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Abstract

The main purpose of this paper is, using the generating function methods and
summation transform techniques, to establish some new formulas for the products of
an arbitrary number of the Frobenius-Euler polynomials and give some illustrative
special cases.
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1 Introduction

Let A be a complex number with XA # 1. Frobenius [1] introduced and studied the so-called
Frobenius-Euler polynomials H,(x|A), which are usually defined by the following expo-
nential generating function:

1-4 xf—ooH )\tn 11
—e —2; n(xl2) . (11)
n=\

et

In particular, the case x = 0 in (1.1) gives the Frobenius-Euler numbers H, () = H,(0|A). It
is interesting to point out that the Frobenius-Euler polynomials can be defined recursively
by the Frobenius-Euler numbers as follows:

H,(x|2) = Z (Z)Hk(k)x”‘k (n>0), 1.2)
k=0

where, and in what follows, (Z) is the binomial coefficient defined for a complex number

a and a non-negative integer k by

ay a\ al@a-N(a-2)---(a-k+1)
<0) - (k) ) 3 k=1, (13)

and the Frobenius-Euler numbers satisfy the recurrence relation

" 1-% n=0,
Ho(A) =1, (H\) +1)" = H,(A) = (1.4)
0, n>1,
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with the usual convention about replacing H"(A) by H,(); see, for example, [2, 3]. For
some interesting arithmetic properties on the Frobenius-Euler polynomials and numbers,
one is referred to [4—11].

We now turn to the Bernoulli polynomials B, (x) and the Euler polynomials E, (x), which

are usually defined by the exponential generating functions

o]

te* ¢
a1 ;Bn(x)a and

&t t"
o= X(;En(x)a. (1.5)
The rational numbers B, and the integers E,, given by
1
B,=B,00) and E,= 2”En(§) (1.6)

are called the Bernoulli numbers and the Euler numbers, respectively. It is easily seen
from (1.1) and (1.5) that the Frobenius-Euler polynomials give the Euler polynomials when
A =-11in (1.1), and the Bernoulli polynomials can be expressed by the Frobenius-Euler

polynomials as follows:

“ZMB <m> — lH,HG) (m,n>1). 1.7)

It is well known that the Bernoulli and Euler polynomials and numbers play important
roles in different areas of mathematics, and numerous interesting properties for them have
been studied by many authors; see, for example, [12-14].

In the year 1963, Carlitz [15] explored some formulas of products of the Frobenius-Euler
polynomials and obtained three expressions of products of the Frobenius-Euler polynomi-
als to deduce Nielsen’s [16] formulas on the Bernoulli and Euler polynomials. For example,

Carlitz [15] showed that for non-negative integers m, #,

Hyp (x| A) Hy (x| 2)
—1)  (m
ML 1 §<k>Hk(k)Hm+n—k(xlku)
(Z>Hk(M)Hm+nk(x|)\M) B O\;DMHW;«(MAM), (1.8)
k=0 n—1

when Ap # 1. In the year 2012, Kim et al. [17] used a nice method called the Frobenius-
Euler basis to establish the following new sums of products of two Frobenius-Euler poly-
nomials:

—— D Hixl})Hy_(x13)
k=0

= Z ( ) 3 POt = B ) o, (19)

P n+l-k
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where # is a positive integer. Following the work of Carlitz and Kim et al., He and Wang [18]
extended Carlitz’s [15] three formulas of products of the Frobenius-Euler polynomials, by
virtue of which some analogues to the summation formula (1.9) were obtained. In the year
2014, Agoh and Dilcher [19] used a generalization of the idea showed in [20] to establish
the following higher-order convolution identity for the Euler polynomials:

k k n+k-1
£ ao £ () T ()

JL4eHjx=n r=1 lo+lj+++lg_p=n
Jirefik =0 o1l f—r=0

X El() (x)Ell (0) te Elk_, (0), (1.10)

where 7 is a non-negative integer and & is a positive integer k with 2 { k. In the year 2016,
by using identities for difference operators, techniques of symbolic computation, and tools
from the probability theory, Dilcher and Vignat [21] extended (1.10) and obtained that for a

non-negative integer #, a positive integer k with 2 { k, and arbitrary real numbers ay, ..., a,

Z (h ” jk) Mgh(x)...gjk(x)

(a1 + - +ak)n

JiteHjg=n
Jioeefk =0
: 1 n ((li l)ll e (ﬂik)lk
- Z Z(_Z)r_ Z I 1 / - =
r=1 |J|=r lothttly_ym NSO thr (@1 + -+ ar)n-i,
Loyl >0
X Ejy (%)Ef (0) - - - By (0), (1.11)

where, and in what follows, (@) is the rising factorial defined for a complex number 4 and
a non-negative integer k by

(@o=1 and (@i =al@+1)a+2)---(a+k-1) (k>1), (1.12)

integers n, ry,...,rx by

n n!
= , (1.13)
F1yeeesVk }’1!“'7‘/(!

7| is the cardinality of a subset J C {1,...,k} and i1, ...,ix €] = {1,...,k} \ J.
Motivated by the work of Dilcher and Vignat [21], in this paper we establish some new

summation formulas for the products of an arbitrary number of the Frobenius-Euler poly-
nomials by making use of the generating function methods and summation transform
techniques developed in [22]. It turns out that some known formulas including (1.10) and
(1.11) are deduced as special cases.

2 The statement of results
We first state the following formula for the products of an arbitrary number of the
Frobenius-Euler polynomials and the rising factorials.
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Theorem 2.1 Let ay, ..., ax be arbitrary complex numbers with k being a positive integer.
Then, for a non-negative integer n,

> <’ ]k>MH (1121) - - Hjy (el Ae)

(@1 + - +ayg)

Jutetjk=n
Jifk 20
D D Il P
R R T e i by li) (@1 + -+ + ai)uey,
115l =0
X Hy, (o |2y -+ )»k)l_[ i Hi (6 — % + 1| 4i)
k
< [ M@ Hy (i =2 02s) - O da £1). (21)
i=r+l1
We next discuss some special cases of Theorem 2.1. By taking a; = - - - = ax = 1 in Theo-

rem 2.1, in light of (1.12) and (1.13), we get the following result.

Corollary 2.2 Let k be a positive integer. Then, for a non-negative integer n,

Z Hj (x1|A1) - - - Hj (x| Ax)

juetjg=n

JirfkZ0
S Y nik—1
e _

N A H, (%A1 -+ - A
S X (T e
r=1 li++l=n

15l =0
r-1
xHHl(x, x,+1|A)HAH1 — %A (hpe--Ax #1). (2.2)
i=1 i=r+l

The above Corollary 2.2 can be also found in [23] where it was established by using the
generalized beta integral technique. In fact, Corollary 2.2 can be used to give a different
expression for the new sums of products of two Frobenius-Euler polynomials appearing
in (1.9). For example, taking k = 2 and then substituting x for x;, y for x,, A for A, and u
for A, in Corollary 2.2 gives

> Hi(x| M) Hok(/l12)

_n-2) 3 <”; 1)Hk(x|m)an(y - x|p)

1-Au oy
1-p o (n+1

P Hi@IMH e -y +113) (e #1). (23)
1-Ap o k

Since the Frobenius-Euler polynomials satisfy the following difference equation (see, e.g.,

(171):

H,(x+1|A) = AH,(x|x) = (1 - 1)x"  (n>0), (2.4)
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so by applying (2.4) to (2.3), we get

> Hi(x| M) Hyi(yl )

k=0
P =2) A (n+1
T 1 kZ}( k )Hk(xM“)Hn—kO/—le)
ML= ) o~ (n+1
* 1-Ap §< k )Hk(ﬂ)\M)an(x—yM)
1-MDA-p) & (n+l N
+ﬁ§( k )Hk(y'“‘)(’“‘y) © Gu A1),

It becomes obvious that the case x = y and A = p in (2.5) gives
2k . (n+1 5
]ZHk(xM nek(xl2) = Z ( N )Hk(xu )VH, (M)

1—A
+
1+A

(n+)H,(x[2*) (A #-1),
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(2.5)

(2.6)

which can be regarded as an equivalent version of (1.9). For a different proof of (2.5), see

[18] for details.
On the other hand, from (2.4) and the fact (see, e.g., [24])

W)@ +y) Gy = Y. [[s][]r &=, (2.7)
JE{L,...k} i€] ic]

we obtain that for a positive integer r,

r-1

]"[H,,(m - %, +1]2)

= > [[rHGi- ) [0 =206 —x)" (28)
JC{1,...,r-1} i€] ic]

Thus, by applying (2.8) to Theorem 2.1 and then taking x; = - - - = x; = x, we get the follow-
ing result.

Corollary 2.3 Let ay,...,ax be arbitrary complex numbers with k being a positive integer.

Then, for a non-negative integer n,

> (. ,,k)%ffum.-wm

JLteHjk=n
Jirejic =20

h (ainl )ll T (al' )l _r
ZZ Ak Z (lo,ll,...,lk_r>(al+...—kk

+ Ak )n-
r=1 |J|=r lo+l+-+lg_y=n k)n lo

10,015y =0

X H[O (x|)\1 . ')\k))\'

Ir+l

Hll ()\‘ir+1) T )‘ikHlk_r ()"ik)’

where hy -+ M #1, Ay = [, (1= &) and iy, ... ik eJ.

(2.9)
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In particular, if we take A1 = --- = A = -1 with 2tk and let 4y, ..., ax be real numbers in
Corollary 2.3, we get Dilcher and Vignat’s identity (1.11) immediately. If we take a; = - - - =

ay =1 in Corollary 2.3, we obtain the following result.

Corollary 2.4 Let n be a non-negative integer. Then, for a positive integer k,

> Hy (i) Hy (xl2)

it Hjk=n

1k Z0
k A n+k-1
DRI D M
_ZZ (NCIYSERRYYY)
r=1 |J|=r L=Ayeeede lo+l+-+lg_p=n lo
10,015 slj—y=0
lr+1Hll ()\'lwl) T )\'ikHlkfr ()\'ik)’ (210)

where by -+ M # 1, Ay = [, (1= &) and iy, ... ik eJ.

The above Corollary 2.4 can be also found in [23] where it was obtained by applying
(2.8) to Corollary 2.2. If we take A; = --- = A¢ = A in Corollary 2.4, we obtain that for a

non-negative integer # and a positive integer &,

> Hy(lh)-- Hy (xlh)

Jitejg=n
Jireojic =0

k k-r r
Z AT - A) Z n+k-1 k
( ) 1-ak ( l ) o (+2)
lo+ll+~~~+lk,r:}'l

ol selfe—r=0

x Hyy (1) -+ Hy_ (%), (2.11)

Obviously, the case & = -1 and 2 { k in (2.11) gives Agoh and Dilcher’s identity (1.10). If we

take k = 2 in (2.11), we get that for a non-negative integer #,

Z i (x| M) Hj, (x| 1) = % Z (nl-; 1)H10(x|A2)H11()»)

Jitj2=n loth=n
j1j2>0 lo,h >0
1-2)?/n+1 )
+ H,(x|A A Z-1), 212
(")) -y (212)

which gives formula (2.6) immediately.

3 The proof of Theorem 2.1
For convenience, we denote by [ti1 . "t,l(k If(t,...,t) the coefficients of ti‘ . ~~t,l(k in the
power series expansion of f(,...,%). It is clear that for non-negative integers i,..., i,

we have

£ i i
[1 .k ]j(tl, ) =il il [ g ). (3.1)
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We now recall the famous Euler’s pentagonal number theorem: for |x| <1,
(1-x)(1-2%)(1-4%) _1+Z nonD) | pehnGnan ) (3.2)

which can be used effectively for the calculation of the number of partitions of # (see, e.g.,
[25]). In his original proof of (3.2), Euler used the following beautiful idea:

(1 + )1 +2x2)(1 +x3) -~

=L +x) +x(Q+xp) +x3(L+x) A +x2) +--- . (3.3)
Obviously, the finite form of (3.3) can be expressed as (see, e.g., [26])

A +x)@ +29) - (A +ag)

=1 +wp) +x(1 +x1) + - +x (T +x)(A +22) - (1 + xp_1). (3.4)

If we replace x, by x, — 1 for 1 <r < k in (3.4), then we have

k
X me—1= ) (% —1a %, (3.5)

where x; - - - x,_1 is considered to be equal to 1 when r = 1. By taking x, = A,e” for1 <r <k
in (3.5), we obtain that for a positive integer k,

k r-1
N N V] ) (3.6)

which implies

k " k
(1 e e o
- e : 3.7
li:_1[ Aeli —1 ; A )\ketﬁ e _ l_[ 11[ et — 1 (3.7)
Observe that
r-1 k
( 1)exltl
Ly t;
()‘re 1_[)» 1_[ W
i=1 i=1
il K , (oi=r )2
— xyt+ “+lg) ()‘ _l)ex ot ()\.l—l)e
= (b, = )ertasrte ]_[A prrmml | G st (3.8)
i=r+l

It follows from (3.7) and (3.8) that

k- l)exztt Ko, = D)errtarit
l_[ etl _ Z }\‘1 )\.ket1+ g _ 1

i= r=1

r-1

l_[ (A; = D)elimrl)ti (A; = 1)eW
)»,'etl -1 A A.l‘etl -1

i=r+l

(3.9)
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It is obvious that substituting 1/ for A in (1.1) gives

A—1

> 1\¢"
— xt _ i
R WACH (3.0
n=0
and from (1.3) and (1.12) we get that for a non-negative integer k and a complex number 4,

(@) = (-1)*k! - (":). (3.11)

It follows from (1.13), (3.10) and (3.11) that for a non-negative integer » and complex num-

bers ay,...,a,

—-ay —ag t'il t;(k k (A — 1)67%‘
> (-Gl

i+ tjk=n
Jirjk =0

- 2 ()Gl mel=l5;)

Jitetjg=n
JlrefkZ0

> (, )(al),l (@)

1 +o +]k n
Jefikc =0

1 1
H ‘— o H ‘— . 312
X 71 (xl )"1> Jk (xk )\,k) ( )

On the other hand, since for a positive integer k and a non-negative integer N (see, e.g.,
(27]),

N
i+ + )N = z £tk (3.13)
byeoos b

l++l=N
0yl =0

so by (3.10) and (3.13) we have

1
(A1 - A = 1)eritat+tx) > 1 t{l tkk
=S Hylx i I 3 3.14
Ay Agelt 1 D Hyl A Ak 2 L (3.14)
- +etl=
el =0

If we multiply both sides of (3.9) by [£! - - - £], with the help of (3.10) and (3.14), we dis-

cover

k -t
, . Ai— 1)ex1tl
g gy Bz e
[ 1 k ] 11:1[ )\ieti -1
k H 1
Z Ar—1 Z 4ot gy +o (xr| Al"'kk)
e pg - W5 Ll byl Dt 0!
lr+11 ,,,,, ZI:ZO

- ,Lz(xl o+ 15) K Hj (- xl5)

]_[ o ]_[ T (3.15)

i=1 i=r+l
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Hence, by replacing /; by j; — I; for i # r in (3.15), in light of (3.1), we obtain

ti] t;(k k (A —1)etiti
[Ezﬂ(l_l[ haeti —1

k
Ar—1
D v B DI C
ra1 1 k L+t le=jt 4
Iyl =0

r-1 .
X HA,-(?)H;I, (x, Xy
i=1 ‘

It follows from (3.16) that

BT ‘J_f...l’_q K (= Det
Z (fl) (jk>|:j1! Ji! (1;[ rieti —1

)
(o

i=r+l

1
A,)' (3.16)

]1+ +jk=n
J1serjic =0
T E ()
Jitetjg=n r=1 k=1 hettly=n Jr 1 &
JjkZ0 1l =0
r-1 —a ] 1
X A ‘L>(1>Hli<x,_x+1_)
lz‘:_II l(]i i ' ’ A
1
* ) 3.17
IGRALICEES o)

i=r+l

It is clear from (1.3) that for non-negative integers k, n and a complex number 4,

(:) (Z> ) <Z> <Z _ i) (3.18)

which together with the famous Chu-Vandermonde convolution identity showed in [28]

yields that for non-negative integers /;,..., [y with ly + -- - + [y = n,

Ji+tjk=n i=1
Jir-jk =0 i7r
k k
) > o
- . »’_l
i=1 jimn NI i N
i#r JLrefk =0 i#r

(e (~@ @) - (n=1)
:H< Li )( n—(n-1) ) (3.19)
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By applying (3.19) to (3.17), in view of (3.11), we obtain

—a\ (a8 8 (g Ge-De
> GGl

Jlte-tjg=n i=1
JLrfk =0
k
Ty e (L)
= (m+--+ar+n-1),
n! — A'l...)"k_llﬁ--»-v-lk:n ll,...,lk
0yl =0
1 r-1 1
x Hp | x| ———— Mila) Hy | x; —x +1‘—
lr( r )\1 )Lk)ll:ll z( t)l, ll( i r )\,)
x ]_[(al)z H,, ( ik ) (3.20)
i=r+l
Observe that
@+ vax+n=0L), (@ +--+a)ny, =@+ +a). (3.21)

By equating (3.12) and (3.20), in light of (3.21), we get

(@) - (an)y 1 ' 1
> (, ,/k)m%(xl‘x—l)...H,k<xk‘kk)

1+ +]k =n
Jirejic =0
Yy ()
= )»k— hoian N B/ (@ ),
115l =0
1 " 1
x Hp | x| ———— Mi(a) Hp | x; —x +1‘—
lr( r )L1 )Lk)ll:II l( z)l, l,( i r )Li)

1
X l_[(az)l Hl (xz Xy )L

i=r+l

), (3.22)

Thus, by replacing A; by 1/, for 1 <i < k in (3.22), the desired result follows immediately.
This completes the proof of Theorem 2.1.
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