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1 Introduction
In the last two decades, the theory of fractional differential equations have become an ac-
tive area of investigation due to their applications in many fields such as viscoelasticity,
electrochemistry, control, porous media, electromagnetic, etc. (see [1-3]). For more de-
tails of fractional calculus theory, one can see the monographs of Kilbas et al. [4], Miller
and Ross [5], Podlubny [6], Baleanu [7]. In order to discuss the fractional systems in the ab-
stract spaces, the first important step is how to define the new concept of a mild solution.
A pioneering work has been reported by El-Borai [8] and Zhou and Jiao [9, 10]. Integro-
differential equations can be used to describe a lot of natural phenomena arising in many
fields such as electronics, fluid dynamics, biological models and chemical kinetics. Most
of these phenomena cannot be described through classical differential equations. That is
why in recent years they have attracted more and more attention of many mathematicians,
physicists, and engineers. Some topics for this kind of equations, such as existence and reg-
ularity, stability and control problems, have been investigated by many mathematicians;
see [11-16] for example.

Recently, fractional calculus opened new perspectives in control theory. Many funda-
mental problems of control theory, such as pole assignment, stabilization and optimal
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control may be solved under the assumption that the system is controllable. The concept
of controllability was firstly introduced by Kalman in 1960 and a systematic study was
started after that. Most of the results in the existing literature are derived for finite di-
mensional systems. It should be pointed out that many unsolved problems still exist as
far as controllability of infinite dimensional systems are concerned. In the case of infinite
dimensional systems two basic concepts of controllability must be discriminated, which
are exact and approximate controllability. Exact controllability enables one to steer the
system to an arbitrary final state, while approximate controllability means that the system
can be steered to an arbitrary small neighborhood of the final state. That is to say that
exact controllability always implies approximate controllability. The converse statement
is generally false. However, in the case of finite dimensional systems they coincide. There
have been some results as regards the controllability of systems represented by nonlin-
ear evolution equations in infinite dimensional spaces [14—24]. But when the semigroup
is compact and other hypotheses are demanded, the application of exact controllability
result is just restricted to the finite dimensional space [25]. As described in some papers,
the nonlocal conditions may be connected with better effect in physical science than the
classical initial conditions, since nonlocal conditions are normally more exact for physical
estimations than the classical initial conditions. The study of abstract Cauchy problems
with nonlocal initial conditions was initiated and proofs were given by Byszewski; see [26,
27]. Since the appearance of these two papers, several papers have addressed the issue of
qualitative problems for various types of nonlinear differential equations with nonlocal
conditions. We can refer to [10, 12, 13, 16—18, 26]. On the other hand, neutral differential
equations with infinite delay arise in many areas of applied mathematics and for this rea-
son these equations have received much attention in the last decades; see [11, 14, 20, 21,
28, 29].

Very recently, Wang and Zhou [23] gave some conditions ensuring the complete con-
trollability of fractional evolution systems without supposing the compactness of charac-
teristic solution operators. Ravichandran and Baleanu [14] investigated the controllability
of fractional functional integro-differential systems with an infinite delay in Banach spaces
by means of fixed point theorem and phase space theory. Liang and Yang [16] presented
weakly controllable conditions for the fractional evolution system with nonlocal initial
conditions.

Inspired by these facts and [9, 14, 16, 23], in this manuscript we consider the controllabil-
ity for a new class of fractional neutral integro-differential evolution systems with infinite
delay and nonlocal initial conditions,

CDI[x(t) — g(t, %)) + Alx(2) — g(t, ;)] = f (£, %, Rx(£)) + Bu(t), te[0,al, M

x(0) = Y"1, cix(t;) + g(0,x0), %0 =@ € By, t € (—00,0],

where ¢D7 is the Caputo fractional derivative of order 0 < g <1, ¢; (i =1,..., 1) are given
constantsand O < <tp <---<t, <a.] =[0,a]. —A : D(A) C E — E is the infinitesimal
generator of a Cy-semigroup 7'(¢) (¢ > 0) of uniformly bounded linear operator in a Ba-
nach space E, for T(¢) (¢ > 0), there exists a constant N > 1 such that ||7(¢)|| < N for
all £ > 0. The control function u is given in L2(J, U), U is a Banach spaces. B is a linear
bounded operator from U to E. g, f are given functions and satisfy some conditions that
will be specified later. The time history x; : (—oo, 0] — E given by x;(t) = x(¢ + ) belongs to
some abstract phase space 5;, defined axiomatically. Rtx(£) = fot Y (¢, s)x(s) ds, is a Volterra
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integral operator with integral kernel T € C(A,R*), A ={(t,s) : 0 <s <t < a}. We always
suppose that Y* = sup,; [y Y(t,5)ds.

By using a concrete type of nonlocal function in our present manuscript, we eliminate
the compactness of nonlocal function, only suppose that ¢; (i = 1,2,..., n) satisfy the con-
dition (HO) (see Section 2). And we omit the assumptions for compactness of the Cp-
semigroup T'(¢) (t > 0). Furthermore, we concentrate on a new class of neutral nonlocal
control systems with infinite delay and establish sufficient conditions for the controlla-
bility of the system (1) by relying on a measure of noncompactness and the Monch fixed
point theorem in addition to new phase space axioms. When g(¢,x;) = 0 and 7 = 0, then
system (1) is degenerated to the case of [16].

The rest of this work is arranged as follows. In Section 2, some notations and preparation
results are presented. In Section 3, by the Monch fixed point theorem, we prove the exact
controllability of fractional neutral integro-differential evolution equations with nonlocal
conditions and infinite delay. In Section 4, two examples are given to explain our abstract

conclusions.

2 Preliminaries and lemmas
In this section, we mention notations, definitions, lemmas and preliminary facts needed
to obtain our main results.

We assume that (E, || - ||) is a Banach space. Denote C(J,E) for the Banach space of
continuous functions from / into £ with the norm ||x|| = sup,; [x(¢)|, x € C(J, E). L(J, E)
(1 < p < 00) denotes the Banach space of measurable functions x : /] — E which are
Bochner integrable normed by ||x||, = (foa lx(2) |17 dt)ll’ ,x€LF(J,E).

We now define the phase space B;,. Assume that [ : (-00,0] — (0,+00) is a continu-
ous function with [y = ff)oo I(t) dt < +00. The Banach space (Bj,, || - ”Bzo) induced by the
function [(¢) is defined as follows.

B, = {(p : (-00,0] — E: ¢ is a bounded and measurable function on [-§, 0]

0
and I(£) sup |<p(t)|dt< +oo}

—00 t<t<0
endowed with the norm ||go||1/3[0 = f_ooo I(£) sup,—, <o lo(T)| dt.

Now we consider the space

a

B, = {x:(—oo,a] — E:x|; € C(J,E),and % = ¢ € By,

such that x(0) = Zcix(ti) +2(0,x0) ¢-

i=0
Let || - ||, be a seminorm in the space B;, defined by
I%lla = llplls,, +sup{|*@) :t€l0,al}, xeB,.

Lemma 2.1 ([20, 21]) Assume x € B,,, then, for t € ], x; € B),. Moreover,

lo|x@®)] < x5, < lgllsy, + 1o sup |x(s)]-
se[0,t
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Definition 2.1 ([6]) The fractional integral of order y with the lower limit 0 for a function

f is written as

1 f@s)

PrO=r0y )y =9

ds, t>0,y>0,

provided the right-hand side is pointwise defined on [0, c0), where I' is the gamma func-

tion.

Definition 2.2 ([6]) Riemann-Liouville derivative of order y with the lower limit O for a
function f : [0,00) — R can be defined as

1 a [ fGs)

R-L _ -
DO =y ae |, e

ds, t>0,0<n-1l<y<n.

Definition 2.3 ([6]) The Caputo derivative of order y for a function f : [0,00) — R can

be denoted by

n-1 tk
DVf(t) =*LDr (f( ) — Z o (k)(0)>, t>0,0<n-1l<y<n.

k=0 °

Remark 2.1

(i) Iff(¢) € C"[0,00) then
“D7f (1) ) f )}(/S)l ds=1"7f"@1), t>0,0<n-l<y<n;
n y 4 +1-n

(i) the Caputo derivative of a constant is equal to zero;
(iii) if f is an abstract function with values in E, then the integrals which are presented

in Definitions 2.1 and 2.2 are taken in Bochner’s sense.

For any x € E, define two operators {w (£)};>0 and {v(¢)}:>0 by

w(t)x = / ” 7a(9) T (t99)x d?,
0

v(t)x = q/oo z?nq(z?)T(tqﬂ)xdz?, 0<qg<l,
0

where

_1-

() = }9 To,(971),

Z( 1)ty -an-l ( )sm(mrq) ¥ € (0,00).

74 is a probability density function defined on (0, 00), which satisfies () > 0 for all
¥ € (0,00) and fooo m4(9) dv = 1. Moreover, the operators {w (£)},>0 and {v(£)};=0 have the
following properties.
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Lemma 2.2 ([9]) The operators w (t) and v(t) satisfy:
(i) Forany fixed t > 0 and any x € E, the following inequalities hold.

N
@ (x| < Nlxll, V(x| < ——llxll.
Jor ] o] < o
(ii) The operators @ (t) and v(t) are strongly continuous for all t > 0.
(iti) IfT(¢) (t = 0) is an equicontinuous semigroup, then w (t) and v(t) are
equicontinuous in E for t > 0.

Definition 2.4 ([30]) Let E be a Banach space and Q¢ C E be bounded. The Hausdorff
measure of noncompactness is the map y : Q¢ — [0, 00) defined by

x(A) =inf{e >0 : A has a finite e-net in Qg}.

We need to use the following basic properties of MNC y; see [17, 31]. For all bounded

subsets A, Aj, A, of E, we have
() A1 CAry= x(A1) < x(Ad);

(i) x(Ar+Az) < x(A1)+ x(Az), where Aj + Ag={x+y:x € A,y € Ark;

(i) x (A1 U Az) <max{x(A1), x(A2)};
(iv) x(oA) <|o|x(A) forany o € R;
(v) x({e}U A) = x(A) for any e € E;
(vi) x(A)=0 < A isrelatively compact in E.

Lemma 2.3 ([30]) For any G C C(J,E) and t € ], define G(t) = {u(t) e E:u e G}. If G is
bounded and equicontinuous, then y (G(t)) is continuous on | and x(G) = max.cs x (G(2)).

Lemma 2.4 ([32]) Let {¢,}:°, be a sequence of Bochner integrable functions from ] into E.
If there exists ¢ € L'(J,R*) such that |¢,(t)|| < ¢(t) a.e. t €], n=1,2,..., then G(t) =
x ({0, (£)}22,) belongs to L*(J,R*) and satisfies

n=1

X({/}(pn(t)dt:neN}) 52/])((G(t))dt.

Lemma 2.5 ([9]) Assume that py,p, > 1, and
then, for mymy € LY(J, R), one has

+ = =1.If m € LI”\(J,R), my € LP2(],R),

1,1
P P2

lmyms i1y < |myllzey |ma ez

Lemma 2.6 ([33]) Let D be a convex, closed set in a Banach space E with 0 € D. Suppose
there is a continuous map \V : D — D with the following property: for W C D is countable
and W C co({0} U W (W) imply that W is relatively compact. Then V has at least a fixed
point in D.

3 Controllability results
First, we discuss the following neutral evolution equation with nonlocal conditions:

CDx(t) — g6, x,)] + Alx(8) — g(6,x,)] = h(e), t€],

x(O) = Z?:l Cix(ti) +g(01x0)¢ Xo =@ € Blort € (—OO, 0]: (2)

where & € C((—00,al,E).
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According to Definitions 2.1, 2.2 and 2.3, it is appropriate to change the system (2) into
the equivalent integral equation

x(t) = (0) — g(0,x0) +g(t, %)
1 ¢ o
+ Tq)/o (t —s) T {-A[x(s) — g(s,x,)] + h(s)}ds, te], 3)

provided that the integral in (3) exists.
Before giving the definition of mild solution of the system (1), we first prove the following
lemmas.

Lemma 3.1 Ifthe integral equation (3) holds, then we have

t
x(t) = @ ()[%(0) — g(0,x0) ] + g(t,x,) + / (t—s)T"v(t —s)h(s)ds, te],
0
where w and v are defined as previously.
Proof Let A > 0. Applying the Laplace transform
o0 o0 o0
S(A) = / e x(s) ds, Y(A) = / e g(s,x;) ds, Z(A) = / e h(s)ds,
0 0 0

to (3), we get

S(A) = %[x(O) -g(0,x0)] + Y(A) - %AS(A) + %AY(A) + %Z(A)
= 297 (AT + A) 7 [x(0) - g(0,x0)] + Y(O) + (91 + A) ' Z()

=i [T T g0 ds+ [ etsm)ds
0 0

o0
+ / e T($)Z(3) ds, (4)
0
provided that the integral (4) exists, where [ is the identity operator defined on E.
Let
OEE LG (5)
q 19‘1*'1 q

whose Laplace transform is given by

/OO e o, dy =e™, qe(0,1). (6)
0

Using (5), we have

P /00 e 5T (s) [x(O) —g(O,xo)] ds

(=]

= / ) g )1 e M T (1) [x(0) — g(0, x0) ] dt
0
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oo d q
_ /0 _%E[e—w 17(£9) [%(0) - g(0,x0)] dt

:/ooV/ooﬁgq(ﬁ)e’)\tﬁT(tQ)[x(())_g(o’xo)] 4o dt
0 0

_OO—M * 19th 0 0 dd i d
fo ; {/0 04(9) (@[x()—g( x0)] }t

= / Y / N g (9) T (£79) [%(0) — g(0,x0)] 4 ddt 7)
0 0
and
/ ” e T(5)Z(0\) ds
0
= /OO/00qtq‘le‘(“)qT(tq)e_“h(s) ds
0 0

= / / / qoq(9)e” ™I T (¢1)e 5t h(s) d ds dt
0 0 0

00 poo  poo [N gl
= —A(t+s) L
_ /0 /O /0 q0,(9)e T(ﬁq) ) ds dt

L toree (t—8)1\(t—s)
:/O ex[q/o/() Qq(ﬂ)T< . ) — h(s)dﬁ‘ds]dt

_ f e [q / t f (= 5T, (9) T (¢ - 9)79)h(s) do ds} dt. (8)
0 0 Jo

According to (4), (7), (8) and using the Laplace inverse transform, we obtain

x(t) = w(t)[x(O) —g(O,xo)] +g(t,x;) + /Ot(t — )Tt —s)h(s)ds, te].

This completes the proof. g

Suppose that there exists the bounded operator K : E — E given by

n -1
K:= [1 - Z ciar(t,f)i| ) ©9)
i=1

By means of [34] we can present the sufficient conditions for the existence and bounded-

ness of the operator K.
Lemma 3.2 The operator K defined in (9) exists and is bounded if the following condition

holds:

(HO) there are real numbers c; such that

- 1
D lal< (10)
i=1
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Proof From the hypothesis (HO), we have

i cio ()
i1

< Z lcil - | ()] < 1.
i1

By the operator spectrum theorem, the operator K = [I — Y 7" ¢; (;)] ™ exists and is
bounded. In addition, by the Neumann expression, we get

n

1 1 a1
— 12 cw () 1 N211|Ct N

Using Lemmas 3.1, 3.2, we give the following definition of a mild solution of the neutral
system (2) with nonlocal conditions.

Definition 3.1 A function x: (—00,a] — E satisfies the conditions:
(i)
ch DKg(t;,x,,) + g(t, %) ch (OKH(t;) + H(t), te], (12)
where K = [I - Y7, cior (8;)]75 H(¢) = fo(t—s YLy (t — s)h(s) ds;

(ii) xo = () € By, s.t. x(0) = Z cix(t;) + g(0,x0), t € (—00,0].
This is called a mild solution of the nonlocal Cauchy problem (2).

Remark 3.1 Due to Lemma 3.1, a mild solution to fractional evolution equation (2) with
the initial condition is

x(t) = (t) [x(O) —g(O,xo)] +g(tx) + /t(t —8) 1 (e —s)h(s)ds, te].
0
Specially,
x(t;) = @ (:)x(0) — @ (£:)g(0,%0) + g(ti, ;) + /ti(ti - 8)7 (- )h(s) ds. (13)
0

Using (2) and (13), we get

x(0) - g(0,x0) = chwu )x(0) — ZCIZU(t )g(0,%0) + chg ti %)

i=1 i=1 =
n ti

+ Z Ci / (¢ — )T v(t; — s)h(s) ds.
i=1 0

Since I — Y, c;w (t;) exists, there exists a bounded inverse operator which is denoted by
K, so that x(0) = g(0,x0) + > 1, ciKg(ti, ) + > 1 chf 8)71v(t; - s)h(s) ds. And hence

x(t) =Y cm(OKg(tix,) +g(t,x) + Y i (OKH(E) + H(t), te],

i=1 i=1

it is exactly (12).
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Similarly, we present the following definition.

Definition 3.2 A functionx : (—00,a] — E is called a mild solution of the nonlocal control
system (1), if xg = ¢ € By, s.t. x(0) = >, cax(t;) + g(0,%0), and, for any u € L*(J,U), the
integral equation

x(t) = Z ciw(t)K/ti(ti —8)1y(g; —s) [Bu(s) +f(s, Ks, iﬂx(s))] ds
i=1 0

+ Z ciw (£)Kg(ti, %) + /t(t —85)T(t—s) [Bu(s) +f(s, Xs, ETix(s))] ds
0

i=1

+g(t,xt)r tG],
is satisfied.

To present and prove the main results of this paper, we list the following hypotheses:

(H1) —A generates an equicontinuous semigroup T'(¢) (¢ > 0) of uniformly bounded
linear operators in E.

(H2) (1) The linear operator & : L2(J, U) — E defined by

+ /Oa(a —8)7 Y (a - s)Bu(s)ds

is reversible, the inverse operator is denoted by 37! and takes values in
L*(J,U) ker3, and there exist two constants Nj > 0, Ny > 0 such that ||B|| < Nj,
I37H] < Na;

(2) there exist a constant ¢; € (0,q) and & € L% (J, R*) such that
x(37TW@) <&@x(W), te],

for any countable subset W C E.
(H3) The function f :J x Bj, x E — E satisfies:
(1) The function f(¢, -, -) is continuous for each ¢ € /, and the function f(-, ¢,x) is
strongly measurable for any (p,x) € B, x E;
(2) for any countable sets V; C By, Wi C E, there exist a constant ¢ € (0,¢) and
& e Lé (J,R*) such that

X (76 Vi W) <&@ ( sup x(Va(r) + x(W), te);

—00<7 =<0

1
(3) for any r > 0, there exist a constant g3 € (0,g) and S, € L% (J, R*) such that, for
any (¢,y) € By, X E,

sup{[f (& 09| : llolls, <7 llyll < T*r} <S,(8), teT,

where S, satisfies liminf,_, .o, 2[|S,]| 1 =y < o0.
L

r a3
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(H4) (1) The function g:J x Bj, — E is continuous, there exists xo = ¢ s.t.
x(0) = Y"1, cix(t;) + g(0,x0), £ € (—00,0] and there exist nonnegative constants
H,, Hy, H3, 0 < B <1such that, forany t € ], z,y € By,, g(-, -) satisfies the
inequality

let2)| < Hi(1+1zls,),

and the Lipschitz condition

le(t,2) - g(t2,p)| < Hallz -5, +Hslti - ta;

(2) for any countable subset W, C By, there exists a nonnegative bounded

function &3 such that

x (gt W) <&() sup x(Wa(r)), t€],

—00<7=<0

where sup,(o 4 §3(2) = «.
By the hypothesis (H2)(1), for any x; € E, we define a feedback control function u(z) :=
u(t; x) as follows:

u(t;x) = 374 |:x1 —w(a) Z cJ(/ti(ti — )1 ly(g; — s)f(s, Xs, iﬁx(s)) ds—gla,x,)
0

i=1

- w(a) Z ciKg(ti,x,,) - /0“(,1 =) v(a - s)f (s, %5, Na(s)) ds:| ®), te].

i=1

For convenience, let us take the following notations:
. " ti
P(t;x) = Bu(t;x) +f(t, Xty mx(t)); Px) = Z c,'K/ (¢ — )T (¢t — s)P(s;x) ds;
i=1 0

and

ad—4i -1
d-—— ", =1, i-123
(i + 1)1 1-g;

We consider the operator ¥ : B, — B;, defined by

p(t), t e (-00,0],
Yo i (OKg(t, %) + gt %)

+ Yy aw (K f()ti(t,» —8)7 u(t; — s)Bu(s) ds

+ fot(t —8)7M(t — s)Bu(s) ds

+Y i aw (K f()ti(t,» —5)T Nt — 8)f (s, %5, Rex(s)) ds

+ fot(t —8)T M (t — 8)f (s, x5, Nx(s)) dis, te],

(Wx)(2) =

where xg = ¢ € B, satisfying x(0) = Y7, cix(&;) + g(0, ).
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For ¢ € By, we define ¢ by

— 90(’5)’ te (—OO, O],

@(2) 0. te)

then ¢ € By,. Set x(t) = z(t) + ¢(t), —oo < t < a. It is easy to see that x satisfies 2y = 0,
t € (—00,0] and

2(t) = Y e ()Kg(ti 2y, + i) + gt 20 + G1)

i=1

+Y_aw (K / (- 9ot - S)f (52 + G5, N(s)) ds
i=1 0

+ /t(t —s) (- s)f(s, Zs + @s, mx(s)) ds
0

+ Z ¢ (1)K /ti(t,' — )T (¢t — 5)Bu(s) ds
i=1 0

t
+ / (¢ = s)2Yv(t — 5)Bu(s) ds.
0
Let B?a ={ze B, :20=0€ By} Foranyz e B?a

Izlla = llzoll 5, +sup{[2()]: 0 <t <a}

= sup{”z(t) || :0<t< a},

thus (B, || - |l) is a Banach space. Set B, = {z € B) : |lz|l, < r} for some r > 0, then B, € B}

is uniformly bounded, and for z € B,, from Lemma 2.1, we have

lze + @clls, < lzllsy, + 1¢lls, <lor+lels, =7
Define ¥ : B) — B by
a a

0, t € (-00,0],
Yoy i (OKg(t, 2y, + §r,) + gt 2¢ + @)

- + 30 am (OK [yt — )T (- s)f (5,25 + @5, Nx(s)) ds

+ fot(t — )T (¢t = 5)f (5, 25 + @5, Nx(s)) ds

+ Y (DK [y (¢ — )T v(t - s)Buls) ds

+ fot(t—s)q’lv(t—s)Bu(s) ds, tel.

Clearly, the operator W to have a fixed point is equivalent to ¥ having one.
In view of Lemmas 2.2, 2.5 and Definition 3.2, we obtain the following lemmas, which
will be useful in the proofs of the main results.

Lemma 3.3 Under the hypotheses (H2)(1), (H3)(3) and (H4)(1), for any z € B,, we have

r
|P&2)| < NuNa[laa]| + Ny, [dsllSrlqul3 + %)Hl(l + r/)] +S8:(8), te],
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[P@)] <= zmw [uxlu .

N q
( ud +1)||Sr|| n
q qu

- NNiN,
Here N, = T(q)A-N Y% leil)*

H(1+7) } .\ Nd3 Y"1 |cil
1-NY " lal]l T@Q-NY7 lal)

Proof By Lemmas 2.2, 2.5 and Definition 3.2, for any ¢ € / and z € B,, it is easy to get

w(@) ) ciKgltiz, + @) | + ] g(aza + Ga) |

i=1

|Bu(t; 2)| < NiN> { llenll +

w(a) Zc K/ t—9)1 (g —s)f(s, Zs + @S,Stx(s)) ds

|

(& = 5)7S,(s) ds

/ﬂ(a —8)1 (g - s)f(s, Zs + @s, Eﬁx(s)) ds
0

NNiNo Y leil N[
1 _NZ;il |cil F(Q)

NN N- a
+ 12 / (a—s)171S,(s)ds

I'lg) Jo

NNiN; 37 il

T~

1 _NZi=1 |c;l

S NNz [x1 || + Ny |:d3||5r|| 1+
173

< NN, ||l || +

Hi(1+7) + NiNoHy (1+7)

’

C(g)H (1 + r/)i|
N

and

C(q@H(1+7)

|P&2)| < NuNa [l + Ny, [dBIISrIIqu3 + N

} + S.(2).

Further, we obtain

~ NY L il
Pl = rga Ny e

NZL |c:] b R {NN
B F(q)(l—NZ:l_1|cl|)/o (ti—s) VEA

Nu[dgusruwlg . W] +s,(s>} ds

Hi(1+7)
_Z|C,|N [llxlll 1-NY | ll}

NdsY7 lcl [ Nyad
Ly (B en)isi
F(q)(l—NZi:1 |Ci|) L3

t
(¢ —s)1! HP(S; Z) || ds
0

I/\

This completes the proof. d
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For the operator W, we can obtain the following conclusion using Lemma 3.3.

Lemma 3.4 Let hypotheses (H2)(1), (H3)(1), (3) and (H4)(1) hold. Then the operator W :

B) — B is continuous provided that

I'(g)H- q
Nyds + T'(q)Hily <Nuﬂ +1)<1‘ (1)

M@Q-NYL el

Proof Firstly we show that U(B,) C B, for some r > 0. If this was not true, there would
exist z € B, and ¢, € J such that || ¥U(z)(t,)|| > . From Lemmas 2.2 and 3.3, we have

r< || (U2)(¢,) ||

=< H w(tr),]s(z) || +

/tr(t, — )T (¢t — )P(s;2) ds
0

+

n
w(tr) Z Ci1<g(tir Zti + @t,’) + “g(tr’ zty + 95!,)

i=1

< |z@)Pw)| + %) i ', —s)q-l{NlNzuxln

(g H,1+7 H+7r
N dslisl o+ PO g ) gy TAEED
L N I—NZ,-:1 |cil
- NN;Nya? Nd3 ( N,a? N,a
< |z)PR)| + 1Naa 1]l + 3( a +1>||Sr|| L H(147) a
F(q+1) F(‘I) q 133 q
I_NZ?I:l |ci
NN Nyaf ||| Nd; N,a
- e 7 + 1)1 1
I'g+1)@1 —NZiZI leil)  T(g)Qd _NZiZI i) e

Hi(1+7) (Nuaq >
+ 7 +1).
1-NY Llal\ ¢

Dividing both sides by r and taking the lower limit as r — +00, we have

Nyds + T'(q)Hilo (Nuaq 1)
TT@U-NYLlah)\ ¢ '

which is contrary to inequality (14). And thus U (B,) C B, for some r > 0.

Next, we show that W : B, — B, is continuous. So we take (2"} en CByand 2™ — z €
B, as n — 00. Let Fy(s) = f(s,2" + @5, Rz"(s)) and F(s) = f (5,25 + @5, Nz(s)). By (H2)(1),
(H3)(1), (3), (H4)(1) and the Lebesgue dominated convergence theorem, for any ¢ € /, we
get

‘/Ot(t — )it H]:(,,)(s) - F(s) || ds— 0 (n— +00),
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and
NN, Zzn plei 1
s - w2 < NZH|D/(”“V”f@ F(s)| ds
| N
) f (@—8)17Y | Fouls) = F(s)| ds + NoHy | 27 2|
#%%%ﬁ%%pw_ﬁao (n = +00).
Therefore,

|P(t:2") - P&2)| < Ni||u(t:2"™) - ut2)| + || Fu®) - F@ |

-0 (n— +00),

APRAL] % P (52 — Ps:
F(Q)(l—NZ;’ﬂIciD/O (t; = )T | P(s5:2") - Pls;2)| ds

-0 (n— +00).

[P(")-P@)] <

Finally, we have

(290 - @20 = NP - P
Fi /t(t ~ 917 P(s:2") - Ps;2) | ds

NZZ 1 |cl
1 NZ[ 1 | |
+g(t2") - gtz

< N|P(") - P@)|

(") - gt 2., |

Fi /t(t—s)q1 [P (s:2™) - P(s;2)| ds

H2NZ:1|CI || (n)
TI-NYT ol

+H2”z” —zH -0 (n— +00).

~]

Hence the given operator U : B, — B, is continuous. And the proof is completed. g

Now, we present and prove the controllability conclusions for the fractional neutral con-
trol system (1) with infinite delay and nonlocal conditions.

Theorem 3.1 If the hypotheses (HO)-(H4) are satisfied, then the fractional neutral nonlo-
cal system (1) with the initial problem x(0) = " c;x(t;) + (0, %0), xo = ¢ € By, is control-
lable on ] provided that (14) and

C 2NN (1+27%) Y% il + T(g)k

N3N: +1) <1, 15
F@O-NY T ay NN +D)< as)

2NN;j
where N3 = di[|&1]| 15 Na = dal|&2ll 15 N5 = wgisr oy
L L% it leil)
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Proof We have proved V7 : B, — B, is continuous in Lemma 3.4. Furthermore, we prove
that W(B,) is equicontinuous on /. Indeed, let z € U(B,) and 0 < ¢ < ¢’ < a. and take the

following notations:
L =@ ()P) - o (£)P(2)

b= [ 1097~ (e -5y Pisras
0

’

’

’

I; = /t (t’ —s)qil[v(t” —s) - v(t’ —s)]P(s;z) ds
0

’

t/,
I = / (¢ —s)q_lv(t” —s)P(s;z)ds
t/

n n
15 = | (t//) Z Cil(g(ti’ Zt,' + ¢t,’) - (t/) Z Cil(g(ti) Zt,' + ¢t,‘) )

i=1 i=1

|

Is = |\ g(¢" 2z + @) — g (¢, 20 + Gr)
So we can write
” (\Il(z)(t”)) - (‘il(z)(t/)) H <h+L+L+1+15+ 1.

Obviously, we have

HA+7")Y " ¢
]55 1( )§1:1| l| ”
1—Nzi:1|ci|

@ (t) @ (¢)]-

The hypothesis (H1) can ensure I; — 0 and Is — 0 as t” — ¢ — 0. Using Lemmas 2.2 and

3.3, we can obtain

|:F](V)(N1N2||x1||+N dslIS; | 1)+ NuHh(1+7) ]/ (¢ =)™ = (¢ —5)""| ds

N||S || 1 1-g3
(/ | t —s —(¢ S)q |1*‘73 ds) ,
F(q

NMHI(I + V/):| (t// _ t/)q

N
I < |:1_,( ey (NN, ||, | +Nud3||sr”Lé) +
NS
NT—493

r@@+w%pu) ’

which indicates that I, - Q0 and [, - O ast’ -t — 0.If £ =0, 0 < ¢’ < a, it is obvious

that I3 = 0. For ¢ > 0 and § (0 < § < ¢') small enough, we obtain

foﬂ_(S (¢ =) [v(e"=s) - v(¢' - 5)|P(s;2)ds

I3 <

+

/t (¢ - s)q_1 [v(¢" =) —v(¢ —s)|P(s;2) ds
#-8
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{ (NiNa |+ Nuds ISyl o+ SENGH L+ 7)) - 89)
<

q

IS 1 ()77 — 69743)
+ L93
(b3 + 1)~ }
IN|Sell 1 8775
L

sup (¢ =s)—v( -s)| + s

eloit-s) [ (@)(bs + 11
ANININ2 1| + Nuda ISl 1+ SENLHI (L +1)]87
L1493
’ T(g+1)

It follows from the assumption (H1) that I5 — 0 as " — ¢’ — 0 and § — 0. From (H4)(1),
we obtain

Is < Hy(llzer =z |l + llger = oo ||) + Hs[t" —¢'].

Since z € B,, we get Is — 0 as t” — ¢ — 0. Thus WU (B,) is equicontinuous on (—00, a].
Next we will verify that W satisfies Monch’s condition. Assume that D C B, is countable
and D c co({0} U (D)), we show that x (D) = 0.
It follows from (H2)(2), (H3)(2) and (H4)(2) that

Nk
1-NY % el
Nk
1-NY 7, el

x (Bu(s; W)) < [N4Ns (1+27%)+ :|§1(S)X(W):

x(P(s W) < [N4N5 (1+27%) + }sl(s)x(W) +(1+2Y%)&(s)x (W),

and

N3N5 Y leilk
1-NY 7 leil

- |:2NN4(1+2T*)Z?=1|Ci|(NN +1) +
3N5

1(PO) = | S NS Ja) ]X (W),

for s € [0,¢], t € J. Furthermore, we obtain

K

——r—X(W)
1-NY 7 el

$(FW)(©) < Nx (PW) + Fz(—‘\;) fo (= sy (P W) ds +

- 2NN (1 +2Y*) 3% leil + T(g)x
D(g)1-NY7 leil)

(N3N5 + 1) x (W) = ax (W).

Combining the equicontinuity and boundedness of ¥(W), we obtain
x(T(W)) = max x (T(W)(@®) <ax(W).

Hence,
x(W) < x(co({0} U T (W))) < x (T(W)) <ax(W).

From the inequality (15) & < 1, we have x (W) = 0. That is, W is relatively compact. There-
fore using Lemma 2.6, ¥ has at least one fixed point zin B,. Then x = z+§ is a mild solution
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of the system (1) and satisfies x(a) = x;. Thus, the fractional neutral nonlocal system (1) is
controllable on /. The proof is completed. d

Corollary 3.1 The hypothesis (H3)(3) can be replaced by
— 1
(H3) (3)" Foreachr >0, there exist a constant q3 € (0,q) and S € L% (J, R*) such that

sup{[[f (&0, %) : ll@lls, <7yl < X*r} <S(@), teJ,
where ¢ € By, s.t.x(0) = Y1, cix(t;) +2(0,x0). (H3)(1), (2) are not changed. Thus
assume the hypotheses (H0)-(H3)(1), (2), (3)" and (H4) hold, (14) and (15) are

established, the system (1) is also controllable on J.

Proof The proof is similar to Theorem 3.1. O

4 Applications
Example 4.1 Consider the following fractional neutral evolution equations:

— 60—t 2 0l )
(t0) = [, 60522
+ i [x(t+ T,V) + fo (t=s)x(s,v)ds] + Ap(t,v), 0<t<a,0<v<l, 16)
tf ¢(x 1ﬁxt:rr00| dt=0, 0=<t=a,
x(t -t [0ttt dr=0, 0<t=<a,
x(0,v) =Y " arctan ﬁx(z, v), 0<v<l,

where A >0and 0 <n<a. p:[0,a] x (0,1) = (0,1), ¢ : (~00,0] = R and xq : (—00,0] x
(0,1) — R are continuous functions, and f [Z(7)|dt < 00.
Let E=U =: C([0,1]) and A be defined by

D(A)={weE:w e E,w(0)=w()=0}
Aw=-w', weDA).

As is well known, —A generates an equicontinuous semigroup 7(¢) (¢ > 0) in E and it
satisfies

T(t)w(s) = w(t +s),
for w € E. Thus T'(¢) (¢ > 0) is not compact in E and supy,, [| T(¢)|| <1. Take

x(t)(v) = x(t,v),

D)) = o x(t,v),
ati

|x:(7) (V)]

0
g(t,x)(v) =f/_w5(’)m

’

—2t

£t %0 Rx(8) () = — t|:x(t+t,v)+ / t(t—s)zx(s,v)d5:|,
€ 0
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u(t)v = p(t,v),

1
¢; = arctan —, ti=i, i=12,...,n
242
Define the norm by

0
s, = [ 16)lelads, 5B
-0

Then, for any x € B,, t € J, we obtain

- e—2t t )
|V(t, Xz, S)tx(t))(z) H =i a [Hx(t +1,2) || + ,/0 ||(t —8)°x(s,2) || ds]

(3 + a)e 2y
3(1 +et)
3\,
- (B +a’)r '
- 6

Thus, the hypothesis (H3) holds for g = 3”’ and &(t) = 1 forall ¢ € J. By

n oo 1 T
; le;| < ;arctanﬁ = Y <1,

we verify that the hypothesis (HO) holds.
For¢,t',t" € [0,4], z,y € B,, we have

|z(7)(v)] 0
lstwal = ¢ [ o200 e <o [ fecollie o an

<H\(1+7),

lo(t,2) st )| <l -] [
§(r)|: |z(z)(W)

”/_oo T+ 12(0)()] 1+|y(f)(v)|]”
0
<le-¢| [ |¢(r)|dr+a/ (@] drlz -l

/"

1+ |z(r)(u)| H

=Hyllz-y| + Hs|t'

O o) ]”
“’)[1 O] 1+ hOW)

0
lgt.2) - gt )| <t /

0
St/ lc(@)|drliz—yl,

Page 18 of 22

where H; = H, = af 7)|dt, Hs = f |¢(t)| dz. Therefore, for any countable set W C

B,, we obtain

X (g6, W) <1 / c@|dr sup x (W),

—OO<T<

where &(£) = ¢ [°_ |¢(7)|dx.
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For v € (0,1), the operator J is defined by
n 1 -1 n 1 i
(3@®) () =@ (a) |:1 - Z arctan ﬁw(i):| ; arctan - /0 (i—s)1

i=1

V(i —s)rp(s,v)ds + ‘/a(a —s)_% vi(a —s)Ap(s,v)ds,
0

where {w (£)}(:>0) and {v(£)} >0 satisfy

andgs is given bygs =Ly (-1 Ly—in- lw sin(22), ¥ € (0, 00). If we let  satisfy
the hypothe51s (H2), from Theorem 3.1, we see that the system (16) is controllable on [0, 4]
provided that (14) and (15).

Example 4.2 To illustrate the application of the theory we consider another partial
integro-differential equation, with fractional derivative of the form

|>P\w

[x(t,v) = [*, € (x(s,v)) ds]

2 [x(t, u) fﬁ e (x(s,v))dsl + [ HEt,v,5 - 1)Q(x(s,v)) ds

+f0 Ye SV ds + ap(t,v), 0<t<a,0<v<l, (17)
x(t,0) = (t,l) _O, 0<t=<a,
x(0,v) =Y " arctan #x(i, v), 0<v<l,

W)

at

where ¢ € Bj;, A>0,0<n<aand p:[0,a] x (0,1) = (0,1).

Let E = U =: L?([0,1]) and let A : D(A) C E — E be defined by Aw = —w/, w € D(A),
where D(A) = {w € E: w' € E,w(0) = w(1) = 0}.. It is well known that —A is an infinitesimal
generator of a semigroup 7'(¢) (¢t > 0) in E and is given by T(£)w(s) = w(t + s) for w € E.
Thus T(¢) (¢ > 0) is not compact in E with x(T(£)D) < x(D) where x is the Hausdorff
MNC and there exists a N such that sup,,, [| T(¢)|| < N. Moreover, t — w(t% D+ 8)x is
equicontinuous for ¢ > 0 and ¥ € (-0, 0).

Let I(s) = €*,s <0, then [y = f_ooo I(s) ds = 1, and we define

0
Il = 19 sup Joto)]ds.
—00 7€[s,0]
Let x: (—o0,a] — R be such that xy € By,. For t € [0, 4], we have

0
frcla, = [ 19 sup [(®)]ds < sup [+(9) + ol <0
—00 s€(0,t

TES

Hence x; € By,. Now we prove that

I%ellz, <K (@) sup |x(s)| + M(&)l|xoll,,

s€[0,¢]

where K({)=M(t)=1,H =1.
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For v +t <0, we derive
|x(7)| = |%(t + 7)| < sup{|a(s)| : —o0 <s < 0}.
If T + ¢ > 0, then we get
[(2)| < sup{[x(s)| : 0 <5 < 0}.
Thus for all T + ¢ € (—o0, 4], we obtain
()| < sup{|x(s)| : —o0 < s < 0} + sup{|x(s)| : 0 <s < 0}

Itis clear that (B, || - I|z,,) is a Banach space. We can conclude that By, is a phase space.

Define

Dix(t)(v) = a—ix(t, V),
ots
0
2bo)v) = / e o(r)(v) dr,

0
St o, Rx(0) (v) = / H(t,v,7)Q(¢(r)v) dT + Rx(t)(v),

c,:arctan%, ti=i, i=12,...,n,
where Nx(£)(v) = f(; Y (s, £)e*V) ds. Then with these settings equations (17) can be written
in the abstract form of (1). Suppose further that:
(a) The function H(t,x,t) > 0 is continuous in J x [0,1] x (—o0, 0] and satisfies
f_OOOHz(t,x, 7)dt < 00.
(b) The function Q(-) is continuous, 0 < Q(x(z,v)) < f_ooo e*lx(s, -)| 2 ds for
(t,v) € (-00,0] x [0,1].
Thus under the above hypotheses, we have

1r (0 2 3
Hf(t, @, Rx()) ||L2 < {/0 [/_OOH(t, v, 7)Q(9(7)(v)) dt] dv}

1

1 2
+{ | [Bx(t)(v)]zdu}
0
1F 0 0 ) )
= {/0 [/:mH(t, v,t)/:oo‘c;3|<p(r)(.)|L2 dsdr} du} + ”mx(t)”ﬁ
1 0 2 %
5{/0 [/ H(t,v,r)dr] dv} lells, + 9] 2

= Sr(t),

hence f satisfies (H3) and in a similar way we can show that g may satisfy (H4).
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For v € (0,1), the operator J is defined by

n -1 n i
(S®)W) =w@|I- izzlarctan %w(i) ; arctan %/0 = s)’%
V(i —s)ro(s,v) ds + ‘/a(a - s)_% vi(a —s)Ap(s,v)ds,
0

where {@ (£)}(:>0) and {v(£)}:>0) are the same as the formulas in Example 4.1.
Then all the conditions of Theorem 3.1 are satisfied. Hence, system (17) is controllable

on/.
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