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1 Introduction
In this paper, we are concerned with a class of infinite-point boundary value problems of
fractional differential equations on the infinite interval with a disturbance parameter A as

follows:

Dg+u(t) +q)f(t,u(t)) =0, te(0,+00),
u(0) = D5 u(+00) = 0, (1.1)
Dg?u(0) = Y-, g(E)DG ) + A,

where D}, is the standard Riemann-Liouville fractional derivative, 2 < § <3. 0 < & <
Ey< o <§<o<+00,i=1,2,..., (&) > 0and Y g(&) is convergent. R* = [0, +00),
f:R* x R* — R* is an L!-Carathéodory function, the disturbance parameter A € R*.
D u(+00) = limy, 00 D3 u(t) exists.

In recent years, the theory of fractional differential equations has been widely used in
various fields, such as physics, mechanics, chemistry, engineering, etc., see [1-4]. Mean-
while, the study of boundary value problems of fractional differential equations has gained
plenty of meaningful results and has been growing rapidly, see [5-20].
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In [14], the authors studied the existence and nonexistence of the positive solutions for
the fractional differential equation with two disturbance parameters

DS, u(t) +f(t,u(t) =0, te(0,1),

lim,g_>()+ tzialx[(t) =a, M(l) = ]9,

where 1 < § < 2, disturbance parameters a > 0, b > 0. Under certain conditions, the au-
thors studied the impact of the disturbance parameters a and b on the existence of positive
solutions.

As an important part of fractional differential equations, the boundary value problems
on infinite intervals have also been extensively researched, see [21-27]. In [21], Liang and
Zhang studied the following m-point boundary value problem of fractional differential
equations on the infinite interval:

D‘E)+ u(t) +at)f(u(t)) =0, ¢t€(0,+00),
u(0)=w/(0)=0,  Dilu(+oo) = Y12 viul&),

where 2 <8 <3,0<& <&y <+ <&y, 9<400,¥>0,i=12,...,m—2and Zjﬁ;zy,-gf-l <
I"(8). By using the Leggett-Williams fixed point theorem, the existence of three positive
solutions for the boundary value problem on the infinite interval was obtained.

In [23], authors investigated the integral boundary value problem of fractional differen-

tial equations on infinite intervals with two disturbance parameters

D3, u(t) +f(t,u(t), D) u(t)) =0, te(0,+00),
1(0) = 0,

D§ u(oo) = [; gi(s)uls)ds + a,

D§2u(0) = [ g2(s)uls)ds + b,

where 2 < § < 3, f satisfies the L!-Caratheédory conditions, g,g> € L'([0, +00)) are non-
negative, disturbance parameters a,b € [0, +00).

The purpose of this paper is to investigate the existence of positive solutions for the
infinite-point boundary value problem of fractional differential equations on the half-line
(1.1). Moreover, the impact of the disturbance parameters on the existence and nonexis-
tence of positive solutions is established. Finally, some examples are presented to illustrate
the main results.

2 Preliminaries
For the convenience of the readers, we present here some basic definitions and lemmas,
which are used throughout this paper.

The function f : R* x R* — R is called an L!-Carathéodory function if

(1) foreach u € R*, t — f(t,u) is measurable on ¢ € R*;

(2) forae. t € R*, u> f(t,u) is continuous on u € R*;

(3) for each r > 0, there exists ¢, € L'(R*) with ¢,(¢) > 0 on t € R* such that

V(t, (1 + t‘H)u)| <@, (t), forall|u| <r,anda.e.tecR".
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Throughout this paper, we always assume that the following hypotheses hold:
(H1) g € LY(R*) is nonnegative and f0+°° q(s)@,(s) ds < +oo for any r > 0;
(H2) f(¢,u) is monotone increasing with respect to u € R* for each ¢t € R*.

Definition 2.1 (see [1]) Let p > 0. The Riemann-Liouville fractional integral of order p of
a function u : R* — R is given by

Boud) = Fi(p) / (- P tu(e) s,

provided the integral exists.

Definition 2.2 (see [1]) Let p > 0. The Riemann-Liouville fractional derivative of order p
of a function u : R* — R is given by

1 (d)' 1wl
Dfyu(t) = DIy ult) = r(n—p)(E) /0 md&

where 7 is the smallest integer greater than or equal to p, provided the right-hand side is
pointwise defined on R*.

Denote

|u(t)]
E= C(R*): ,
{ue ( ) ts€1$1+t6_1<+oo

endowed with the norm ||u|| = sup, g+ llft(%, then E is a Banach space.

Definition 2.3 We say that « = u(¢) is a solution of boundary value problem (1.1), if u € E,
Dj.u € LY(R*) and satisfies (1.1). Moreover, if u(t) > 0, t € R*, we say that  is a positive
solution of boundary value problem (1.1).

Lemma 2.1 Suppose h € L}(R*) and 2 < § < 3, then the following boundary value problem

Di.u(t) +h(t) =0, te(0,+00),
u(0) = D5 u(+00) = 0, (2.1)
D)2u(0) = Y% gDy u(&:) + A

has a unique solution

+00 )\‘té—Z
u(t) = /o G(t,s)h(s)ds + m, (2.2)
where
G(t: S) = Gl(t! S) + GZ(tv S)r (23)

1 |21 —@-9%1 0<s<t<+oo,
Gi(t,s) = —— (2.4)
L) |1, 0<t<s<+00,
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Gz(t, S)

8§-2
r(a 52 Zg(st(s,,s)t (2.5)

and the characteristic function x is defined by

1, SZ&', )
X(éi:s)z i=12,....
0, s<¥§,

Proof Since D, u(t) + h(t) = 0, we have

u(t) = F((S)/ (£ =) h(s) ds + 1% + 772 + 5873, (2.6)

wherec; eR,i=1,2,3.
Since u(0) = 0, then ¢3 = 0 and

t
Dg / h(s)ds+c I (8), Dg+ u(t) = / (t=s)h(s)ds+ciT(8)t+co (8 -1).
0
By the boundary conditions, we can get

“h(s)ds + ¢ '(8) = 0,
ol -1) =" g&) fgoo h(s)ds + A,

and ¢ = r_ Jo T h(s)ds, c; =
So

o L &6 [o 7 h(s) ds + -

+00

_ )o-1 5-1
u(t) = F(S)/(t s) h()dS+F(8) ; t°"h(s)ds

t8—2 +00 )Lt(S—Z
T gg(a)/& Ho)ds + i

~ +00 Z?:l g(si)tS—z /+oo t8—2
- [ Gt meas s ZLE [ e g s i
+00 +00 5-2
= /o Gi(t,s)h(s)ds + /o Go(t,s)h(s)ds + rG-1)
+00 5-2
= /0 G(t,s)h(s)ds + G-
On the other hand, if u satisfies (2.2), we can easily show that u satisfies (2.1) and D). u €
LY(RY).
The proof is completed. O

Lemma 2.2 Let G(t,s), Gi(t,s) defined by (2.3) and (2.4) satisfy the following properties:
(1) G(¢,5),Gi(t,s) = 0 for any (t,s) € R* x R*;
(2) Gi(t, s) and lGl 5”1 are continuous on (t,s) € R* x R*;
(3) 0< Jorany t,s € R*, where the constant L =1+ (8 —=1) > -, g(&);

1+t‘5 1 — l" 3)
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(4) for a constant k > 1, we have

Gl (tr S) 1 Gl(t) S)
1n 512 112 -1y SUP 5-1
o<k l+t 4k2(1 + kO1) jepr 1+ £

and

. G(t, S) - 1 G(t,s)
min su .
IO L+ 0 = 41+ k) oo 1+ 00

Proof By (2.4) and (2.5), the definitions of G(¢t,s) and G; (¢, s), the results (1) and (2) can be
easily obtained.
(3) According to the definition of G(¢,s), we have

G(t,s)  Gi(ts)  Galt,s) 1 _ L
1+67 1+ 1+61°T0) TG-1) ;g(&) TTE)

(4) The first inequality can be found in [21].
We can easily show that mini <t<k{ th 1} = Mdg 1 for k > 1. Thus

Gyt,s) 1 -2

min = ,8§) min ————
[ e T T6-D) ;g(&)x(& ) in T

8-2

R k
“T6-1) Zg(fi)X(Ei,S)W
i1

1 < 1
rG_1) Zg(fi)x(giys)m
i1

1 5—2
1 +k5 17 - 1) Zg(gz x (&) sup 7

_ 1 Gz(t, S)
B 1+ k671 teR+ 1+ t571 ’

So
G(t,s) . Git,s) . Ga(t,9)
min > min
%Stfk 1+ 51 %Stik 1+ 51
- 1 Gi(t,s) 1 Gy(t,s)
su + su
T 4k2(1 + k1) teﬂg 1+£5-1 0 1+ k%1 teﬁg 1+¢51
1 G(t,s)
> sup .
4k2(1 + K1) jepe 1+ 251

Let
P= {ueE:u(t)zO,teR*}.

Then P C E is a cone.
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For u € P, let

A2
re-1)°

(Tu)(t) = /0 G(t, s)q(s)f(s, u(s)) ds +

Then T:P — E.

Lemma 2.3 (see [24]) Let V ={u € E:|u|| <I},1>0, Vi={v= 1”% cueVhIfVyis
equicontinuous on any compact interval of R* and equiconvergent at infinity, then V is
relatively compact on E.

Lemma 2.4 Assume (H1) holds, then T : P — P is completely continuous.

Proof For u € P C E, since sup,cp+ H”t(% < +00, there exists a constant / > 0 such that

lu]| <I. Then 1%5)1 < % 0+oo q(s)pi(s)ds + ﬁ < +00, and Tu(t) is continuous with re-

spect to £ € R*. So Tu € E and T : P — E is well defined. Since G, f, g are nonnegative,
then Tu(t) > 0, which implies Tu € P for any u € P.

(i) Let {u,} C P, u € P such that |u, — u]| — 0 as n — +00, that is, 28 — 0

1+¢0-1 1+0-1°
Then there exists a constant r > 0 such that |lu,|| <7, ||4| < r. Since f satisfies the L}-

Carathéodory conditions for a.e. s € R¥, then

If (s, uu(s)) = f (s, u(s))| = 0, asn— +o0,

and

< 2¢:(5).

(5 0,9) 66 = 1 (5,00 ) 255 ) <1 (5 10 9 7255 )

By the Lebesgue dominated convergence theorem,

/+00 q(s)[f(s, u,,(s)) —f(s, u(s)) ’ ds— 0, asun— +oo.
0

Therefore,

w = ’/ 1G+(tt,85_)1 q(s)(f (s, un(s)) = f (s, u(s))) ds

1451

5‘4 CKLS)q@)V(&unu»-if@,M@»|ds
- L +00 ds 0
—HEA 4O)|f (5, a(s)) —f (5, () | ds = 0, as n — +o0.

Hence, || Tu,, — Tu|| — 0 as n — +00, which implies that T is a continuous operator.
Let B C P be a nonempty bounded closed subset. There exists a constant /z > 0 such
that ||u|| < I3 for all u € B, and there exists ¢;, € L'(R*) such that

f(s, u(s)) :f(s, (1 + S‘H) %) < @i(s).
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Forany u € B,

Tu(t) 0 G(t, s) A 152
1+60 :‘ﬁ T o 1Y () ds+ o e

L +oo A
m /0 q(s)gi,(s)ds + TG-D) < +00.

So, || Tu|| < +oo. Then T'(B) is bounded and 7 is uniformly bounded.
(ii) For any Ty > 0, let I = [0, To] be a compact interval. Because G 5 continuous for
Y p Tero1
2 L2 are continuous for £ € I, then they are uniformly continuous. So,

(t,S) el x 1, A1 1301
for any ¢ > 0, there exists a constant 0 < §; < ¢ such that

Gi(t1,81) B Gi(t2,52) P
1+ 14870 | T

£t 5! 82 572
1+£871 1+ ’ 1+£871 1+

for all t1,ty,51,8) € I and |t — 5] < 81, |s1 — 82| < &1.
From the definition of Gi(¢,s), for s > £,

Git,s) Gilas)| _ 1 | 40 gt ] 1
- — -——| < ===
1+ 14671701+ 1+871  T©)
Similarly, we can get
Ga(t,8)  Galfa,s) 1 < fn? t? e\
— < i — < i)
1+87 ug4—ﬁm—nék@H+ﬁll+glIm—n%k@)

Then, for each u € B,
Tu(t))  Tu(ty)
1+£71 1+471
S/ Gl(tlrs) _ Gl(tZ)s)
0
/m’ Ga(t,8)  Galta,s)
0

1+t] ].+t2
To
S/
0

1+ 1+471
/+m‘ Gl(tl: S) Gl(tZ’ S)
+
T,

q(s) [f(s, u(s)) ’ ds

A B2 1572
’ dS -
1O () |45+ w5y |7 T g

Gl (tlr S) Gl (th S)

1+ 14471

q(s) [f(s, u(s)) ’ ds

q(s) V(s, u(s)) | ds

1+8710 1+

0

&

+00 )\'
0

e oo
i L8 [ ) s

& To P +00
=< m/(; Q(S)¢lg(s)ds + m /;b q(S)(plB(s) ds

oo

€ oo A
i 88 [ a0 e
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1 +00 1 ad oo A
< (m/() q(s)@iy(s) ds + T6-1 ;g(&)/o 9(S)¢1,(s) ds + rE- 1)>8

I +00 A
- (mfo q4(s)gip(s)ds + F(S—l))s‘

Ty . . .
Therefore, I “gt)l is equicontinuous on 1.

5-1
(iii) We prove that T : P — P is equiconvergent at ¢ = +oo. Since lim; 100 1tta =

1 and limes o0 ;21 = 0, then lim; o lGlgﬂ 0 and lim; o0 fzt;“? = 0. Therefore
lim;s 400 1+(f55)1 =0.
For any u € B, we have
+00 +00
/ q(s)f (s, u(s)) ds < / q(s)g, (s) ds < +00
0 0
and
Tu(t) 0 G(t,s) A 52
tiinm‘ gl = dm /0 T —— = q(s)f (s, u(s)) ds + TG-DIiA1| 0 < +00.

Hence, T(B) is equiconvergent at infinity. Consequently, in view of Lemma 2.3, T'(B) is
relatively compact, thus 7 is a compact operator. So T is completely continuous and the
proof is finished. 0

Lemma 2.5 If boundary value problem (1.1) has a positive solution u, then for t € R*,

“h 1y
mln .
log<k 1+ -1 7 4k2(1 + k1)

Proof By Lemma 2.1, we have

+00 )\.
u(t) = /0 G(t,s)q(s)f(s, u(s)) ds + TG0 2,
Then, according to (4) of Lemma 2.2, for t € R*,

o u() . T G(t,s) A 52
e — ) d -
{‘;iik T {222( /o e =q(s)f (s,u(s)) ds + TS

0 G(t, s) A i £
q(s)f (s, u(s)) ds + NCEE <t<k 141

min 1
La<kJo  1+2°7

v

G(t s) A k52
= 1+k5 1)/ e AP L1 a6 (s ule) ds+ s TG-1)1+kL

1 0 G(t,5) A 1
> - : ds+ > =
= a1+ ko) fo T 1 46Y (s u(s)) ds + T —1) 1+

1 0 G(t,s) A 152
- o) : d LA
= eI P (/0 T prdeY (5 u9) ds+ s o

1
" e

The proof is finished. d
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By Lemma 2.1, we can easily show that the following lemma holds.

Lemma 2.6 Assume u € E, D), u € L"(R*). Then boundary value problem (1.1) has a pos-
itive solution if and only if the operator T has a fixed point in P.

Lemma 2.7 (see [28]) Let P be a cone of the Banach space E, Q C E be a bounded open set
and 0 € Q. Suppose T : PN Q — P is a completely continuous operator. If u # 1 Tu _for any
uePNoQand i €[0,1], then i(T,PNQ,P)=1.

3 Comparison principle
Definition 3.1 Letwx € E, Dg+ a € L}(R*), we say that o = «(¢) is a lower solution of bound-

ary value problem (1.1) if « satisfies

—DngO[(t) =< q(t)f(t:a(t)): t € (0,+00),
«(0) =0, Dilta(+00) =0,
Dy2a(0) < 37 g(E)Dy u(&:) + 2.

Let B € E, D). B € L'(R"), we say B = B(¢) is an upper solution of boundary value prob-
lem (1.1) if B satisfies

-D}. B() = q(Of (£, B(1)), ¢ € (0,+00),
B(0)=0,  Dy'B(+0) =0,
D2 B(0) = Y- (&) D u(E;) + A

Lemma 3.1 Ifu € E, D}, u € L'(R") and satisfies

Dg+ u(t) <0, te(0,+00),
u(0) = D) tu(+00) =0,  DY2u(0) > > g(E)D5 u(s:),

then u(t) > 0 for t € R*.
Proof Let —Df)+ u(t) =y(t) > 0 for a.e. t € R*, and Dg:zu(O) = folg(éi)DgIlu(Si) + A, then

A>0.
According to Lemma 2.1, we know that the boundary value problem

—Dg+u(t) = }/(f): t € (0, +00),
u(0) = D u(+00) = 0,
D32u(0) = Y%, g(6) D) u(g;) + A

has a unique solution

t6—2

u(t) = /0 Gts)y(s) ds + 5oy

From Lemma 2.2, we can obtain that #(¢) > 0 for t € R*. O
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Theorem 3.2 Suppose (H1) and (H2) hold if boundary value problem (1.1) has a nonnega-
tive lower solution o and an upper solution B satisfies a(t) < B(t) fort € R*. Then boundary
value problem (1.1) has at least one positive solution u that satisfies a(t) < u(t) < B(¢) for
teR*.

Proof Let

f(t,B(2), u>p@),
Ftu)=1f(tu),  at) <u<p),
flt,a), u<al).

Since f is an L!-Carathéodory function, then F is an L'-Carathéodory function, too.
By Lemma 2.1, the boundary value problem

D‘(S)+ u(t) + q(t)F (¢, u(t)) =0, ¢te€(0,+00),
u(0) = D37 u(+00) = 0, (3.1)
Dy?u(0) = Y75 g(E) DY u(s:) + A

is equivalent to the integral equation

+00 )\‘
u(t) = /0 G(t,s)q(s)F(s, u(s)) ds + T6-D) -2
Define the operator Q : P — P by
(Qu)(¢) = /0 G(t, s)q(s)F(s, u(s)) ds + TGo1) 52,

For any u € P and ¢ € R, by (H2), we can get

0 < F(t,u(t)) <f(tB@1) :f<t, 1+£7) I f(;)_l) < @5 @)

Let Q; = {u € P: |u|| < R}, where the constant R = ﬁ f0+°° q($)p)p)(s)ds + 1“(8#—1)
Obviously, ©2; is a closed and convex set. Then, for any u € Q;,

A t8—2
r¢-1)1+¢-1

|Qu(t)|

1451

e
- ‘/0 : _'_(tt:—)l q(s)F (s, u(s)) ds +

L +00
T /0 q($)pyp1 () ds

*ro-p R

That is, ||Qu|| < R, which implies Q: €; — ;.

We can easily show that Q is completely continuous since its proof is similar to
Lemma 2.4.

According to the Schauder fixed point theorem, we know that Q has at least one fixed
point #. By Lemma 2.6, boundary value problem (3.1) has a positive solution u.

Next, we prove «(£) < u(t) < B(t) for t € R*, and u = u(¢) is a solution of boundary value
problem (1.1).
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Let v(¢) = u(t) — (). According to (H2), we get

D} v(t) = D) u(t) — Dy at(t) = —~q(€)F (t, u(t)) — Diyax(2)
< —q()F (¢, u(t)) + q(8)f (t, (1)) <O,
v(0) = u(0) — «(0) = 0,

Dg+ v(+00) = Dg+1 (+00) — Do+ a(+00) =0
and
D):?v(0) = D):2u(0) — D)2 (0)

> Zg(a )Dy ul&:) + 1 - Zg(&)Dw a(€) -

=Y gEDF (ulE) - (&) = Y g(E)DY V(E).
i=1

i=1

From Lemma 3.1, we have v(¢) > 0 for ¢ € R*, which implies that u(¢) > «(¢) for t € R*.

Similarly, we can show that u(¢) < B(¢) for £ € R*.

Therefore, each solution u# of boundary value problem (3.1) satisfies «(£) < u(f) < 8(¢)
for t € R*. That is, F(t,u(t)) = f(¢t, u(?)), and u is a positive solution of boundary value
problem (1.1). a

4 The properties of positive solutions
Theorem 4.1 Assume (H1) and (H2) hold.
(1) If there exists a constant A = A > 0 such that boundary value problem (1.1) has a
positive solution u = u(t), thenfor each 0 < \ < A, boundary value problem (1.1) has
a positive solution u and 75— k <u(t) <u(t) for t e R*.
2) If there exists a constant )» & > 0 such that boundary value problem (1.1) does not
have positive solutions, then for each . > X, boundary value problem (1.1) does not
have positive solutions.

Proof (1) Since % = u(t) is a positive solution of boundary value problem (1.1) with A = A,
then by Lemma 2.1,

A2
re-1)°

u(t) = A+O@ G(t,s)q(s)f(s,ﬁ(s)) ds +

- _ 8- -
Therefore, we can obtain that for any 0 < A < A, u(t) > ”5 = lf(ts i te R,

We take o = % and B = u, obviously, « < 8. We can easily show that « is a lower
solution and B is an upper solution of boundary value problem (1.1), respectively.

Then, according to Theorem 3.2, we can obtain that for any 0 < A < A, boundary value
oo 1) < u(t) <u(t) fort € R*.

(2) Assume that there exists a constant Ao > X such that boundary value problem (1.1)

problem (1.1) has a positive solution «z and A

has a positive solution. In view of (1) in this theorem, for A = A < A, boundary value prob-
lem (1.1) has a positive solution, which is a contradiction. O
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Denote
0 1 f&,0+2Nu) o [0+ 2w
f° =limsup sup ——mF—, foo =liminf inf ———,
u—0* teR* u U=+00 e[ 1 k] u
') 4K (1 + K121 (8)
p1= 750 ) =
§—1+L [, q(s)ds f%q(s)ds

Theorem 4.2 Suppose (H1) holds, if f° < pi1, then there exists a constant A, > 0 such that

boundary value problem (1.1) with A = A, has at least one positive solution.

Proof Because f 0 < p1, there exists a constant 7, > 0 such that flte, @+ £ NYu) < piu < i
for any t € R* and u € (0, r1].
Set B={uecP:|u|| <n}and 0 <A, < pir;. Then, for any u € B,

s 14851~

and

(s)f (s, u(s)) ds + - Ay i

6-1)1+¢-1

Tu(t) f*” G(t,s)
1+ -1 0 14117

Lpiry [**° A
*To) b P Te-D
Loir [+ P11

ds
710 b e
=%<Lf q(s)ds+5—1>
0
=1T11.

So T(B) C B. According to the Schauder fixed point theorem, we can obtain that 7" has at
least one fixed point on B. By Lemma 2.6, boundary value problem (1.1) has at least one

positive solution. O

Theorem 4.3 Suppose (H1) holds, if foo > p2, then there exist large enough positive con-

stants i such that boundary value problem (1.1) with A = A has no positive solution.

Proof Assume that there exists a constant A > 0 and 4 is large enough, boundary value

problem (1.1) with A =  has a positive solution # = #(¢). By f5 > pa, we know that

f(t, (1 + ta_l)u) > 0ol

fort e [%, k] and u > ry, where constant r, > 0 is large enough.
Take A > T'(8 — 1)1 + K*~1)r,. By Lemma 2.1,

A~

iut) = /0 G(t:5)g(s)f (s, 4(s)) ds + - (;_ ) 72,
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then

i A Gy Ak

A

A 1

1+ (L1 " TE-D1+()p1 TE-D1+kT

and ||&|| > rp. Then, for s € [%,k],

Flsit(s) =f(s,(1+35—1) i(s) >> (s

1+ %1 Lyl

According to Lemma 2.5, we have min1 Lok T t(t)

A

~(1 +00 1
#(x) :/ 7G(k’s) q(s)f (s, (s)) ds + ———
0

1_,_(%)8—1 1_,_(1)5 a1

A

k Gi(%,s) A
Z/}( 1 l(k)al q(s)f (s, ii(s)) ds

P k (1)5—1 LAt(S)
ZTZS) k( 1)s-1] + alq()s+

/Ozllitll

7 M1+ k20(0) ) GI(S)ds+r2

1]l +r.

51—4k21kbl

L@ -1)1+ k-1

i

F@E—1)1+ (L)

k

S -1)1+ k-1

1

@S -1)1+ k-1

|lz||. Then

> 1,
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Thatis, ||| > ||&|| + r2, which is a contradiction. Thus, there exist large enough constants

A > 0 such that boundary value problem (1.1) with A = A has no positive solution.

O

Theorem 4.4 Let I C [0,+00) be a bounded set. Suppose (H1) holds, fs, > p2, then for
each ) € I, there exists a constant T > 0 such that |u| < t, where u = u(t) is a solution of

boundary value problem (1.1).

Proof Because [ is a bounded set, then for each A € I, there exists a constant o > 0 such

that0 <A <o.

Since f5, > 02, there exists a constant r > 0 such that f (¢, (1+£°)u) > pyuforany t € [%, k]

and u >r.

Let 7 = 4k%(1 + kK°~1)r. Assume that boundary value problem (1.1) has a solution u = u(t)

that satisfies ||«|| > . Then

u(t)

min
By Lemmas 2.1 and 2.5, we have

00 G l,
) /0 %q(s)f(s,u(s)) ds +

k Gl(k’s)
= [ 1 e ) ds

1
51 = 212 5y el > 2(1 + o1 =
Lok l+t 4k2(1 + ko-1) 4k2(1 + k°-1)

)’

LE-1)1+ ()t
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N A O

T v 11 . o1 d
T TE) )y 1+(%)5_11+85_1q(s) s

. _ pollul q(s s = lul,
4K2(1 + k5121 (5)

which is a contradiction.
So, for all solutions of boundary value problem (1.1), u = u(¢) satisfies that ||u|| <z. O

5 Existence, nonexistence and multiplicity of positive solutions
Theorem 5.1 Suppose that (H1), (H2) hold, f° < p1 and fx, > pa, then there exists a con-
stant A* € (0, +00) such that the following results hold:
(1) Boundary value problem (1.1) has at least one positive solution for A = 0 and X = 1*;
(2) Boundary value problem (1.1) has at least two positive solutions for each A € (0, 1*);
(3) Boundary value problem (1.1) does not have any positive solutions for each
A€ (A*, +00).

Proof Let

A= {A € [0, +00) : the A such that boundary value problem (1.1)

has at least one positive solution}.

Then by Theorem 4.2 we know that A # (.

In view of Theorem 4.1, [0,A] C A if and only if X € A.

According to f, > p and Theorem 4.3, we can show that A is a bounded set. Let M =
Uscal0, 4], then M is a bounded set. Therefore, M has a supremum which is denoted by
A* =supM > 0.

Next, we will prove that boundary value problem (1.1) has at least one positive solution
for 1 = A",

Since A* = sup M, there exists a sequence {A,,} C M that satisfies A,, < A* such that A, —
A* as m — +oo. Let u,,(t) be the solution of boundary value problem (1.1) with A = 1,,.. In
view of Lemma 2.1, we know that boundary value problem (1.1) with A = A,, is equivalent
to

272 m=12,....

U (£) = /O G(t:5)q(s)f (5, 1m(s)) ds + r(gri 1)

According to Theorem 4.4, there exists a constant t such that ||u,,| < r, which im-
plies that {u,,(¢)} is uniformly bounded. By Lemma 2.4, we can easily show that {u,,(¢)}
is equicontinuous. Then we know that {u,,(¢)} has a convergent subsequence, we assume
that {u,,(t)} itself converges uniformly to z on R*,and u € P. Since f is an L!-Carathéodory

function, then by the Lebesgue dominated convergence theorem, as m — +00, we have

)‘* §-2
rG¢-1)

u(t) = /0 G(,5)q(s)f (s, uls)) ds +

Hence, boundary value problem (1.1) has a positive solution u for A = A*. By Theorem 4.1,
boundary value problem (1.1) has at least one positive solution for A € [0,A*]. And by
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the definition of A* we know that boundary value problem (1.1) does not have positive
solutions for each A € (A*, +00).

Finally, we prove that boundary value problem (1.1) has at least two positive solutions
for A € (0,1*).

For each A € (0,A*), there exist A, A € M such that 0 < A < A < A. Let Z, u be the solutions
of boundary value problem (1.1) for A = A, A = A, respectively. Then, according to Theo-
rem 4.1, boundary value problem (1.1) has a positive solution u; = u;(¢) for A = A1, and
u(t) < ui(t) <u(e).

Let o = 4 and B8 = u. We can easily verify that « is a lower solution and g is an upper
solution of boundary value problem (1.1), and «(¢) < 8(¢).

Choose A > A* satisfies A < A* < A.

We define K : [A,i] x P — E by

K(r,u) = f0+w G(t, s)q(s)f(s, u(s)) ds + ﬁt‘s’z.

Let

f@&B(1), u>pt),
Ftu)=1f(tu),  a) <u<p@),
ft,a(), u<al).

Define an integral operator K : [1,A] x P — E by

-~

K(r,u) = /+0° G(t, s)q(s)F(s, u(s)) ds +
0

r £5-2
re-1)

We can easily prove that K and K are completely continuous for each r € [A, Al according
to Lemma 2.4. In view of Lemma 2.6, u is a positive solution of boundary value problem
(1.1) if and only if u = K(A, u).

By Theorem 4.4, there exists a constant t such that the fixed point u of K satisfies ||u| <
t for each r € [A, i]. Let

Q= {u eP:|lull <t,a(t) <ult) < Bt),t e R*}.

Obviously, Q C P is a nonempty open-bounded subset, then u; € Q.

Since F is an L'-Carathéodory function, then F(¢, u(¢)) < ¢ 5 (¢). For any (r, u) € [A, Al x
P, there exists a constant R > t > 0 such that ﬁ(t’gﬂ <R.LetB(0,R) = {u € E: ||u|]| <R}. Then
Q CPNBB,R) and u # uKu for u € PN 3B(O,R) and any p € [0,1]. Otherwise, if there
exists ug € PN dB(#, R) such that ug = ul?uo, then R = ||ug]| = ,u||1?u0|| < UR < R, which is

a contradiction. Hence, according to Lemma 2.7, for each r € [2, ):],

i(K(r,u),PN B(6,R),P) = 1.
Since K does not have a fixed point on PN (B(6, R)\2), thus for any r € [A, Al

i(K(r,u),PN (B, R\RQ),P) = 0.
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Since K|q = K, then by the excision property of the fixed point index, we can obtain that
for each r € [, ],

i(K(r,u),PNQ,P) = i(K(r,u),PNQ,P)
= i(K(r,u), PN B(9,R),P) - i(K(r,u),P N (B, R\R2),P)
-1 (5.1)

Since A > A*, we know that boundary value problem (1.1) does not have positive solutions
for each A € (A*, +00), then K (2, ) # u for any u € P. Hence,

i(K(A,u),P N B(,R),P) = 0. (5.2)
Define H:[0,1] x PN B(9,R) — E by
H(pt,u) = K((1 = px + i, u).
Obviously, H is completely continuous.
We have H(u, u) # u for (u, u) € [0,1] x PN3B(#, R). Otherwise, if there exists (wo, 1) €
[0,1] x PN 3B(#, R) such that H (g, ug) = up, then

K((Q = po)r + ok o) = tho, g € P, |luo|l = R.

Therefore, 1o = uo(¢) is a solution of boundary value problem (1.1) with A = (1— po)X + Lo
Then ||ug|| < T, which is a contradiction.
By (5.2) and the homotopy invariance of the fixed point index, we have

i(K(A,u),PNB(0,R),P) = i(H(0,u),P N B(6,R),P)

i(H(1,u),PNB(6,R),P)
= i(K (%, u),PN B(6,R),P) = 0. (5.3)

According to (5.1), (5.3) and by using the additivity property of the fixed point index, we
have

i(K(A,u),PNB(O,R)\Q,P) = -1.

Therefore, boundary value problem (1.1) has a solution u, € PN B(#, R)\2. Because u; €
2, we have uy # uy. Hence, boundary value problem (1.1) has at least two positive solutions
for A € (0,1%).

The proof is completed. d

Definition 5.1 (see [28,29]) Suppose that E is a Banach space, P C E is a cone. We say that
y is a nonnegative, continuous, concave functional on P if y : P — [0, +00) is continuous,
and

y(mx+ (1 - w)y) = pny@) + Q- wy®)

forallx,y € Pand u € [0,1].
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Set
P, = {u eP:|ul <c}, P(y,a,b) = {u eP:a<y(u),lul < b}.

Lemma 5.2 (see [29]) Suppose that there exist constants 0 <a<b<d <c, T :P, — P, is
a completely continuous operator, y : P — [0, +00) is a continuous concave functional, for
u € P,, we have y (u) < ||u||, and the following conditions hold:

(C1) {ueP(y,b,d)|y(u)>Db}#9, and for u e P(y,b,d), y(Tu) > b;

(C2) foru e P,, we have || Tu| < a;

(C3) forueP(y,b,c) and || Tu|| > d, we have y (Tu) > b.

Then T has at least three fixed points uy, u; and us satisfying

luall < @ < Nusll, y(us) < b < y(uy).

Theorem 5.3 Suppose (H1) holds. Let 0 <a < b <d <c, A <apy, bpy < cp1 and suppose
that f satisfies the following conditions:

(H3) f(t,(1+ £ Yu) <apy, (t,u) € R* x [0,al;

(H4) f(t,(1+ 5 VYu) > bpy, (t,u) € [%,k] x [b,c);

(H5) f(t, 1+ Yu) <cpy, (t,u) € R* x [0,c].

Then boundary value problem (1.1) has at least three positive solutions uy, u; and us such
that

e || < a, b <y (us), a<|uzll and y(u3)<b.

Proof Define a nonnegative, continuous, concave functional on E by

Next, we prove that the conditions of Lemma 5.2 hold.

For u € P,, we have ||u|| <c, then for t e R*, 0 < 1:2(31 <c.
According to assumption (H5), we get
gy uls)
S (s, uls)) =f(s, 1+ l)m> <cpr.
Hence,
Tu(t) 0 G(t, s) A 152
= ) dS —_—
e fo Ty AV () s+ e

L +00
< mcm/o q(s)ds + G-

0 +00 B
W(L/o q(s)ds+8—1)c-c.

Therefore, T : P, — P,. According to Lemma 2.4, we have T is completely continuous.
Similarly, it follows from assumption (H3) that if € P,, we have || Tu| < a. Condition
(C2) of Lemma 5.2 holds.
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Let u*(t) = b” (1 +£%71), t € R*. We can show that «* € P and |lu*| = %< < c. According
to the deﬁnltlon of y (u), we get y (u*) = % > b. Hence, u* € {u € P(y, b, d) |y (u) > b} #0.
On the other hand, if u € P(y, b,d), then b < mim sk 1:(% and ||| <d < c. Hence, for

te [%, k], we have b <1 (t) <c. Then by assumptlon (H4), we get

S (s uls)) :f(s, 1+s7) %) > bpy.

Therefore,

Tu(t)
Tu) = min ———
¥ (Tu) e

. 0 G(t,s) A 52
i Ql';k(/o T p 1OV o u) &5+ t“)

+00 G
/0 min (t(S )1 q(s)f (s, u(s)) ds

<t<k 1

v

G(t,s)
m/ e 1‘1(S)f(5» u(s)) ds

1 £ Gi(L,s)
w1 +1< 151461 (54(9) &

I \

v

bp2 k 1
CE&RA+ D) /3 1 Tk

= bpy k b
ore el LCERD

(s)ds

Hence, for all u € P(y,b,d), we have y(Tu) > b, which implies that condition (C1) of
Lemma 5.2 holds.
Finally, for u € P(y,b,c) and || Tu| > d, we have b < mim <t<k H“t(% and ||u|| < c. Hence,

b< o 5 ;s <cforte [k,k] According to assumption (H4) we can obtain y (Tu) > b. Con-
dition (C3) of Lemma 5.2 holds.

By Lemma 5.2, T has at least three fixed points u3, uy, us such that ||u|| < a, b < y(u2),
a < ||luz]| and y (u3) < b. These fixed points are positive solutions of (1.1). O

6 Examples
To illustrate our main results, we present the following examples.

Example 6.1 We consider the infinite-point boundary value problem of nonlinear frac-

tional differential equations on the infinite interval

8 5
Diu®)+e P u?=0, te(0,+00),
5
u(0) = D§, u(+00) = 0, (6.1)
2
D u(0) =" llzD3 u(id) +
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S

3

where § = %, qt) = 7%, f(t,u) = e** u?, it is easy to show that (H2) holds. Let g(¢) = 2,
& =i, then Y 7 g(&) = %2 is convergent. Let ¢,(t) = r*(1 + £3)2e -3 e LY(R*). We have
f£e, 1+ t%)u) < ¢,(t) for u < r and ¢t € R*. Then f is an L!-Carathéodory functlon and
f+ q(s)p,(s)ds =~ 1.0887% < +00. Let k =2, we have L = 1 + 3Zz 18(&) = 1+ 2 F’ p1L =

'3 ~ 0278, py wfvmssm
L+3 Jie
2
Ft L+ 3)u) et (L 3y
f° = limsup sup —————"—" = limsup sup ——————— = 0< py,
u—0% teR+ u u—0* teR* u
and

5 2 5

LA +tNu) . .. e (1 +13)%u?
foo = liminf mf JM =liminf inf # =+00 > ps.
Uu—+00 te[ 2] u Uu—+00 te[%,z] u

(1) Choose r; =0.18, let A < py7; = 0.05. We can obtain f(z, (1 + t%)u) < p1h for
u €(0,0.18], t € R*. By Theorems 4.1 and 4.2, boundary value problem (6.1) has a
positive solution for A € [0,0.05].

(2) Choose ry =1,100, let A > F( )1 + 23)r2 ~ 4,145.66. We have f(¢, (1 + t3)u) > 0ol
for u € [1,100, +00) and ¢t € [2,2]. By Theorems 4.1 and 4.3, boundary value problem
(6.1) does not have a positive solution for A € (4,200, +00).

(3) According to Theorem 5.1, we know that there exists a constant A* € (0.05,4,200)
such that boundary value problem (6.1) has at least one positive solution for each
A € [0, %], two positive solutions for any A € (0,1*), and no positive solutions for
A€ (\*, +00).

Example 6.2 We consider the boundary value problem
5
D u(t) + e'f (t,u(t) =0, te(0,+00),

3
u(0) = Dg, u(+00) =0, (6.2)
1 3
Dg.u(0) = Y- 2y Do+ @) + 0.1,

where
67% = 3 7 0 <u< 1,
10(1+t7)
Ffltu) = et (—4r +10%u-1)), 1<u<2,
10(1+t7)
eI (—% s +10%), u>2.
10(1+£2)

In this case, 8= 2, q(t) =el,g(t)= 1 —=,& =1i.Then ) -, g(&) = e is convergent. Choose

t
or(2) = (1£2) 1”2 +10%)e 2 € LM(R*). We have f(¢, (1 + £3)u) < go,(t) foru <randteR"*. Itis
easy to show that f is an L!-Carathéodory function and fo ) (s) ds ~ 2% goo +0.115r <
+00.

Take a=1,b=2,c=d=10° and k = 2. We can get that L =1+ 3 }"° g(&) =1 + 1.5¢,

5 2
~0.202, p; = M}i}‘% ~ 661.601, % = 0.1 < ap, ~ 0.202.
2
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Then the function f satisfies

1
f(t, (1 + t%)u) < 0 <ap;~0202 forteR",0<u<I;

3 1 5
f(t (1+t2)u) >3,678.79 > bp, ~1,323.2  for 5 SE=22=u=10%

F(&,(1+£2)u) <2 x 10* < cpy A 2.021 x 10*  for £ € R*,0 < u < 10°.

Then, by Theorem 5.3, we know that boundary value problem (6.2) has at least three
positive solutions u;, u; and u3 such that ||| <1, 2 < y(u3), 1 < |lus| and y (u3) < 2.
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