty M>f (236)

L5 + k— 1) n’

By (2.34) and (2.36), we get

n

Z(Z Z WllSI 1’772;1’771)51(71 mz))\n m2> ’t/l‘

n=0 \mp=0m;=0

o) n I3+k-1 n "
Z Z 32 ( 1 N+l3+k-l1 )\’N-H‘l h-1 (N) (13 + k)‘(l:;) (/()’1713 Dl N t_
l]!(lg+k—ll) ! }’Z'

n=0 \ k=1 I3=0 =0

(2.37)
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By equation (2.37), we finally get the following theorem.

Theorem 2.2 For N =1,2,3,...,and n=0,1,2,..., we have

n nmy
(N-1)! Z Z(—N)mlsl(mz,ml)sl(n: ma) A"
my=0m1=0
N n B3+k-1
_ Z Z Z (_1)N+13+k—11 }»N+n_ll_ldk(N)
k=1 l3=0 L=0

(L + )X(72) (K)-y
W' +k-1)

LA

3 Conclusion

Kim and Kim have studied some identities of degenerate Daehee numbers which are de-
rived from the generating function using nonlinear differential equation (see [1]). In this
paper, from the viewpoint of the inversion formula to [1], we study the degenerate Daehee
number arising from nonlinear differential equation. Therefore we obtain the inversion
formula of degenerate Daehee numbers which are related to the some identities of those
numbers. In Theorem 2.1, we get the solution of nonlinear differential equation arising
from the generating function of the degenerate Daehee number. In Theorem 2.2, we have
an explicit expression of the degenerate Daehee number from the result of Theorem 2.1

using the generating function and nonlinear differential equations.
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