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1 Introduction

Fractional differential equations arise in many engineering and scientific disciplines as
the mathematical modeling of systems and processes in the fields of physics, chemistry,
aerodynamics, electrodynamics of complex medium, polymer rheology, and they have
emerged as an important area of investigation in the last few decades; see [1-5].

The theory of impulsive differential equations is a new and important branch of dif-
ferential equation theory, which has an extensive physical, population dynamics, ecology,
chemical, biological systems, and engineering background. Therefore, it has been an ob-
ject of intensive investigation in recent years, some basic results on fractional impulsive
differential equations have been obtained and applications to different areas have been
considered by many authors, we refer to [6—9] and the references therein.

At present, the concept of solutions for impulsive fractional differential equations [2—
21] has been argued extensively. There are some ways to consider the notion of solution
of the form

Deu(t)=f(tu), te] :=]\{t,....tn},]:=10,T],
Auliey = Li(u(t)), k=1,2,...,m, (11)
u(0) = ug.

One way is to change the lower limit to #; on each impulsive and consider (1.1) on [£, £x1]-
This approach is used in several papers [2—6, 11]. In this way, the problem (1.1) is rewritten

© The Author(s) 2017. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, pro-

L]
@ Sprlnger vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and

indicate if changes were made.


http://dx.doi.org/10.1186/s13662-017-1263-6
http://crossmark.crossref.org/dialog/?doi=10.1186/s13662-017-1263-6&domain=pdf
mailto:ghdzxh@163.com

Li and Gou Advances in Difference Equations (2017) 2017:236
as to the following integral equation:
o+ [y EESf(su)ds, te(0,n),
u(t) =4 (1.2)

_o-1 o—
o+ [ L s, u(s) ds + gy JiF tkrfj, (s u(s)) ds
+ 20<tk<t1k(”(tk_))» te(ttrnl k=12,...,

Taking another way, the work in [7-10, 12, 13, 15-19, 21-23] is based on the result that

problem (1.1) is equivalent to the following integral equation:

g + [ & -S> f(s, u(s)) ds, te0,t),
u0+11(u(t1 )+ I ”):_lf(s,u(s))ds, telt,b),

u(t) = { uo + h(u(t) + Lut)) + f; G r(a f(s,u(S))ds, t et t3), (1.3)
uo + oy Te(u(tr)) + fo F(a f(s,u(s))ds, te€ [t T).

Finally, we agree with the second approach, which the concept of solutions for impul-
sive fractional differential equations has been given by (1.3). Furthermore, we point out an
interesting recently published paper written by Liu and Ahmad [24], where the formula of
solutions for semilinear impulsive fractional Cauchy problems (see (20) in [24]) is coinci-
dent with ours (see Lemma 3.1), if one imposes the requirement that the semilinear term
and impulsive term have the same expression in a given finite interval. This paper very
thoroughly and deeply explains the meaning of solutions for impulsive fractional differen-
tial equations from several points of view, and in this way it also supports our approach.
Particularly, Shu and Shi [14] agree with the formula of the solution in [18-20, 25], where
the formula of solutions for the semilinear impulsive fractional (see Theorem 4.2 in [14])
is coincident with the formula of the solution in [7-10, 12, 13, 15-19, 21-23].

On the other hand, as far as we know there are few papers studied the fractional evolu-
tion equations with noncompact semigroup. Recently, Wang et al. [13] discussed the local
existence of mild solutions for nonlocal problem of fractional evolution equations in the
situation that —A generates a noncompact analytic semigroup. Chen et al. [26] investi-
gated the existence of saturated mild solutions for the initial value problem of fractional
evolution equations in the situation that —A generates an equicontinuous Cy-semigroup.
However, periodic boundary value problem for impulsive fractional evolution equations
have not been studied extensively. In [27], Yu et al. studied periodic boundary value prob-
lem for impulsive fractional evolution equations:

‘DY, u(t) = Au(t) + f(t, u(t)), «€(0,1),t€(0,T],t 1,
u(t)) =ulty) +ye, k=12,...,m,
u(0) = u(T),

in Banach space E, A : D(A) C E — E is generator of a Cy-semigroup T'(¢) (¢ > 0) in E and
—A generates a compact Cy-semigroup.
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Shu et al. [28] investigated S-asymptotically w-positive periodic solutions to the follow-
ing fractional partial neutral differential equations:

DY (u(t) + F(t,u:)) + A(u(t)) = G(t,uy), t=>0,
u(0) =9 € %,

where DY is the Caputo fractional derivative with 0 < & <1 and —A is the infinitesimal
generator of an analytic semigroup {7(¢)}:>0-

Wang et al. [15, 16] discussed Ulam-Hyers stability for fractional equations and studied
several types of such equations with various boundary value conditions as well, concept
of solutions, existence results and examples are presented in [17].

However, in [29, 30], Mu et al. use the monotone iterative technique to investigate the
existence and uniqueness of mild solutions of the impulsive fractional evolution equations
in an order Banach space E:

‘DYu(t) + Au(t) =f(t,u(t)), tel,t#t,
Ault:tk =Ik(u(tk)), k= 1,2,...,m,
u(0) =xg € E,

and

CD?M(I:) +Au(t) :f(t’ M(t)), tej,t #tk;
Auliey = L(u(t)), k=1,2,...,m,
u(0) + g(u) =x¢ € E,

where °DY is the Caputo fractional derivative of order « € (0,1), A: D(A) CE — E bea
closed linear operator and —A generates a Cy-semigroup 7'(¢) (t > 0).

Unfortunately, these papers have some essential flaw (see Lemma 2.7 in [29] and
Lemma 2.10 in [30] are not correct). Thus their main results are not correct too. For-
tunately, in [7-10, 12, 13, 15-19, 21-23], Wang et al. gave a new concept of solution for
some impulsive differential equations with fractional derivative, which is a correction of
that of piecewise continuous solutions used in [4, 6, 11, 29, 30].

Furthermore, to the best of our knowledge, the theory of periodic boundary value prob-
lems for nonlinear impulsive fractional evolution equations is still in the initial stages and
many aspects of this theory need to be explored; motivated by the above discussion, in this
paper, we use some fixed point theorems and a measure of noncompactness to discuss the
existence of mild solutions for the periodic boundary value problem (PBVP) of impulsive
fractional evolution equations of Volterra type in an ordered Banach space E,

‘DY, u(t) + Au(t) = f(t, u(t), Fu(t), Gu(t)), te,t#t,
Auliy = L(u(t)), k=1,2,...,m, (1.4)
u(0) = u(w),

where °Df, is the Caputo fractional derivative of order « € (0,1) with the lower limit
zero, A : D(A) C E — E be a closed linear operator and —A generates a Cy-semigroup
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T(t)(t=0)inE;f € CUXExEXE,E), Iy € C(E,E) isan impulsive function, k = 1,2,..., m;
J=10,w],] =]\{ti,to,.... tm}, Jo = [0, t1], Jk = (t, trs1], the {tx} satisfy O = o <ty <ty < - -+ <
b < b1 = @,m € N; Au(ty) = u(tl) — ulty), Au'(ty) = w' (t]) — u/(£), u(ty) and u(t;) rep-
resent the right and left limits of u(¢) at ¢ = #, respectively, and

Fu(t) = /tl((t,s)u(s) ds, Ke C(Dl,R+),

’ ) (1.5)
Gu(t) :/ H(t,s)u(s)ds, H e C(DO,R+),

0

with Dy = {(t,s) € R*:0 <s <t < w}, Dy = {(t,5) € R?: 0 < t, s < w}, Ko = max(sep, K(t,5),
Hy = maxep, H(¢, ).

The rest of this paper is organized as follows: In Section 2 we recall some basic well-
known results and introduce some notations. In Section 3 we discuss the existence the-
orems of solutions for periodic boundary value problem (1.4). Two examples will be pre-
sented in Section 4 illustrating our results.

2 Preliminaries
In this section, we briefly recall some basic well=known results which will be used in the
sequel.

Let E be a Banach space with the norm || - || and C(J, E) denote the Banach space of all
continuous E-value functions on interval J with the norm ||| = max.e; [|u(?)].

Let PC(J,E) = {u : ] — E, u(t) is continuous at ¢ # f;, and left continuous at ¢ = #, and
u(ty) exists,k = 1,2,...,m}. Evidently, PC(J,E) is a Banach space with the norm |lu| =
sup,¢; lu(t)|l. Set C*(J,E) = {u € C(J,E)|°D§, u exists and°D§, u € C(J,E)}. Let A : D(A) C
E — E be a closed linear operator and —A generate a Cy-semigroup 7(¢) (¢t > 0) in E.
Then there exist constants N > 0 and § € R such that

IT@®)| <Ne*, t=0

and Jy can also be expressed by §¢ = lim;_, , o Sup M ,then § is called a growth index of

the Cy-semigroup T'(¢) (t > 0). If §o < 0, then T'(¢) (¢ > 0) is called an exponentially stable
Co-semigroup.

Definition 2.1 A Cy-semigroup T'(¢) (¢ > 0) is said to be exponentially stable in E if there
exist constants N; > 1 and § > 0 such that

IT®| <Nie™, ¢>o0.
For completeness we recall the definition of the Caputo derivative of fractional order.

Definition 2.2 The fractional integral of order « of a function f : [0,00) — R is defined
as

1 t
I, = m /0 (t—s)""f(s)ds, t>0,a>0,

provided the right side is point-wise defined on (0, 00), where I'(-) is the gamma function.
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Definition 2.3 The Riemann-Liouville derivative of order « with the lower limit zero for

a function f : [0,00) — R can be written as

1 d [t fls)
DYf(t) = ———— —————ds, t>0,n-1 .
SO g | s £ 0m-L<a<n

Definition 2.4 The Caputo fractional derivative of order « for a function f : [0,00) — R

can be written as

n-1
Dy f(t) = D+ |:f(t) - Z Z—If(k)(O)], t>0,n-1<a<n,

k=0

where 7 = [«] + 1 and [«r] denotes the integer part of «.

Remark 2.1 In the case f(¢) € C"[0, ), then

1 t
Do 0= 10—y /0 (£ — )Y (s) ds = I19f"(8), £>0,m—1<a<n.

That is to say that Definition 2.4 is just the usual Caputo’s fractional derivative. In this

paper, we consider an impulsive problem, so Definition 2.4 is appropriate.

Remark 2.2 If u is an abstract function with values in E, then the integrals which appear

in Definitions 2.3 and 2.4 are taken in Bochner’s sense.

In this paper we adopt the following definition of mild solutions, which comes from [12,
17,18, 21, 24].

Definition 2.5 By a mild solution of the initial value problem

Dy u(t) + Au(t) = f(¢, u(t), Fu(t), Gu(t)), te],
Auliey = L(u(t)), k=1,2,...,m, (2.1)
u(0) = uo,

on J, we mean a function u € PC(/, E) satisfying

T (g + fot(t —5)* LT (t = 8)f (s, u(s), Fu(s), Gu(s)) ds, te[0,t],
Toy®uo + To(t — )L (u(tr))

+ fot(t —8)* LS (t - s)f (s, u(s), Fu(s), Gu(s)) ds, te(t,5], 22)
T Qo + X1y To(t — )1 (u(ty))

+ fot(t — 8)* L (t = s)f (s, uls), Fu(s), Gu(s)) ds, t € (t, ),
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where

T (t) = /00 Ga(s)T(t“s) ds, () =« /OOSQO((S)T(taS) ds,
0 0

o (2.3)
0, (5) = % Z(-S)HW sin(mra), s e (0,00),

n=1

are the functions of Wright type defined on (0, 0o) satisfying
o0
04 (s) >0, s € (0,00), / 0y (s)ds =1,
0

and

< _I'+v)
/(; s9a(s)dS—7F(1+av), v e [0,1].

We first give the following lemmas to be used in proving our main results, which can be
found in [12].

Lemma 2.1 The operators T,(t) and .7, (t) (t > 0) have the following properties:
(i) Forany fixed t > 0, T,(t) and .7, (t) are linear and bounded operators, i.e., for any
uck,

M
| ZeOu| < Mljul, |-Za®u| < mllull.

(i) Foreveryu € E,t — ,(t)u and t — S, (t)u are continuous functions from [0, 00)
into E.

(iii) The operators T, (t) and S, (t) are strongly continuous for all t > 0.

(iv) IfT(¢) (t = 0) is an equicontinuous semigroup, Ty (t) and .7, (t) are equicontinuous
inE fort>0.

(v) Foreveryt>0, J,(t) and .7, (t) are compact operators if T(t) is compact.

Suppose that here the bounded operator B: E — E exists given by
-1
B=[I-J,(w)] . (2.4)
We present sufficient conditions for the existence and boundedness of the operator B.

Lemma 2.2 (see Theorem 3.3 and Remark 3.4 [23]) The operator B defined in (2.4) exists
and is bounded, if one of the following three conditions holds:
(i) T(¢) is compact for each t > 0 and the homogeneous linear nonlocal problem

‘D u(t) = Au(t), te],
u(0) = u(w),

has no non-trivial mild solutions.
(ii) If | Zo()| <1, then the operator I — T (w) is invertible and [I — Ty (w)]™ € Ly(E).
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(iii) IfIT@®)| <1 fort € (0,w], then T (nw) — 0 as n — 0o and the operator I — Tp(w)
is invertible and [I — T ()] € Ly(E), where Ly(E) denotes the space of bounded

linear operators from E to E.

Now, we recall some properties of the measure of noncompactness will be used later.
Let o(-) denote the Kuratowski measure of noncompactness of the bounded set. For any
BC C(,E)and t € ], set B(t) = {u(t) : u € B} C E. If B is bounded in C(/, E), then B(t) is
bounded in E, and «(B(t)) < a(B).

Lemma 2.3 ([31]) Let E be a Banach space, and let B C E be bounded. Then there exists a
countable set By C B, such that o(B) < 2a(By).

Lemma 2.4 ([32]) Let E be a Banach space, and let B C C(J,E) is equicontinuous and
bounded, then a(B(t)) is continuous on J, and o:(B) = max,c; «(B(t)).

Lemma 2.5 ([33]) Let B = {u,} C PC(J,E) be a bounded and countable set. Then o(B(t))

is Lebesgue integral on J, and

a({/]un(t)dt:neN}) 52/}0{(3(15))6#.

Lemma 2.6 (Sadovskii’s fixed point theorem) Let E be a Banach space and Q0 be a
nonempty bounded convex closed set in E. If Q : Qo — g is a condensing mapping, then
Q has a fixed point in Q.

3 Main results
In this section, we will present some main results. Before stating and proving these results,

we introduce some notations and lemmas which are used in this sequel. For B C C(/,E),
let B(¢) = {u(t) : u € B} and denote B,(J) = {u € PC(J,E) : |u|| <r}.

Definition 3.1 An abstract function u € PC(J,E) N C*(J',E) N C(J', Ey) is called a solution
of the PBVP (1.4) if u(¢) satisfies all the equalities of (1.4).

Lemma 3.1 Let T(t) (t > 0) be an exponentially stable Cy-semigroup in E generated by
—A, then the PBVP (1.1) has a unique mild solution u € PC(J, E) given by

Ty (t)R(u) + fot(t — 8)*7 LI (t = s)f (s, u(s), Fu(s), Gu(s)) ds,

te [0, tl],
TaOR(m) + To(t - t1)h (u(tr))

u(t) = [ (= 8)* LIt — $)f (s, uls), Fuls), Gu(s)) ds,  t € (ti,ta], 3.1)

To(ORu) + 37 Tt = t) L (u(t:))
+ fot(t —8)* LS (t - S)f (s, u(s), Fu(s), Gu(s)) ds, t € (tm v],
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where

B[ [} (@ - 5)* 1S (@ — 8)f (s, u(s), Fu(s), Gu(s)) ds], ¢ €[0,4],
B[fow(a) —5)* LS (w = 8)f (s, uls), Fu(s), Gu(s)) ds
R(u) = + To(o-t)h(uh))], te (b, (3.2)
B[fow(w —5)* LS (w — s)f (s, uls), Fu(s), Gu(s)) ds
FXT Tl - )W), te (b ol,

and 7,,.%, are given by (2.3).

Proof For any u € PC(J, E), by Definition 2.5 and the proof of [12], we know easily that the

initial value problem of the impulsive fractional evolution equation

Dy, u(t) + Au(t) = f(t, u(t), Fu(t), Gu(t)), te],
Auli—y = L(u(t)), k=1,2,...,m,
M(O) = Uo,

has a unique mild solution u# € PC(J, E) given by

T (B)ug + fot(t —5)* LI (t = S)f (s, uls), Fu(s), Gu(s)) ds, te[0,t],
Tou®uo + To(t — )L (u(tr))
+ fot(t — 8)* L (t = s)f (s, u(s), Fu(s), Gu(s)) ds, t€ (t,t],

O + Y1y To(t — t)(u(t;))
+ fot(t — 8)* L (t = s)f (s, u(s), Fu(s), Gu(s)) ds, t € (tu, ),

where .7, and ., are given by (2.3).
We show that the PBVP (1.4) has a unique mild solution u € PC(J, E) given by (3.1). If a
function u € PC(J, E) defined by (2.2) is a solution of the PBVP (1.4) and u¢ = u(w), then

[I - F(@)]uo

= /w(a) —8)* LS (w - S)f(s, u(s), Fu(s), Gu(s)) ds
0

3 Tulo—t)(ult), teik=0,1,2,...,m.

i=1

Since T'(¢) (¢ > 0) is exponentially stable, we define an equivalent norm in E by

x| = sup|| & T(£)x|.
£20

Then ||x|| < |x| < N|x| and |T(£)| < e* (¢ > 0), and especially, T(w) < e7® < 1. It follows
that / — T(w) has a bounded inverse operator [I — T(w)]™* by virtue of Lemma 2.2(iii).
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Hence we choose

Ug = B|:/w(a) -8 L (w - s)f(s, u(s), Fu(s), Gu(s)) ds
0

+Y Flw- t,«)f,r(u(m)] 2 R(u).

i=1

Then uy is the unique initial value of the problem (2.1) in E, which satisfies ©(0) = o =
u(w). It follows that the mild solution u« of the problem (2.1) corresponding to initial value
u(0) = up = R(h) is just the mild solution of the PBVP (1.4). Therefore, the conclusion of
Lemma 3.1 holds. O

To prove our main results, the following lemma is needed.

Lemma 3.2 Assume that o > 0,m € C(J,R*) satisfies
t t
m(t) < M / (t = $)* m(s) ds + M, / (t—5)* " m(s)ds
0 0
+ Ms / (t—9)*Tm(s)ds, te], (3.3)
0

where M; > 0 (i = 1,2,3) are constants. Then m(t) = 0 for t € ] provided the following
(1) (Mq+Mao+M3)w* <1.
o

condition holds:
Proof Let us suppose that (i) holds. Then, from (3.3),

m(t) < (M + My + M3) /Ow(t -8 m(s)ds, te].

If follows by integrating the above inequality that

/ m(s)ds < (M, + M + Ms)w / m(s) ds,
0 0

o

and by assumption (i), implies

‘/ow m(s)ds =0,

and so m(t) =0, € ]. The proof of this lemma is complete. O

Throughout this paper, we introduce the following hypotheses:

(H1) f:] x E x E x E— E is a continuous function and there exist a
Lebesgue-integrable function M, : ] — R* and nondecreasing continuous
function  : [0, 00) — (0, o0) such that

I &%, 3,2) || < MA(D)QAr) (3.4)

forallt €/, (x,v,2) € B, x B, X B,.
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(H2) The functions I : E — E are continuous and there exists a constant p > 0 such that
||Ik(u) || <plul|l forallu,veB,andk=1,2,...,m.
(H3) There exists a positive solution ry of the inequality

M, |12 “
M(MM*+1)<M mp)Sro,

Mo +1)

where M* = ||B|.
. T(a+1)[1-2M(MM* +1) Y7 My
(H4) There exists a constant 0 < L; < 4;2 (MM*+1)(1+wK0+§1]i;()l)w‘i( such that, for any

bounded and equicontinuous sets V; C C(J,E) (i=1,2,3) and t €]

3
B(f (£, V1, Vo, V3)) <Ly Zﬂ(Vi)'

i=1

(H5) There exists My >0,k =1,2,...,m with ka=1 My < m such that

a({Tx(xa(t0)) }) < Mo (x(5)),
for any countable subsets {x,} C PC(J, E).

Theorem 3.1 Let E be a Banach space, A : D(A) C E — E be a closed linear operator and
—A generate an equicontinuous Co-semigroup T (t) (t > 0) in E. Assume that the conditions
(H1)-(H5) are satisfied. Then the PBVP (1.4) has at least one mild solution on J.

Proof Choosing

oz (L 120 )

'« +1)

Consider B,,(J) = {u € PC(J,E) : |u(t)|| < ro,t € J}, then B,,(J) is a closed, bounded and
convex subset of PC(J, E).
From Lemma 3.1, we define the mapping Q : PC(J,E) — PC(J, E) by

T(OR@W) + [t —8)* S (£ = 8)f (s, uls), Fuls), Gul(s)) ds,

te [0,1’1],
Ta(ORW) + To(t - t1) 1 (u(tr))

Qu(t) = + fot(t —5)* L (t = s)f (s, uls), Fu(s), Gu(s)) ds, t € (t,ta], (3.5)

To(ORwm) + Y7 Tt — t)I(u(t:))
+ fot(t —5)* LI (t = s)f (s, uls), Fu(s), Gu(s)) ds, t € (ty,w),

where R(u) is given by (3.2). Obviously, « is a mild solution of the PBVP (1.4) ifand only if
is a solution of the operator equation u = Qu. We will use Sadovskii’s fixed point theorem
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to prove that the operator equation u = Qu has a solution on By, (J). Our proof will be
divided into four steps.

Step 1. We show that QB,,(J) C By, (J).

Let 0 < r; < min(ry, %), for any u € B, (J) and t € ], we have

||(Fu)(s) || = H/o K(t,s)u(s)ds

< Kof ||u(s) || ds < Kowry < ry.
0

So Fu € B,,(J). Similarly, we prove Gu € B,, (/).
For each t € Jy = [0, 1], by Lemma 2.1(i) and (3.5), we have

[(Qu®)| =

T (OR(u) + /t(t —8)* LAt~ s)f(s, u(s), Fu(s), Gu(s)) ds
0

MQ(VO) ! -1

@) /0 (£—=38)"""M,,(s)ds

< g M1V IR00)0” MM 120 )o”
Mo +1) Mo +1)

o\ 1M [1S2(r0)
= M(MM +1)W

< MHR(M) || +

<ro.
By the same method, for each ¢ € Ji = (¢, tk1], k =1,2,...,m, we have

[(Qu®| <

TaORW) + Y Tt = )1 (u(t:))

i=1

+ /t(t —5)* LA (- s)f(s, u(s), Fu(s), Gu(s)) ds
0

“ MSQ(ry) (! o
M| R M E I; i —9) M,o d

o
< MM M| M, ||2(ro) + Mmp
IN'a +1)

m
MM, [|Q(ro)®
+M sup Z||Ii(u(ti)) | + —Fr" 0
ueBy, ) 5 (o +1)

o o
< MM M| M, | 2(ro) « Mm MM, [|Q(ro) o + Mmp
IMa+1) I +1)

M, |2 &
ZM(M *+1) ” ro” (FO)C‘) m
I +1)

= rp.

Hence, ||Qul| < 7o, for any u € B,,(J), i.e., Qu € B,,(J).

Step 2. Now we show that Q is continuous from B, (/) into B,, (/). To show this, for any

Upu € By (J),n=1,2,..., with lim,_, o |lu,, — u|| = 0, we get

lim u, () = u(?),

n—00
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for all ¢ € J. Hence, by (H1), (H2), we have
Tim £ (2, 1 (8), (Fun) (0), (Gun)(®)) = £ (& u(2), (Fu) (0), (Gu)(8), te€],
nlin;olk(u"(tk)) = Ik(u(tk)), k=1,2,...,m

On the one hand, using (H1), we get, for each ¢ € /,

(& =) | (5, thn(5), (Fren)(5), (Gun)(5)) — f (s, (), (Fu) (s), (Gui)(s)) |
<(t —s)“‘IZQ(rO)M,O (s), a.e.in|[0,¢).

On the other hand, the function s — (¢ — 5)*12Mg(s) is integrable for s € [0,£) and t € /.
By Lebesgue dominated convergence theorem, we have

fo (9 (5 06, (Fi)5), (Gt )(9) = F (5,15, (F)(s), (Gru))) | s — O,
as 11— 00.
For t € Jy = [0, 1], we have
| R (2) - (Ru)@)

MM* ¥
<
T I'(a+1)

I (& a(®), (Fu,)(2), (Gun)(2)) = f (&, u(0), (Fu)(0), (Gu) () |

— 0, asun— oo.

Then we have

[(Qu)(®) = (Qu)(®)||
= [ Za®] - |(R@a)(®) - Ra)(®)) |
. / (t= 57| At =)
X |If (5, t6n(s), (Fuan)(5), (G )(5)) — f (s, (), (F)(s), (Gui)(s)) | s

< M| (R(un)(t) - R@)(®)) |

Mg -
T L €= 151090 P9 (G,)9) 5,49, ()9, (Ga5) |

— 0, asun— o0.
For t € Ji = (¢, tx41], we have

| (Ru)(2) = (Ru)(0)|
MM* o
- F(a +1)

I (& 1 (2), (Fut) (), (Gt} (8)) —f (2, (0), (Fu)(2), (Gu) (D)) |

+ mM || I (ua(t)) = I (u(t)) | = 0, asn— oc.
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Then we have

| (Qun)(&) - (Qu)(®) |
< | Z®] - |(R@n) @ - R@w)(@))|

‘ _ o)l _
+/0(t 9 Sl - 5)|

X |[f (s, t0u(8), (Fru)(8), (Gun)(8)) = f (5, u(s), (Fua) (s), (Gu)(s)) | ds

STt 0] - i) ()|

k=1
< M| (R(un)(8) = R@)®)) || + mM | I () = L ((8)) |
Mo e
' /0 (= 9 (5, 4n(), (Ft)(5), (Gun)(5))
—f(s, u(s), (Fu)(s), (Gu)(s)) ” ds

— 0, asun— 00,

which implies that Qu,, — Qu uniformly on J as n — oo and so Q: B,,(J) = B,,(J) is a
continuous operator.

Step 3. Now, we demonstrate that {Qu : € B, (J)} is equicontinuous. For any u € B, (J)
and 0 < < £ < w, we get

| (Qu)(22) - (Qu)(®) |
= (Z(t2) - To(t2)R(u)

+ / ’ (ty — 8)* Lty - S)f (s, u(s), (Fu)(s), (Gu)(s)) ds
. / (12— 97 = (1 = 5 Y). Tt — 5)f (5, u(s), (Fu)5), (Gue)5)) s
0

. /0 (1= 9 (St - 5) = ity — )f (5, u(s), (F)(s), (Guu)(s)) ds

+ Y (Talts - ) = Tolts — 1)) x I (u(t7))

k=1

211 +[2 +13 +I4, +15.

Here we calculate

5
| (Qu)(&2) - (Qu)e) | <D Iill- (3.6)

i=1

Therefore, we inspect that ||/;|| tend to 0, when t, —¢; — 0,i=1,2,...,5.
For [1, I, by Lemma 2.1(iv), we have

|L|l > 0 ast, -5 — 0,
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m

151 =Y " (Talts - ) — Tults — 1)) x Ie(us(t;))

k=1
<mp| Tty - ) = To(tr - 1)

—)0, tz—t1—>0.

For I, I3 by Lemma 2.1(i) and (H1), we have

M| M,, ||$2 f2 M| M, ||IS2
I = SR [P, et s < MR IS g, e
o t

Mo +1)

L] = /0 (= 9% = (61 = ). S (b — 5)f (5, (s), (Fu)(s), (Gu)(s)) dis

_ MM, [1200)
')
- M| M, [1S2(ro)
IN'a +1)

/tl ((t2 —5)* (4 - S)"‘_l) ds
0

(& — 0)"

—)0, tz—t1—>0.

For I, by Lemma 2.1(iv) and (H1), we have

Ll = /0 (1= 9 (Faltr = 5) = Sty = 9))f (5, (6), (Fu)(s), (Guu)(s)) ds

n
< [IMy, ||Q(Vo)/ (61— )| Fulta = 5) = Fu(tr - 9)|| ds
0

—)0, tz—t1—>0.

Page 14 of 22

t2—t1—>0.

In conclusion, |[(Qu)(t2) — (Qu)(t1)|| — 0 as t, — & — 0, which implies that Q(B,,(/)) is

equicontinuous.

Let B =coQ(B,,(])). Then it is easy to verify that Q maps B into itself and B C PC(/, E)

is equicontinuous.

Step 4. Now, we prove that Q: B — B is a condensing operator. For any W C B, by

Lemma 2.3, there exists a countable set Wy = {u,,} C W, such that

B(QW)) < 28(Q(Wp)).

By the equicontinuity of B, we know that W, C B is also equicontinuous.
By this fact that

/w u(s)ds € wE{u(s)|s e]}, ueC(,E),
0
we have
Ig({/tK(tyg)u(s)ds‘u €Bt e]}) < wKoB({u(t)lu e B te]}),
0

ﬁ({/wH(t,s)u(s) ds|u € B, e]}) < wHoB({u(®)lu e B,te]}).
0

(3.7)

(3.8)

(3.9)
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For t € Jy = [0, 1], by the definition of Q, (3.8), (3.9) and Lemma 2.5, we have

@ (Q(Wo(1)))
—a ({ T (®)R(u,,) + /t(t —5)* LAt~ s)(f(s, 1,,(8), Fu,, (s), Gun(s))) ds:ne N})
0
< Ma({R(uy,) ‘ne N})

oM ! vl ‘
+ m/() (t-3s) Oé({f(S,un(s),Fun(s),Gu,,(s)) .neN})ds

MLi(1 + wKy + wHpy)w®
Mo +1)

§MM*[ ]a(W)

2M [t vl
) /0 (t -9 (Li[a(Wo(s) + a(F(Wo)(s)) + a(G(Wo)(s))]) ds

MLl(l + a)Ko + a)Ho)a)“
Mo +1)

2MLy
I'(a)

SMM*[ ]a(W/)+ /t(t—s)"‘_loe(w/o(s)) ds
0

’ 1%(—15)%11(0 fot(t —8)" o (Wo(s)) ds + I%(—]:‘I)“)LlHO /Ow(t_s)aflo‘(%(s)) dis

2ML1 (1 + wKy + wHpy)w® W) 2ML (1 + wKy + wHy)w®
IMa+1) Ia+1)

2ML1(1 + a)[(() + a)Ho)a)"‘
Mo +1)

<MM*[ i|o:(W)

= (MM* +1)[ ]a(W).

For t € Jx = (tx, tks1],k = 1,2,...,m, by the definition of Q, (3.8), (3.9) and Lemma 2.5, we
have

«(Q(Wo())

= ({ T (OR(u,) + /t(t —8)* LA (- ) (f(s, U, (8), Fu, (s), Gu,,(s)) ds
0

3 Tt - )l (un(ti)) 1 € N) D

k=1

<Ma({R(u,):n € N})

oM (! el '
e —

+ MY Mya (I (1 (20)))

k=1

ML, (1 + 0Ky + wHp)w® "
1( + wKg + W ())a) +MZMk
INa+1)

§MM*|: }x(W)

k=1

+ m/() (t = 9)* (L[ (Wo(s)) + a(F(Wo)(s))

+a(G(Wo)(s))]) ds + MY Miar(Wolk))
k=1
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ML (1 + wKy + oHgy)w® “
MY M
T(a+1) M

2ML, [! a1
+ T e m)

2M ¢ vt M w »
+ma)L11<o/O (t-s) Ol(Wo(S))dS+ %wl/ﬂ'[o/() (t-s) Ol(Wo(S))ds

§MM*|: }a(W)

k=1

m
+ MY Myer (Wi (t))
k=1
ML, (1 + wKy + wHp)o® "
< mae| ML+ 0K + oHo)e MY My |a(W)
IN'a +1) —

2MLi (1 + wKy + wHp)w® “
MY M |a(W
+[ Tla+1) i kXI: K |e(w)

N 2ML (1 + wKy + wHpy)w®
=M(M +1)|: T+ D) ZMk o

Hence, for any ¢ € /, we have

(Q(Do(1))) < M(MM* +1) [ZMLIO ;E:Kf I)”H")”a ¥ ZMk:|a(W).

Since Q(W)) is bounded and equicontinuous, by Lemma 2.5, (H4) and (H5), we have

@(QUW) = 26(QW0)) = 2maxa(Q(Wo(0)

OML;(1 + Ko + wH
§2M(MM*+1)|: i H” °1+w 0)o” ZM{|0{ ) < a(W).
o+

Then Q: B,,(J) — By, (J) is a condensing mapping. By Lemma 2.6, Q has at least one fixed
point u« in PC(J,E). O

Theorem 3.2 Let E be a Banach space, A : D(A) C E — E be a closed linear operator and
—A generate an equicontinuous Cy-semigroup T(t) (t > 0) in E. Assume that the set

{Rv,)} = { [/ (@ —8)* "o (@ = 8)f (5, V1(5), Fvua(s), Gvpa(s)) ds

+ Z Falw - tz’)lz’(an(ti)):| ‘ne N}
i=1
is relatively compact and (H1)-(H3) hold with the following conditions:
(H6) There exist constants L > 0 such that, for any bounded and equicontinuous sets
V;CcC(,E)(i=1,2,3)and t €],

3
B(f(t, V1, Vo, Va)) <L Y B(Vy).

i=1
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(H7) The inequality

IMIL + 2wL(Ky + Ho)]
o +1)

o<1
is satisfied. Then the problem (1.4) has at least one solution on J.

Proof For convenience, we denote B = {v,, : n € N} and By = {v,,_; : n € N}. Then B = Q(By).
We will consider set By and prove set By is relatively compact.

It follows from Theorem 3.1 that By is uniformly bounded and equicontinuous on J.
Next, we only prove that, for any ¢ € J, set By(t) = {v,_1(¢) : n € N} is relatively compact
in E. From By = BU {1} it follows that «(By(t)) = «(B(t)) for t € J. Let ¢(¢) := a(B(t)),t €],
going from Jj to J,, interval by interval we show that ¢(£) =0 in /.

For t € ], there exists a Jx_; such that ¢ € J;_;. By (1.5) and Lemma 2.5, we have

a(F(Bo)(8)) :a({/tl((t,s)vn_l(s)dszn € N})

k-1

Za({/ K(t,s)v,_1(s)ds : neN})
} 1
+a({/t K(t,s)v,_1(s)ds:n eN})

k-1
Z/ Bo s) ds+2K0/ ot(Bo(s)) ds

t
k-1
k1 g t
:ZKOZ/ (p(s)ds+21<0/ o(s)ds
j=1 V-1

k-1

t
= 2K, / @(s)ds,
0

and therefore,

t

f toz(F(Bo)(s)) ds < 2wK, / o(s)ds (3.10)
0 0

and

a(G(Bo)(2)) a({f H(t,s)v,_1(s)ds: neN})

k-1

< Zoe({/tj H(t,s)v,.1(s)ds:n € N})
j=1 Gj-1

+a({/w H(t,s)v,_1(s)ds :n € N})

kgl:/tjl Bo(s) ds+2H0/

w
k-1

a(Bo(s)) ds
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_ZHOZ/t 1 ds+2Ho/ o(s)ds
]

k-1

=2H0/ @(s) ds,
0

and therefore,

t )
/ ot(G(Bo)(s)) ds < ZwHO/ (s) ds. (3.11)
0 0
For t € Jy, from (3.5), using Lemma 2.5, assumption (H6) and (3.10), (3.11), we have

¢(6) = a(B(1)) = (QBo)(1))
ye (%(t)R(vnl) + f (69l (5,251, s (51, G ) ds>
0

=< % /t ({(t S a l(f(S,Vn—l(s);FVn—l(s)r Gvn—l(s)))})ds

/ (t—s)*" 1 Bo(s)) + a(F(Bo)(s)) + a(G(Bo)(s))))ds

< F( )/(t )% Yo(s)ds + ma)LKO/ (t—s)"to(s)ds

F(]VI a)LHof (£ =5)*Lo(s) ds.

Hence by (H7) and Lemma 3.2, ¢(¢) = 0 in J,. In particular, «(B(#1)) = a(Bo(#1)) = ¢(t1) = 0,
this implies that B(¢;) and By(¢;) are precompact in E. Thus [;(By(#)) is precompact in E,
and a(f;(By(#1))) = 0.

Now, for t € J;, by the above argument for ¢ € Jy, we have

(1) = a(B(1)) = «(Q(Bo)(2))
=a ({ T OOR(Vy1) + To(t = t1) Ty (Vaa (81))

+ /t(t —8)* LAt - ) (8 V1 (8), Fvy-1(5), GV (9)) ds})

_2ML o 4M e
< F(a) (t s) (p(s)ds+—r(a)a)LK0/O (t—5)""(s)ds
LM I
I‘( )a)LHo/ (t—9)""p(s)ds
_2ML e 4M L e
= —F(a) , (t $)* " p(s)ds + —F(O[)a)LKof[1 (t—s)*"p(s)ds

+ Tjo\/l[)a)LHo‘/ﬁ (£ = 5)*Lo(s) ds.

Again by (H7) and Lemma 3.2, ¢(¢) = 0 in J;, from which we obtain «(By(t;)) = 0 and
a(lr(Bo(£2))) = 0.



Li and Gou Advances in Difference Equations (2017) 2017:236 Page 19 of 22

Continuing such a process interval by interval up to J,,, we can prove that ¢(t) =0 in
every Ji,k =0,1,2,...,m. Hence, for any ¢ € ], By(t) is relatively compact. Consequently, it
follows from the Ascoli-Arzela theorem that set By is relatively compact, i.e., there exists a
convergent subsequence of {v,}°,. With no threat of confusion, let lim,,_, o v,, = v* € B,(J).

Thus, by continuous of the operator Q, we have

Ve = lim v, = nlevm4=(g(nn1Vm4)::Qvi
n—00 n—0o0 n— 00

which implies the PBVP (1.4) has at least a mild solution. This completes the proof. [

4 Examples
In this section, we give two examples to demonstrate how to utilize our results.

Example 4.1 We consider the impulsive fractional differential equations with periodic
boundary conditions,

1
2 3? _ .t _luyl 1t e
Dy, u(t,y) + Wu(t,y) = 35 Tutyn + 3o 3 u(s,y)ds

=(s=t)

w e u(s,y)ds, ye(0,m),te0,h) U1,

_ g ) 4.1
Aulit = Gorug o 7 € O (1)

u(t,0) = u(t,7) =0,

u(0,y) =u(L,y), ye(0,m).

Let E = L*(0, 7). Define Au = %u for u € D(A),

D(A) = {ueE: 8_u’82_u € E,u(0) = u(m) =0}.
dy dy*

Then —A is the infinitesimal generates of a Cy-semigroup T(¢) (¢ > 0) in E, which is

equicontinuous and M = 1. Moreover, T(-) is also compact and ||T(¢)|| < e <1, > 0.

By the Fredholm alternative theorem, [I — .7, (1)]™! exists and is bounded where 7, (-) is

defined in Section 2.

Let
t o(s-0) t e‘(sz‘f)
Fu =f u(s,y)ds, Gu =/ u(s,y)ds,
o 5 0
t uyl 1 1
(t,u, Fu,Gu) = — ——————— + Fu + Gu, €(0,m),te|0,=|U|=,1|,ucE
4 25 (1 + u(ty)]) Y 2) 2

and f:[0,1] x E x E x E — E is a continuous function.
Next, we can calculate

=(s=t)

¢t lulx, ) 1/%“% 1/%2
t 1, Fu, Gu)| = | — — 2B P0 2 S)ds+ =
If e, Fie, G| H25(1+||u(x,t)||)+s , 5 ums)dstg |

u(x,s)ds

1 2 2 1
= ol + ool + o llall = Z ol
25 25 25 5

hence the condition (H1) holds with Mg(t) = é, Q(r)=r.
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_ 1-
11(u<l ,y)) = (W(Z—J’N’ ye(0,m),uckE

2 20 + |u(3 )
and
1
I = < — ,
] = | s | = 51

hence the condition (H1) holds with p = %.

Moreover,
M, |22 & 2 1
M(MM* + 1)<M + m,o) = (M* + 1)<L01 + —) < rg.
(a +1) 5r'(3) 20
1 1 2
Thus, one can choose o > 55/[ 3577 — T(%)] such that (H3) holds. Furthermore, assume

that (H4), (H5) hold. Therefore, by Theorem 3.1, the problem (4.1) has a mild solution on
[0,1].

Example 4.2 We consider the impulsive fractional differential equations with periodic
boundary conditions,

1
2 92 lu(tp) |l t 50 .
‘Dg.ult,y) = Wu(t,y) + (1+9et)l;1+3\iu(t,y)H) + [y Sg—uls,y) sinu(s, y) ds
~(s=1)

+ Jo Sqo—uls,y)cosuls,y)ds, ye(0,7),t€[0,3)U (3,1,

s—t
10
_ Gl 49
Al = Sl ¥ € O 42)

u(t,0) = u(t,7) =0,
M(O:y) = M(LJ’), ye (0’77)-

Let E = L2(0, ). Define Au = —%u for u € D(A), where

D(A) = {u €E: B_u’ 82_u € E,u(0) = u(mw) = 0}.
dy 9y

Then A is the infinitesimal generates of a Cy-semigroup 7'(¢) (¢ > 0) in E, which is equicon-

tinuous and M = 1. Moreover, T(-) is also compact and | T(¢)|| < e < 1,¢ > 0. By the

Fredholm alternative theorem, [I — .7, (1)]! exists and is bounded where 7, (-) is defined

in Section 2.

Let
t e—(s—t) t e*(szft)
Fu= / u(s,y) sinu(s, y) ds, Gu = / u(s,y) cos u(s, y) ds,
0 10 0 10
L,
f(t,u, Fu,Gu) = lu(. )l + Fu + Gu,

(1+9e) (A + [lult, y)I)

e (0 )teOlull €E
J’ > ), y2 2, , U N

and f: [0,1] x E x E x E — E is a continuous function.
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Next, we can calculate

_ lu(t, )| t ols-0) .
|VUJLBLGW“_H0+9éX1+nmLﬁ”)+A 10 u(s,y) sin u(s, y) ds
~(5-1)

T sy cosils,y)d
+/0 o sy cosu(s,y) ds

1 2 2 1
< llull + llull + —llull = S llul,
10 10 2

— 10
hence the condition (H1) holds with Mg(t) = %, Q(r)=r.
Define
1- 3
11<u<— ,y)> = 4l y)1|_ , y€(0,m),uck,
2 O+ +ulz )1

hence the condition (H1) holds with p = %.
Moreover,

M(MM* + 1)(—“erf(|Lerlo))wa + mp) = (M*+ 1)(1:;01) + %) < 1o.
2

1
M*+1

that (H4), (H5) holds. Therefore, by Theorem 3.1, the problem (4.2) has a mild solution
on [0,1].

Thus, one can choose ry > %/ [ - ﬁ] such that (H3) holds. Furthermore, assume
2

5 Conclusions

In this paper, by applying some well-known fixed point theorem, many new existence theo-
rems of solutions are established under weaker conditions. In particular, we can extend the
well-known results in Mu [29, 30] and point out some essential flaws in their manuscripts.
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