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1 Introduction

In this paper, we consider a nonlinear Schrédinger equation (NLS) with Dirac interaction.
Such interaction is introduced in order to model physically the presence of impurity (see,
for instance, [1-4]).

The NLS equation under study is described by
) 1 2 . .
iug + Eum+q8au +g(lul)u+iyu=f inRxR,, (1)

with € C R and the unknown solution u = u(x,t) maps € x R, into C. §, is the Dirac
distribution which describes a defect at point a € 2. The parameter g € R represents its
intensity (see [3, 4] for more details). The effect of the damping parameter y > 0 is in-
troduced in order to study the asymptotic behavior of the solution to the Schrédinger
equation (1). The external time-independent forcing f € L2(f) is added to avoid the triv-
iality feature of the dynamic. The functional term g is introduced in order to provide a
generalization of the classical nonlinear NLS model.

The model (1) arises in many applications, quantum mechanics, hydrodynamic, optic,
see for an overview [5-10]. In the case when a = y = 0, g(s) = s and f = 0, this introduced
model coincides with the model [1, 2]. Note that in the literature there are few studies for
the case g # 0. A variety of physical models involve this case, see, for example, [3, 11, 12]
and the references therein.
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The long-time solutions behavior of nonlinear equation (1) has been already studied in
the literature. In the case when g = 0, with the assumption that £ is bounded, the exis-
tence of a finite dimensional maximal attractor in H' () was proved in [13]. In [14], it was
shown that the long-time behavior is described in terms of the existence of a global at-
tractor belonging to H! () with = R” and # < 3. For bounded € C R and with periodic
boundary conditions, the smoothness of the global attractor in H?(£2) was proved in [15].
In turn, the case g # 0 was studied in [3] in which it was shown that equation (1) is well
posed in HY(R) for a simple particular potential function g(s) = s. In this simple case, it
proved in [16] that the long-time behavior can be described by the existence of a global
attractor in H'(R).

With regard to these previous works, the aim of this paper is to investigate the nonlinear
Schrédinger (NLS) equation (1) in the case £ =] — 0o, 0[ with Dirac interaction defect. In
addition, we consider artificial boundary conditions at the limit point 0 in order to avoid
the perturbations on the behavior of the solutions caused by the boundary conditions. This
issue was treated in [17—19] in connection to the numerical behavior of the solutions. Our
main results that are stated and proved are as follows:

(i) The Schrodinger equation can be characterized by a dissipative autonomous
dynamical system;

(ii) Existence of a maximal compact attractor in the weak topology of H}(2).

In fact, based on our first result (i), by using dissipativity consideration and a splitting
technique, we show that the Schrodinger equation possesses a maximal compact attractor
in the weak topology of H(2).

The remainder of the paper is organized as follows. In Section 2, we provide some
preliminaries and necessary key technical results. Section 3 introduces an autonomous
dynamical system in order to study the asymptotic behavior of the solutions to the
Schrédinger equation. Section 4 deals with the dissipativity issue of the introduced dy-
namical autonomous system for the characterization of an absorbing bounded set. In Sec-
tion 5 we present a splitting technical approach to study the asymptotic compactness of the
semigroup associated with the introduced autonomous dynamical system. In Section 6,
we prove the precompactness of the attractor in the weak topology of H!(). Finally, Sec-

tion 7 gives some concluding remarks.

2 Problem formulation and preliminaries
Throughout this paper, we use the following notations.

For a subset  of R and p € R,, L?(Q2) (the Lebesgue space of measurable function u :
€ — C) is denoted by

LP(R) = {u ‘ /ﬂ|u(x)|de< +oo},

L*(R) = {u | 3M > 0 such that |u(x)| <Mp.pon SZ}

These spaces are endowed respectively with the norms |[u]|r@) = (fg lu(x)[? dx)% and
lull o) = infars0{M | |u(x)| < M, p.p on R}. The set H!(R) denotes the Sobolev space de-
fined by HY(R) = {u € L2(R); u, € L2(R)}, where the derivation u, is taken in the distribu-

1
tion sense. This space is endowed with the norm ||u| ;y1(q) = (||u||i2(9) + || 2ty ||32(Q))§.
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Now, we introduce the nonlinear Schrédinger equation (NLS), and we discuss the rele-
vant issue of its boundary conditions as well as its extended domain £ =] — oo, 0[.

Let 8, be Dirac interaction defect at point a, then our NLS equation under study is given
by

1
iut+§uxx+q8uu +g(|u|2)u+iyu =f in@xR,, (2)

where € =] — 00,0[, a < 0, f belongs to L(). The functional g € C}([0, +oo[,R) is a
smooth function such that there exist constants C > 0, a; > 0, a» > 0 and 6 € [0, 2[ satis-

fying

lg'(nNI<C forr=>0,
gir)<ay(1+7%) forr>0, (3)
G(r)= [y g(s)ds with |G(r)| < aar(1 +7%) for r > 0.

We associate with NLS equation (2) artificial boundary conditions on x = 0 for ¢t > 0
in order to avoid the perturbation effect on the behavior of the solutions resulting from
the reflection at the boundary {0}. This important issue was firstly considered in [17-19].
Such boundary conditions are given by

3,1(0, ) + v/2e7 T4 eV V0112 (e’”te_iV(O’t)u(O, 1))=0 forteR,, (4)
where 9, represents the normal derivative operator. V is the phase function defined by

Vix,t) = fot g(|u(x,s)[*) ds. The operator 9} represents the Riemann-Liouville fractional
derivative of % order defined by

1/2 _L £ hGs) )
Gh (h(t))_ﬁat(/_oomds. (5)

The initial data o € H'(R) is given at ¢ = 0, and we shall suppose that its support is in £

u(x,0) = ug(x) forxe Q. (6)

For the extended domain £ =] — 00, 0[, the existence of the solutions to NLS equation
(2)-(4)-(6) ant its well-posedness can be found in [20, 21]. In what follows, we provide a
sketch of the proof of this result.

Theorem 1 Under the previous assumption, there exists a unique function u € C°([0, T);
HY(R)) N CY[0,T];[HY(R)]) solution to NLS equation equation (2)-(4)-(6), where
CK([0, T]; HY(R)) is the space of k times continuously differentiable functions on [0, T] in
HY(Q) and [HY(R)]' is the dual of H ().

Sketch of the proof This proof is divided into three steps based on the Faedo-Galerkin
method.

In the first step, by projection on the finite dimensional orthonormal basis of HY(Q),
we construct a sequence of approximate equations, each of these equations possesses a
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solution via the Cauchy-Lipschitz criteria. Hence, we have constructed a sequence of ap-
proximate solutions.

The second step consists of obtaining estimation conditions to legitimate the conver-
gence of approximate solutions to a limit. The third step shows that this limit is exactly
a solution to NLS equation. Finally, we prove that this limit is unique and provides the
global solution to NLS equation with regard to (2)-(4)-(6). (I

In our forthcoming analysis, we will use a slightly modified lemma of Lemma 2.1 in [22].

For this purpose we recall that for s € R, the Sobolev space with non-integer order s is
defined by

H'(R) = {u e LX(R) : F[(1+[£[2)% Fu] e LAR)},

where F is the Fourier transform. The Sobolev space H*(0, T) represents the set of restric-
tions of functions from H*(R) to [0, T].

Lemma 1 Let ¢ € HV*(0,T) and € H¥*(0, T) with v(0) = 0 be two functions extended
by zero beyond T, that is, for all s > T and s < 0. Then the following inequalities hold true:

+00
(i) Re(eim/‘L /0 e%a}“qsdt) >0,

(ii) Re<e-i”/4 / e 0l dt) >0
0
where y > 0.
Proof Inequality (i): We apply the Plancherel identity to e7¢ and e 7 3}2¢ using

L5 o)) = L(d)(s+ 2)and £(3}2¢)(s) = v/sL(¢)(s), where the operator L is the Laplace
transform. Then we have

/ " eV G0V dt - % f - L(e7% ¢)(iv)L(e™ 7 012¢) (iv) dv
0 _

(o.¢]

_ _/ £(¢)(zv+ )L(alf2¢)<w+—> dv
L ol

dv.

Asy >0andv e R, we have

2 .
Z+iv=,/y—+v2e‘9 with 0 € —z T ,
2 4 )

which gives

x 0 x b
m/4/ five —+v (3+D  with -+ = e |0, 2
2 4 2



Abounoubh et al. Advances in Difference Equations (2017) 2017:137 Page 5 of 24

and

. 2 (0 _x 6 w i
et Yy = ,/y—+v2e‘(%7) with ———€|-—;0].
2 4 2 4 2

Since we have

Re(e"”/4 /g + iv) >0, Re(e"'”/4 g + iv) >0,

and by using the equalities

) +00 _ ein/4 +00
e / eV 2pdt = S — / 1Y vy
0 21 J s 2

and

2
dv

L(¢) <iv + g)

E(qﬁ)(iv + %)

2
dav,

) +00 _ e—irr/4 +00 y
e’””“/ eV Ppd g dt = —/ [~ +iv
0 2 J_ 2

we can deduce inequality (i).

Inequality (ii): Since ¥ (0) = 0, we have

/+oo e Y0l 2y dt = % f+w L(e‘yft wt)(iv)ﬁ(e’%t 3,2y ) (iv) dv
0 -

o]

- % /_: L’(l/ft)<iv+ g>L(8}/21/f)(iv+ g) dv

- % _:o(% —iv> /g +iv E(w)<iv+ g)

Asy > 0and v e R, we have

2
dv.

2 .
Z+iv= y—+v2e‘9 with 0 € —z;z
2 4 2 2
and
2 .
Z—iv: y—+v2e"9 with -0 € _E;Z .
2 4 2 2

Then we have

3
et (L gy /Z+iv:,/y—+v2 5D with -~ -~ ¢ —Z;O.
2 2 4 2 4 2

From the fact that Re(e™™/*(% - iv),/ % + iv) > 0 and by using the following equality

+00 —im/4  p+o0
e”'”/“/O e Y8}y dt = _eZn /_oo (g - iv) /g +iv ,C(I//)(iV+ g)

we obtain inequality (ii). O

2
dv,
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Remark 1 Let ¢ € H4(t;, t,) be a function extended by zero outside the interval [t £,].
The following hold:
+ Re(eti/4 ftiz e7'pal 2 p dt) > 0.

« By continuity of the term ¢3}/2¢ and by dividing the term Re(e*"/ ftiz e pa} 2 ¢ dt)

by t, — t1, we have when £, — #;, Re(e*™/*e "' (£)d}>p(t) dt) > 0 for all £ > 0.
Finally, we introduce our last technical result.

Lemma 2 Let w € HY(R) be a function defined from @ =] — 00,0 to C. Then we have the
following inequality:

2
[w(0)|” < 2lwll 2 Wl 12 (-

Proof Lety € R, we have

d

0
/ pn [wx)]* dx = w?(0) - w?(y),
y

which gives

0
w?(0) = w?(y) + 2/ wy(x)w(x) dx.

y

Since w € HY(R), we have lim,_,_o w(y) = 0. Then we have when y — —oco

0
’w(O)‘2 < 2[ ‘wx(x)Hw(x)Mx.

By using the Cauchy-Schwarz inequality, we get
2
|W(0)| <2|wll 2@l wxll12()- 0

3 Semigroup associated with NLS equation
In the following result, we show that the Schrédinger equation can be characterized by an
autonomous dynamical system.

Proposition1 NLS equation (2)-(4)-(6) is equivalent to an autonomous dynamical system
with a semigroup (5(¢))s=o on HY(R).

Proof Let us show that for any u solution to NLS equation (2)-(4) associated with the
initial data ug, the following function

S(t) : HY(Q) — HY(Q)
ug — u(t),

defines a semigroup.
To prove S(t + s) = S(t)S(s), we define the solutions u(¢) associated with the initial data
uo and v(¢) associated with the initial data u(s). Then it suffices to show that # and v satisfy
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the boundary condition (4), and hence we will conclude that v(¢) = u(t + s). For this aim,
we check that u(¢ + s) is a solution of (2) at time ¢ + s. Indeed, using the expression of the
phase function V in (4), we see that by using the change of variable we can obtain

t+s eyte—iV(O,r)u(O, ‘E)

———d1
—00 AE+Ss—T

[2 . .
anu(O,t + S) - _ _e—m/4e—y(t+s)ezV(O,Hs) at
b

[2 . .
- _ _e—m/4e—y(t+s) ezV(O,t+s)
b

dr

t e exp(—i [y~ g(1u(0,0)[*) d0)u(0,T +s)
X 8,:/ NG dt

¢
_ _\/geinﬂeytexp(i/ g(|u(0,t+s)|2) dt)
—s

te’Texp(~i [ g(lu(0,0 +5)?)dO)u(0, 7 +s)
X atf s \/t— dr
o -7

t
_ _\/ge—m/zle—)/texp(i/ g(|u(0,7: +s)|2) dT)
0

« 3 /t e’ exp(—i [y g(|u(0,6 +5)|*) dO)u(0,7 +35) e,

o0 t—1

So that we have

t
9,v(0,1) = —\/ge’i”/‘*e_ytexp(if g(‘V(O,f)|2) dT)
0

y at/'f ert exp(—iforg(|v(0,t9)|2)d@)v(O,r)

dr.
00 JE—-T

By taking into account the uniqueness of the solution, we conclude that v(¢) = u(t + s) and

the proof is complete. O

For the sake of simplicity, we make a change of the unknown solution to NLS equation
(2)-(4)-(6) as follows:

vix, t) = exp(—iV(O, t))u(x, t). (8)
Then NLS equation (2)-(4)-(6) can be rewritten in the following form:

Ve + 3Vax + q8av + (@(Iv(x, 1) [?) — g(IV(0, D)D)V + iy v
=exp(-iV(0,8))f in Q2 xR,,
3,v(0, 1) + /2e7 T4 V13112 (e71(0,8)) =0, teR,,

v(x,0) = up(x), x€Q.
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Remark 2 From the previous change of variable (8), we can easily check the following
properties:
(D) v, 1)] = |ulx, 1),
(if) ux, 1) = exp(i [y g(1V(0,5)*) ds)vix, £),
(i) v Nms) = llu(t)l|ms(e) for all s > 0.

Proposition2 The semigroup (S(t));>o0 defined by (7) is continuous on the bounded subsets
of HY(R) for the strong topology of L*(R).

Proof Letv(t) and ¥(£) be two solutions verifying NLS equation (9). We set w(¢) = v(t) —v(t)

with the initial data w(0) = uo — #%y. Then we get

iwg + %wxx +qé,w +g(|v|2)v —g(|f/|2)f/

—g(‘v(O, t)‘z)v +g(’17(0, t) ’2)17 +iyw
= (exp(-iV(0,1)) - exp(—i@(o, 0))f (10)

where V(0,1) = fotg(|v(0,s)|2) dsand V(0,¢) = f(fg(|f/(0,s)|2) ds. The boundary condition is
given by

9, w(0,2) + /2e" /eyl (e"'w(0,0) =0, teR,. (11)

Now, multiplying equation (10) by w and taking the imaginary part, we get

5 Wl + Y Wl

= ~Zm(3,w(0,)w(0,t)) — Im (/Q(g(|v|2)v —g(|17|2)17)de>

+ Im(/g(g(‘v(o, t)|2)v -g(|#, t)‘z)fz)de>

+ZIm ((exp(—iV(O, t)) —exp(=iV(0,1))) / fwx). (12)
Q
Observe that
~Zm(3,w(0, )W(0, £)) = —/2Re(e™*erw(0,)3}" (e’ ' w(0, 1))). (13)

Based on this identity and by using Remark 1, we can see that the term —Zm (9, w(0, £)w(0,
t)) < 0. This fact is used to bound the first right term of (12).

Next, other right terms of (12) are shown to be bounded by using the Cauchy-Schwarz
inequality, the continuity of injection of H'(2) in L>°(£2) and by taking into account as-

sumptions (3) on the function g. According to these considerations, we derive

—Im( /Q (e(v)v - g(|\7|2)f/)de> < K0 ay
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and the following majorization by using Lemma 2

2o [ (el10.0 ) - e(500,01 7yt )
Q

+ Im((exp(—iV(O, t)) —exp(=iV(0,1))) /Q dex) <K[wt)| 2
From the above inequalities it follows

d
dt ”W(t)”;(sz) tY ”W(t)HEZ(Q) = KHW(t) ”i2(9)'
By using Gronwall’s lemma and Lemma 1, we get

[w(®) |2y < <7 [w(0)]. (14)

Using Remark 2, we have
! 2
u(t) — i(t) = exp (z/ g([v0,9)] )ds) v(x, t)
0
! 2
_ exp(i/ g(’f/(O,s)’ ) ds) V(x, t).
0

Then it follows

“ u(t) — ult) ||L2(Q)

= “ V(t) - 17(t) ||L2(Q)

exp( [ ell0.91") ) ~exo (i [ (300,90 as)

<[40 =70 gy + [0 [ L0, 9) - g(150,9)| s

+ “ v(t) ||L2(sz)

By using the mean value theorem and assumption (3) on the function g, we obtain

” u(t) — ult) ||L2(Q)

= [0l 0+ K50 gy s0p [0, (40,0 [710,0))].
tel0,
By using Lemma 2, we get
1
””(t) — u(t) ||L2(Q) = sup [”W(t) ||L2(Q) +K||W(t) ||L22(Q)]
te[0,T]

1
K 0 %00 ]-
= tes[l(l),pT][HW( )”LZ(Q)]

Finally, by taking the supremum on the left-hand side of the above inequality and by using
inequality (14), we obtain
K-y

1
t:['glpﬂ[””(t) - u(t) ||L2(Q)] = Kt:['glpn[e T lluo - uo”ZZ(Q)’
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which can establish the continuity of the semigroup (S(¢))s=0 on bounded subsets of H!(£2)
for the strong topology of L*(2). O

4 Bounded absorbing setin H'()
In the sequel, we show the dissipativity of the autonomous dynamical system which was
previously defined by the semigroup (H'(£2), (S(t))¢=0)-

Theorem 2 There exists a bounded subset denoted by B, of H{(R) such that for any
bounded subset B of H(R), there exists a time t*(B) > 0 satisfying

S@t)BC By, forallt>t*(B).
Moreover, this bounded subset 1B, can be determined as a closed positive-invariant set.

Proof First, we prove this result in L*(2).

Bounded absorbing set in L*(R):

Multiply equation (9) by —iv, integrate in the space domain 2, and then integrate by
parts the second term and consider the real part of the resulting equation

1d
S |v(e) ||22(S2) +y v ||i2(sz)

1 . 0
= ERe(z’v(o, £)9,v(0,1)) +Im<exp(—iV((), 1) / ﬁdx). (15)

Using the Cauchy-Schwarz and Young’s inequalities, we get

1720 + %Re(iv(o, £)9,v(0,1)). (16)

R |+

d
ar “V(t) ||i2(sz) Y ||V(t)“i2(s2) =

Using Gronwall’s lemma, we obtain

2 —yt 2 l-e”
||V(t) ||L2(Q) =e ”uO”LZ(Q) + T ”f”LZ(Q)

eVt [t
+ T/ eysRe(iV(O,s)B,,V((),s)) ds.
0

Using the boundary condition for NLS equation (9) and Lemma 1, we can show that
% fot e”*Re(iv(0,5)0,v(0,s)) ds < 0. Hence, we obtain

2 B 1-e 7t
V@20 < €7 ol 72 + — V172 (17)
. 2 yluoll 2 g
Then there exists ¢y = " IH(W) > 0 such that for ¢ > t,, we have
12(Q)

2
[0 20y = 1O iy = 5 W ey = M5 (18)

Bounded absorbing set in H'():
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We consider in the following ¢ > £,. We multiply the first equality of (9) by v, + yv, and
we integrate in the space domain €. By considering the real part, we get

d
pr \ (V(t)) +2y W (V(t))
= ZRe(vt(O, t) + yv(0,£)3,v(0, t))
0
~2yg(|v(0,0)]") V1122, + 4 f (IvPg(IvI*) - G(1v*)) dx
2 d 2 0
-g(|v0,9)] )E IVII72 ) + 4yRe(exp(—iV(0,t)) / ﬁdx)
0
- 4Re(i|v(0, )| exp(-iV(0, 1)) f ﬁdx>, (19)
where

WD) = [1v3]122 0y — 2a]¥l@ )]~ 2 /Q G(IvP) dx
0
+4’Re<exp(—iV(O,t))f ﬁdx), (20)

where G is defined by (3).
We first need to majorize ||vx||%2(9) in terms of W(v(¢)). Indeed, we have by (20)

2
||vx||jz(m = U (u() +2g|v(a, 0| + 2/ G(Iv*) dx
Q
0
—4Re (exp(—iV(O, 1) / fv dx>. (21)
—00
From here, we stress out that M can be any positive constant depending only on g, y, a1,
ay and ||f || ;2(q)- But this quantity is independent of .
Now, by Agmon’s, Young’s inequalities and inequality (18), we have

2 2 1 2
2q|v(@, 0" < 20q1IVl(0) < 20q1Mollvillize) < 7 1Vellfagg + M. (22)

By considering (3) and by using the Gagliardo-Nirenberg and Young’s inequalities, we ob-
tain

1
/QG(|V|2)dx§ a2<||v||§2(9) + /Q |v|2*29) < gllvxllizm) +M. (23)
The last term of (21) can be bounded by using the Cauchy-Schwarz inequality as follows:
0
—4Re(exp(—iV(0,t)) / ﬁdx) < 4||f | 2 Mo < M. (24)
Hence, by using the above inequalities (22)-(24), we get

Vel 7o) < 2% (1(2)) + M. (25)
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Next, we majorize the second member of equality (19).

Majorization of the term 4y f_ooc(|v|2g(|v|2) - G(|v]?)) dx:

We use the inequalities of Gagliardo-Nirenberg and Young combined with (3) and (25)
to obtain

4y / zo(|v|2g(|v|2) - G(IvP?)) dx

<4y(on + a2><||v||§2<9) + / v|>% dx)
Q

< 4y (e + @) (Mg + CMG [[villfa )

= M(l + ||Vx||i2(g))

<% Y vl + M < ng(t)) + M. (26)

Majorization of the term -2y g(|v(0, t)|2)||v||L2(Q
We use Young’s inequality and Lemma 2 combined with (3) and (25) to get

~2yg(|v(0,0]*) IVl%2(0, < M(1 Vel )

”Vx”Lz +M< =

OOY

=1 SW(v(0)+M (27)

Majorization of the term —4Re(i|v(0,t)|? exp(-iV(0, t)) f_OOOfT/ dx):
We use Young’s inequality and Lemma 2 combined with (18) and (25) to obtain

0
_4Re(i|v(0,t)|2exp(—iV(O, t))/ f17dx>
—00
2
<M(v(0,0)|” < 2M vl 20 Vel 120 < Mllvell 20

Y 14
= gIvelag) + M = L (D) + M. (28)

Majorization of the term —g(|v(0,t)|? ) ||v||L2(Q :

For this majorization, we use the following fact.

Fact 1 By using the boundary condition of NLS equation (9), it follows from (15) and
Remark 1 that

1d
Im(exp( iV (0, t))/ fdx) 2dt”V”L2 @ =0 (29)

Now, we write the term —g(|v(0, t)IZ)% ”V”é(sz) as follows:
2y d
~&(I0.0]") - IVl

:2g(’v(0,t)|2)(Im(exp(—iV(O,t))/ fdx) 2;;:”VHL2 )
_2g(|v(0,t)|2)Im<exp(—iV(0,t)) [wﬁdx).
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Taking into account the previous Fact 1, assumption (3) on the function g, Lemma 2, then

by using Young’s inequality and (25), we obtain
d
~g(0.0f) Z Wiz
20 . o ld
< 2a2(1 + |V(0, t)| ) Im exp(—zV(O, t))/ fvdx | - —— ||v||L2(Q)
—oo 2 dt
+ o M(1 + |v(0, t)|20)
1d
<2 (1+ 2Mg||vx||§2(m)(zm (exp(—iV(O, 1)) / f_dx) ||v||L2 )
+ o M(1+2M [Ivall ] )
) 1d
< (e||vx||L2(Q) +M) Im exp( iv(o, t)) fdx ||v||L2 @
|4
+ E\Il(v(t)) +M.
Using (19), (24), (26), (27), (28) and (30), we obtain

d
p U(v(t) +y ¥ (v(1))

<M +2Re(v:(0,¢) + yv(0,£)3,v(0,1))
+ (€llvalifz g + M) | Zm | exp(=iV(0,2)) Of‘d —lill I7
evxLz(Q) m| exp(—1? , _oovx 2dtVL2(Q) .

We multiply this inequality by e”* to have

d t
2 (o)
<Me"" + 2Re((e7*v(0,1)),0,v(0, 1))

yt 9 ey ozt
+(e? €llvallfag) + Me? )e2

x (2m(exol-iv00,0) [ o) -5 G

<Me"* + 2Re((e7*v(0,1)),0,v(0, 1))

+ (ee T sup [e 7 vl 2 Q)] +Meyt>
telty,T]

X (Im(exp(—iV(O,t))f f_dx) 2dt“V”L2(Q>

From the above inequality it can be easily seen that

d 1
g7 (e”\ll(v(t)) + 5(66 7 sup [e 6 ||Vx||L2(Q ] +Meyt> IvI1%, >

telto,T]

< <M + §M||v||§2(m>e” +2Re((er'v(0,1)),0,v(0, 1))
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0
+ (eeVTt sup [eyzt||vx||%2(m]+Mth>Im(exp(—iV(O,t))/ ﬁdx)
telty,T] o)

7t vt
2 Sup [e 2 ”Vx||%2(9)]

L ey v
+ ey vt oe
4 @) telto, T)

Then we use the above inequality combined with (18) and (24) to get

d 1
— (e w(v() + —<ee¥2£ sup [ezft Vel 22 ] +Me7’t> V1%
dt 2 telto, T @ )

< 2Re((e7v(0,1)),0,1(0, 1)) + eMe sup [eyTt ||vx||i2(9)] + Me*.
te(to, T

We integrate the above inequality between £y and ¢ with ¢ € [¢, T] to have

e’ W (v(0) < €W (v(to)) + M(e? — )

+2 ftRe((eVSV(O,s))Sa,,V(O,s)) ds

1
+ §<ee@ sup [e%t ||Vx||iz(g)] +Me1’t0)||v(t0)||i2(m
telto,T)

vt Yho vt
+eM(e2 —ez ) sup [e2 ||vx||iz(9)].
telty,T]

By using the boundary condition of NLS equation (9) and Lemma 1, we have

2/tRe((eVSV(O,s))SB,,V(O,s)) ds
to

t
= -2V2Re (e"’”/4 / e 740, (eVsV(O, s))8$1/2 (eysv(O,s)) ds) <0,
£

0

which gives

e’ W (v(t)) < W (v(k)) + %(ee%g s[up ][eZzﬁ ||Vx||i2(9)] +Me”t°> “v(to)H;(Q)
teltg, T

4

SIS
E

+6M(ey7t—e ) sup [eyTt ||vx||i2(9)]+M(e”—e1’t°).

te(to,T]
Next, we multiply this inequality by e, and by using (18) and (25), we obtain

! ¢
e% ”Vx”iz(g) = ey(to_%)\p(v(to)) +M(ey7 - ey(to_%))

1 y(tg-t) vt -L 2
+ = (66 2 sup [e 2 ”Vx”%Z(Q)] + Mey(to 2)> ”V(t())”LZ(Q)
2 telty,T)

v(tg—1) yt
+eM(l-e 2 ) sup [e2 ||vx||i2(9)]
telto,T]

t T
< "W (v(ty)) +eM sup [eVT ||Vx||i2(g)] +Me'T.
te(to, T
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By taking the supremum on the left-hand side of the above inequality and by choosing

_ 1 i
€ = 337, we obtain

yt 2
sup [ [[vallfaq)] < 270w (v(to)) + Me'2,
telto,T]

and obviously,

yT

e [v+(T) ”iZ(Q) <2e"0W (v(ty)) + Me 2 .
Since the time T > 0 is chosen arbitrarily, we can conclude that

[va(®) ||i2(9) < 2ey(t°_§)llf(v(t0)) +M forallt>t. (31)
Finally, from the above inequality we can deduce that there exists t* > £, > 0 such that

””(t) HHl(Q) = ” v(t) ||H1(Q) <2M, Vvi=t".

In addition, from this established fact we can easily determine a closed subset B,;, which

is a positive invariant for the semigroup (S(¢));>0- O

5 A splitting approach
In this section, we present a splitting technical method in order to study the asymptotic
compactness of the semigroup (S())s=o in L2(8). For this procedure, the forcing term f of
NLS equation (2) is truncated as follows.

For o > 0, we consider a C* cut-off function y, defined by

1 ifjx|<a,

0 iflx|>1+«

such that 0 < x, < 1. Since it is well known that the sequence (f xo)o converges to f in

L2(R) as @ — +00, then, for any 1 €]0, 1[, there exists a(n) such that

"f _ont(n) ”i(Q) =n. (32)

By notation we set f;; = f Xa(y)-

Next, we introduce a decomposition of the solution to NLS equation in order to prove
the asymptotic compactness of the semigroup (S(¢));s0 in L>(£2). Then, based on the above
inequality, we decompose the solution u of NLS equation (2)-(4)-(6) as a sum of two func-

tions u" and w" such that

iuf + ude + qdau” + g(|ulu” +iyu" =f - f,  inQ xR,
3,u"(0,2) + /26Tt eV 0012 (grte=V OOy (0, £)) = 0, teR,, (33)

u"(x,0) = upg(x), x€,
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and

W] + s + q8aw" + g(lul)w" +iyw’ =f,  in Q xR,
3,W"(0,2) + /2e etV 012 (erte=VOOYN(0,£) =0, teR,, (34)
wh(x,0)=0, x€g,

where V(x,¢) = fotg(lu(x, s)|%) ds.

In the sequel, we will show that the solution #" has a norm ||u"|| ;2(q) which can be chosen
arbitrarily small. Also, we will show that the solution w” belongs to H'(€) N L2(£; (1 +
x?) dx), where L?(; (1 + x2) dx) denotes the L? space endowed with the pondered norm
1= % V1 + 22 20y

We first study the long-time behavior of #" in the following technical result.

Lemma 3 Let B, be a bounded absorbing set of the semigroup (S(¢))i>0. Then, for ug € By
and n €10,1[, there exists t(n) > 0 such that

Vt = 0’ ”u”(t) ”22(9) = e_yt”u() ”22(9) + %
and
2
Ve 1), w02 < y—z (35)

Proof Let ut"(x,t) = exp(—iV(0, t))u” (x, t). Then equation (33) becomes

it + St + g8, 0" + (g(|u(x, 1) [?) — g(lu(0,8)?)i" + iy "
=exp(-iV(0,0))(f —f;) inQ xR,
3,107(0,2) + /267 eV V2 (e7ti1"(0,4)) = 0, teR,,

1" (x,0) = up(x), xe€.

(36)

Multiply equation (36) by —iii, integrate in the space domain €, and then integrate by

parts the second term and consider the real part of the resulting equation

1d
2dt

0
= %Re(z’iﬂ(O, £)3,i"(0,t)) + Im <exp(—iV(0, t)) f (f - fn)ﬁdx)

||£ln(t)||i2(g) +y ||£¢'7(t)||i2(9)

Using the Cauchy-Schwarz and Young’s inequalities, we get

d . ~
yrd CUC] PSSR LAGI

1 1 _ -
< ;Hf - f,7||§2(9) + ERe(im(o,t)anu”(o, t)). (37)
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We use Gronwall’s lemma and (32) to obtain
- 2 _ 1-et
||M"(t) ||L2(Q) =<e yt||'40||22(9) + Tﬂ
e—yt t

+ - eVSRe(iit’?(O,s)BnZt”(O,s)) ds.
0

Using the boundary condition for NLS equation (36) and Lemma 1, we can show that
# fot e’ Re(iut"(0,5)d,i"(0,s)) ds < 0. Hence, we obtain

“”n(t) ||i2(sz) = ||£¢”(t) ”il(sz) = efytnuonizm) + %

2 2
Pl

Ift>t(n) = % In( > 0, we have

2 2n
”u”(t) ||L2(Q) = ﬁ
Next, we show that w” remains bounded in H'(2).

Lemma 4 There exists a constant M depending on y, ay, a3, ||f|l2(q) such that, for any
uo € By, we have

vE=0, |w'(t) ||H1(Q) <M.

Proof Tt follows from Theorem 2 and Lemma 3 that w” = 4" — u remains bounded in L*(£).
To complete the proof, it suffices to show that the norm of the derivative of w", ||w; || 12(Q)
is bounded.

For this aim, we set w"(x, ) = exp(-iV(0, £))w"(x, £). Then NLS equation (34) becomes

W] + 3 Wi + g8, + (g(|u(x, 1)[?) — g(|u(0, ) 2)W" + iy w"
=exp(-iV(0,1))f;, inQ xRy,
3,"(0,£) + /2e7 T4V 2 (7 1(0,8)) =0, teR,,

w(x,0)=0, xeQ.

We multiply the first equality of (38) by W} + yWw" and integrate in the space domain Q.
Then, by considering the real part, we get

d . -
7 D(W'(2)) + 2y (W'(2))

=2Re(w/(0,t) + yw"(0,£)9,w"(0,1))
d, . 3
o2 [ () =00 ) (1 20157 )
0 R—
+4yRe(exp(—iV(O,t))/ oW dx)

0
—4Re(z‘|u(0, )| exp(=iV(0,2)) / f,ﬁdx), (39)
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where
c[>(ﬁ;’7(t)) = ||V~V§Z ”iZ(Q) - 2q"7"n(ﬂ: t)’2
0 —_—
+ 4Re<exp(—iV(O, t))/ fywh dx). (40)

Now, we need to majorize ||17vz(t)||i2m) in terms of ®(w"(t)). Indeed, we have by (40)

2

”‘7‘4 HL2(Q) = q)(ﬂ)”(t)) + 2q|ﬁ/n(ﬂ, t)|2

—4Re(exp(—iV(0, t)) /0 f,,ﬁdx) (41)

Note that from now on the quantity M represents a constant depending on y, a3, o,
Il .2(e)» which may vary from the context. By using Agmon’s and Young’s inequalities, we
have

. . - 1,.
2q|w”(a, t)iz =2lq| ”W77 ||L2(SZ) ”WZ ||L2(Q) =5 ”WZ ||i2(sz) + M. (42)

Also, the last term of (41) can be bounded by using the Cauchy-Schwarz inequality as
follows:

0
—Re(exp(—iV(O, t))/ Sywn dx) <4Hll2e ||ﬁ/" ||L2(Q) <M. (43)
-0
Hence, by using the above inequalities (42)-(43), we get
) -
[#1 ] 20y < 2@ (W"(8) + M. (44)
Next, we majorize the second member of equality (39).
Majorization of the terms depending on f,:

Since u is bounded in H'(R), then by using (43), the Cauchy-Schwarz inequality and

Lemma 2, we have

0
‘Re(i|u(0, t)|zexp(—iV(0, t))/ f,,ﬁdx)

< 2M ||l 2y ll Nl 12 () - (45)
By using (43), we deduce
0 [
4yRe<exp(—iV(0, t))/ oW dx)
—00
2 o —
—4Re<i|u(0,t)| exp(—iV(O, t))/ Jywn dx) <M.
-00

Majorization of the term 2 [, (g(|u|*) — g(|u(0, L‘)|2))(%|17V'7|2 + 2y |W"?) dax:



Abounoubh et al. Advances in Difference Equations (2017) 2017:137 Page 19 of 24

We multiply the first equality of (38) by #" and by considering the imaginary part, we
get

W |2 +2y |17v”|2 = —21'm<%(ﬁ/zﬁ)) +2Zm(exp(-iV(0,2))fWw"), (46)

which implies
2/9(g(|u|2) —g(\u(O,t)ﬁ)(% |17V’1i2 + 2y|17u'7|2) dx
-4 [ (g(ur?) - g(yu(o,t)f))zm(%(wgﬁ)) dx
+ 4L(g(|u|2) - g(|uo, t)|2))Im(exp(—iV(O, £))f ) dx.

By using integration by parts in €2, we get

2 [ (elh) - g(lut0,0)) (17 2017
:4/9%(g(|u|2) —g({u(O,t)|2))Im(17vzﬁ) dx

—4[(g(|utx O] - (|0, ) Zm(wn)]”

4 /Q (¢(1uP?) = g(|(0, ) Zm(exp(=ivV(0, 1)) dx.
Since —4[(g(|u(x, )*) — g(lu(0, ) ?))Zm(Wlwn)]°,, = 0, we obtain
2 /Q (g(lulz)—g(lu(O,t)lz))<%lw”|2+2y|v“v"|2> dx
= 8’Re/ uxﬁg’(|u|2)Im(ﬁ/Zﬁ) dx
Q
4 /Q (¢(1uP?) =g (110, D)) T (exp(=iV(0, 1)) f7) di. (47)

Taking into account assumption (3) on the function g, then by using Agmon’s, Young’s

inequalities and inequality (44), the first term of the second member of (47) becomes
’8726 / i (|?) T (37 x| < 8C oo l1tell 2y |97 oy |92 2
Q
<y®(W") + M. (48)
The second term of (47) can be shown to be bounded, by using (3), the Cauchy-Schwarz

inequality and Lemma 2.

Since u is bounded in H'(R), we have

’4 [ 60) (0, 0) Zm(exp(-5910, )77 | < . (49)
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From the boundedness of the terms of (39), we deduce

d
Eq>(v~v'?(t)) +y®(W'(t)) <M +2Re(w](0,t) + yw"(0,8)9,w"(0,1)).

Finally, by applying Gronwall’s lemma, Lemma 1 and inequality (44), we conclude that
ve=0, [w'(®) ”Hl(Q) = [[w'(e) ||H1(Q) <20(W'(1) + M,

and hence w" is bounded in H(R). O

Lemma 5 There exists a constant M depending on y, oy, a, ||fll2q) such that for any

ug € By, we have
vt >0, ||xw"(t) ||L2(Q) <M.

Proof We multiply equation (34) by —ix?w", we integrate in the space domain  and we

use integration by parts of the real part of the resulting equation to obtain

1 -
27 wa”(t)Hiz(Q) - EIm[ixsz(x, Hywn (x, t)](jOc +y ||xw”(t) ||i2(9)
0
:Im(exp(—iV(O,t))/ x%f,,de) + 21m</ waW).
Q

—00

Using the fact that 3 Zml[ix*w}(x, )w" (x,£)]°, = 0, the Cauchy-Schwarz and Young’s in-

equalities, we get

N Oy 7 o @ gy = M.
Finally, the boundedness of the term [[xw”(£)|2(q) results from Gronwall’s lemma. O
At this stage, we are in a place to show the compactness of the semigroup (S(¢))¢>o-
Proposition 3 For any € > 0, there exists a time t(€) > 0 such that, Vt > t(€), S(t) B, may

be covered by a finite number of balls of L*(R) of radius €; that is, there exists a finite
sequence x; € L*(Q) such that

S®)Ba C | Brae(xis€),

where B2 q)(x;, €) is the ball centered at x; with radius e.

Proof Let € > 0 and choose 1 = min(1, %). We set t(€) = t(n) as it was obtained by (35).

Let uo € B, and recall that by the previous splitting procedure, we have

S ug =u" +w" fort > t(e),
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where u” € B;2(g)(0,€) and w" is bounded in H' () NL?(£2; (1 + x*) dx). Since the injection
of HY(R) NL2(R; (1 + x?) dx) in L2(R) is compact, there exists a finite sequence x; € L*(R)

such that
Wﬂ EUBLZ <x,,—>,
hence it holds S(t)uo € |, Br2(g)(%is €). O

6 Maximal compact attractor
The following result shows the precompactness of NLS trajectories in L*($2).

Proposition 4 Let (u{)),» be any sequence in B,y and (t)); be any positive sequence such that
t; — +00. Then (S(tj)ui))j is a relatively compact subset of L*().

Proof We show that (S(tj)ujb)j has a subsequence which is strongly convergent in L2().
By Proposition 3 we have that for any € > 0, there exists £(¢) > 0 such that if ¢; > £(¢), then

(S@h), ¢ | Brgihe cLX(®),

hel?(Q)

where this union is finite. Then (S (t,f)u{) )j is precompact in L?(€2). In addition, we prove that
Ut>t S(t)B,y is closed in L2(£2). Indeed, we consider a convergent sequence (S(tj)u{)),' in
Upt S(¢)B4p, and we show its convergence to an element / in Ut>t S()Bp.

By using the semigroup property, we have S(t,)ui) = S(t(e))S(t; - t(e))u{). Also, by the
positive invariance of B, it follows

(S(t - t(€)) ), C Buy-

Then there exists a subsequence (jx)x such that
S(t, - t@)uf —~y in H(Q).

Finally, by using Proposition 2, we get

S )ug = S(H)S(4, - te))ug — S(t€))y=1e | ) St)Bu.-

t>t(€)

Now, we are able to announce our main result.
Theorem 3 The w-limit set A = w(Bap) = [0 Ups (t)B,p of the bounded absorbing set
B, (Where the closure is taken with respect to the weak topology of HY(R)) is such that:
(i) A is bounded and weakly closed in H'(R);

(i) S@)A=A,Vt=>0;
(iii) for every bounded set B in HY(2),

distH(S(t)B, A) — 0 whent— +00,

where disty denotes the Hausdor(f distance defined by disty (A, B) = sup,,. 4 infyep d(a, b).
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Moreover, the set A is the global attractor of (S(t))s=o in the weak topology of H:(2).

The proof of Theorem 3 will be given further, and it is based on the following lemmas
which show that A4 is invariant and attracts bounded sets of H! ().

Lemma 6 Forallt >0, it holds A C S(¢)A.

Proof Let b € A, then by w-limit characterization, there exists a sequence (¢,), of positive
real numbers satisfying ¢, — +00 and a sequence (b,,),, of B, such that S(¢,)b, — b weakly
in H(R).

Let ¢t > 0, since t, — t — +00 and (S(¢, — t)b,,),, is bounded in H'(R). Then there exist
subsequences (¢,, — t)k, (by )k C Bap and an element &’ such that S(¢,, — t)b,, — b’ weakly
in H'(R) and S(t,, — t)b,, — b’ strongly in L>(R). Then b’ € A. By using Proposition 2 it
follows S(¢,, )by, — S(¢)b' in L?(£2). Hence, we conclude by uniqueness of the limit that
b=38(t)b € S(t)A. O

Lemma 7 Forallt>1t, it holds S(t')A C S(¢)A.

Proof Let ¢ € S(t')A, then there exists ¢ € A such that ¥ = S(¢')¢. Since ¢ — ¢ > 0, then
by Lemma 6, we have ¢ € S(t — t').A. We can deduce that there exists ¢ € A such that
¢ = S(t — t')p, which implies

Y =S(¢)S(t—¢) =S(t)g € S(t)A. O
Lemma 8 Forallt> 0, it holds S(t) A C A.

Proof We prove the result by contradiction. Hence, we assume that 3¢ > 0, 3b € A such
that S(to)b ¢ A. Using Lemma 7, we have S(t)b € S(¢9).A C S(t).A, V¢ > to. Then we can
construct a sequence (b,,), of A associated with a positive time sequence (¢,),, such that
t, — +oo satisfying S(¢,)b, = S(to)b. As (S(¢,)b,,) is bounded in H'(£2), then there exist
a subsequence (£, ), a subsequence (b, )r C A and e € H'() such that S(t,,)b,, — e
weakly in H' (). This implies e € w(A) C A, which leads to a contradiction since S(¢))b =
e € A by the fact that the sequence S(t,, )b,, is stationary.

Hence, we have shown that Vi > 0, S(¢).A C A. O

Next, we show that A attracts the bounded set of H!(2).

Lemma 9 A is attractive, i.e., disty(S(¢)B, A) — 0 when t — +00, for any bounded set B

of H(2).

Proof We prove the result by contradiction.

Let B be a bounded set B of H!(2). We assume that there exist § > 0, a sequence
(¢4), of positive real numbers such that ¢, — +0o and a sequence (b,), in B such that
d(S(t,)by, A) = § > 0 satistying

S(tw)by = S(ts — t(B))S(£(B)) by,
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where ¢(B) is the entry time in the bounded absorbent B,;. As ¢, — t(B) — +oc and S(¢, —
t(B))S(t(B))b, is bounded in H!(R), then there exist a subsequence (£t )k of positive real
numbers such that ,, — +00, a subsequence (S(¢(B))by, )k C Bay and b € HY() such that

S(t,,k - t(B))S(t(B))h,,k — b weakly in H(R),
which implies b € A and d(S(t,,; )b, , A) = § > 0. This leads to a contradiction. O

Proof of Theorem 3 Note that condition (i) is trivial since we use the weak topology of
HY(Q).

Condition (ii) is an immediate consequence of Lemmas 6, 7 and 8.

Finally, condition (iii) holds from the result of Lemma 9. O

7 Conclusion
In this paper, we have studied a nonlinear Schrédinger equation with Dirac interaction
defect. For this purpose, artificial boundary conditions were used in order to characterize
the behavior of the solutions. Moreover, we have shown that the introduced Schrédinger
equation can be characterized by an autonomous dynamical system. In addition, we have
proved the existence of a maximal compact attractor in the weak topology of H(£2).

The remaining issue is to investigate the NLS equation on a bounded domain with arti-

ficial boundary conditions. This is a delicate problem which needs future investigation.
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