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1 Introduction

The oscillation and distributions of zeros of solutions of first order delay differential and
difference equations are studied widely in the literature; see [1-18] and the references
therein. However, there are only a few papers considering the distribution of zeros of so-
lutions of first order delay and advanced dynamic equations on time scales (see [8, 19]).

In [12], Zhou considered the first order delay differential equation

X)) +pt)x(t—1)=0, forte [ty 00), (1.1)
where
¢ 1
/ p(s)ds>p>-, and p<l, (1.2)
t-t e

and established lower and upper bounds for the quotient x(¢ — 7)/x(£). In particular the
author proved that x(t — t)/x(t) > f,(p) and x(t — t)/x(t) < gu(p), where the sequences
fu(p) and g,,(p) are defined by

Alp) =€’ fun(p) =enlo), n=12,...,
2(1- 2(1-p)g2 ()
gl(p): %1 gm+1(/0):gyzn(£)%r m:1,2,...,

and using these sequences the author studied the distribution of zeros of solutions of (1.1).

In [13], Zhang and Zhou considered the first order delay differential equation

x'(t) +p(t)x(t(t)) =0, forte/lty,o0), 1.3)
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and studied the distribution of zeros of solutions using the two sequences f,(p) and g,,(p)

where

fop) =1, funlp) =), n=0,1,2,...,

- 2(1-p)g%,

a(0) =22, gualp) =" 0%E, m=12,..,
and

t

/ ps)ds>p>0, and O<p<l. (1.4)
(t)

Zhang and Lian in [19] initiated the study of the distribution of zeros of dynamic equations

on time scales and in particular, they considered the first order delay dynamic equation
x(t) + p(O)x(t()) =0, for t € [, 00)T, (1.5)

on a time scale T, where p € C4(T,R*) is a non-negative rd-continuous function, t €
C,a(T, T) is strictly increasing, t(¢) < ¢ for t € T and lim;_, o, T(£) = 00. In [19] the authors
established lower and the upper bounds for the quotient x(z (¢))/x(¢) using the sequences
fu and g,,, where

folp) =1, falp) = e(l*ﬂ)fn—l(p), n=12,..., (1.6)
and
_ 2p
gl(p) - (l—p)z—QM(l—p)’ (1 7)
_ 2p _ .
&nlP) = o T M3
&r1(P)

and where M < (1 - p)/2 and 0 < p < 1 satisfies the condition

t
sup{k exp {/ Cuis) (—Ap(s)) As} } <p,
AEE 7(t)

where E = {1 :1>0,1-Ap(t)u(t) > 0}; {u(s) and pu(s) will be defined later.

Motivated by these papers, we study the distribution of zeros of oscillatory solutions of
the delay dynamic equation (1.5) on a time scale T by considering new sequences f;, and g,,,.
In the next section, we present some basic ideas on time scales. In Section 3, we establish
lower and upper bounds for x(z (¢))/x(¢) and in Section 4, we study the distribution of zeros

of solutions of (1.5).

2 Some preliminaries and lemmas
In this section, we present some preliminaries; see [20, 21]. A time scale T is an arbitrary

nonempty closed subset of the real numbers R. The forward and backward jump operators
are defined by

o(t):=inf{seT:s>¢}, and p(¢):=sup{seT:s<t},
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with inf @ = sup T and sup @ = inf T. The graininess function p on a time scale T is defined
by u(t) := o(¢£) — t. For a function f : T — R the (delta) derivative is defined by

flo(®) -f()

A _
[ = o=t

if f is continuous at ¢ and ¢ is right-scattered. If ¢ is not right-scattered then the derivative
is defined by

o= limw,
s—t t—s

provided this limit exists. A function f is said to be A-differentiable if its A-derivative
exists. A useful formulais f = (o (£)) = f(£) + n(£)f 2 (). We will make use of the following

product and quotient rules for the derivative of the product fg and the quotient f/g (where
g¢° #0, and here g° = g 0 o) of two A-differentiable functions f and g:

A _gA 0 QA _ f A fA o .f Azng—ng
(o) =f g+ /2" =fe* + ¢, (g) Le ke

Let f : R — R be continuously differentiable and suppose g : T — R is delta differentiable.
Then f o g: T — R is delta differentiable and the chain rule,

1
(fog)®(t) = { /0 £ (g(®) + hu(t)g™ (©)) dh}gA(t), 2.1)

holds. A special case of (2.1) is
A ! A1
[x’\(t)] = A/ [hx” +(1- h)x] “x2(t) dh.
0

For s,t € T, a function F : T — R is called an antiderivative of f : T — R provided F =
f(¢) holds for all ¢ € T. In this case we define the integral of f by fstf(r)Ar = F(t) — F(s).
For a,b € T, and a A-differentiable function f, the Cauchy integral of f* is defined by
fath(r)Ar =f(b) — f(a). The integration by parts formula reads

b b
[ rogtwar=[rogol. - [ rog was

and infinite integrals are defined as

/amf(t)At:bli)rgO/;bf(t)At.

A function p: T — Ris called regressive if 1+ u(t)p(t) # 0 for £ € T. A functionp: T — Riis
called positively regressive (we write p € R*) if it is rd-continuous function and satisfies 1 +
w(®)p(t) > 0 for all £ € T. Hilger in [20] showed that for p(t) rd-continuous and regressive,
the solution of the initial value problem

yAE) =p@)y(t), (k) =1,
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is given by the generalized exponential function e,(t, fo), which is defined by

eyt to) = exp{/ Culs) (P(S)) AS},

where ty, t € T, and the cylinder transformation ¢, (z) is defined by

10g(1+hz)’ if i 7./ 0’
{nlz) = "
z, ifh=0,

where z€ R and 7 € R".

The next lemma can be found in [11].

Lemma 2.1 Assume ty, t € T.
(i) For a non-negative ¢ with —p € R*, we have the following inequality:

t t
1- / P()As <e_,(t, ty) < exp{—/ <p(s)As}. (2.2)
to to
(ii) If ¢ is rd-continuous and non-negative, then
t t
1+ / p(s)As <e,(t,tp) < exp{/ w(s)As}. (2.3)
to to
Lemma 2.2 Assume that T is a time scale with ty € T. Iff(£) > 0 on [y, 00)T, then

A <fA(t)
o’

[Inf(®)]

for t € [ty,00)T.

Proof Fix t. We consider two cases: (i) f2(¢) < 0 and (ii) f2(¢) > 0.
In the first case, we see that

hin(E)F 2 () + f(8) < f(2).

Now recall f(o (£)) = £(£) + u()f2(t) so hu(€)f 2 (€) + £(t) = hf (0 () + (1 = k)f(£) > 0 and as
a result

1

hu(@f 2(6) +f(8) ~ f(2)

Apply the chain rule (2.1), and we get (note f2(£) < 0)

fA@)
f@

[nf(]" = { }f A <

1 1
—dh
/0 hu(@)f2(t) +£(t)

In the second case, we see that

h()f () + (&) = f(2).
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Applying the chain rule (2.1), we get

A _ ! 1 A fA(t)
ol = [ e 0 =g
Thus, we deduce in both cases that
N A3
[Inf@®)]" < IOR
The proof is complete. g

Lemma 2.3 Assume that T is a time scale with ty € T. If f(£) > 0 and f>(t) > 0 for t €
[£0,00)T, then for o > 0

[e‘“f (t)]A > —ae A1)
Proof Since f(t) > 0 and f2(¢) > 0 for ¢ € [£, 00)T, we have for & € (0,1)
&) < hu@)f (0 +£(2). (2.4)

Applying the chain rule (2.1) and using (2.4), we see that

1
[e®]* = {_a / e VOO @) g }fA(t) > —aeOF (1)
0

The proof is complete. 0
3 Lower and upper bounds for x(z (t))/x(t)
In this section, we establish lower and upper bounds for x(z (¢))/x(¢) where x(¢) is a solution
of equation (1.5). We use the notation t°(¢) = ¢ and inductively define the iterates of 7 7/(t)
by

T7Ht) = (r‘l o r_(i_l))(t), fori=1,2,...,
where t71(¢) is the inverse function of 7(¢). From the definition it is clear that

) <t<t 'O <<t " VO <t"@W) <.

To find the lower bound for x(z (¢))/x(¢) we define for 0 < p <1 a sequence f,(p) by

folp)=1,  filp) =1/p,

— Ju(p) _
ﬂHZ(p)_W’ n=0,1,2,3,....

(3.1)

We note some properties of f,(p) for the reader’s interest (see [9] or use an elementary

argument using ). For 0 <1— p <1/e, we have

- x
x+1-ell-p)x

lf,ﬂl(p) §ﬂ1+2(p)§e: n=07112;-~~)
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so there exists a function f(p) such

Tim £,(p) =f(0), 1=f(p) <e,

where f(p) satisfies
flp) = e1=PY(P) (3.2)

If (1 - p) > 1/e, then either f,(p) is nondecreasing and lim,,_, » f,(p) = +00 or f,(p) is nega-
tive or f,(p) is co after a finite numbers of terms.

Theorem 3.1 Assume that T is a time scale and t, ty, 1 € T, ty > t', 1 > t=3(ty), x(t)
is a solution of (1.5) on [t', 00)T, x(t) is positive on [ty, ti]T and there exists p € (0,1) with
00 > fu(p) >0 forne{2,3,...} and

t
iufp{kexp{/ 519 (—kp(s))As” =p forte[r7) tly .
c T(t
here E={A:A>0,1—Ap(t)u(t) > 0 for t € [t72(ty), ti]1}. Then for n > 0 when T~ (t,) <
ty we have
x(xr(g)) =fulp), forte [t (), 0],

where f,(p) is defined in (3.1).
Proof From (1.5), we see that
x2(¢) = —p(t)x(t(t)) <0, forte [r_l(to),tl]T, (3.4)

so since x(t) is nonincreasing on [t 7}(¢), ;] we have

x(z(2))
x(t)

>1, forte ['(_Z(to), tl]qr' (3.5)

Note (3.5) and the fact that x is positive on [y, t;]1, so for t € [t72(y), f1]T we have (note
x(o(t)) > 0 since o (t) > t > t72(to) > to)

0 = —pu(O)[x* ) + pO)x(t(0))]
= x(8) —x(0 (£)) — n(@O)p)x((2))
< x(8) = u(O)p(e)x(t)
= [1- n(@)p(t)Jx(2).

Hence 1 — u(t)p(t) > 0 for ¢ € [t72(¢y), t1]T so —p € R* on the interval [t72(¢), #;]1. Using
Lemma 2.1 (with the time scale [t72(¢), t]1) and (3.3), we have for ¢ € [t73(ty), t1]T (note



O’Regan et al. Advances in Difference Equations (2017) 2017:205 Page 7 of 16

(8) € [t (ko) til)

/ p(s)As>1- eXp{ / Cus) (—p(S))AS}
() ()

t
>1- sup{k exp{/ Cu(s) (—)»p(s)) AS} }
AEE 7(t)

>1-p. (3.6)

Integrating (1.5) from 7(¢) to ¢, we get

t

x(r(t)) = x(¢) +/ p(s)x(r(s)) As, (3.7)

7(t)

and hence, for t € [t3(ty), &)1, we get

t t

p(s)x((s)) As > x(t) + x(7(2)) / p(s)As = x(2) + x((£)) (1 - p),

(t)

x((8)) = x(2) +/

(t)
SO

x(z(2))
x(t)

> % =fi(p) >0, forte[t7(t) 1]

When t74(¢) < t;, note, for t € [tT~*(¢), t1]r and 7(¢) <s <t, that

"0 %A (&) O x(@(@) .,
/r(s) x(&) A.§+‘/;(S) P x(&) AE=0, (3.8)

so from Lemma 2.2 we have

(t) T(t
/ . [Inx(£)]* A% + / . (g)x(’(g)) AE <0, (3.9)

which implies that

x(z(s)) o Kt (S)) }
(o) = e"p{/ o P90
and so using (3.5), we have (note £ € [t72(¢), t1]1 since T(¢) <s <tand t € [t *(ty), &i]T)

H(e(s) 20 .
pau e { (o) / ) p(s)As}, (3.10)

we write fy(p) (which is of course 1 here) to indicate the general procedure. Now applying
Lemma 2.3 and using (3.6), (3.7) and (3.10), we get (here t € [t~*(t), &1]T)

x(7(t) = x(t)+/ p(s)x(z(s)) As

7(t)

t

7(t)
> x(t) + 2(c(0) / P(S)exp{fo(;o) / ) p(&)As}As

7(t)
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t

- x(0) + x(x(0) / Fe exp{fo<p>< / OIS / ( )p(s)As)}As

t s

> x(t) + x(z(£)) e -PYo) f ( )p(s) exp{—fo(p) / )

t — $ A
> x(t) + x(7(£)) e / lexpl fO(? (f;(;)p(E)Aé}] As
(1) 0

1- exp{—ﬁ(p)f:@)p@ma]m
Solp)

Pp(E)AE }As

= x(t) + x(z(2)) et Y0 [

el-plolp) _ 1)

> x(t) + x(f(t)) < )

Thus, for t € [t74(ty), t1]T, we get

@) folo)
x(t)  ~ folp) +1—el=rVol)

=f2(p) > 0.

Repeating the above procedure, when 7-%*"(t;) < t; we get for t € [t~?* (), t;]7

x(z(2)) - fua(p)
x(t) T fua(p) +1—ed-Puale

7 =/fa(0)>0.

The proof is complete. 0

Remark 3.1 From the proof of Theorem 3.1 notice in the statement of Theorem 3.1 we
could replace oo > f,(p) > 0 for n € {2,3,...} with co > f,(p) > 0 for n € {2,3,...,N — 2}
if TN (tg) < 11 < TN (ty) or 00 > f,(p) > 0 for n € (2,3,...,N = 3} if TN (t) = 44 <
‘L'_(3+N)(t()).

To establish the upper bound for x(z (¢))/x(t), we define a sequence g,,(p) by

—— 20
&0 = oy

20~ i)
= eml)’
&n1(0) = [

(3.11)

where0 <p<1,m=1,2,3,...,and0 <M< (1- p)/2.
We note some properties of g,,(p) for the reader’s interest. Note g,.,1(p) < gm(p), for
m=1,2,3,..., and trivially

0
1-p)2-2M(1-p)

gi(p) >

More generally when 0 <1 - p <1/e using an induction argument (i.e. assuming g,,(p) >
ooy then
2(pgm(p) = 1)
gm(P)[A = p)?> = 2M(1 - p)]
20 2 P
> -=> ;
(1-p)P-2MQ1-p) p @Q-p)*-2MQ1-p)

gm+1 (,0) =
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1 _ . . .
thus g (p) > To=2aiip) where k =1,3,.... Then there exists a function g(p) with

2
p—22M-1)-4(M-1)p - p*

Tim_g,(p) = g(p) =

for0<1-p <1/e (note 22M —1) —4(M -1)p - p>>0if0 <1—p <1/e).

Theorem 3.2 Assume that T is a time scale and ', ty € T, to > t', x(t) is a solution of (1.5)
on [t',00)t, there exists a positive integer N > 4 such that x(t) is positive on [ty, T~ (to)]T
and there exists p € (0,1) with g,,(p) >0 form € {2,3,...,N — 3} and

MeE

sup{kexp{/( ) Cuis) (—2p(s)) As” <p forte[r(t), TN (to)]p (3.12)

where E = {A: 1> 0,1 = Ap(t)iu(t) > 0 for t € [t7%(to), T™N(to)]1} and

M= sp peu) < =L

se[t=3(t), v N (to)IT 2

Then form € {1,...,N — 3} we have

x(t(t)
x(t)

where g,,(p) is defined in (3.11).

<gnlp) forte[t3) v N w)],

Proof From (1.5), we see that
x2(@t) <0, forte [‘L'_l(to), t‘N(to)]T, (3.13)
and as in Theorem 3.1 notice 1 — u(£)p(¢) > 0 for t € [t72(ty), TN ()] s0 —p € R* on the

interval [t%(ty), TN (£)]r. From Lemma 2.1 (with the time scale [t~2(¢y), TN (¢,)]r) and
(3.12), we have for t € [t73(ty), TN V()] (note t71(t) < TN (¢y))

t ()
/ ps)As>1-p and / ps)As>1-p. (3.14)
(t) t
Let ¢ € [t73(¢y), 7™ V(¢)]1 and consider
G(r):= / ps)As—1+p, forre [t, r’l(t)]T.
t

Note G: [t,77!(t)] — R is nondecreasing, G(¢) = -1 + p < 0, and

)
G(T_l(t))=/ p)As—1+p>1—p—1+p=0.
t

If G(r7(2)) = 0, then

0
/ p(s)As:G(r‘l(t))+1—p:1—,0,
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whereas if G(t71(¢)) > 0 then G(¢) < 0 < G(z~1(2)).
In either case (from the intermediate value theorem [20]) there exists t* € [t, 771(¢)]T
with o (¢*) € [t, T1(¢)]T such that G(t*)G(o (t*)) < 0 and so

t* o (t*¥)
/ ps)As<1-p and / ps)As>1-p. (3.15)
t t

Integrating both sides of (1.5) from ¢ to o (t*), for ¢ € [t3(to), ™™V (to)]T, we have

o(t*)

x(t) = x((r (t*)) + / p(s)x(r(s)) As. (3.16)

t

Fix t € [t73(ty), 7N D(#)]1. Let s € T be such that ¢ < s < o (#*) < t71(¢) (here ¢* is as
described above, and note t(¢) < 7(s) < ¢) and integrating (1.5) from t(s) to ¢ yields

t

x(7(s)) = x(t) + / p)x(t(1)) Au,

7(s)

and this together with x being nonincreasing on [t 7}(t), 7™ (o)1 and (3.14) will give

t

x(t(s)) > x(t) +x(t(t))/ p(u)Au
7(s)
= x(t) +x(f(t)) {/T(S)p(u)Au —/t p(u)Au}
> x(t) + x(7(2)) {1 -p- /sp(u)Au}, (3.17)
so from (3.15), (3.16) and (3.17), we obtain

o (t*)
x(t) = x(a (t*)) +/ p(s)x(t(s)) As

o (t*) s
> x(a (t*)) + / p(s){x(t) + x(t(t)) {1 -p- / p(u)Au} }As

> x(a (t*)) + 1A -p)x)+ (1 - p)2x(t(t))

—x(t(t)){/ p(s){f p(u)Au}As
o (t*) s
+ / p(s){ / p(u)Au}As}. (3.18)

Let F(s) = [; p(u) Au, and note

[F2(s)]" = 2 / l[hF"(s) + (L= WE(s)]FA(s) dh
0

1
=2 / [HF° (s) + (1 - h)E(s)]p(s) dh
0

> 2F(s)p(s).
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Hence,

/ p(s){/ p(u)Au}As:/ p(s)F(s)Asf%FZ(t*)

t* 2 _ )2
= %(/ p(u)Au) < a 2'0) , (3.19)
and so we obtain
t* s o (t*) s
/ p(s)As/ p(u)Au+/* p(s)As/ pu)Au
1= 2 t*

5( 2'0) +,u(t*)p(t*)/t p(u)Au
LU _zp r. (1= p)M. (3.20)

Note o (t*) € [t,z ()1, t € [t3(to), TNV (to)]T, and « is positive on [to, TN (to)]T (s0
x(o(£*)) > 0). Thus from (3.18) and (3.20), we obtain

x(t) > x(a (t*)) + (1 - p)x(t)
1-p)?

+(1- p)2x(r(t)) - |: +(1- ,o)M]x(t(t))

= x(a (t*)) + (1= p)x(t)

[(l—p)2
.
2

-(1- p)M]x(r(t)), (3.21)

and so we have

x(z(2)) . 2p
x() (1-p)?-2MQ1-p)

=g(p), forte [r"g(to), t"(N_l)(to)]T. (3.22)
Fix t € [t73(t), 7~ V"2(ty)]T and with £* as described above we have t < o(t*) < t7(¢) <
7~ WN=D(¢,), so from (3.22) we have

1

Ko@) > 5 (rlo ()

and since x is nonincreasing on [t (to), 7™ (¢o)]1 and (o (t*)) < t < - N-D(¢,) we have

1 x
>
gi(p)

x(o () (t(o(¢) = gl(lp)x(t). (3.23)

Substituting (3.23) into (3.21), we obtain for t € [t3(¢y), T~WN -2 (¢)]7 that

1 1-p)?
x(t) > gl(p)x(t) + (1= p)x(t) + |: 5 a- p)M:|x(r(t)),
and so we have
x(z(t) 200~ 7)) o)

X)) (- p)?—2M(1-p)
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Repeating the above procedure, we obtain for ¢ € [t=3(t), T-N")(¢,)]r

@) e
x(t) (A-pP-2M1-p) " ="
The proof is complete. O

4 Distributions of zeros of solutions
In this section, we study the distribution of zeros of solutions of (1.5) using the lower and
upper bounds for x(t(¢))/x(£) in Section 3.

Theorem 4.1 Assume that T is a time scale and t',ty € T, ty > t', x(t) is a solution of (1.5)
on [t',00)t, and there exist p € (0,1) and ny, my € {1,2,...} with f,,,(p) > g, (p), and with

N =2+ min {n+m:f,,(p)zgm(p)}=2+n*+m*

n>1,m>1

assume o0 > fr(p) > 0, gk(p) >0 for n € {2,3,...,N — 3} and

sup{kexp{f( : Cus) (—Ap(s))As” <p forte [r3(t0),r’N(to)]T,

MEE
where E = {A: 1> 0,1 - Ap(t)iu(t) > 0 for t € [t7%(to), T™N(to)]1} and

1-p
M= sup ps)u(s) < 9
se[t=3(to), 7N (to)IT

Then every solution of (1.5) cannot be totally positive or totally negative on [ty, ™ (to)]r.

Proof Note

S () = g (). (4.1)

Without loss of generality assume «x is positive on [ty, 7™ (ty)]r. From Theorem 3.1 we

have

x(z(2))
x(t)

>fr(p), forte [t_(zm*)(to)» T_N(to)]qr

and from Theorem 3.2 we have (note m* =N — (2 + n*) <N - 3)

x(z(2)) B (Nt
0 <gw(p), forte[t3(t), T )(to)]T

Note since N = 2 + n* + m* we have (take t = t-N-"")(¢,))

2t (t))

S (p) < m <gm(p),

which contradicts (4.1). The proof is complete. d
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Theorem 4.2 Assume that T is a time scale and t', ty € T, ty > t', x(t) is a solution of (1.5)
on [¢',00)T, and there exist p € (0,1) and a positive integer N > 4 and my € {1,2,...,N -3}
with

tW’O 1
/ p(s)As>1— where t,,, = 7 W=m0) (¢,
T

(t””O) gmo (IO
and with
f (N-m)
m*= min {m: p(s)As>1— } where t,, = T " (ty)
me(l... N—B]{ /;(M gn(p) "

assume o0 > fi(p) >0, gk(p) >0 forn € {2,3,...,N — 3} and

sup{k exp{/( ) Cuis) (—Ap(s)) As” <p forte [r‘3(t0),r‘N(to)]T,

AeE
where E = {A: 1 >0,1-Ap(t)u(t) > 0 for t € [t2(ty), TN (to)] 1} and

1-p
M= sup p(s)uls) < 7
se[t=3(tp), 7N (o)l

Then every solution of (1.5) cannot be totally positive or totally negative on [ty, ™ (to)]T.

Proof Note
Ly 1 .
/ p(s)As>1- where £, = TN (1), (4.2)
(%) gn ()

Without loss of generality assume x is positive on [£y, 7N (fo)]t. From Theorem 3.2, we
have

x(t(t)
x()

<gm(p), forte[t(to), TN (t0)]

so in particular

2T ()

) <gm(p). (4.3)

Integrating (1.5) from 7(¢,,+) to t,», we obtain

Ly Ly, >

p(s)x(t(s)) As > x(f(tm*)) / pls)As,

I([m*)

(ele)) = le) = [

‘L'(tmr)

and this together with (4.3) gives

/tm* poyas<1- w1
(b 2(T (£m)) g (p)

which contradicts (4.2). The proof is complete. d
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Theorem 4.3 Assume that T is a time scale and t', ty € T, ty > t', x(t) is a solution of (1.5)

on [t',00)T, and there exist p € (0,1), a constant L and ny, mq € {1,2,...} with

1+1Inf,,-1(p) 1

T o F

and with

1+1Inf,_ 1
N =2+ min {n+m:L>( +Ilfnl(;0)_ )}=2+n*+m*,
nzlm=1 Ju-1(p) &n(p)

assume o0 > fi(p) >0, gk(p) >0 forn € {2,3,...,N — 3} and

sup{kexp{/( ) Suls) (—Ap(s)) As” <p forte [r‘3(t0),r_N(to)]T,

MeE
where E = {A: 1 >0,1-Ap(t)u(t) > 0 for t € [t2(t), TN (to)]r} and

1-p
M= sup p(s)u(s) < 57
se[t=3(tp), 7N (to)IT

Suppose frx-1(0) = 1, fux(0) > fire—1(p) and for t* € [t(t), il (here t = T~ N"")(t,)) that

/t )p(s)As+ /tl p(s)As > L. (4.4)

(1 ()

Then every solution of (1.5) cannot be totally positive or totally negative on [ty, TN (t)]T.

Proof Note
L> <1 tInfralp) 1 ) (4.5)
Jur-1(p) 8m*(p)
Without loss of generality assume x is positive on [ty, 7™ (ty)]r. From Theorem 3.1, we
have
x(T(t)) —(2+m* -
> fur(p),  te [T (ty), TN (t0)] (4.6)
x(t)
x(z(2)) —en* -
) 2o e [r=0 ) (t0), 7™ (t0) ] s (4.7)

and from Theorem 3.2, we have

x(z(2))
x(t)

<gm(p), te[t(t) TN (k)]

—(2+n*

so in particular (with £ = T ®"")(t;) = 1 )(¢)) we have

x(z(t1))
x(t1)

< g (p)- (4.8)
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From (4.6) and f;+(p) > f,_1(p) we have

Now since x is nonincreasing on [t7}(¢), 7N (¢o)]r and f;=_1(p) > 1 (and trivially note
% =1) there exists a t* € [t(#1), 1] with

x(t(t))
x(o (%))

x(t(t

)
) < fw-1(p)

> fie-1(p). (4.9)

Integrating (1.5) from o (¢*) to ;, we obtain

4 5]

x(o (%)) - x(t) = /

o(t

| PO(r(9) 85 = x{r(e) f POAS

(t

which implies

" 2o(t)  x(t)
/g(t*)p(s)As = ( (t(t) x(r(tl)))' (4.10)

From (4.8), (4.9) and (4.10), we obtain

t 1 1
/g(t*)p(sms = (fn*_l(p) e (p))' (4.11)

Divide (1.5) by x and integrate from 7(#) to t*, and we get

£ xA (S) B £ x(r(s)) -
/r(tl) WAS - _/r(n)p(s) x(s) As = ~fura1(p) /r(tl)P(S)As,

which implies

t* 1 £ xA(s)
/f@l)p(S)AS = _fn*—l(/)) /r(tl) x(s) as. (4.12)

From (4.9), (4.12) and Lemma 2.2, we obtain

d 1 d a1 x(t(t1)
/m‘” B)as == /,(m[lnx(s)] A= r ) 1“( () )

- 1nfn»«_1(p),
= fueaa(p)

(4.13)

and from (4.5), (4.11) and (4.13) we have

g g L+Infpa(p) 1 )
A A - L,
/rm)p(S) H /au*)p(S) $= ( Jur-1(p) 8m*(p) )

which contradicts (4.4). The proof is complete. d
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Remark 4.1 When T = R equation (1.5) is the delay differential equation
& (t) + p(O)x(t() =0, teR.

Theorem 3.1 and Theorem 3.2 are related to the results in [9], Lemma 2.1 and Lemma 2.2,
and Theorem 4.3 is motivated from results in [13], Theorem 3.

Acknowledgements
The authors are grateful to the anonymous referees and the editor for their careful reading, valuable comments and
correcting some errors, which have greatly improved the quality of the paper.

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
The authors have contributed equally to this manuscript. They read and approved the final manuscript.

Author details

'School of Mathematics, Statistics and Applied Mathematics, National University of Ireland, Galway, Ireland. ?Department
of Mathematics, Faculty of Science, Mansoura University, Mansoura, Egypt. *Department of Mathematics, Texas A&M
University, Kingsvilie, TX 78363, USA.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.
Received: 26 April 2017 Accepted: 29 June 2017 Published online: 26 July 2017

References
1. Agarwal, RP, Bohner, M: An oscillation criterion for first order delay dynamic equations. Funct. Differ. Equ. 16, 11-17
(2009)
2. Bohner, M: Some oscillation criteria for first order delay dynamic equations. Far East J. Appl. Math. 18, 289-304 (2005)
3. Bohner, M, Karpuz, B, Ocalan, O: Iterated oscillation criteria for delay dynamic equations of first order. Adv. Differ. Equ.
2008, Article ID 458687 (2008)
4. El-Morshedy, HA: On the distribution of zeros of solutions of first order delay differential equations. Nonlinear Anal.
74,3353-3362 (2011)
5. Karpuz, B, Ocalan, O: New oscillation tests and some refinements for first-order delay dynamic equations. Turk.
J.Math,, 1-14 (2015)
6. Liang, FX: The distribution of zeros of solutions of first-order delay differential equations. J. Math. Anal. Appl. 186,
383-392 (1994)
7. Sahiner, Y, Stavroulakis, IP: Oscillations of first order delay dynamic equations. Dyn. Syst. Appl. 15, 645-655 (2006)
8. Wu, H: The distribution of zeros of solutions of advanced dynamic equations on time scales. Bull. Malays. Math. Soc.
38,1-17(2015)
9. Wu, HW, Xu, YT: The distribution of zeros of solutions of neutral differential equations. Appl. Math. Comput. 156,
665-677 (2004)
10. Xianhua, T, Jianshe, Y: Distribution of zeros of solutions of first order delay differential equations. Appl. Math. J. Chin.
Univ. Ser. B 14, 375-380 (1999)
11. Zhang, BG, Xinghua, D: Oscillation of delay differential equations on time scales. Math. Comput. Model. 36,
1307-1318 (2002)
12. Zhou, Y: The distribution of zeros of solutions of first order functional differential equations. Bull. Aust. Math. Soc. 59,
305-314 (1999)
13. Zhang, BG, Zhou, Y: The distribution of zeros of solutions of differential equations with a variable delay. J. Math. Anal.
Appl. 256, 216-228 (2001)
14. Zhou, Y, Zhang, BG: An estimate of numbers of terms of semicycles of delay difference equations. Comput. Math.
Appl. 41,571-578 (2001)
15. Wu, HW, Cheng, SS, Wang, QR: The distribution of zeros of solutions of functional differential equations. Appl. Math.
Comput. 193, 154-161 (2007)
16. Tang, XH, Yu, JS: The maximum existence interval of positive solutions of first order delay differential inequalities with
applications. Math. Pract. Theory 30, 447-452 (2000)
17. Zhang, BG, Zhou, Y: The semicycles of solutions of delay difference equations. Comput. Math. Appl. 38, 31-38 (1999)
18. Yu, JS, Zhang, BG, Wang, ZC: Oscillation of delay difference equations. Appl. Anal. 53, 117-124 (1994)
19. Zhang, BG, Lian, F: The distribution of generalized zeros of solutions of delay differential equations on time scales.
J. Differ. Equ. Appl. 10, 759-771 (2004)
20. Hilger, S: Analysis on measure chains - a unified approach to continuous and discrete calculus. Results Math. 18,
18-56 (1990)
21. Bohner, M, Peterson, A: Dynamic Equations on Time Scales - An Introduction with Applications. Birkhduser, Boston
(2001)



	Distributions of zeros of solutions to ﬁrst order delay dynamic equations
	Abstract
	MSC
	Keywords

	Introduction
	Some preliminaries and lemmas
	Lower and upper bounds for x ( tau(t ) ) /x ( t ) 
	Distributions of zeros of solutions
	Acknowledgements
	Competing interests
	Authors' contributions
	Author details
	Publisher's Note
	References


