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Abstract
The solvability of the following system of difference equations

a b c d
Zpn =QZpW,,  Wne = BW o700,

ne No,

where a,b,c,d € Z, o, B, W2, W_1,Wy,7-3,7-1,79 € C\ {0}, is studied in detail by using
several methods. The system has the most complex structure of solutions of all the
related systems studied so far, and some of the forms of solutions appear for the first
time.

MSC: 39A20; 39A45

Keywords: system of difference equations; product-type system; solvable in closed
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1 Introduction
Various types of difference equations and systems have been investigated in the last twenty
years [1-31]. Many of the systems studied there, such as the ones in [2, 3, 5-9, 11-13, 17—
20, 22-26, 28-31], were essentially obtained as some sorts of symmetrization of scalar
ones, and were studied first by Papaschinopoulos and Schinas. One of the basic problems
investigated in the field is the solvability (see, e.g., [32—36] for widely known methods). For
some recent results, see, e.g., [2, 10, 14, 16—24, 26-31]. Recently several papers presenting
formulas for solutions to some difference equations and systems, but without mentioning
any theory, have appeared. A theoretical explanation of formulas for such an equation
given in our note [14] has attracted some attention. The note shows that the equation is
closely related to a known solvable one, and the main idea has been used and developed
later in many papers (see, for example, [2, 10, 16, 21, 26, 27] and the references therein).
During the study of some equations and systems (for example, those in [15] and [25]), we
have noticed the importance of some classes of solvable ones in their investigation. Elim-
inating the constant addends in the equations and systems in these two papers, product-
type ones were obtained. It is known that product-type equations and systems are solvable
if initial values are positive. But the standard method for solving them by using the loga-
rithm is not suitable if some of the values are not positive. The corresponding product-type
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system in [15] is a special case of the following one:

a b d ,c
X =Xy i Yu-1r In =%y Ynm NE NO’

where k,[,m,s € N. This observation has motivated us to investigate the solvability of
product-type systems with non-positive initial values. However, there are several obsta-
cles in the investigation. An obvious one is that the functions f,(z) = z#, when a is not an
integer, are multi-valued. The obstacle naturally suggests the choice a € Z in dealing with
the systems. Our first paper on product-type systems [24] investigated the case k = m = 2,
[ =s=1, and our original intention was to study, as usual, the long-term behavior of their
solutions. Not so long after that we realized that a related system with three dependent
variables was also solvable [19], and that the case k = m =1, [ = s = 2, was solvable ei-
ther [28]. Bearing in mind that calculations in these papers were quite technical, we put
aside the problem of investigating the long-term behavior of their solutions, and concen-
trated our efforts on studying the solvability of related systems. In the next phase of the
investigation we realized that adding the constant multipliers kept the solvability of such a
system [18], which was also verified for an extension of the system in [24], in our paper [29].
Our further investigation showed that the solutions of solvable product-type systems can
have several different forms for different values of parameters a, b, ¢, d, and that the forms
can be obtained by a detailed analysis, which we did for the first time in [23] and [31]. Later
we investigated another system in [30] where such analysis was unnecessary. A technical
difficulty in studying the solvability problem led us to finding another method for getting
solutions in [20]. Paper [22] was the first paper which successfully dealt with an associated
polynomial to a product-type system of the fourth order in detail. We would also like to
say that the max-type system in [17] was also solved by using product-type systems, as
well as some equations in [21].

An important fact connected to the investigation is that there are only several solvable
product-type systems with two dependent variables due to the finite number of combina-
tions of the sums of two delays which cannot exceed four. Our general task is to present
all solvable product-type systems with two dependent variables.

Here we show that the following system

Zpyl = azZWﬁ, Wnil = ﬁw;_ZZZ_QJ n € Ny, (1)

where a,b,¢c,d € Z, o, f € C and w_y, w_1,Wp,2-2,2-1,20 € C, is solvable, complementing
our previous results in [18, 20, 22-24, 28-31]. In fact, we will consider the case when
o, B, W_a, W_1,Wo,2_2,%2-1,20 € C\ {0}, since otherwise trivial or not well-defined solutions
to system (1) are obtained. The system has the most complex structure of solutions to all
the related systems studied so far, and some of the forms of solutions appear for the first
time. The complexity forced us to use and develop almost all methods and tricks that we

have used so far. We have to also mention that we regard that Zf:kl a;i=0,keZ.

2 Auxiliary results
Here we quote three lemmas which we employ in the section that follows. The first one

contains what was proved in [37], formulated in a compact form.
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Lemmal Let

Put)=t* + bt +ct® +dt +e,

Ao =c® —3bd +12e, A1 =2¢% —9bced + 27b%e + 27d* — 72ce,

A= oo (and- ),

P =8¢ - 30, Q=0%+8d - 4bc, D = 64e —16c% + 16b%c — 16bd — 3b*.

(@) If A <0, then two zeros of Py are real and different, and two are complex conjugate;
(b) If A >0, then all the zeros of Py are real or none is. More precisely,

1° if P< 0 and D < 0, then all four zeros of P4 are real and different;
2° if P> 0 or D >0, then there are two pairs of complex conjugate zeros of Py.

(c) If A =0, then and only then Py has a multiple zero. The following cases can occur:

1° ifP<0,D<0and Ay #0, then two zeros of Py are real and equal and two are real
and simple;

2° ifD>0or (P> 0 and (D #0 or Q#0)), then two zeros of Py are real and equal
and two are complex conjugate;

3° if Ag =0 and D #0, there is a triple zero of Py and one simple, all real;

4° if D=0, then

4.1° if P <0 there are two double real zeros of Py;
4.2° if P> 0 and Q =0, there are two double complex conjugate zeros of Pa;
4.3° if Ao = 0, then all four zeros of Py are real and equal to —b/4.

Two different proofs of the following known lemma can be found, for example, in [28]
and [34].

Lemma 2 If};,j = 1,k, are mutually different zeros of the polynomial
P(t) = arpt* + ar 15 + -+ ant + ao,

with axay # 0, then

Y
A.j o
— P'(%))

]

forl=0,k-2,and

k )\.]]-(_1 1
— P'(}) Ca

J

The following lemma contains some known summation formulas which we employ in
this paper (see, e.g., [34, 36]). For a general method for calculating this type of sums,
see [23].
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Lemma3 Letic Ny and

sV(2) =142z 4322+ + 12", neN,
where z € C.
Then
1-z2"
() =
S () 1-z°
() = 1-(n+1)2" +nz"! ,
! (1-2)?
1+z—(n+1)%2" + 212 + 2n — 1)2" — n?2"*2
S(Z)(Z) = ’
g (1-23
) n32"(z-1) = 3n%2"(z - 1)® + 3nz"(z> = 1) — (z" = 1)(z> + 4z + 1)
s (z) =

(1-2)*

foreveryze C\ {1} and n e N.

3 Mainresults
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(2)

(5)

(6)

This section formulates and proves our main results. The first two results deal with the

case when ¢ = 0 and one of the parameters b and d is also zero.

Theorem 1 Assume that a,d € Z,b=c=0, a, B,w_o, Ww_1,Wp,2_3, 2_1,20 € C\ {0}. Then

the following statements are true.
(a) Ifa #1, then the solution to system (1) is given by

Zp=aTazy, neN,

1-a"3 n-3
Wy =,6ad I-a zg" , n>4.

(b) Ifa =1, then the solution to system (1) is given by

Zy = anz(), ne N;

Wy, = ,Bad(”’3)zg, n>4.
Proof Since b = ¢ =0, we have
Zp =02 Wea=Pzl,, nelN,
from which the following is obtained:
Zy = aZ}':o‘ “jz(’;", neN.
Employing (12) in the second equation in (11), we get

A"t g gan-3
W, = Ba Z1:0“2(”)’” , n>4.

From (12) and (13), formulas (7)-(10) easily follow.

7)

(11)

12)

(13)
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Theorem 2 Assume thata,beZ,c=d =0,a,B,z0,wy € C\ {0}. Then the following state-
ments are true.
(@) Ifa #1, then the solution to system (1) is given by

la

=T g zﬂ” whd' >, (14)

w,=8, neN. (15)
b) Ifa =1, then the solution to system (1) is given by (15) and
Zn = a”ﬁb(”’l)zowg, n>2. @16)
Proof Since ¢ =d =0, we have
Zye = aZiw?, W1 =B, neN. 17)
Employing the second equation in (17) in the first one, we get
Zpil = a,Bbz‘f,, neN,
from which, along with the fact z; = ozzgwg, it follows that
- (aﬁb)zz‘"?oz ad a0 @ gh LIS A g ypa s g (18)
From (18), formulas (14) and (16) easily follow. O

Theorem 3 Assumethata,b,c,d € Z,ac #bd, a, B, W_3,w_1,Wo,2_2,2_1,29 € C\{0}. Then
system (1) is solvable in closed form.

Proof The assumption «, 8, w_p, W_1, Wo,2_2,2-1,20 € C\ {0} along with (1) implies z,w, #
0,1 > —2. Hence, from (1) we have

b Zn+l

wh = azs’ neNy, (19)
and

Why = B2, neN, (20)
which together imply

Zusr = ¢B° Zh 1% lzﬁdz‘”, n>2. (21)

We also have

_ b 1+a b_bd _a? ab
z = azgw, Y2525 whwg, 22)

Z3 = a1+a+a ﬂb (1+a) Zabd bd Wilbc hcwa b
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Now we follow our method presented, for example, in [28], p. 6, and [31], Theorem 3.5.
Let § = a~¢p2,

a=a, b =0, a=c dy = bd — ac, ¥ =1, (23)
then

b 1
Y 12y, N> 2. (24)

a1
Zn+2 = N Zy11%y

Further, from (24) we have

_ 1.0 a a4, b a d
Zn+2 = d (Szﬁ Zn—lzn—ZZn—B) 2y 2y 1%5-2

_ sy1+al jara1+by brar+a cai+dy diay
=4 Zy Zy-1 2y Zy-3

_ sy a by oo dy
=4 Zn Zn—lzn—ZZn—3’ (25)

for n > 3, where

ay =aya; + bl, b2 = blﬂl + ¢y, Cy:=cCa; + dl,
(26)
dg = dlﬂl, Y2 =) +ax.
Suppose

_ Yk Ok by ek, Ak

Zn+2 = é Zy+2—kZn1—kZn—kZn—k-1 (27)
for k e N\ {1} and every n > k + 1, and
ax = arar-1 + by, by = biay_1 + cx1,
(28)
Cr = Ciag_1 + dr1, di = dray_1,
Yk = Vi1 + Gr1. (29)
Employing (24), where # is replaced by n — k in (27), it follows that
Zyio = 87 (825! 2 4 ) 2k gk
n+2 = n+1-k“n—k“n-k-1*n-k-2 n+1-k“n—-k“n-k-1

_ 8)’k+“l<zalak+bk biag+ck _crag+dy _diay

- n+l-k n—-k n—-k-1 “n—-k-2

_ SVk+1 ,%k+1 bis1 Ckil kil

= &% Zn+1—kzn—k Zn—k—lzn—k—2’ (30)

for n > k + 2, where

Akl i= arax + by, brs = baag + ¢, Crel = Crak + di, dir i=dhay,  (31)
Viel 1= Yk + k. (32)

From (25), (26), (30)-(32) and the induction, we conclude that (27)-(29) hold for k,» € N
suchthat2 <k<mn-1.
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Setting k = n — 1 in (27) and employing (22), we get

1,911, b1, Cn-1,dn-1
Zpyoy = 812" 2y 2 2y
_ 1-c pb\Vn-1( 1+a+a® pb(l+a) jabd bd a3 . abc, bc. a’b)dn-1
= (« )" (e B 25020y whwwg ?)

2 by _
@t pdz i) o)

— a(l—c)yn,1+(1+a+a2 Yan-1+Q+a)by_1+cn_1 ﬂbyn,1+h(1+a)a,,,1+bbn,1

abday_1+bdb,,_1 Zbdﬂn—l Zagan,l +a2bn,1 +acy_1+dy—1
-2 -1 0

ngmn_l +bchy_q lecla,,_l Wgzbu,,_l +abby,_1+bc,_1

— bd. bday,_ —cay-1 .. b beay_1 . b
— ayn+2 CYp-1 ﬁbym,lz_zﬂnz_lﬂn lngH»z Cap lw_Czﬂn W_Clﬂn lwoﬂn+1 (33)

for n > 2.
The equalities in (28) show that for k > 5

ax = dai_1 + biax_s + c1ai_3 + diaj_q. (34)
The same equation is also satisfied by sequences by, ¢, and d, k € N, due to the relations
by = aj — max, cx = bra — brag, di = diag_y.
The assumption d; = bd — ac # 0, along with (29) and (34), shows that it must be
as=do,=a_1=0, ag=1, (35)
and
y3=y2=y1=%=0, =1 (36)

(see, for example, the corresponding calculations in [28]).

From (36) and since y; = g, we obtain
k-1
ye=Y a, kel (37)
j=0

It is clear that closed-form formulas for solutions to problem (34)-(35) can be easily
found, from which along with (37) and Lemma 3 closed-form formulas for y, can also be
found, from which along with (33) the solvability of system (21) follows.

Further, we have

Wil
A =——, neNp (38)
IBWn—Z
and
2 = a2, neN,, (39)
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which together imply
Wysa = adﬁl_“wzﬂwfmwfl‘i—“, n € Np. (40)
We also have
wy = ﬂwfzz'ilz, Wo = ﬂwflzfl and ws3 = ﬂwgzg, (41)

Following the lines of the above method, it is proved that

Yk, Ok by Ck i
Wi = W4 i Whi3 kWnio- kWi (42)

for k,n € N, n > k — 1, where n = a8, (ax)ren, (br)ken, (ck)xen and (di)ren satisfy (23)
and (28), and where (yi)ken satisfies (29) and (36).
From (42) with k = n + 1 and by using (41), we get

An+l

b d
Wyea = nyml wh W2n+l Win+1 W0n+1

— (adﬁl—a)y;ﬁl (IBW(C)Zg)ﬂrH-l (ﬁwilzgjl)bnd (ﬂWf2Zﬁ2)cn+1 Wgnﬂ

— adywrl ﬂ(l—a)}’ml +an41+byi1+Cnil chzrﬁl Wiblrnl Wgﬂn+1+dn+1

X chanZfllglegaml

— ad}/yﬁ.l ﬂyn+4—ayy1+3 Wi(gn+3—““n+2)Wc(ﬂn+2—“ﬂn+l)Wgn+4—ﬂ“n+3

X Zd(zﬂn+3—"mn+2)zf§ﬂn+2—ﬂﬂn+1)zgan+l (43)

for n € Ny.

From this and since the closed-form formulas for a; and y, can be found as above, the
solvability of (40) follows. It is easily checked that (33) and (43) present a solution to sys-
tem (1). O

Corollaryl Assumethata,b,c,d € Z,ac # bd, o, B, w_p, w_1,Wy,2_2,2-1,20 € C\{0}. Then
the general solution to system (1) is given by (33) and (43), where (ax)i>-3 satisfies (34) and
(35), while (yi)k>-3 is given by (36) and (37).

Now we conduct a detailed analysis of the form of sequences a; and yx appearing in the

proof of Theorem 3. The reason why equation (34) is solvable when ac # bd is based on

the fact that its characteristic polynomial
pa(A) = A —ar®—ch +ac-bd (44)

is of the forth degree, so, solvable by radicals. The equation p4()) = 0 is equivalent to

2 2 2
(Az—gk+%) —<(%+s>k2—(?—c)k+sz+bd—ac>:0. (45)
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Now choose parameter s so that (as — 2¢)? = (a® + 4s)(s> + 4bd — 4ac) (see, for example,
[38]), that is,

s> +ps+q=0, (46)

where p = 4bd — 3ac and q = (bd — ac)a® - 2.

Then (45) becomes

2 2
)\Z_o_z)h_,_i B x/a2+4s)\_ as—2c _o, (47)
22 2 2/ a? + 4s
which implies that
va?+ 4 -2
PRI )L+i+u=()’ (48)
2 2 2 2Va? +4s
or
) a ~a?+4s s as—2c
PN (R N A e ) (49)
2 2 2 2Ja?+4s

Recall that solutions to (46) are found in the following form: s = u + v, by posing the

3

condition uv = —p/3. Since u® + v* = —q and u3v? = —p3/27, we have that #® and v* are

solutions to the equation z? + gz — p®/27 = 0, from which it follows that

2 3 2 3
SR G 50)
2 4 27 2 4 27

which, by using the change of variables p = —A(/3 and g = —A;/27, is written in the fol-

lowing form:

1 3 2 3,3 2 3
s=%<\/A1—,/A1—4Ao+\/A1+,/A1—4A0). (51)

For this s quadratic equations (48) and (49) are solved, from which it follows that the zeros

of py are

a ~a*+4s 1 |a? Q

M=t ———— = [ — == ——— (52)
4 4 2y 2 2va? +4s
a ~a’+4s 1 |a? Q

Ay=2 Y L (53)
4 4 2\ 2 2va? + 4s
a ~a*+4s 1 |a? Q

Az =— — o s, (54)
4 4 2y 2 2/a? +4s

244 1 2
Mzﬁ__w__/ﬂ__HL 55

Page 9 of 23
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where
Ao = 3(3ac - 4bd), (56)
A1 =27(a’c—a’bd + c*), (57)
Q=-a°-8c. (58)

According to Lemma 1, we see that the nature of A,s, i = 1,4, depends on the signs of

A= %(zmg - A}), (59)

P = -3d* (60)
and

D =48ac — 64bd — 3a*. (61)

All zeros of ps are different and none of them is equal to 1. By Lemma 1 we see that such
a situation appears if A # 0 and p4(1) # 0. From (59) we see that A is certainly negative if
Ay < 0, that is, if 3ac < 4bd. For example, ifa =1,c=2 and bd = 3, then A <0, p4(1) = -3 #
0 and

pa(R) =2t =23 22 -1

Since due to (60), P cannot be positive, p, cannot have two pairs of complex-conjugate
Z€eros.

It is well known that in the case the general solution to (34) has the form
an = YiA] +Yahy + v3hy + vadl, neN, (62)

where y;, i = 1,4, are constants.
By Lemma 2 we also have

4 )\1 4 A3
=0 for/=0,2 and =1. (63)
Z P4()\ ) Z P4()» )
From this and (35), it is obtained
Y )\‘i’l+3 N )‘EHS
" (M= A) (M = A3) (M = Aa)  (Ra = A)(ha — A3) (Ao — Aa)
)Ln+3 )\'n+3
(64)
()»3 —A)(A3 —A2)(Az — )»4) (Aa = A1) (hg = A2)(Aa — A3)
for n > -3.
Using (64) into (37) and applying (3) four times, we get
4 Jj+3 4 311
A A7 (AT -1
ZZ Z /l(’ ) , neN, (65)
20 i1 P4()\ = 194()»1')()»1' -1)

since A; #1, i = 1,4. In fact, (63) shows that (65) holds also for # = —, j = 0, 3.

Page 10 of 23
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All zeros of py are different and one of them is equal to 1. Polynomial p4 has 1 as a zero if
ps(l)=1-a-c+ac-bd =0, that s, if

(a-1)(c—-1)=bd. (66)
Hence

paA)=rt—ard —ch+a+c-1

=A-D(AP+Q-a)r*+Q-a)r+1-a-c). (67)

We may assume that A; = 1. To calculate the other three zeros of p4, the following equation
should be solved:

Brl-ar>+Q-ar+l-a-c=0. (68)

By using the change of variables A = s + “T_l, equation (68) is transformed in (46) with

1- 2 -1 2a-1)>
_1-d@rd) 4 ge1oac @) a1 (69)
3 3 27
Hence
a-1 L
Aj:—g +s, j=2,4, (70)
where

2 3 2 3
T e e [ g o
2 4. 27 2 4 27

¢ is a complex zero of the equation > = 1, and p and q are given in (69).
For example, if 2 = 3 and ¢ = 2, then bd = 2 and A # 0, so by Lemma 1, p, has four
different zeros such that exactly one of them is equal to 1, and

pa(h) = 2" =327 =20 +4 = (A -1)(A* - 22> - 24 - 4). (72)

Formula (64) holds with A; = 1. Further, we have

n-1 n-1 4 j+3 4 3/ 1
1 % n B —1)
n:}t,—+§:§: $ Y S (73)
ML) G d-Ba-c ' & p)Ga - D

for n € N. In fact, using (63) it is shown that (73) also holds for n = —j, j = 0, 3.
From this and by Corollary 1, we get the following result.

Corollary 2 Assume that a,b,c,d € Z, ac # bd, A #0, and «, B,2_3,2_1,20, W—2, W_1,Wg €
C\ {0}. Then the following statements are true.
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(@) If (a—1)(c —1) # bd, then the general solution to system (1) is given by (33) and (43),
where (a,)n=_3 is given by (64), (y,)u=_3 is given by (65), while Aj, j = 1,4, are given by
(52)-(55).

(b) If(a—1)(c—1) = bd and 4 — 3a — ¢ #0, then the general solution to system (1) is given
by (33) and (43), where (ay),>—3 is given by (64) with &1 =1, (yu)n=—3 is given by (73),
M =1, while j, j = 2,4, are given by (70) and (71).

Pa has exactly one double zero which is different from 1. If a = 4, ¢ = 0 and bd = 27, then
pa(h) =A% =423 +27 = (A - 3)*(A* + 21 + 3),

is a polynomial with exactly one double zero A, = 3 #1 and two complex conjugate zeros
Asa = —1£iV2.
In such cases, that is, when A, = 15, A; # 4, 2 <i,j < 4, we have

ay = (N + y2m)Ay + 3y + yary, HEN, (74)

where y;, i = 1, 4, are constants, and the solution satisfying (35) can be obtained, for exam-
ple, by letting 11 — A, in (64), which yields (see [22])

_ A2 ((m+ 3)(Aa — A3) (A2 — Aa) — A2 (242 — A3 — A4))
(A2 = 23)%(Ag — A4)?

n+3 n+3
)‘3 )‘4

n

+ + . (75)
(A3 —A2)2(A3 —Aa)  (Aa —A2)%(Aa — A3)
Combining (37) and (75) and using Lemma 3, we have
- 21: <A’;2((i +3)(h2 = 23)(Aa = Aa) = Aa(242 — A3 = ha))
" P (A2 = A3)%(hg — A4)?
j+3 j+3
+ X + "4 )
(A3 =22)* (A3 —Aa)  (Aa —A2)?(Ag — A3)
M-+ (-1
(A2 = A3) (A2 — Ag)(1 — A2)?
(A5 — 2303 — 22344 + 3A3A3ha) (M) - 1)
(A2 = A3)* (A2 — A4)?(A2 - 1)
A3 -1) A -1) 76)

T s = 1020 —ag) (s —1) (g — 22)2 (s — 25)(hg — 1)

P4 has exactly one double zero equal to 1. Polynomial ps has 1 as a double zero if (66)
holds and

pi1)=4-3a-c=0, (77)
that is, ¢ = 4 — 3a, which implies that

pa(h) =2 —ad® + Ba- 41 +3-2a= (A -1)*(A* - (a-2)A + 3 - 2a). (78)
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It will be exactly a double zero if p;(1) =12 — 6a # 0, that is, a # 2.
We may assume that A1, = 1. Then from (78) it follows that

a-2++a’>+4a-8
A3a = 5 . (79)

In this case we have ([22])

}’Z(l - )»3)(1 - )»4) + 3)»3)\4, — 2)\3 — 2)»4 +1

= (1= 7a)2(1— Ay
)\‘}1+3 }"Z+3
F 0120070 | G120 1) (80)
and
1
](1 )\.3)(1 )»4) +3A3Aq —2A3 =244 +1
y”‘%}( EPWETEYWE
. }\13+3 . )J;B )
(A3 =1)%(A3 —ra)  (Ra —1)2(Ag — A3)
_ (I’l - 1)71 11(3)\.3)\4 — 2)\.3 — 2)\‘4, + 1)
T2 A-ha) | (- Aa)R(1—ag)?
1305 -1) K -1 -

T DR —a) (= 1P0ha—2a)

Corollary 3 Assume that a,b,c,d € Z, ac #bd, A =0 and a, 8,2_3,2_1,20, W_p, W_1, W €
C\ {0}. Then the following statements are true.
(a) If only one of the zeros of characteristic polynomial (44) is double, say A = Ay and
(a —1)(c — 1) # bd, then the general solution to system (1) is given by (33) and (43),
where (a,)u>—3 is given by (75), while (yn)n>—3 is given by (76).
b) If only a double zero of characteristic polynomial (44) is equal to 1, say . = Ay =1,
then the general solution to system (1) is given by (33) and (43), where (a,)n>—3 is
given by (80), (y,)u>—3 is given by (81), while A3 4 are given by (79).

Pa has two pairs of different double zeros. By Lemma 1 in this case it must be D = 0 which
is equivalent to 64bd = 48ac — 3a* and A = 0 which is equivalent to

3 3 3 3 3@4 2
4( 3( 3ac-4( =ac- —a* (33 Be-a?(Z2ac-22)+2) ),
4 64 4 64
that is,
6 3 6 33 52
a ==+ §a+2ac+2c .
Hence

5
Eaé +2%4%¢+2°2 =0, (82)
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or
(@®+2%)" = 0. (83)

If it were a = 0 or ¢ = 0, then from (82) or (83) we would get a = ¢ = 0, which would imply
bd = 0, which is impossible. If it were a,c € Z \ {0}, from (82) we would get a®/c = 8(-1 +
2i)/5, which is also not possible.
If ac # 0, then from (83) it follows that ¢ = —a®/8. Let A = at, then
3 !

a
MN=At—ald s —r+ —
pa(r) T

t 1
=a(t -2+ -+ —
8 64
1\? 1\ 1
=att?t(t-=) - (t-=)+=
8t 8t) 4
1 1)\?
=a*t?(t-—-=
8t 2

Thus
o= Z(l +/3) (84)

are two double zeros of p, for each a # 0.

Hence, for every a # 0, polynomial p, has two pairs of equal zeros. It will have integer
coefficients only if @ = 44, for some @ € Z \ {0}. Note that since a(1 £ +/3)/4 #1, for every
a € Z, 1 cannot be a double zero of p,.

In such cases the general solution to (34) has the following form:

ay=(n+vamhy + (y3+yan)ky, neN, (85)

where y;, i = 1,4, are constants, and the solution satisfying (35) is ([22])

M2y — Ma)? + A3 — 4hahg + 313)
(Ay — Ag)?
. M2 (n(hg — A2)? + A2 = 4dohg + 313)
(hg — Ag)*

an

; (86)

from which along with (37) and by Lemma 3, it follows that

) 2‘1: W20 — Aa)? + A2 — 4hy)y + 342)
= P (A2 = Aq)*

. W2 (0 = A2)? + A2 — ddghg + 3A§)>
(g — Ap)*
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A —nA+ (m=1)AT (A5 —4A3As + 3303 (M - 1)

= +
(A2 = A4)2(1 = Ap)? (A2 = Aa)* (A2 - 1)
A —mA e (n =AM —4aaAd +3A3A3) (M - 1) 87)
+
(ha = 22)2(1 = Ag)? (ha=22)*(ha = 1)

Corollary 4 Assume that a,b,c,d € Z, ac #bd, A =D =0, and «, 8,2_3,2-1,20, W—2, W_1,
wo € C\ {0}. Then the following statements are true.
(@) If (a—1)(c—1) # bd, then the general solution to system (1) is given by (33) and (43),
where (a,)u>—3 is given by (86), (Vu)n>—3 is given by (87), while Ay 4 are given by (84).
(b) Characteristic polynomial (44) cannot have two pairs of double zeros such that one

of them is equal to 1.

Pa has a triple zero. In this case it must be A = Ay = 0 which is equivalentto Ag = A; =0,
that is, if bd = 3ac/4 and

Ay =27c(a’ + 4c) /4.

If ¢ = 0, then bd = 0 and consequently ac = bd, which is impossible. If ¢ = —a3/4, then
bd = —3a*/16. Let A = at, then

3 614

a
N=At—ald s —r - —
pa(X) ar’+ oA - o

1
=qt t4—t3+£——
4 16

Hence, for every a # 0, a/2 is a triple zero of p4, and p4 cannot have a zero of the fourth
order. For a = 2a, a € 7 \ {0}, polynomial p, has integer coefficients, and for a = 2 it has
a triple zero equal to 1, which could be also obtained by further analyzing the polynomial
in (78).

Let A,/ = 1,4, be the zeros of polynomial p,. In the case, we may assume that ; = A, = 3

and A3 # A4. Then, in the case, the general solution to (34) has the following form:
an = (a1 +con+csm®)M] +cad, neN, (88)

where ¢;, i =1,4, are arbitrary constants.
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Since (35) must hold, the following system also holds:

c1+cy=1,

c1—Cy+c3 +c4)f1 =0,

(89)
c1—2¢y +4c3 + c4k_2 =0,
C1 — 3C2 + 9C3 + C4,)L_3 =0,
where A = )\4/)\1.
By solving system (89), we get
) A3 3-5A 1 A3
= - T a7 627; C:—y C:—’
! (.—1)3 2T o0 —1)2 T 21— R
from which along with (88) it follows that
) 23 3-5x L o\ 23 N
a,=1- + n+ n + ——= Ay
" (A-1)3 2(x-12  2(1-A) Lo v—1)3""
Hence, if A; = 1, we have
A3 3-5X 1 A3
ay,=1-—-4 * 2 4 (90)

Ga—10 2012 20-ng) " T Gu-1p2

for n > -3, whereas if A; #1, we have

A2 A (341 — 54 A T3
an:<1— 4 S+ 134 24)1/1+ ! n2>kf+74 5 (91)
(Aa —21) 2(hg — A1) 2(h1 — Xg) (Aa —211)

for n > -3.

Combining (37) and (90), using Lemma 3 and by some calculation, we get

< A3 ) (3-5 ) m=Dn (m-1nn-1)
In=\1- ( +

a—1)° 40u-12  12(-ny)
AME-1
*a(a =) (92)
(A —1)*
(recall that A4 cannot be equal to 1 in this case).
Combining (37) and (91), using Lemma 3 and by some calculation, we get
(1o A3 A-1 . 2231 = 5hg)A — AL+ (m=1)A))
! (ha—21)% ) M -1 2(ha = 21)2(1 = 21)?
ML+ A =m0 (26 = 2n =AY — (n—1)201)
+
2(A = Aa)(1 = A1)3
M -1
ati —1) (93)

T a0 —1)

for n e N.
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Corollary 5 Assume that a,b,c,d € Z, ac #bd A = Ag =0, D #0, and «, 8,2_3,2_1, 20,
w_y,w_1,wg € C\ {0}. Then the following statements are true.

(a) Ifthe triple zero of polynomial (44) is different from 1, then the general solution to
system (1) is given by (33) and (43), where (a,)u>—3 is given by (91), (V) u=—_3 is given
by (93), Aj=al2,j=1,3 and ks = —al2.

(b) Ifthe triple zero of polynomial (44) is equal to 1, say A = Ay = A3 = 1, which is
equivalent to a = 2, ¢ = =2 and bd = -3, then the general solution to system (1) is
given by (33) and (43), where (ay,)n>—3 is given by (90), (Yn)u=—3 is given by (92), while
Ay =-1.

Now we deal with the case ac — bd = 0, ¢ #0.

Theorem 4 Assume that a,b,c,d € 7., ac = bd, ¢ #0 and o, B,z_3,2_1,20, W_2, W_1, Wy €
C\ {0}. Then system (1) is solvable in closed form.

Proof As above, the condition «, 8, w_y, w_1,Wy,2_3,2_1,20 € C\ {0} along with (1) implies
zyWy #0, n > —2. Hence, (19)-(21) hold, which along with the condition ac = bd yields

Zpa = BbZA 2, m>2. (94)
Let § = o' —¢B?,
a =a, b, =0, = yp =1 (95)

Then equation (94) can be written as

ar b1 c1
Znsa =2 22, > 2. (96)

Further, from (96), we get

_ V(S0 e A b e
Zua =8 (820 2,0 2 ,) 2 2

_ ey+a1 ma+by brar+a cai
=4 zy Zy1 2y

as b2 2
=8"2222,212,0 5 97)

for n > 3, where

ay =aia; + bl, bz = bldl + ¢y, Cy = (14, Y2 =) tai. (98)
Suppose
. e
Znya = 8 Zy12-kZn+1-kZn—k (99)

for k e N\ {1} and every n > k + 1, and

ax = dk-1 + by, by = biag_y + ¢, Ck = C1k-1, (100)
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Yk = Yk-1 + Gk-1. (101)

Then, by using relation (96) with n — n — k into (99), we obtain

VK (s b ag by ck
Zn+2 =3 (azn+1—kzn—kzn—k—l) Zyi1-k%n—k

_ Syk+ag  Magtbi biagter _ciag
=4 Zpil-k  Zn-k Zp—k-1

— SVk+1 5%k bics1 , Ckil
=&k Zyi1-kZn—k “n—k-17 (102)
for n > k + 2, where

Aa1 i= ax + by, b1 := bag + cx, Cksl i= C1dk, (103)
YVisl = Yk + A (104)
From (97), (98), (102)-(104) and the induction is obtained that (99)-(101) hold for k, n €

Nsuchthat2 <k<mn-1.
Setting k = n — 1 in (99) and employing (22), we obtain

an-1 _bpn-1_cn—
Zpyo = 8125" IZZ" IZI" !

2 3 2
— (al—c b)yn—l( l+a+a ﬂb(h—a)zfgdzljcllz(a) Wtjgcwliiwg b)an—l
2 by —
X (al”’ﬂbz%z{)‘ wfgwgb) " ‘(azf,’wg)c” !

(l—c)y,,_l+(1+a+a2)an_1+(1+a)bn_1 +Cp-1 ﬂbyn_1+b(1+a)an_1+bbn_1

=
abday,_1+bdb,,_1 _bda,_1 a3an,1+a2bn,1+acn,1
Xz, z_, "z
~ Wubmn_l +bcby 1 Wbcan_l Wazban_l +abby_1+bcy-1
-2 -1 0
_ bday,_ beay_1 . b
= P2 n-1 }SbymlzliganZ_lan 1Zgﬂn+1 Wegﬂn W_Clﬂn lwoﬂml (105)
for n > 2.
From (100), we get
ax = mag + bhagy + crags, k=>4, (106)

which along with by = ax,1 — miar and ci = ciax-1 implies that by and ¢, also satisfy the
equation.
Using the condition ¢; = ¢ # 0 along with (101) and (106), we easily get
a_o = 0, a1 = 0, ag = 1 (107)

and

Yya=Y1=Y0= 0, Y1 = 1. (108)
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From (101), (108) and since y; = ag, we obtain
k-1
ye=Y a, keN (109)
j=0

It is clear that closed-form formulas for solutions to (106) can be easily found, from
which along with (109) and Lemma 3 closed-form formulas for y, can be also found, from
which along with (105) the solvability of (94) follows.

On the other hand, we also have that (38)-(40) hold, from which along with the condition
ac = bd it follows that

Wira = o® 1_“w‘,’l+3wfq+1 (110)

for n € Ny.
As above, it can be proved that for all k,n € Nsuchthatl1 <k <n

b
Wia = PKWl Wy Wiy o m= k=1, (111)
where 1 = 0?81, (ar)ren, (br)ren and (cx)xen satisfy (100) and (95), while (yi)xen satisfies

(101) and (108).
From (111) with k = # + 1 and by using (41), we get

b,
Wyra = n}’ml W;m—l W2n+l Win+1

_ b,
_ (otd,Bl a)yml (Igwgzg)ﬂnu (ﬂwilzi) n+l (ﬁwi2zi12)cn+1
= adyn+1 ﬂ(l—ﬂ)yn+1+“n+l+bn+l +Cn+l Wicziﬂl Wibliﬂl ]/V(C)"lﬂ+1

X chznﬂzii?rulzganﬂ

— adym,l IByn+4—ayn+3 Wi(gn+3_aan+2)wc(an+2_aﬂn+l)w6“n+1

X Zii(zarHB*aﬂn+2)Ziigan+2*ﬂ“n+1)zgan+l (112)

for n € Ny.

From this and since the closed-form formulas for (a;)x>_2 and (yx)x>_2 can be found as
above, the solvability of (110) follows. It is easily checked that (105) and (112) present a
solution to system (1) in this case. O

Now we conduct a detailed analysis of the form of sequences a; and yi appearing in the
proof of Theorem 4. The reason why equation (106) is solvable when ¢ # 0 is based on the

fact that its characteristic polynomial
p3(h) =2 —ar* —c (113)

is of the third degree, so, solvable by radicals.
By using the change of variables A = s + £, the equation p3(1) = 0 is transformed into the
following one:
s @’ 2a°+27c

Py Py | (114)
3 27
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By using formula (50), we get (51) with
Ag=a’® and A;=24°+27c (115)

Hence

a 1 i3 _i3 .
h=g 3%(81\/A1—,/A%—4A8+81\/A1+,/A%—ZLA?)), j=0,2, (116)

where ¢ is a complex third root of the unity, are the zeros of ps.

All zeros of ps are different and none of them is equal to 1. In this case it must be A #
0, that is, A? # 4A3, from which it follows that 4a® # (24> + 27¢)?, which is equivalent
to c(4a® + 27¢) # 0. Hence, if 0 # ¢ # —4a>/27, then all the zeros of p; are different. If,
additionally, p3(1) #0, that is, a + ¢ # 1, then none of them is equal to 1. For example, such
a situation appears if a =c=k e N.

All zeros of ps are different and one of them is equal to 1. Polynomial p; will have a zero
equal tolifa + c=1, so that

ps(W) =2 -ar’+a-1=(A-1)(A* - (a-Dr - (a-1)).

Since p3(1) = 3 — 2a ¢ Z, for every a € Z, it follows that 1 cannot be a double zero of ps.
Solving the equation p3(1) = 0, we get A3 =1,

Aia= . 117)

The general solution to (106) in this case has the following form:
anp =] + Al +asry, neN, (118)
where o;, i = 1,3, are constants, which due to ¢; = ¢ # 0 can be prolonged for every non-

positive index.

From Lemma 2 with p3(¢) = H,il(t — 1j), we have

3 )\‘l 3 )\‘2
j j
- =0 for/=0,1 and - =1 (119)
2 5 2 i
j= j=
This along with (107) implies that
)\'n+2 )\VH—Z )L}’l+2
a, = L + 2 + 3 (120)
M —A2)Ai—A3) (Ao —A)(Ra—A3) (A3 —A)(Az —Ao)
for n > -2.
From (109) and (120) and the fact g = 1, we have
n-1 ; ; ;
)‘l1+2 )\12+2 )»?2 )
= + + (121)
& Z((M S0) M —As) | o= A)(ha—A3) | (ks — A0)(s — 2)

i=0

for m e N.
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If A; #1, i = 1,3, then from formula (121) it follows that

B MO -1 . A5 -1)
P O =20 = 2) = 1) (kg = A1) (2 = 23) (ks — 1)
A1)
+ (122)
(A3 =A)(A3 = A2)(A3 - 1)
for n € N (in fact, (122) holds for every n > -2).
If one of the zeros is equal to one, say A3, then 1 # A # X, #1, and we have
) MO -1) Mg -1) n 123)

= + +
(M —-2)M -1 (Aa-A)(R2-1)2 (M -D(Ra-1)
for n € N (in fact, (123) holds for every n > -2).

Corollary 6 Assume that a,b,c,d € Z, ac =bd, ¢ #0, A% 7’4A‘3 and o, B,z_3, 21,20, W2,
w_1,wo € C\ {0}. Then the following statements are true.
(@) Ifa+ c #1, then the general solution to (1) is given by (105) and (112), where (a,),>_2
is given by (120), (y)u=—2 is given by (122), while Aj;, j = 1,3 are given by (116).
(b) If one of the zeros of characteristic polynomial (113) is equal to 1, say X3, i.e., if
a+c=1and 2a #3, then the general solution to (1) is given by formulas (105) and
(112), where (a,)u>—2 is given by (120) with A3 =1, (¥u)u>—2 is given by (123), and r1
are given by (117).

One of the zeros is double. In this case it must be A? = 4A3, that is, c(4a® + 27¢) = 0.
Since the case ¢ # 0 is excluded, it must be ¢ = —4a>/27, from which it follows that

4
pg()\‘) = )\.3 - ﬂ)\.z + Eﬂg.

Since in this case it must be also p5() = 0, it follows that A, = 2a/3 is a double zero and

2
ps(A) = <A— Z—a) (A + g).
3 3

In order that ¢ € Z, it is clear that it must be a = 34 for some a € Z. Since 2a/3 #1 when
a € Z, the polynomial cannot have 1 as a double zero, and consequently cannot have 1 as
a triple zero.

If A1 # Ag = A3, then the general solution to (106) has the following form:

ay=ar + (@ +asn)),, neN, (124)

where &; € R, i = 1,3. Since, in our case, condition (107) must be satisfied, the solution
(@n)n>—2 to (106) can be found by letting A3 — X, in (120), so that

A4 (g = 20+ m(hg = )M
()\2 - )»1)2

(125)

n

for n > -2 (see [31]).
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From (109) and (125) and the fact that ag = 1, we have

n-1 n-1 ,j+2 . j+1
A Ao —2A Ao — Ap))N
yn=Zﬂ;=Z 1 +( 2 1+](22 1)) 2 (126)
— — (A2 —21)
j=0 j=0
for every n € N.
From (126) and Lemma 3, it follows that
A -1) (A2 = 2X1)Aa (M = 1)
= +
e —M)200-1) 0 (- 2)20a-1)
MA-mI 1+ (n-1A%) 127)

(A2 = A1) (Ag — 1)2

for n € N (in fact, (127) holds also for every n > -2).
If we assume that A; =1 and A, = A3 # 1, which is possible if a = -3, then from (126) it
follows that

_on (Ao =2)A (M =1) A2A-nASt+ (m-1)A))
TOo-2 T -nr (o -1

(128)

In

for every n € N (in fact, (128) holds also for every n > -2).

Corollary 7 Assume that a,b,c,d € Z, ac = bd, c #0, A} = 4A3, and o, B,2_2, 21,20, W_2,
w_1,wo € C\ {0}. Then the following statements are true.

(@) Ifa+ c#1, then the general solution to (1) is given by (105) and (112), where (a,)u>—2
is given by (125), (yu)n>—2 is given by (127), A1 = —a/3 and Ly 3 = 2a/3.

(b) If only one of the zeros of polynomial (113) is equal to one, say A, that is, ifa = -3
and ¢ = 4, then the general solution to system (1) is given by (105) and (112), where
(@n)n>—2 is given by (125) with A =1, (V) u=—2 is given by (128), Ay =1 and Ly 3 = —2.

(c) 1t is not possible that two zeros of polynomial (113) are equal to one.

Triple zero case. In this case it must be p3(1) = p5(A) = p5(1) = 0. From p5(A) = 0 it is
obtained that A = a/3. Since pj(A) = 31> — 2aA, we see that a/3 is its root only if a = 0,
which would imply that p3(1) = A% — ¢, but this polynomial has a triple zero if and only
if ¢ = 0, which contradicts the assumption ¢ # 0. Hence, polynomial (113) cannot have a
triple zero.
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