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Abstract

This article deals with some existence and Ulam-Hyers-Rassias stability results for a
class of functional differential equations involving the Hilfer-Hadamard fractional
derivative. An application is made of a Schauder fixed point theorem for the existence
of solutions. Next we prove that our problem is generalized Ulam-Hyers-Rassias stable.
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1 Introduction

Fractional differential equations have recently been applied in various areas of engineer-
ing, mathematics, physics and bio-engineering, and other applied sciences. For some fun-
damental results in the theory of fractional calculus and fractional ordinary and partial
differential equations, we refer the reader to the monographs of Abbas et al. [1, 2], Samko
et al. [3], Kilbas et al. [4] and Zhou [5], the papers [6—22] and the references therein.

The stability of functional equations was originally raised by Ulam [23], next by Hy-
ers [24]. Thereafter, this type of stability is called the Ulam-Hyers stability. In 1978, Ras-
sias [25] provided a remarkable generalization of the Ulam-Hyers stability of mappings by
considering variables. The concept of stability for a functional equation arises when we re-
place the functional equation by an inequality which acts as a perturbation of the equation.
Considerable attention has been given to the study of the Ulam-Hyers and Ulam-Hyers-
Rassias stability of all kinds of functional equations; one can see the monographs of [26],
and the papers of Abbas et al. [6, 8,9, 27-29], Petru et al. [30], Rus [31, 32], and Wang et
al. [33, 34]. More details from historical point of view, and recent developments of such
stabilities are reported in [31, 35].

Recently, considerable attention has been given to the existence of solutions of initial
and boundary value problems for fractional differential equations with Hilfer fractional
derivative; see [36—42]. Motivated by the Hilfer fractional derivative (which interpolates
the Riemann-Liouville derivative and the Caputo derivative), Qassim et al. [43, 44] con-
sidered a new type of fractional derivative (which interpolates the Hadamard derivative
and its Caputo counterpart). Motivated by the above papers, in this article we discuss the
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existence and the Ulam stability of solutions for the following problem of Hilfer-Hadamard
fractional differential equations of the form

HDYPu)(e) = f (6, u(t)); te]:=1,T],

)
HL7Tw®)],_, = ¢

where ¢ €(0,1),8€[0,1],y =a+B-aB,T>1,¢ €R,f:] x R— Ris a given function,
H[I™7 s the left-sided mixed Hadamard integral of order 1 -y, and “D{"" is the Hilfer-
Hadamard fractional derivative of order « and type 8, introduced by Hilfer in [38].

The present paper initiates the Ulam stability for differential equations involving the
Hilfer-Hadamard fractional derivative.

2 Preliminaries

Let C be the Banach space of all continuous functions v from 7 into R with the supremum

(uniform) norm
[Vlloo := sup|v(#)|.
te]

By L(J), we denote the space of Lebesgue-integrable functions v :J — R with the norm

T
Wil =/0 Iv()| d.

As usual, AC(J) denotes the space of absolutely continuous functions from J into R. We
denote by AC!(J) the space defined by

ACL(J) := {w:]—> R: %w(t) eAC(])}.

Let

8 L‘d 0 [q] +1
=l—, >V, n= +1,
dr q q

where [¢] is the integer part of g. Define the space

AC) = {u: (L, T] — E: 8" [u(t)] € AC()}.

Let y € (0,1], by C, 1n(/), C,(J) and C}l, (J), we denote the weighted spaces of continuous
functions defined by

Cyn) = {w(t) c(Int)"w(t) e C}

with the norm

’

Iwlc, ,, = sup|(in )"~ wi)
te]

C, ()= {w:(O, T]— R: 77 w() € C}
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with the norm

H

Iwllc, :=sup|t' ™ w(t)
te]

and

dw
c;(])={wec:Eecy}

with the norm
Wiy = Iwlloo + W], -

In the following, we denote ||w||c,,, by lIwlic.

Now, we give some results and properties of fractional calculus.

Definition 2.1 ([2-4]; Riemann-Liouville fractional integral) The left-sided mixed Rie-
mann-Liouville integral of order r > 0 of a function w € L'(J) is defined by

r _ L ! _ -1
(Ilw)(t)— F(r)/l(t s) " w(s)ds fora.e.te],

where I'(-) is the (Euler’s) gamma function defined by

)= / £letdt; £>0.
0
Notice that for all 7,71,7; > 0 and each w € C, we have Ijw € C, and
(I I2w)(6) = (" w)() forae.te].

Definition 2.2 ([2—4]; Riemann-Liouville fractional derivative) The Riemann-Liouville

fractional derivative of order r > 0 of a function w € L!(J) is defined by

dﬂ
(Diw)(t) = <ﬁ1{”w) )

_ ! d”f(t YT l(s)ds forae. t €
= F(n_r)dt" . -8 w(s S ora.e.rte/,

where n = [r] + 1 and [7] is the integer part of 7.

In particular, if r € (0,1], then

d
(Diw)(t) = (Elll'w>(t)
_ L A grwds forae.t
_mafl —s)""w(s)ds fora.e. te].



Abbas et al. Advances in Difference Equations (2017) 2017:180 Page 4 of 14

Let r € (0,1], y €[0,1) and w € C;_,, (/). Then the following expression leads to the left

inverse operator as follows:
(DiLw) (@) =w(t) forallte(1,T).
Moreover, if I} "w € C%_y (/), then the following composition is proved in [3]:

W)

1 forallte(,T).
e orallte(1,T]

(I, Dw) (8) = w(d)

Definition 2.3 ([2—4]; Caputo fractional derivative) The Caputo fractional derivative of
order r > 0 of a function w € L!(J) is defined by

d}’l
(1;44 o W> ()

—#ft(t yr 14 ds foraetes
_F(n_r) 1 S dSnWS S or a.e. .

(CDw)(2)

In particular, if r € (0,1], then

c _r d
(‘Diw) () = (111 Ew) ®)
- ﬁ /lt(t _S)fr%W(S) ds forae.te].

Let us recall some definitions and properties of Hadamard fractional integration and
differentiation. We refer to [4, 45] for a more detailed analysis.

Definition 2.4 ([4, 45]; Hadamard fractional integral) The Hadamard fractional integral
of order g > 0 for a function g € L'(/, E) is defined as

TRRVININE B b e S (O
(190= 15 | <lns) s

provided the integral exists.

Example 2.5 Let 0 < g < 1. Then

1
Arlne = (Int)**?  for a.e. t € [0,€].
r2+gq
Set
d
S§=x—, q>0, n=|[ql+1
dx

and

ACY := {u: [1,T]— E: 8"’1[u(x)] € AC(])}.
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Analogous to the Riemann-Liouville fractional calculus, the Hadamard fractional deriva-
tive is defined in terms of the Hadamard fractional integral in the following way.

Definition 2.6 ([4, 45]; Hadamard fractional derivative) The Hadamard fractional deriva-
tive of order ¢ > 0 applied to the function w € ACY is defined as

("Diw)(x) = 8" ("I "w) ().
In particular, if g € (0,1], then
("Diw)(x) = 3(H1117qw) ().

Example 2.7 Let 0 < g <1. Then

1
r'2-gq

Apfint = (Inp)'9 fora.e. t €[0,e].

It has been proved (see, e.g., Kilbas [46], Theorem 4.8) that in the space L'(J) the
Hadamard fractional derivative is the left-inverse operator to the Hadamard fractional

integral, i.e.,
("D ("rw)(x) = wx).
From Theorem 2.3 of [4], we have

ML w)(1)

(1) (" Diw) () = wlx) - T

(Inx)?L.

Analogous to the Hadamard fractional calculus, the Caputo-Hadamard fractional
derivative is defined in the following way.

Definition 2.8 (Caputo-Hadamard fractional derivative) The Caputo-Hadamard frac-
tional derivative of order g > 0 applied to the function w € AC} is defined as

(HCD’{W) (%) = (H I _qénw) (x).
In particular, if g € (0,1], then
("“Diw) () = (1 5w) ().

In [38], Hilfer studied applications of a generalized fractional operator having the
Riemann-Liouville and the Caputo derivatives as specific cases (see also [39-41]).

Definition 2.9 (Hilfer fractional derivative) Let o € (0,1), B < [0,1], w € L'()),
I{H’)(l*ﬁ we ACY(J). The Hilfer fractional derivative of order & and type f of w is defined
as

d
(Df’ﬁw)(t) _ (1{3(1—“)%11(1‘“)(1"‘3)14;) (t) forae.te]. 2)
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Properties Leta € (0,1), 8 €[0,1], y =a + 8 —aB,and w € L'(J).
1. The operator (D(f’ﬁ w)(t) can be written as

(DY w)(2) = (If(la)%lll_yw>(t) = (LD w)(t) forae.te].

Moreover, the parameter y satisfies
y €(0,1], y>a, y > B, 1-y<1-81-a).

2. The generalization (2) for B = 0 coincides with the Riemann-Liouville derivative and
for B =1 with the Caputo derivative.

DY’ =D% and D¢'=°DY.
3. If Df(l_a)w exists and in L!(J), then
(D& 12w) (6) = (PDPw) (1) forae te).
Furthermore, if w € C, (J) and Illfﬂ(lfa)w € CJI/ (), then
(D‘l’"ﬂlf‘w)(t) =w(t) forae. te].
4. If DY w exists and in L}(J), then

L7(1)

(IilDtlx’ﬂw)(t) = (IfDi/W)(t) =w(t) - T(y)

't forae. te].

From the Hadamard fractional integral, the Hilfer-Hadamard fractional derivative (in-
troduced for the first time in [43]) is defined in the following way.

Definition 2.10 (Hilfer-Hadamard fractional derivative) Let @ € (0,1), 8 € [0,1], Yy = +
B—aB,weL'(J),and " I{l_a)(l_ﬂ )w e ACY(J). The Hilfer-Hadamard fractional derivative of
order « and type B applied to the function w is defined as
(HDf’ﬂw)(t) = (Hlf(l_“)(HD’l/w))(t)
= (Hlf(l_a)é(Hlllf’/w))(t) forae. te]. (3)
This new fractional derivative (3) may be viewed as interpolating the Hadamard frac-
tional derivative and the Caputo-Hadamard fractional derivative. Indeed, for g = 0, this

derivative reduces to the Hadamard fractional derivative, and when g = 1, we recover the

Caputo-Hadamard fractional derivative.
HpyO =Hpy, and "Dy =M D,

From Theorem 21 in [44], we concluded the following lemma.
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Lemma 2.11 Let f : I x E — E be such that f(-,u(-)) € C, n(J) for any u € C, 1n(J). Then
problem (1) is equivalent to the problem of the solutions of the Volterra integral equation

)
I'(y)

u(t) = (Ine) " + ("Bf (- ul)) (@)

Now, we consider the Ulam stability for problem (1). Let € >0 and ® : I — [0,00) be a
continuous function. We consider the following inequalities:

(D Pu) () - f(tu())| <& tel. (4)
(DY u)(6) - f(tu®))| < @(8); te]. (5)
(DY u)(6) —f(tue))| < e®@(t); te]. (6)

Definition 2.12 ([2, 31]) Problem (1) is Ulam-Hyers stable if there exists a real number
¢r > 0 such that for each € > 0 and for each solution u € C, |, of inequality (4) there exists
a solution v € C, 1, of (1) with

’u(t) —v(t)| <ec; te].

Definition 2.13 ([2, 31]) Problem (1) is generalized Ulam-Hyers stable if there exists ¢ :
C([0, 00), [0, 00)) with ¢/(0) = 0 such that for each € > 0 and for each solution « € C, , of
inequality (4) there exists a solution v € C, j, of (1) with

lu(®) - v(t)| <c(e); tel.

Definition 2.14 ([2, 31]) Problem (1) is Ulam-Hyers-Rassias stable with respect to & if
there exists a real number cf,¢ > 0 such that for each € > 0 and for each solution u € C, 1,
of inequality (6) there exists a solution v € C, j, of (1) with

’u(t) - v(t)| <ecro®(t); te].

Definition 2.15 ([2, 31]) Problem (1) is generalized Ulam-Hyers-Rassias stable with re-
spect to @ if there exists a real number ¢7,¢ > 0 such that for each solution # € C, 1, of
inequality (5) there exists a solution v € C, j, of (1) with

u(®) - v()| < 0 ®(@); te).

Remark 2.16 It is clear that
(i) Definition 2.12 = Definition 2.13,
(ii) Definition 2.14 = Definition 2.15,
(iii) Definition 2.14 for ®(-) =1 = Definition 2.12.

One can have similar remarks for inequalities (4) and (6).
In the sequel we will make use of the following fixed point theorem.

Theorem 2.17 (Schauder fixed point theorem [47]) Let E be a Banach space and Q be
a nonempty bounded convex and closed subset of E, and N : Q — Q is a compact and
continuous map. Then N has at least one fixed point in Q.
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3 Existence of solutions
Let us start by defining what we mean by a solution of problem (1).

Definition 3.1 By a solution of problem (1) we mean a measurable function u € C, j, that
satisfies the condition (', 7 1)(1*) = ¢ and the equation (HD‘I""S u)(t) =f (¢, u(t)) onJ.

The following hypotheses will be used in the sequel.

(H1) The function ¢ — f(t, u) is measurable on I for each u € C, 1, and the function u
f(t, u) is continuous on C, , fora.e. t € J,
(Hy) There exists a continuous function p : I — [0, 00) such that

t
[f(t,u)| < r() |u| fora.e.te€]JandeachueR.
1+ |u
Set
p* =supp(2).
te]

Now, we shall prove the following theorem concerning the existence of solutions of
problem (1).

Theorem 3.2 Assume that hypotheses (Hy) and (Hy) hold. Then problem (1) has at least
one solution defined on J.

Proof Consider the operator N : C,, j, = C, i, defined by

Page 8 of 14

¢ O / £\ f (s, uls)
(Nu)(t) = F(y)(]n B+ ) (ln s) @) ds (7)
Clearly, the fixed points of the operator N are solution of problem (1).
For any u € C, j, and each t € J, we have
1- ¢l (np)” t( t)“_l ds
|(Ing)"™" (Nu)(t)| < o)t @ L ln; V(s,u(s))|?
|| (ng)7 r* 't ot ( )ds
<ty ) (n0) P97
|| p*(InT)"7 ft< t)“‘l ds
< + In - —
T'(y) Fl@)  J \ s s
[l N p*(n 1)+
~I'(y) rd+ea)
Thus
| p*UnT)rre
IN®le =505 e ®

This proves that N transforms the ball Bg := B(0,R) = {w € C, 1 : [[Wllc < R} into itself. We
shall show that the operator N : Br — By satisfies all the assumptions of Theorem 2.17.
The proof will be given in several steps.
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Step 1. N : B — By, is continuous.

Let {u,},cn be a sequence such that u, — u in Bg. Then, for each ¢ € J, we have

|(In8) (N (2) = (In )" (Nu)(0)|

1-y t
- (Int)

t a-1 J
@ J, <1n ;) If (s, 1n(s)) —f(s,u(s))|:s, ©)

Since u, — uasn — oo and f is continuous, by the Lebesgue dominated convergence
theorem, equation (9) implies

||N(un)—N(u)||C—> 0 asn— o0.

Step 2. N(Bg) is uniformly bounded.

This is clear since N(Bg) C Br and By is bounded.
Step 3. N(Bg) is equicontinuous.

Let 1,1 €], t < tp and let u € Bp. Thus, we have

|(In£)'77 (Nu)(8) — (In 1) (Nu) (1)

[ 0\ T S uls) P\ s )
<funear [ () L ae-tar [ () LiRal
a-1
i [P 2\ Vs uls)
S(lntz) VL (ln :) st
5] a-1 a1
+/1 (Ingy)'™” <ln%> —(Ingy)" (ln ts—l) %ds
a-1
1y [P B pls)
<(Intp) y/tl (ln ;) e ds
5] a-1 a1
+/1 (Inty)"” <ln %) —(Iny)"7 (ln ts—1> slli((?g)

Hence, we get

|(In )" (Nu)(£2) - (In 1)~ (Nu) (1) |

1-y+a o
< p«(nT) In t_2
F(l + 0() t

. t ¢ a-1 t a-1
+ L f (Int)"™ [ In 2 —(Ing)*7( In 1
['(a) Ji s s

As tj — 15, the right-hand side of the above inequality tends to zero.

ds.

As a consequence of Steps 1 to 3 together with the Arzeld-Ascoli theorem, we can con-
clude that N is continuous and compact. From an application of Schauder’s theorem (The-
orem 2.17), we deduce that N has at least a fixed point # which is a solution of problem
(1). O

4 Ulam-Hyers-Rassias stability

Now, we are concerned with the generalized Ulam-Hyers-Rassias stability of our problem

).
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Theorem 4.1 Assume that hypotheses (H;), (H,) and the following hypotheses hold.

(Hs) There exists o > 0 such that for each t € J, we have
(17 @) (1) < LoD (2);

(Ha) There exists g € C(J, [0,00)) such that for each t € J, we have
p(t) < q() ().

Then problem (1) is generalized Ulam-Hyers-Rassias stable.

Proof Consider the operator N : C,,;, = C, 1n defined in (7). Let « be a solution of in-
equality (5), and let us assume that v is a solution of problem (1). Thus, we have

t a-1
(Ing)r +/1 <ln f) fisr"—‘(;(ls)))ds.

W) = F((p)/)

From inequality (5), for each ¢ € /, we have

¢ G [ B\ s, uls)
u(t)—r(y)(lnt)V —/1 <ln;> @) ds

< ("7 @)(».

Set

q" =supq(t).

te]

From hypotheses (H3) and (H,), for each t € ], we get

é o\ S (s uls)
|u(t) - v(t)| < |u(t) - F(y)(lnt)y —/1 <1n ;) sT(@) ds‘
t £\ oL If (s, u(s)) = f (s, v(s))]
+/1 (ln;) SF(OK) dS

t a-1 %
< (Hlf‘cb)(t)+/1 <1n E) er?;()s) ds

< 1, @(t) + 24" ("I} ®)(2)
< [1+24" ]2 ®(0)

=Cfo q)(t)
Hence, problem (1) is generalized Ulam-Hyers-Rassias stable. O
In the sequel, we will use the following theorem.

Theorem 4.2 Let (2,d) be a generalized complete metric space and © : Q@ — Q be a
strictly contractive operator with a Lipschitz constant L < 1. If there exists a nonnegative
integer k such that d(©**'x, ©x) < oo for some x € Q, then the following propositions hold
true:
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(A) The sequence (O x),cn converges to a fixed point x* of ©;
(B) x* is the unique fixed point of ® in Q* = {y € Q | d(OFx,y) < co};
(C) Ify e QF, then d(y,x*) < ﬁd(y, Ox).

Let X = X(I,R) be the metric space, with the metric

l[u(2) = v(®)llc

d V) =
(V) =sup ==

Theorem 4.3 Assume that (Hs) and the following hypothesis hold.

(Hs) There exists ¢ € C(J,[0,00)) such that for each t € ] and all u,v € R, we have
If (&) = f(t, )| < (In8)' 7 () D(£) |t — v
If
L:=(InT)"7"¢*r4 <1, (10)

where ¢* = sup,.; ¢(2), then there exists a unique solution uy of problem (1), and problem
te]

(1) is generalized Ulam-Hyers-Rassias stable. Furthermore, we have

|u(t uo(t)| <—.

Proof Let N : C, 1 — C, 1n be the operator defined in (7). Applying Theorem 4.2, we have

t a-1
) - 0o < [ () AT

£\ () (s)|(Ins)7 u(s) — (Ins)*- Vv(s)|
( ) e

t nE) T el - vic
1 s sFa)

o (") @)llu—vlic

S P re@O)lu-vlc.

——ds

Thus
|(In )"~ (Nu) (&) - (In )" (W) (@) | < (In T)7 9* Ay @ (@) e = Vi c.

Hence, we get

AN, NG)) = sup 1O =Wl _ -
te] CI)(t)

from which we conclude the theorem. O
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5 An example
As an application of our results, we consider the following problem of Hilfer-Hadamard
fractional differential equation of the form

HDE ) = fL ) e Lel,

) (11)
HLru) @), =0,

where

-1
_ (=1 % sin(z-1)
fw) = g7y t€LelueR,

fQu)=0; uel.

Clearly, the function f is continuous.
Hypothesis (H) is satisfied with

-1
t-1) 4 |sin(z-1)|,

_ (
p(t) = 64(1+v/2-1) ’
p(1)=0.

te(l,el,

Hence, Theorem 3.2 implies that problem (11) has at least one solution defined on [1, e].
Also, hypothesis (H3) is satisfied with
3 2
O(t)=¢’, and Argp=—

NS
Indeed, for each ¢ € [1, e], we get

263

NG

Ao ®().

("1 ®)(®)

IA

Consequently, Theorem 4.1 implies that problem (11) is generalized Ulam-Hyers-Rassias
stable.
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