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Abstract

In this paper, we investigate the problem of exponential stabilization criteria for a
nonlinear system with mixed time-varying delays, including discrete interval and
distributed time-varying delays. The time-varying delays are not necessarily
differentiable. The exponential stabilization criteria of the nonlinear system are
proposed via hybrid intermittent feedback control. Based on the improved
Lyapunov-Krasovskii functionals with Leibniz-Newton’s formula, Jensen's inequality
and the reciprocal convex combination technigue, the novel delay-dependent
sufficient condition is derived in terms of linear matrix inequalities (LMls). The
obtained LMIs can be efficiently solved by standard convex optimization algorithms.
A numerical example is given to demonstrate the effectiveness of the obtained result.
Moreover, the results in this article generalize and improve the corresponding results
of the recent works.

Keywords: exponential stabilization; nonlinear system; mixed time-varying delays;
hybrid intermittent feedback control

1 Introduction

Nonlinear systems, as an appealing topic, have been thoroughly studied during the past
decades. Due to the fact that most systems are inherently nonlinear in nature, these sys-
tems are one of the most interesting areas for researchers, including engineers, physicists,
mathematicians and other scientists. The exponential stability of nonlinear systems has
been widely received and deeply investigated [1-12], and the asymptotical stability of non-
linear systems has been investigated [13—17] as well. Time delay naturally appears in most
of the real world systems. It is well known that the existence of time delay in a system may
cause instability, poor performances and oscillations in, for instance, chemical engineer-
ing systems, biological modeling, electrical networks, physical networks and many natural
sciences. Due to these results, the nonlinear system with time-varying delay has become
an interesting topic in recent years; the authors have investigated interval time-varying de-
lay [1, 3, 6-9, 18—-23], discrete time-varying delay [4, 5, 24, 25], mixed time-varying delays
[26—32] and so on.
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In practical control designs, due to failure modes, system uncertainty, or systems with
various modes of operation, the simultaneous stabilization problem often has to be taken
into account. The problem is concerned with designing control which can simultaneously
stabilize a set of systems. Among the usual approaches, there are many studies on the sta-
bilization problem of a nonlinear system being reported in the literature [1-4, 9, 10, 14,
33]. In [33], the sufficient conditions for global asymptotic stabilization of nonlinear sys-
tems were given, and the corresponding feedback control laws were designed. Different
controller design schemes have been proposed to construct feedback controllers, which
make the closed-loop system dynamics converge to a fixed point or a periodic orbit. Re-
cently, non-continuous control techniques, such as impulsive control [34—36] and inter-
mittent control [6, 9, 10, 13, 29, 37—-4.0], have attracted much attention. Some engineering
researchers have widely focused their attention on intermittent control. Intermittent con-
trol is a feedback control method which not only shows some human control systems but
also has applications in control engineering. In a periodically intermittent control, ev-
ery control period consists of two parts: ‘work time’ for operative control and ‘rest time’
for inoperative control, which provides a spectrum of possibilities between the extremes
of continuous-time and discrete-time control. Hence, intermittent control strategies are
more economic and can simulate the real world situations better. Several nonlinear sys-
tems with intermittent control have been presented [6, 9, 10, 13, 37, 38, 40]. In [37], the
synchronization of chaotic systems was studied by the intermittent feedback method. By
using periodically intermittent control and free-matrix-based integral inequality, the ex-
ponential stabilization of neural network switch time-varying delay was investigated in
[38].In[9], the exponential stabilization problem for a class of uncertain nonlinear systems
with state delay was solved by periodically intermittent control. The problem of delay-
independently periodically intermittent stabilization for a class of time delay systems was
introduced in [13]. In [40], the problem of exponential stabilization of systems with time-
varying delay via periodically intermittent memory state-feedback control was studied by
constructing a new Lyapunov-Krasovskii functional and employing the free-matrix-based
integral inequality. In [10], the problems of stabilization and synchronization for a class of
chaotic systems were discussed via intermittent control with non-fixed both control pe-
riod and control width. Unfortunately, there have been few papers so far related to the
topic of the exponential stabilization criteria of a nonlinear system with hybrid intermit-
tent feedback control. This exponential stabilization of a nonlinear system remains an
open problem and it has to be investigated more.

In order to solve the problem of exponential stabilization criteria for a nonlinear system
with time-varying delay, most of researchers utilize the improved Lyapunov-Krasovskii
functional combined with Newton-Leibniz formula [1-8, 16, 18—-22, 24, 26-31, 37, 38,
41-43]; Jensen’s inequality [1, 18-20, 23, 29, 42, 43], the inequality technique[18, 20, 31,
37, 42], Wirtinger’s integral inequality [19, 23], Razumikhin’s technique [2, 3], Gronwall-
Bellman’s lemma [14], and reciprocally convex combination [1, 18-20, 25, 32, 42, 43]. In
[1], Hx control for a nonlinear system with interval time-varying delay was studied. The
delay function is not necessary to be differentiable. Based on constructing new Lyapunov-
Krasovskii functionals and using a new tighter bounding technique, the delay-dependent
condition for this system has been established in terms of LMIs by using standard com-
putational algorithms [44]. Thus, in this study, we focus on the reciprocally convex com-
bination in order to solve the problem of exponential stabilization criteria for a nonlin-
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ear system with mixed time-varying delays, composed of discrete interval and distributed
time-varying delay.

Inspired by the aforementioned discussion, this is the first time that the exponential sta-
bilization criteria for a nonlinear system with mixed time-varying delay via hybrid inter-
mittent feedback control have been studied. The main contributions of this paper lie in the
following aspects. Firstly, the time-varying delays are mixture of discrete and distributed
time-varying delays in a nonlinear system and hybrid intermittent feedback control. The
constraint on the derivative of the time-varying delays is not required. So, this allows the
time delay to be a fast time-varying function, which is different from the time delays in
[7, 12, 15, 38, 40]. Secondly, for the control method, the exponential stabilization crite-
ria for nonlinear system are studied via hybrid intermittent feedback control, containing
state term, interval time-varying delay term and distributed time-varying delay term. It is
different from the control method in [6, 9, 10, 13, 37, 38, 40]. From the above discussions,
this work is one of the first reports of such investigation to further develop the exponen-
tial stabilization criteria for a nonlinear system with mixed time-varying delays via hybrid
intermittent feedback control. By constructing the set of improved Lyapunov-Krasovskii
functionals with Leibniz-Newton’s formula, Jensen’s inequality, and the reciprocal convex
combination technique, a new delay-dependent sufficient condition of exponential stabi-
lization criteria is established in terms of linear matrix inequalities (LMIs). The obtained
LMIs are efficiently solved by standard convex optimization algorithms. A numerical ex-
ample is included to show the effectiveness of the proposed hybrid intermittent feedback
control scheme.

The rest of the paper is organized as follows. Section 2 provides some nonlinear system
and mathematical preliminaries. Section 3 presents exponential stabilization criteria for a
nonlinear system with mixed time-varying delays via hybrid intermittent feedback control.
A numerical example is given in Section 4. Finally, the conclusion is provided in Section 5.

2 Problem formulation and mathematic preliminaries
Let us consider the nonlinear system with mixed time-varying delays as follows:

t

x(t) = Ax(t) + Bx(t - h(t)) + C/ x(s) ds

t—ky(t)
+f<t,x(t),x(t - h(t)), ft x(s) ds, u(t)) +U®E), t=>0, 1)
t—ky (t)
x(t) = ({b(t): t € [~ Tmax), Tmax = max{hy, d, ki, k2},

where x(£) = (x1(2), %2(£), x3(2), ..., %,(£))T € R” is the state vector; A, B and C are known
real constant matrices; U(t) € R” is the control input. Let xj, := x(t — h(¢)) and Int, :=
ff_kl(t) x(s) ds, the nonlinear function f(¢,x,xy, Int,, 1) : R* x R” x R” x R” x R” — R”

satisfies the following condition: 3a;, by, 1, d; > 0 such that
|f (&, 2, Inty, 1) | < an i)l + byllxl + call Inty || + dy || (2)
The time-varying delay functions h(t), d(¢), k1(¢) and k,(¢) satisfy the conditions

0 <l <h(t) <hy, 0=<d() <d, 0<k(t) <k, 0 < ky(t) < ks. (3)
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The initial condition function ¢(¢) denotes a continuous vector-valued initial function of
te [_tmaxx O]
In order to stabilize the origin of nonlinear system (1), we use the state feedback con-

troller U(t) satisfying

Diu(t) + Dou(t — d(t)) + Ds ff_kz(t) u(s)ds, nw<t<nw+s,

u) = (4)

0, nwo+d<t<m+1lo,

where D;,i = 1,2,3 are given matrices of appropriate dimensions, u(f) = Kx(¢) and K is a
constant matrix control gain, > 0 is the control period and § > 0 is the control width
(control duration) and # is a non-negative integer. Then, substituting it into nonlinear

system (1), it is easy to get the following:

x(t) = Ax(t) + Bx(t - h(t)) + C/t x(s) ds
t—ky ()

+f(t,x(t),x(t - h(t)), /t x(s) ds, u(t))

—ky(2)
t

+ Dyu(t) + Dzu(t - d(t)) + D3 / u(s)ds, nw<t<nw+d, (5)
t—ka(t)

x(t) = Ax(t) + Bx(t - h(t)) + C/t x(s) ds
t—ky ()

t

+f(t,x(t),x(t - h()), /

x(s) ds, u(t)), nw+d8<t<(m+1lo.
t=ki(£)

It is clear that if the zero solution of nonlinear system (5) is globally exponentially stable,
the exponential stabilization of the controlled nonlinear system (1) is achieved.

The following lemmas and theorem are used in the proof of the main result.

Lemma 1 ([43]) For any constant symmetric matrix M € R™", M = M* > 0,0 < I <
h(t) < hy, t > 0, and any differentiable vector function x(t) € R", we have

t T ¢ ;
@ [/ " *(S)ds} M [ / . a‘c(s)ds] <M / & OMi(s)ds,

t-hy T t-hy t-hy
(b) |:/ x(s) dsi| M|:/ x(s) ds:| < (h(t) - hl)/ &1 (s)M(s) ds

—h(t) —h(t) —h(t)

t-h
<(hy - hl)/ &7 (s)M(s) ds.
t-hz)

Lemma 2 (Cauchy inequality, [45]) For any symmetric positive definite matrix N € M""

and x,y € R", we have

+2xTy <xTNx+yTN1y.
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Lemma 3 (Schur complement, [46]) Given constant symmetric matrices X, Y, Z where
X=XTand0<Y =YY", then X + ZTY'Z < 0 ifand only if

xzT -y Z
<0, or <0.
Z-Y VARED ¢

Theorem 4 (Lower bounds theorem, [42]) Let fi,f,...,fn : R” — R have positive values
in an open subset D of R™. Then the reciprocally convex combination of f; over D satisfies

min Y %ﬁ(t) =Y £+ rgn?(lgzgi,j(t)
i YU i

pilpi>0,); pi=1 ;

subject to

)R R0 (8) = o fi®)  gii(®)
gt,}(t) 1R R,g,,,(t) —gw(t)» |:gi,j(t) ﬁ(t) i| } .

3 Exponential stabilization of a delayed nonlinear system via hybrid
intermittent feedback control

In this section, we present delay-dependent exponential stabilization analysis conditions

for the nonlinear system with interval discrete and distributed time-varying delays via

hybrid intermittent feedback control. Let us denote

[e@] = =)

o le@l = s a9l K=-LPT g =y(e- k@),

—Tmax <s<0

1-— 6—201142
My = dmax (P1) + [2B2max (P RP™Y) + By (P~ UPTY) | (T)

1-— e—20{d
+ dhmax (P'LTT7LPT) (27>
o

1 1- —4ahy
)

_ ,—2ah
Mo, = [22max (P QP + 2Mo hmax (PT'RP™) + My Amax (P UP ™) | (1272)
o

20

_ ,2ak
+ Kidmax (PT1SPY) (1641)

1- e—20{d 1-— e—2txk2
+ i (PTLTTTLET) (T) Hanar (FLTWLET) <7)
o

20
1 1- —4ahy
+ e (P1ZP7) [E (hz - <7Za ))]

M= o) + Moo 0]

Theorem 5 For some given scalar 0 < o < &, nonlinear system (1) with time-varying delay
satisfying (3) and under the intermittent controller (4) is exponentially stabilizable if there
exist positive constant € and symmetric positive definite matrices P>0,Q>0,R> 0,5 >0,
U>0,T>0, W >0 and matrices L, S; appropriately dimensioned so that the following
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[Tl I T The Ty T |
E I | 0% 0 ITyy 0 0
- * * IM33 Tl3q T35 0 <0,
* * * Mgy Tlys 0
* * * * IT55 0
| * * * * * g6 |
My My M3 M s e |
¥ Ty 0 Ty 0 O
ol * *  Ilz3 Tl3g Il3s 0O <0,
* * * Mgy Tlys 0
* * * * [55 0
L * * * * *  Ige |
My akCP kLT 2L AL €P 4k, 2P
x  —dkehs 0 0 0 0
* * koW 0 0 0 0
M= = * x =227 0 0 0
* * * * -di 0 0
* * * * *  —el 0
* * * * * x  —dkcle kg
[-0.5P  4kCP  d’LT 4L €P 4k 2P
x  —dkehs 0 0 0 0
* * -d?’T 0 0 0
I, = <0,
* * * -d 0 0
* * * *  —€l 0
| x * * * *  —dkcle kg |
My 4kCP diL  €P 4ky 2P
¥ —dkehs 0 0 0
M3=| =% * -d 0 0 <0,
* * *  —el 0
| * * x  —Akcle kg
[—05P  4kCP  diL €P 4ky 2P
x  —dke?khs 0 0 0
Iy = * * -d, 0 0 <0,
* * *  —el 0
| * * x  —Akcle kg

uosil_
ST u

Page 6 of 21

7)

8)

)

(10)

12)
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and

—ad+(e—a)w-38)<0,

where

My = -0.5(e7 + e 2R,
My =PTA+al)+(A+al)TP+2(a; +di))] - DL —LTDlT +3e>D, TD2T

(hy = m)?

—4dahy

e Z
2 2 ’
h2 - hl

+ 2k, 2 D3 WDJ +2Q + kS - 0.5(e7" + e2"2)R -2

Iy = PlA+al) + (A+al)TP+2(ay +di)I +2Q + kg S

—2ah —2ah (h2 B h1)2 —4ah
—0.5(e?M e )R -2 27— 2¢P,
h; =
[Ty, =AP - DL,
M), = AP,
Hl?) = e—ZOlth’
ITy4 = BP,

H15 — e—2ah2R’

26—4ah2

My = (15 + M3)R + (hy — hy)*U + (hy — 1) Z — 1.5P + 3¢***D, TD]
+ 2kye**2 s WDT

Mo = (M} + K2R + (hy — h)*U + (hy — ) Z ~ 1.5P,

14 = BP,

Mas = — o201 Q- e 2R _ g2

My = e 20l _ g2l SIT,

M5 = e—2ahQS]T,

My =261 — 2672720 4+ e7202g, + e‘zathlT,

My = e 20ha 20 SIT,

HSS — _e—Zath _ e—ZOtth _ e—20¢h2 U,
26—40{112

Meg = - 7.
66 W3+ 2

Moreover, the intermittent feedback control is

—LPx(t), nw<t<nw+s,
u(t) =

0, nw+d8<t<m+1o,

Page 7 of 21

(13)

(14)
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and the solution x(t, p) satisfies

!M —o+(&—a ) (w—
” (x(t,¢)) ” <.| mew, vVt > 0.

Proof Casel: For nw <t <nw+§,let Y = P! and y(¢) = Yx(t). Using the feedback control
(14), let us consider the following Lyapunov-Krasovskii functional:

10
V(x(0) = > Vi), (15)
i=1

where
Vi(t) = 27 (1) Ya(t),

t
Vo(t) = f 24T (5)YQYx(s) ds,
t—h
t
Valt) = f 260, () YQYi(s) s,
t—hy
0 t
Va(t) =l f f DT () YRY k(1) d7 ds,
—hy Jt+s
0 t
Vs(t) = hy / / 5T (2)YRY x(t) dt ds,
—hy Jt+s

- t
Ve(t) = (hy — 1) / / 05T () YUY x(t) dt ds,
—hy t+s

+

0 pt
Vo(t) = / / DT (1) YSYx(z) dt ds,
—ky Jt+s
0 pt
Vs(t)=d / / DT (KT T Ka(t) dv ds,
—d Jt+s
0 ot
Vo (2) = / / T (KT W Kx(t) dt ds,
—ky Jt+s

—hy 0 t
Vio(t) = / / / 05T () YZY i(t) d ds db.
- 0 Jt+s
It is easy to check that
Donin (P |20)|* < V(%(2)). (16)

By taking the derivatives of V;(t) along the trajectories of system (5), we have

Vi(t) = yT ([ PA + ATP]y(t) + 29" ()BPy(t — h(2)) + 2" (£)CP / t

y(s)ds
t—ky(£)

+ 2yT(t)f(t,x(t),x(t - h(t)), /t x(s) ds, u(t))

—k1(2)
t

— 2yT(t)D1Ly(t) + 2yT(t)D2u(t - d(t)) + 2yT(t)D3 / o u(s) ds.
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By applying Lemma 2 and Lemma 1, we get

2" (O)Dsu(t - d(1)) <3¢y (D, TD; y(2)

+ %e‘z"‘duT(t —d()) T u(t-d(1)),

2y (t)Ds / u(s) ds < 2k,e***2 yT(£)Ds WD3T ()
t—ka(t)

1 t

+ —e ok / ul ()W u(s)ds,
2 t=ka (t)

t

2T (r)cP / y(s) ds < 4k e® 1 yT (1) CPSPCT y(t)
t=ki(£)

1 L
+ ek / yT(s)Sy(s) ds.
4 0

Let € = a; + by. By utilizing condition (2) and Lemma 2, we obtain

27 (£)f (,%, 5, Tty 1) < 2] 3(2) | (@ 1] + By sl + ca | Tt | + | al])
< a||Py®)|* + a |y + b | Py | + brllyall?

+ 4klcfez"‘k1 yT (£)PSPy(t)

1 t
+—e 2k f yT(s)Sy(s) ds
4 t-ky (&)

+ dlyT(t)LLTy(t) + dlyT(t)y(t)

= alyT(t)y(t) + blyth + 4klc%ez°‘k1yT(t)PS’1Py(t)

1 t
+—e72h / ¥ (5)Sy(s)ds + diy” ()LL" y(t)
4 t-ky(t)

+diy" (Oy() + P2y ()y(2),
therefore,

Vi(t) + 2a Vi(t) < yT(2) [PA + ATP]y(t) + 29T ()aPy(t) + ary” (£)y(t)
— 29T (t)D1Ly(t) + dyyT (OLLTy(t) + diy™ (£)y(2)

+eP2yT (t)y(t) + 4k e 1yT (£)CPSPCT y(t)

1 t
s Lo / YT (5)Sy(s) ds + 2 ())BPys + by
2 1k (£)

+ 362adyT(t)D2 TDg‘y(t) + %efzaduT(t — d(t)) Tﬁlu(t - d(t))

+ 2kpe®*2yT (£)Ds WDsT y(t) + 4/(16%(32"‘]“ yI (£)PS71Py(¢)

1 t
+ —e 2k / ul (s)Wu(s) ds.
2 t-ka(6)

Page 9 of 21
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Next, by taking the derivative of V;,i = 2,3,...,9,10, along the trajectories of system (5),

we have the following:

Va(t) = 20 V() + T (OQy(2) — ey (£ — ) Qy(t — hy),

Va(t) = =2 V3 () + yT (OQy(t) — e 297 (t — hy) Qy(t — hy),

Va(t) < 2 Vi(t) + K257 (O)Rj(t) — hye ™M / 7T (s)Ry(s) ds,

t-h

Vs(t) < =2a Vs(t) + h25T (£)Rj(t) — hpe "2 / t 7T (s)Ry(s) ds,
t—hy
t—i
Ve(t) < —2aVi(t) + (hy — )*3T () Uj() — (hy — hy)e "2 / yT (s)Uj(s) ds,
t-hy (18)

Vi (t) < =20V (£) + kyy™ (£)Sy(t) — e 2%k / » yT(s)Sy(s) ds,

t
Va(t) < —2a Vis(t) + d*5T (0)LT T Ly(t) — de 2 / ul ()T iu(s) ds,
t—d(t)

t
Vo(£) < —2a Vo (£) + kzyT(t)LTW_lLy(t) — ek / uT ()W u(s) ds,
t—ko(t)

- t
Violt) < ~2aVao(t) + (hs — )i (DZ3(e) — ™ / h / 57 (5)Zj(s) ds do.
—hy t+6

Applying Lemma 1 and the Leibniz-Newton formula, we get

t
—hye 2 / 3T (5)Ry(s) ds < —e~ 2" yT (t)Ry(£) + 2e”2*MyT () Ry(t — hy)
t—hy

—e 2yl (¢ — hy)Ry(t - hy), 19)
and
t
—hye 22 / . 3T (5)Ry(s) ds < —e~2"2yT (£)Ry(t) + 2e72"2yT (£)Ry(t — hy)
t—hy
— e 22y T (¢ — py)Ry(t — hy). (20)
Similarly,
t—hy
~(hy — hy)e " / Ui ds
t—ny

t—h(t) t—hy
= (s — e ( / U ds + f yT(s)uy(s)ds>

Ty t-h()
< Jemh o)) U=y — )]
hy — h(t)
hy — I
h(t) -y

AR ARZGIARA]
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Let p; =

andp =

u s
ZOY
st u

we have the following inequality:

2l —yle i) | [u 51} 2 [y, ~5(¢ )]
>
- %b’(t_hl) _yh] SIT u - ﬁ—;[y(t—hl) —yh] -

It follows that

1 , apply Theorem 4, which is

_% [y =3t = 1)] " ULy — y(t ~ h2)] - %[y(t =) =] Uy~ ) =]
o=t~ )] i[5t~ ) 3] = [t~ ) = )" ST [ = 9t~ o),

as a result, we have
t—h
=) [5G ds
t—hy

< —%e‘zahz [y — (- hz)]TU[)’h -yt -h)]

_ ie_%‘}ﬂ [y(t — ) —yh]TL[[y(t - ) —yh]

<=2 [y, — y(t — )] Ulyn— 3t~ o)

— e [y(t = hy) - ] U[y(t - ) - y]

— e 22y, — (= ho) ] Su[y(E — ) — 3]
]

—e | STy -yt - ho)]. (21)

T

y(t—hy) —yn]"

From Vj(¢) and Vio(2), applying Lemma 1 and the Leibniz-Newton formula, we get

t
—de 2 / il ()T iu(s) ds
t—d(t)

< —e 2yt ()T u(t) + 27 u” () T u(t - d(0))
—e 2y (t—d(t)) T u(t - d(t))

—20d
=2 (LT T Ly(t) -

u' (t—d@®) T u(t - d(t)) (22)

and

- t
—e‘4ah2f / 31 (s)Zj(s) dsde

—hy t+

2

0
- t T - t
<-———e “hz[/ / y(s)dsde] z[/ / y(s)dsd9:|
h2 - hl —hy Jt+0 —hy Jt+0
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2
= _hz_hze—‘lahz (2 — 1)y (£)Zy(2)
2—m

t-hy

4 —4ahy ,, T (/ )
+——e 0Z 0)do
i y (8 . ¥(6)

2 t—h T t-h
- et ( / y(9)d9) z( / y(0)d9). (23)
h2 - h1 t-hy t—hy

By using the following identity relation:

—x(£) + Ax(£) + Bx(t — h(2)) + C/t x(s) ds + Dyu(t) + Dou(t — d(2))
t-k1(t)

+f(t,x(t),x(t - h(t)), /t x(s) ds, u(t)> + D5 /t u(s)ds =0,

—kq(t) ~ka(t)

multiplying by 257 (¢), we get

=25 (O)Pj(t) + 257 ()APy(2) + 25" ()BPy(t - h(t)) - 2" (£) D1 Ly(t)

+ ZyT(t)CP/t y(s)ds + 2j/T(t)D2u(t - d(t)) +297(t)Ds /t u(s)ds
t—ky () t—ko ()
+ 2}';T(t)f(t,x(t),x(t - h(t)), /t x(s) ds, u(t)> =0. (24)
t—ky ()

Applying Lemma 2 and Lemma 1, we obtain

t t

1
y(s) ds < 4k 157 (£)CPSPCTj(t) + Ee_zo‘k‘ / yT(5)Sy(s) ds,
t—ki(8)

25T (r)CP /

t—ky(t)
257 (6)Dyu(t - d(8)) < 3¢***5” ()D, TDS 5(¢)
+ %e'z"‘duT(t -d(t)) T‘lu(t -d(1)), (25)

257 (£)Ds / u(s) ds < 2kye*2 5™ (£)Ds WD 3(¢)
t-ko (t)

1 t
+ —e 2k / uT (s)Wu(s) ds.
2 tka()

By utilizing condition (2) and Lemma 2, we have

25T O)f (&, 2,0 Inty, 1) < 2] 50 | (@rllxl] + by llocull + e[| Inte || + ||
= 2a1 |5®) | |Py@) || + 261 | 3®)|| I Pynl
+2¢1 |@® || IPInt, || + dy |30 | 1l

< ary" (®)y(t) + byl yy, + ki 2 157 (£)PS™ Py(t)

1 t
+ —e 2k / yT(5)Sy(s) ds + diy” ())LLT ()
4 t—ki (£)

+diy” (©)y(t) + P27 ()j(8). (26)
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Hence, according to (17)-(23) and adding the zero items of (24)-(26), it follows that
V(x(t)) + 2 V(x(t)) < eT(OIIE®) + yT () My(E) + 5T () NoF(t), (27)

where IT is defined as in (6) and

€700 =75 O ¢ - sy e hh 0)do |
—ny
M = —0.5(e72" + e212) R + 4k 2“1 CPSTIPCT + o LT WL
+2e 2L TTAL 4 i LLT + €P? + 4k e PSP,
Ny = =0.5P + 4k X CPST'PCT + d*LT T7'L + d\LLT + eP? + 4kyc}e** 1 PSP

Applying Lemma 3, the inequalities .V} < 0 and N, < 0 are equivalent to IT; < 0 and I15 < O,
respectively. Therefore, it follows from (6), (8)-(9) and (27) that

V(x(t)) + 2« V(x(t)) <0, nw<t<nw+l. (28)
Thus, equation (28) can be reduced to the following form:
V(x(0) < V(x(nw))e ™), now <t <nw+ 8. (29)

Case II: For nw + 8 < t < (n + 1)w, we choose the Lyapunov-Krasovskii functional having
the following form:

V(x(2)) = Vi(t) + Va(e) + Va(2) + Va(t) + Vs(2) + Ve(2) + V7 (2) + Vio(®),

where V;(t),i=1,2,...,7 and 10 are defined similarly as in (15). Using a method similar to
that of Case [, we get
V (x(8)) + 2V (x(2))
<&T(O)TIE() + y" () Nay(t) + 57 () Naj(®)
<&T(OTE(E) +y" (£) Nsy(®)
+ 3T () Nuj(t) + 26V (x(2)) - 26 V1 (x(2))
= £T(OTTE(2) + y7 (£) N3y (2)

+ 3T () Nu () + 2¢ V(x(t)) —2eyT (H)Py(t),

(30)

V(x(t)) -2(e - a)V(x(t))

< ET(OTTE(E) +y" (£) (N3 — 26P)y(E) + 57 (£) Naj(£),
where IT is defined as in (7) and

N3 = -0.5(e72M + e2"2)R + 4k e** M CPSTPCT + diLL” + €P? + 4kicle** 1 PSP,

Ny = —0.5P + 4k M CPS'PCT + d\LLT + €P* + dkycle** 1 PS7'P.
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Applying Lemma 3, the inequalities (N3 — 2¢P) < 0 and N < 0 are equivalent to I3 < 0
and Iy < 0, respectively. Therefore, it follows from (7), (10)-(11) and (30) that

V(x(t)) —2(e - ot)V(x(t)) <0, nw+é<t<m+1o. (31)
From the above differential inequality (31), we have
V(%) < V(x(no + 8)) OEe=no=d) -y s §<t<(n+ow. (32)
From (29) and (32), it follows that

x(nw + 8))ez<€_°‘)<‘”"s)

—2a8 eZ(e—a)(w—B)

—2a8+2(e—a)(w-5)

Il
<

A
<
bt
—_~
—
=
|
—
-
S
N—
SN—
[}
=
)
=
o)
+
N
o
&
T
<

< V(x((())a)))e(_20‘5+2(8—“)(w—5))(n+1) )

For any ¢ > 0, there is no > 0 such that now + 8 <t < (1o + 1)w.

Case 1. For npw < t < npw + §, using condition (13), we have

V(x(t)) < V(x(now) e 20(t=(now+3))
< V(x((0)w 6( 208+2(e—a)(w=8))ng ,~2a(t—(npw+8))
< Vix (O)a) e(—2a8+2(s—a)(w )

—(—208+2(e—a)(w—8))ng e(—2a6+2(s—a)(w—8))(n0+1)

(—208+2(e—a)(w—=8))(ng +1)w
w

)e—(—2a5+2(€—a)(a)—é))e(—2a5+2(£—a)(w—&))(noﬂ)
) —(—2a5+2(s—o¢)(a)—8))e

(208426 ) (-)) , 20 2ol (33)

IA
<

Case 2. For npw + 8§ < t < (np + 1)w, using condition (13), we get

V(x(t) < V(x(mow + 5))Xe-)e-now+d)

IA

x(}’l()él))) —2a8 2( ) (t—(ngw+3))

IA

X

(
(
(
(*(0
(
(
(

%4
vV (0 ) (—2a8+2(e—a)(w— 6))noe—2a6+2(s —a)(t—(npw+6))
%4

(—2a8+2(e—a)(w— 8))noe—2a8+2(5 —a)((ng+1)w—(ngw+4))

IA

x(O) e( —2a8+2(e—a)(w—38))(ng+1)

1]
<

—20a8+2(e— Dt) w-38))(ng+)w

I
<
(b

(=228 +2(e—a)(w=93))¢t

o G (34)

))e
)
x(O))
)

IA
<

x(0)
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Let & = e~ (-208+2(e-)(©9)) from (33) and (34) it follows that

—2a8+2(s—a)(w—=8))t
)

V(x(0) < £V (x(0))e’
Estimating V'(x(0)), we get

Vi (#(0)) < Amax (P7Y) |0,

2
’

l_e—2a¢h2
Vala0) < 1 07) (5 ot

1- e—20th2
V3(x(0)) < Amax (PlQpl)( = > le®)

2
)

0 0
V4(x(0)) = /h / e 3T (1) YRY x(v) dt ds

1- e—2ah2

<P R7) (25 ) o0

2
)

) ) 1- e—2ah2
+ Mo Amax (PT'RP™ )( o ) le(®)

1-— e—Zahz

vs(x(O))shzxmax(P-lRP-1)< o )||¢<t)H2

2
’

1- e—2ah2
+ Mg hmax (P-IRP-1)< o > ()

1- e—Zahz

Val60) = o (2 007) (=5 )00

2
)

) 1- e—Zozhz
+ Mo hmax (P~ UP1)< o >||go(t){

2
)

1-— e—2ak1
V7(x(0)) < Kidomax (P-ISP-I)( = ) lo(®)

Ty ey (1€ 2
Vo(#(0)) < dmax (LT TILP )( a )”(;S(t)”

1_6—20¢d 9
+dkmax(P‘1LTT‘1LP‘1)< = )”q)(t) ,

2
)

1- eZakg
Vo (%(0)) < koAmax (PlLTWILPl)( o ) o)

_ pdahy
vm(x(O))sxmax(P-IZP*%(hz—(l " ))H¢(t>H2

_ p—dahy
+xmax(1>-1zp-1)£(h2— (1 Za >)H€0(t)||2.

We have obtained the following:

M (—ard+(e—a)(w—8))t
w

| (&) < P )° , VEz0,
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which implies that nonlinear system (1) is exponentially stable under controller (4). This
completes the proof. g

Remark 6 In our main results, the exponential stabilization problems are considered for
a class of nonlinear systems with non-differentiable time-varying delays, including inter-
val time-varying delay and distributed time-varying delay. We construct the improved
Lyapunov-Krasovskii functionals V(x(¢)) as shown in (15). The exponential stabilizabil-
ity conditions are independent of the derivatives of the time-varying delays and then the
methods used in [7, 12, 15, 38, 40] are not applicable to this system.

4 A numerical example

In this section, we present an example to show the effectiveness of the result in Theorem 5.

Example 4.1 In this example, the nonlinear systems with mixed time-varying delays pro-
posed by [10] can be described by

t

() = Ax(®) + Byf (x(0)) + Cof ((¢ - 1(2))) + Dy / F(x()) ds + U), (35)

t—ky(¢)

where
4 [—1.2 —0.1] B - [0 —0.3]
0.1 -1 1 5
‘- [—1.4 0.1] D [—1.2 —0.1},
0.3 -8 -2.8 -0.9
f(x(t)) = [tanh(xl(t)),tanh(xg(t))]T.

Model (35) turns into the following model (1) with parameters:

-1.2 -01
Ao 2 -0 ’ B 0 0 , C- 0 0 ’
01 -1 0 0 0 0

—0.3 tanh(x,(2)) — 1.4 tanh(x; (¢ — /(¢))) + 0.1 tanh(xo (¢ — h(2)))
—1.2 [ o tanh(xi(s)) ds - 0.1 [, tanh(xs(s)) ds
SO =
tanh(x; (£)) + 5 tanh(xy(£)) + 0.3 tanh(x; (¢ — /(2))) — 8 tanh(xy (¢ — 4(2)))
-2.8 ftt_kl(t) tanh(x;(s)) ds — 0.9 f;_kl(t) tanh(x, (s)) ds,

and we give

3 0 1 0 1 0
D1: ) D2: ’ D3: .
0 4 0 1 0 1

Solution: From conditions (6)-(13) of Theorem 5 with parameters a; = 4.7249, by =
8.0045,¢1=16,d1=0h =0,h, =09,d =02,k; =01,k; =0.1,x = 0.3, ¢ =15, w = 4,
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8 = 3.25. By using the LMI Toolbox in MATLAB, we obtain

-0.0331  4.2957

42978 —0.0331
’ 0.0002 0.0183

{0.0159 0.0002}

| 0.2145 0.0033 ;- | 28160 -0.0046
“10.0033 02516 |’ " | -0.0046 3.0519 |’

o- 0.0360 0.0011 oo | 13020 0.0013
~ 1 0.0011 0.0368 |’ “10.0013 14236

g |0:0756  0.0020 /| 01074 0.0024
~10.0020 0.0797 |’ ~10.0024 0.1168 |’
;| 02012 -0.0084 g ~0.5735  0.0097
~10.0076 0.1553 |’ "710.0095 —-0.7085 |

—-0.0468 0.0016
-0.0020 -0.0362

:| , € =1.2315,

with a stabilizing controller

) - [ ~0.14040.0048 } |:x1(t)]
~0.0082 — 0.1447 | | x,(¢)

. [ ~0.04680.0016 } |:x1(t—d(t)):|

—0.0020 — 0.0362 | | x2(t —d(t)) (36)

| —0-04680.0016 St 1(5) ds
~0.0020 - 0.0362 | | [,/ %2(s)ds

U(t) =0, dn+325<t<4mn+1), n=0,1,2,....

:|, 4dn <t <4m+3.25,

For the purpose of comparison, we also tested the method proposed in [10]. Table 1
compares the feedback controller gains obtained from those two methods. The numer-
ical simulation of nonlinear system (35) with time-varying delays 4(¢) = 0.3 + 0.4| cost],
ki(t) = 0.2] sin¢|, the initial condition ¢(£) = [7 cos(8s), -8 cos(7s)], Vs € [-0.7,0] and with-
out hybrid intermittent feedback control is represented in Figure 1, which shows that sys-
tem (35) is stable. Figure 2 shows the trajectories of x;(¢) and x,(¢) of nonlinear system
(35) with time-varying delays d(¢) = 0.1 + 0.1 cost|, k>(¢) = 0.1| sin | and hybrid intermit-
tent feedback control (36). Furthermore, because of the lower bounds /; # 0 of the delay
function, the method proposed in [10] is not applicable in this case.

Remark 7 In Example 4.1, we see that every state variable of nonlinear system (35) is
stable without control. After applying controller (36), all the state variables of nonlinear
system (35) converge to 0. That shows the effectiveness of the controller.

5 Conclusion
In this paper, the exponential stabilization criterion of a nonlinear system with mixed
time-varying delays via hybrid intermittent feedback control was investigated. The time-
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Table 1 Comparison of the feedback controller gain matrix

Page 18 of 21

Delay Method Controller gain matrix
K, K> K3
[-19212  1.7480 [-0.0034 00023 [-0.0927  0.0493
m=0h=09  Methodof [10] |-20008 4931 70] | 00055 —0.00640] | 01343 -14377]
Proposed method [-0.0468 0.0016 [-0.0468  0.0016 [-0.0468  0.0016 ]
P |-0.0020 -0.0362 |-0.0020  -0.0362 |-0.0020  -0.0362 |
h1=03,h, =1 Method of [10] Infeasible Infeasible Infeasible
Proposed method [-0.0411  -0.0004 [-0.0411 -0.0004 [-0.0411  -0.0004]
P | 00003  -0.0515 | 00003  -0.0515 | 00003  -0.0515]
8 ‘
x,(t)
6l X,(t) -+
4 4
2 H .
= H ANNANANRNIANRNANANANANANANRNANAN RN AN
g 0\MMummwuwuuwwwuwuww
< ol
L |
-6 4
_8 - -
_10 | | | | | | | | |
0 10 20 30 40 50 60 70 80 90 100
Time t
Figure 1 The trajectories of x1 (t) and x(t) of nonlinear system (35) with mixed time-varying delay
and hybrid intermittent feedback control deactivated.

varying delay functions are not necessary to be differentiable, which allows time delay
functions to be fast time-varying functions. Moreover, hybrid intermittent feedback con-
trol, including state term, interval time-varying delay term and distributed time-varying
delay term, was considered for the exponential stabilization of the nonlinear system. Based
on constructing an improved Lyapunov-Krasovskii functional, Leibniz-Newton’s formula,
Jensen’s inequality, reciprocal convex and novel delay-dependent sufficient condition for
the exponential stabilization of the system are first achieved in terms of LMIs. Finally,
a numerical example is included to show the effectiveness of the proposed hybrid inter-
mittent feedback control scheme. The results in this paper generalize and improve the

corresponding results of the recent works.



Prasertsang and Botmart Advances in Difference Equations (2017) 2017:199 Page 19 of 21

8
° X, 1
X,(t)
4 i
2 i
=
= O0f ——7
<
—2H -
—4 i
-6 —
_8 | | | | | | | | |
0 2 4 6 8 10 12 14 16 18 20
Time t
Figure 2 The trajectories of x1 (t) and x,(t) of nonlinear system (35) with mixed time-varying delay
and intermittent hybrid feedback control (36) activated.
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