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Abstract
In this paper, we investigate the existence of solutions for a coupled system of
fractional compartmental models as differential inclusions with coupled nonlocal and
integral boundary conditions, whose multivalued terms depend on lower-order
fractional derivatives. By means of nonlinear alternative of Leray-Schauder type,
continuous and measurable selection theorems together with Leray-Schauder
degree theory, some sufficient conditions for the existence of solutions are presented,
which extend some known results. Several examples are given to demonstrate the
application of our main results.
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1 Introduction
Fractional calculus has emerged as an interesting field of investigation in the last few
decades. Fractional differential equations and inclusions arise in the mathematical model-
ing of systems and processes occurring in many engineering and scientific disciplines such
as physics, chemistry, viscoelasticity, electrochemistry, electromagnetism, aerodynamics,
economics, polymer rheology, control theory, signal and image processing, biophysics,
blood flow phenomena, etc. [–]. In consequence, the subject of fractional differential
equations and inclusions is gaining much importance and attention. For details and ex-
amples, see [–] and the references therein.

On the other hand, coupled systems of fractional differential equations arise in various
problems of applied nature, for example, HIV is a retrovirus that targets the CD+ T lym-
phocytes, which are the most abundant white blood cells of the immune system. Perelson
[, ] developed a simple model for the primary infection with HIV. In this model, four
categories of cells were defined: uninfected CD+ T cells, latently infected CD+ T cells,
productively infected CD+ T cells and virus population. AAM Arafal et al. introduced
fractional-order model of infection of CD+ T-cells. The coupled system is described by
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the following set of fractional ordinary differential equations of order α,α,α > :

⎧
⎪⎪⎨

⎪⎪⎩

Dα (T) = s – KVT – dT + bI,

Dα (I) = KVT – (b + δ)I,

Dα (I) = NδI – cV ,

where T , I and V denote the concentration of uninfected CD+ T cells, infected CD+

T cells, and free HIV virus particles in the blood, respectively. δ represents the death rate
of infected T cells and includes the possibility of death by bursting of infected T cells,
hence δd. The parameter b is the rate at which infected cells return to uninfected class,
while c is the death rate of virus and N is the average number of viral particles produced
by an infected cell. Besides, [–] have established the existence and uniqueness for
solutions of some systems of nonlinear fractional differential equations.

Compartmental analysis initially developed from studies of the uptake and distribution
of radioactive tracers, but today it plays a fundamental role in many parts of medicine, bio-
engineering and environmental science [–]. Compartmental models of pharmacoki-
netics were recently generalized using fractional calculus to extend the governing systems
for the form of fractional-order differential equations with specified initial conditions [,
].

In , Ivo Petráš and Richard L. Magin [] considered the two-compartmental phar-
macokinetic model for oral drug administration as follows:

⎧
⎨

⎩

cDα q(t) = –kq(t),
cDα q(t) = kq(t) + kq(t),

(.)

with the initial condition

q() = d, q() = d, (.)

where cDαi (i = , ) denotes the Caputo fractional derivative, α,α > , t ≥ , qi(t) (i = , )
denotes the amount of drug in a specific compartment, ki (i = , ) is the fractional rate of
transfer to compartment. In their results, they assumed q′

() = q′
() =  if α,α ∈ (, ].

They pointed out a very effective numerical method for the solution of system (.)-(.),
and the numerical solution is also created as a Matlab function.

Let q(t) ∈ F(t, q(t), q(t), cDγ q(t)) and q(t) ∈ G(t, q(t), cDδq(t), q(t)). We get the
converted coupled system of nonlinear fractional differential inclusions:

⎧
⎨

⎩

cDαx(t) ∈ F(t, x(t), y(t), cDγ y(t)),  < α ≤ ,  < γ < ,
cDβy(t) ∈ G(t, x(t), cDδx(t), y(t)),  < β ≤ ,  < δ < ,

(.)

supplemented with coupled nonlocal and integral boundary conditions of the form

⎧
⎨

⎩

x() = h(y),
∫ T

 y(s) ds = μx(η), η ∈ (, T),

y() = φ(x),
∫ T

 x(s) ds = μy(ξ ), ξ ∈ (, T),
(.)
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where t ∈ J := [, T], cDi denotes the Caputo fractional derivatives of order i, i = α,β ,γ , δ
respectively, F , G : J × R

 → P(R), h, φ are given continuous functionals and μ, μ are
real constants.

To the best of our knowledge, there are few people to study the coupled system of frac-
tional differential inclusions for compartmental models. For the part of theoretical results,
our basic tools are the theory of fractional calculus, the methods and results for differential
inclusions, and several fixed point theorems for multifunctions due to [, ].

Next, we compare our theoretical results with the other literature in details as follows:
(i) Our approach is adapted to the case when the right-hand sides have convex values

as well as nonconvex for system (.)-(.), which was not considered in [, , ,
].

(ii) The present work is an extension of a recent paper of the authors [], which was
considered for a single-valued case. This adds to the uncertainty about the
unknown function.

(iii) The fractional compartment form of (.)-(.) is a particular case of the coupled
system (.)-(.) if we take F = {–kx(t)}, G = {kx(t) + ky(t)},
h(y) = φ(x) = μ = μ = .

(iv) Coupled system (.) is called a commensurate-order system if α = β , otherwise it
is an incommensurate-order system [].

(v) The coupled system for a single-valued map [] is a particular case of the
corresponding multivalued map if we take F = {f }, G = {g} and f , g are continuous
functions.

(vi) We adopt the ideas of selection theorems to reduce the condition that the
right-hand side has convex values.

(vii) The mentioned methods are also useful for further investigations concerning the
existence of solutions of a coupled system of fractional differential inclusions and
other types.

The structure of this paper is as follows. In Section , we introduce some notations,
definitions of fractional calculus and multivalued maps, together with some basic lemmas
to prove our main results. In Section , we will consider the sufficient conditions for the
existence results. Finally, in Section , several examples are given to illustrate our main
results.

2 Preliminaries
This section is devoted to presenting some notation and preliminary lemmas that will be
used in the proofs of the main results [, ].

Let (X,‖ · ‖) be a normed space, and let Y be a subset of X. We denote
(i) P(X) = {Y ⊆ X : Y 	= ∅};

(ii) Pcl(X) = {Y ∈P(X) : Y closed};
(iii) Pb(X) = {Y ∈P(X) : Y bounded};
(iv) Pcp(X) = {Y ∈P(X) : Y compact};
(v) Pcv(X) = {Y ∈P(X) : Y convex};

(vi) Pcp,cv(X) = {Y ∈P(X) : Y compact, convex}.
Consider the Pompeiu-Hausdorff metric Hd : P(X) ×P(X) →R∪ {∞} given by

Hd(A, B) = max
{

sup
a∈A

d(a, B), sup
b∈B

d(A, b)
}

,
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where d(A, b) = infa∈A d(a; b), d(a, B) = infb∈B d(a; b). Then (Pb,cl(X), Hd) is a metric space
and (Pcl(X), Hd) is a generalized (complete) metric space (see [, ]).

A multivalued map F : X →P(X)
(i) is convex (closed) valued if F(x) is convex (closed) for all x ∈ X ;

(ii) is bounded on bounded sets if F(B) =
⋃

x∈B F(x) is bounded in X for all B ∈Pb(X)
(i.e., supx∈B{sup{|y| : y ∈ F(x)}} < ∞);

(iii) is called upper semicontinuous (u.s.c) on X if, for each x ∈ X , the set F(x) is a
nonempty closed subset of X and if, for each open set N of X containing F(x),
there exists an open neighborhood N of x such that F(N) ⊆ N ;

(iv) is called lower semicontinuous if the set {x ∈ X : F(x) ∩ O 	= ∅} is open for each
open set O in X ;

(v) is said to be completely continuous if F(B) is relatively compact for every
B ∈Pb(X);

(vi) is said to be measurable if, for every y ∈R, the function

t �→ d
(
y, F(t)

)
= inf

{|y – z| : z ∈ G(t)
}

is measurable;
(vii) has a fixed point if there is x ∈ X such that x ∈ F(x). The fixed point set of the

multivalued operator F will be denoted by Fix F .

Definition . ([]) The fractional integral of order q >  of a Lebesgue integrable func-
tion f (·) : (,∞) →R is defined by

Iqf (t) =


	(q)

∫ t



f (s)
(t – s)–q ds,

provided that the right-hand side is pointwise defined on (,∞) and 	(·) is the (Euler)
gamma function defined by 	(q) =

∫ ∞
 tq–e–t dt.

Definition . ([]) The Caputo fractional derivative of order q >  of a function f (·) :
[,∞) →R is defined by

cDqf (t) =


	(n – q)

∫ t


(t – s)n–q–f (n)(s) ds,

where n = [q] + . It is assumed implicitly that f (·) is n times differentiable whose nth
derivative is absolutely continuous.

Lemma . ([]) Let α > . If we assume h ∈ ACn(, ), then the differential equation

cDαh(t) = 

has a unique solution

h(t) = c + ct + ct + · · · + cn–tn–,

where ci ∈R, i = , , , . . . , n – , n is the smallest integer greater than or equal to α.
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In view of Lemma ., it follows that

IαcDαh(t) = h(t) + c + ct + ct + · · · + cn–tn–,

for some ci ∈ R, i = , , , . . . , n – , n is the smallest integer greater than or equal to α.

Lemma . ([]) Let ω, z ∈ L[, T] and x, y ∈ AC[, T]. Then the unique solution of the
problem

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

cDαx(t) = ω(t), t ∈ (, T),  < α ≤ ,
cDβy(t) = z(t), t ∈ (, T),  < β ≤ ,

x() = h(y),
∫ T

 y(s) ds = μx(η),

y() = φ(x),
∫ T

 x(s) ds = μy(ξ ), η, ξ ∈ (, T),

(.)

is

x(t) =
∫ t



(t – s)α–

	(α)
ω(s) ds + (σt + )h(y) + tσφ(x)

+
t
�

[

μξ

(

μ

∫ η



(η – s)α–

	(α)
ω(s) ds –

∫ T



(T – s)β

	(β + )
z(s) ds

)

+
T



(

μ

∫ ξ



(ξ – s)β–

	(β)
z(s) ds –

∫ T



(T – s)α

	(α + )
ω(s) ds

)]

and

y(t) =
∫ t



(t – s)β–

	(β)
z(s) ds + (σt + )φ(x) + tσh(y)

+
t
�

[

μη

(

μ

∫ ξ



(ξ – s)β–

	(β)
z(s) ds –

∫ T



(T – s)α

	(α + )
ω(s) ds

)

+
T



(

μ

∫ η



(η – s)α–

	(α)
ω(s) ds –

∫ T



(T – s)β

	(β + )
z(s) ds

)]

,

where

� =
T – μμηξ


,

σ =
μμξ – T

�
,

σ =
Tμ(T – ξ )

�
,

σ =
μμη – T

�
,

σ =
Tμ(T – η)

�
.

Definition . A function (x, y) ∈ AC(J ,R) × AC(J ,R) is a solution of the coupled
system (.) if it satisfies the coupled nonlocal and integral boundary conditions (.)
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and there exist functions f , g ∈ L(J ,R) such that f (t) ∈ F(t, x(t), y(t), cDγ y(t)), g(t) ∈
G(t, x(t), cDδx(t), y(t)) a.e. on t ∈ J and

x(t) =
∫ t



(t – s)α–

	(α)
f (s) ds + (σt + )h(y) + tσφ(x)

+
t
�

[

μξ

(

μ

∫ η



(η – s)α–

	(α)
f (s) ds –

∫ T



(T – s)β

	(β + )
g(s) ds

)

+
T



(

μ

∫ ξ



(ξ – s)β–

	(β)
g(s) ds –

∫ T



(T – s)α

	(α + )
f (s) ds

)]

and

y(t) =
∫ t



(t – s)β–

	(β)
g(s) ds + (σt + )φ(x) + tσh(y)

+
t
�

[

μη

(

μ

∫ ξ



(ξ – s)β–

	(β)
g(s) ds –

∫ T



(T – s)α

	(α + )
f (s) ds

)

+
T



(

μ

∫ η



(η – s)α–

	(α)
f (s) ds –

∫ T



(T – s)β

	(β + )
g(s) ds

)]

,

where � and σi (i = , , , ) are defined in Lemma ..

Definition . A multivalued map F : X →Pcl(X) is called
() γ -Lipschitz if there exists γ >  such that

Hd
(
F(x), F(y)

) ≤ γ d(x, y) for each x, y ∈ X;

() a contraction if it is γ -Lipschitz with γ < .

Definition . A multivalued map F : J ×R
 → P(R) is said to be L-Carathéodory if

() t �→ F(t, x, y, z) is measurable for each x, y, z ∈R;
() (x, y, z) �→ F(t, x, y, z) is upper semicontinuous for almost t ∈ J ;
() for each l > , there exists ϕl ∈ L(J ,R+) such that

∥
∥F(t, x, y, z)

∥
∥ = sup

{|v| : v ∈ F(t, x, y, z)
} ≤ ϕl(t)

for all ‖x‖ ≤ l, ‖y‖ ≤ l, ‖z‖ ≤ l and for a.e. t ∈ J .

Lemma . ([]) Let X be a Banach space. Let F : J × X → Pcp,cv(X) be an L-
Carathéodory multivalued map and T be a linear continuous mapping from L(J , X) to
C(J , X). Then the operator

T ◦ SF : C(J , X) →Pcp,cv
(
C(J , X)

)
, y �→ (T ◦ SF )(y) = T(SF , y)

is a closed graph operator in C(J , X) × C(J , X).

To prove our main results, we will use the following fixed point theorems.
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Lemma . (Nonlinear alternative of Leray-Schauder type []) Let X be a Banach space,
C be a closed convex subset of X, and U be an open subset of C with  ∈ U . Suppose that
F : Ū → Pcp,cv(C) is an upper semicontinuous compact map. Then either () F has a fixed
point in Ū , or () there is x ∈ ∂U and λ ∈ (, ) such that x ∈ λF(x).

Lemma . (Covitz and Nadler []) Let (X, d) be a complete metric space. If F : X →
Pcl(X) is a contraction, then F has a fixed point, i.e., a point z ∈ X such that z ∈ F(z).

3 Main results
In this section, we will give some existence results for the coupled system (.)-(.).

Let C(J ,R) denote the space of all continuous functions defined on J . Let X = {x :
x ∈ C(J ,R) and cDδx ∈ C(J ,R)} be a Banach space endowed with the norm ‖x‖X =
‖x‖ + ‖cDδx‖ = maxt∈J |x(t)| + maxt∈J |cDδx(t)|, where  < δ <  [], and let Y = {y :
y ∈ C(J ,R) and cDγ y ∈ C(J ,R)} be a Banach space equipped with the norm ‖y‖Y =
‖y‖ + ‖cDγ y‖ = maxt∈J |y(t)| + maxt∈J |cDγ y(t)|, where  < γ < . Obviously the product
space (X × Y ,‖ · ‖X×Y ) is a Banach space with the norm ‖(x, y)‖X×Y = ‖x‖X + ‖y‖Y for
(x, y) ∈ X × Y .

For each (x, y) ∈ X × Y , define the sets of selections of F , G by

SF ,(x,y) =
{

f ∈ L(J ,R) : f (t) ∈ F
(
t, x(t), y(t), cDγ y(t)

)
for a.e. t ∈ J

}

and

SG,(x,y) =
{

g ∈ L(J ,R) : g(t) ∈ G
(
t, x(t), cDδx(t), y(t)

)
for a.e. t ∈ J

}
.

In view of Lemma ., we define operators N : X × Y → P(X × Y ) and N : X × Y →
P(X × Y ) as

N(x, y) =
{

h ∈ X × Y : there exist f ∈ SF ,(x,y) and g ∈ SG,(x,y)

such that h(x, y)(t) = A(t, x, y),∀t ∈ J
}

(.)

and

N(x, y) =
{

h ∈ X × Y : there exist f ∈ SF ,(x,y) and g ∈ SG,(x,y)

such that h(x, y)(t) = A(t, x, y),∀t ∈ J
}

, (.)

where

A(t, x, y) =
∫ t



(t – s)α–

	(α)
f (s) ds + (σt + )h(y) + tσφ(x)

+
t
�

[

μξ

(

μ

∫ η



(η – s)α–

	(α)
f (s) ds –

∫ T



(T – s)β

	(β + )
g(s) ds

)

+
T



(

μ

∫ ξ



(ξ – s)β–

	(β)
g(s) ds –

∫ T



(T – s)α

	(α + )
f (s) ds

)]
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and

A(t, x, y) =
∫ t



(t – s)β–

	(β)
g(s) ds + (σt + )φ(x) + tσh(y)

+
t
�

[

μη

(

μ

∫ ξ



(ξ – s)β–

	(β)
g(s) ds –

∫ T



(T – s)α

	(α + )
f (s) ds

)

+
T



(

μ

∫ η



(η – s)α–

	(α)
f (s) ds –

∫ T



(T – s)β

	(β + )
g(s) ds

)]

.

Then we define an operator N : X × Y →P(X × Y ) ×P(X × Y ) by

N(x, y) =
(
N(x, y), N(x, y)

)
, (.)

where N, N are defined as (.) and (.).
It is clear that if (x, y) ∈ X × Y is a fixed point of the operator N , then (x, y) is a solution

of the coupled system (.)-(.).
For computational convenience, we introduce the notations:

P =
(

 +
T |μμ|ξ

|�| +
T

|�|(α + )

)

· Tα

	(α + )
,

P =
(

ξ

|�|(β + )
+

T
|�|

)

· |μ|Tβ+

	(β + )
,

P =
(

 +
T |μμ|η

|�| +
T

|�|(β + )

)

· Tβ

	(β + )
,

P =
(

η

|�|(α + )
+

T
|�|

)

· |μ|Tα+

	(α + )
,

P =
Tα–

	(α)
+

|μμ|ξTα

|�|	(α + )
+

Tα+

|�|	(α + )
,

P =
(

ξ

|�|(β + )
+

T
|�|

)

· |μ|Tβ+

	(β + )
,

P =
Tβ–

	(β)
+

|μμ|ηTβ

|�|	(β + )
+

Tβ+

|�|	(β + )
,

P =
(

η

|�|(α + )
+

T
|�|

)

· |μ|Tα+

	(α + )
,

Q = L
(|σ|T + 

)
+ L|σ|T ,

Q = L|σ| + L|σ|,
Q = L

(|σ|T + 
)

+ L|σ|T ,

Q = L|σ| + L|σ|.

3.1 The Carathéodory case
First we consider the case when F , G are convex valued.

We give the following conditions:
(H) F , G : J ×R

 →Pcp,cv(R) are L-Carathéodory multivalued maps;
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(H) There exist m, m ∈ C(J ,R+) and ϕ,ϕ,ψ,ψ,ρ,ρ : [,∞) → (,∞)
continuous, nondecreasing such that

∥
∥F(t, x, y, z)

∥
∥ = sup

{|f | : f ∈ F(t, x, y, z)
}

≤ m(t)
(
ϕ

(|x|) + ψ
(|y|) + ρ

(|z|))

and

∥
∥G(t, x, y, z)

∥
∥ = sup

{|g| : g ∈ G(t, x, y, z)
}

≤ m(t)
(
ϕ

(|x|) + ψ
(|y|) + ρ

(|z|))

for x, y, z ∈R and a.e. t ∈ J ;
(H) h, φ are continuous functionals with h() = φ() = , and there exist constants

L > , L >  such that

∣
∣h(x) – h(x)

∣
∣ ≤ L‖x – x‖,

∣
∣φ(x) – φ(x)

∣
∣ ≤ L‖x – x‖, ∀x, x ∈ C(J ,R).

Theorem . Assume that (H)-(H) are satisfied and there exists K >  such that

K >
∑

i=

�i‖mi‖
(
ϕi(K) + ψi(K) + ρi(K)

)
( – �)–. (.)

If, in addition, � < , where

� = P + P +
T –δ

	( – δ)
P +

T –γ

	( – γ )
P,

� = P + P +
T –δ

	( – δ)
P +

T –γ

	( – γ )
P,

� = Q + Q +
T –δ

	( – δ)
Q +

T –γ

	( – γ )
Q,

then the coupled system (.)-(.) has at least one solution on J .

Proof Consider the operators N : X ×Y →P(X ×Y ) and N : X ×Y →P(X ×Y ) defined
by (.) and (.). From (H), we have that for each (x, y) ∈ X ×Y , the sets SF ,(x,y) and SG,(x,y)

are nonempty []. For (x, y) ∈ X × Y , let f ∈ SF ,(x,y), g ∈ SG,(x,y) and

h(x, y)(t)

=
∫ t



(t – s)α–

	(α)
f (s) ds + (σt + )h(y) + tσφ(x)

+
t
�

[

μξ

(

μ

∫ η



(η – s)α–

	(α)
f (s) ds –

∫ T



(T – s)β

	(β + )
g(s) ds

)

+
T



(

μ

∫ ξ



(ξ – s)β–

	(β)
g(s) ds –

∫ T



(T – s)α

	(α + )
f (s) ds

)]

, for t ∈ J ,
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and

h(x, y)(t)

=
∫ t



(t – s)β–

	(β)
g(s) ds + (σt + )φ(x) + tσh(y)

+
t
�

[

μη

(

μ

∫ ξ



(ξ – s)β–

	(β)
g(s) ds –

∫ T



(T – s)α

	(α + )
f (s) ds

)

+
T



(

μ

∫ η



(η – s)α–

	(α)
f (s) ds –

∫ T



(T – s)β

	(β + )
g(s) ds

)]

, for t ∈ J ,

that is, h ∈ N(x, y), h ∈ N(x, y), so (h, h) ∈ N(x, y).
We will show that N satisfies the requirements of the nonlinear alternative of Leray-

Schauder type. The proof will be given in five steps.
Step . N(x, y) is convex valued.
Suppose (hi, h̃i) ∈ (N, N) (i = , ). Then there exist fi ∈ SF ,(x,y), gi ∈ SG,(x,y) (i = , ) such

that for any t ∈ J , i = , , we have

hi(t) =
∫ t



(t – s)α–

	(α)
fi(s) ds + (σt + )h(y) + tσφ(x)

+
t
�

[

μξ

(

μ

∫ η



(η – s)α–

	(α)
fi(s) ds –

∫ T



(T – s)β

	(β + )
gi(s) ds

)

+
T



(

μ

∫ ξ



(ξ – s)β–

	(β)
gi(s) ds –

∫ T



(T – s)α

	(α + )
fi(s) ds

)]

and

h̃i(t) =
∫ t



(t – s)β–

	(β)
gi(s) ds + (σt + )φ(x) + tσh(y)

+
t
�

[

μη

(

μ

∫ ξ



(ξ – s)β–

	(β)
gi(s) ds –

∫ T



(T – s)α

	(α + )
fi(s) ds

)

+
T



(

μ

∫ η



(η – s)α–

	(α)
fi(s) ds –

∫ T



(T – s)β

	(β + )
gi(s) ds

)]

.

Let  ≤ θ ≤ . Then, for any t ∈ J , we have

(
θh + ( – θ )h

)
(t)

=
∫ t



(t – s)α–

	(α)
(
θ f(s) + ( – θ )f(s)

)
ds + (σt + )h(y) + tσφ(x)

+
t
�

[

μξ

(

μ

∫ η



(η – s)α–

	(α)
(
θ f(s) + ( – θ )f(s)

)
ds

–
∫ T



(T – s)β

	(β + )
(
θg(s) + ( – θ )g(s)

)
ds

)

+
T



(

μ

∫ ξ



(ξ – s)β–

	(β)
(
θg(s) + ( – θ )g(s)

)
ds

–
∫ T



(T – s)α

	(α + )
(
θ f(s) + ( – θ )f(s)

)
ds

)]
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and

(
θ h̃ + ( – θ )̃h

)
(t)

=
∫ t



(t – s)β–

	(β)
(
θg(s) + ( – θ )g(s)

)
ds + (σt + )φ(x) + tσh(y)

+
t
�

[

μη

(

μ

∫ ξ



(ξ – s)β–

	(β)
(
θg(s) + ( – θ )g(s)

)
ds

–
∫ T



(T – s)α

	(α + )
(
θ f(s) + ( – θ )f(s)

)
ds

)

+
T



(

μ

∫ η



(η – s)α–

	(α)
(
θ f(s) + ( – θ )f(s)

)
ds

–
∫ T



(T – s)β

	(β + )
(
θg(s) + ( – θ )g(s)

)
ds

)]

.

Since F and G are convex valued, we deduce that SF ,(x,y) and SG,(x,y) are convex. Obviously,
θh + ( – θ )h ∈ N, θ h̃ + ( – θ )̃h ∈ N. Therefore, θ (h, h̃) + ( – θ )(h, h̃) ∈ N .

Step . N maps bounded sets into bounded sets in X × Y .
Let r > , Br = {(x, y) ∈ X × Y : ‖(x, y)‖X×Y ≤ r} be a bounded subset of X × Y , (h, h) ∈

N(x, y) and (x, y) ∈ Br . Then there exist f ∈ SF ,(x,y) and g ∈ SG,(x,y) such that for any t ∈ J ,

h(x, y)(t) =
∫ t



(t – s)α–

	(α)
f (s) ds + (σt + )h(y) + tσφ(x)

+
t
�

[

μξ

(

μ

∫ η



(η – s)α–

	(α)
f (s) ds –

∫ T



(T – s)β

	(β + )
g(s) ds

)

+
T



(

μ

∫ ξ



(ξ – s)β–

	(β)
g(s) ds –

∫ T



(T – s)α

	(α + )
f (s) ds

)]

and

h(x, y)(t) =
∫ t



(t – s)β–

	(β)
g(s) ds + (σt + )φ(x) + tσh(y)

+
t
�

[

μη

(

μ

∫ ξ



(ξ – s)β–

	(β)
g(s) ds –

∫ T



(T – s)α

	(α + )
f (s) ds

)

+
T



(

μ

∫ η



(η – s)α–

	(α)
f (s) ds –

∫ T



(T – s)β

	(β + )
g(s) ds

)]

.

Based on assumptions (H), we find the following estimates:

∣
∣h(y)

∣
∣ ≤ ∣

∣h(y) – h()
∣
∣ +

∣
∣h()

∣
∣ ≤ L‖y‖Y ≤ Lr, ∀y ∈R,

∣
∣φ(x)

∣
∣ ≤ ∣

∣φ(x) – φ()
∣
∣ +

∣
∣φ()

∣
∣ ≤ L‖x‖X ≤ Lr, ∀x ∈R.

Using these estimates, we get

∣
∣h(x, y)(t)

∣
∣

≤ Tα

	(α + )
· ‖m‖

(
ϕ(r) + ψ(r) + ρ(r)

)
+ Lr · |σt + | + Lr · |σt|
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+
T |μμ|ξ

|�| · Tα

	(α + )
· ‖m‖

(
ϕ(r) + ψ(r) + ρ(r)

)
+

|μ|ξT
|�| · Tβ+

	(β + )

× ‖m‖
(
ϕ(r) + ψ(r) + ρ(r)

)

+
|μ|T

|�| · Tβ

	(β + )
· ‖m‖

(
ϕ(r) + ψ(r) + ρ(r)

)

+
T

|�| · Tα+

	(α + )
· ‖m‖

(
ϕ(r) + ψ(r) + ρ(r)

)

≤ P · ‖m‖
(
ϕ(r) + ψ(r) + ρ(r)

)
+ P · ‖m‖

(
ϕ(r) + ψ(r) + ρ(r)

)
+ Qr

and

∣
∣h(x, y)′(t)

∣
∣

=
∣
∣
∣
∣

∫ t



(t – s)α–

	(α – )
f (s) ds + σh(y) + σφ(x) +


�

[

μξ

(

μ

∫ η



(η – s)α–

	(α)
f (s) ds

–
∫ T



(T – s)β

	(β + )
g(s) ds

)

+
T



(

μ

∫ ξ



(ξ – s)β–

	(β)
g(s) ds –

∫ T



(T – s)α

	(α + )
f (s) ds

)]∣
∣
∣
∣

≤ Tα–

	(α)
· ‖m‖

(
ϕ(r) + ψ(r) + ρ(r)

)
+ L|σ|r + L|σ|r

+
|μμ|ξ

|�| · Tα

	(α + )
· ‖m‖

(
ϕ(r) + ψ(r) + ρ(r)

)
+

|μ|ξ
|�| · Tβ+

	(β + )

× ‖m‖
(
ϕ(r) + ψ(r) + ρ(r)

)
+

|μ|T

|�| · Tβ

	(β + )
· ‖m‖

(
ϕ(r) + ψ(r) + ρ(r)

)

+
T

|�| · Tα+

	(α + )
· ‖m‖

(
ϕ(r) + ψ(r) + ρ(r)

)

= P · ‖m‖
(
ϕ(r) + ψ(r) + ρ(r)

)
+ P · ‖m‖

(
ϕ(r) + ψ(r) + ρ(r)

)
+ Qr,

which implies that

∣
∣cDδh(x, y)(t)

∣
∣ ≤

∫ t



(t – s)–δ

	( – δ)
∣
∣h(x, y)′(s)

∣
∣ds

≤ T –δ

	( – δ)
· [P · ‖m‖

(
ϕ(r) + ψ(r) + ρ(r)

)

+ P · ‖m‖
(
ϕ(r) + ψ(r) + ρ(r)

)
+ Qr

]
.

Thus

∥
∥h(x, y)

∥
∥

X =
∥
∥h(x, y)

∥
∥ +

∥
∥cDδh(x, y)

∥
∥

≤
(

P +
T –δ

	( – δ)
P

)

· ‖m‖
(
ϕ(r) + ψ(r) + ρ(r)

)
+

(

P +
T –δ

	( – δ)
P

)

× ‖m‖
(
ϕ(r) + ψ(r) + ρ(r)

)
+

(

Q +
T –δ

	( – δ)
Q

)

r.
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In a similar manner, for any t ∈ J , we obtain

∣
∣h(x, y)(t)

∣
∣

≤ Tβ

	(β + )
· ‖m‖

(
ϕ(r) + ψ(r) + ρ(r)

)
+ Lr · |σT + | + Lr · |σ|T

+
T |μμ|η

|�| · Tβ

	(β + )
· ‖m‖

(
ϕ(r) + ψ(r) + ρ(r)

)
+

|μ|ηT
|�| · Tα+

	(α + )

× ‖m‖
(
ϕ(r) + ψ(r) + ρ(r)

)
+

|μ|T

|�| · Tα

	(α + )
· ‖m‖

(
ϕ(r) + ψ(r) + ρ(r)

)

+
T

|�| · Tβ+

	(β + )
· ‖m‖

(
ϕ(r) + ψ(r) + ρ(r)

)

≤ P · ‖m‖
(
ϕ(r) + ψ(r) + ρ(r)

)
+ P · ‖m‖

(
ϕ(r) + ψ(r) + ρ(r)

)
+ Qr,

∣
∣h(x, y)′(t)

∣
∣

=
∣
∣
∣
∣

∫ t



(t – s)β–

	(β – )
g(s) ds + σφ(x) + σh(y) +


�

[

μη

(

μ

∫ ξ



(ξ – s)β–

	(β)
g(s) ds

–
∫ T



(T – s)α

	(α + )
f (s) ds

)

+
T



(

μ

∫ η



(η – s)α–

	(α)
f (s) ds –

∫ T



(T – s)β

	(β + )
g(s) ds

)]∣
∣
∣
∣

≤ Tβ–

	(β)
· ‖m‖

(
ϕ(r) + ψ(r) + ρ(r)

)
+ L|σ|r + L|σ|r

+
|μμ|η

|�| · Tβ

	(β + )
· ‖m‖

(
ϕ(r) + ψ(r) + ρ(r)

)
+

|μ|η
|�| · Tα+

	(α + )

× ‖m‖
(
ϕ(r) + ψ(r) + ρ(r)

)
+

|μ|T

|�| · Tα

	(α + )
· ‖m‖

(
ϕ(r) + ψ(r) + ρ(r)

)

+
T

|�| · Tβ+

	(β + )
· ‖m‖

(
ϕ(r) + ψ(r) + ρ(r)

)

= P · ‖m‖
(
ϕ(r) + ψ(r) + ρ(r)

)
+ P · ‖m‖

(
ϕ(r) + ψ(r) + ρ(r)

)
+ Qr

and

∣
∣cDγ h(x, y)(t)

∣
∣ ≤

∫ t



(t – s)–γ

	( – γ )
∣
∣h(x, y)′(s)

∣
∣ds

≤ T –γ

	( – γ )
· [P · ‖m‖

(
ϕ(r) + ψ(r) + ρ(r)

)

+ P · ‖m‖
(
ϕ(r) + ψ(r) + ρ(r)

)
+ Qr

]
.

In consequence, we get

∥
∥h(x, y)

∥
∥

Y =
∥
∥h(x, y)

∥
∥ +

∥
∥cDγ h(x, y)

∥
∥

≤
(

P +
T –γ

	( – γ )
P

)

· ‖m‖
(
ϕ(r) + ψ(r) + ρ(r)

)
+

(

P +
T –γ

	( – γ )
P

)

× ‖m‖
(
ϕ(r) + ψ(r) + ρ(r)

)
+

(

Q +
T –γ

	( – γ )
Q

)

r.
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Hence, we obtain

∥
∥(h, h)

∥
∥

X×Y =
∥
∥h(x, y)

∥
∥

X +
∥
∥h(x, y)

∥
∥

Y

≤ � · ‖m‖
(
ϕ(r) + ψ(r) + ρ(r)

)

+ � · ‖m‖
(
ϕ(r) + ψ(r) + ρ(r)

)
+ �r

= l (a constant).

Step . N maps bounded sets into equicontinuous sets in X × Y .
Let Br be a bounded set of X ×Y as in Step . Let  ≤ t < t ≤ T and (x, y) ∈ Br . For each

(h, h) ∈ N(x, y), then there exist f ∈ SF ,(x,y) and g ∈ SG,(x,y) such that

h(x, y)(t) =
∫ t



(t – s)α–

	(α)
f (s) ds + (σt + )h(y) + tσφ(x)

+
t
�

[

μξ

(

μ

∫ η



(η – s)α–

	(α)
f (s) ds –

∫ T



(T – s)β

	(β + )
g(s) ds

)

+
T



(

μ

∫ ξ



(ξ – s)β–

	(β)
g(s) ds –

∫ T



(T – s)α

	(α + )
f (s) ds

)]

and

h(x, y)(t) =
∫ t



(t – s)β–

	(β)
g(s) ds + (σt + )φ(x) + tσh(y)

+
t
�

[

μη

(

μ

∫ ξ



(ξ – s)β–

	(β)
g(s) ds –

∫ T



(T – s)α

	(α + )
f (s) ds

)

+
T



(

μ

∫ η



(η – s)α–

	(α)
f (s) ds –

∫ T



(T – s)β

	(β + )
g(s) ds

)]

.

Since

∣
∣h(x, y)(t) – h(x, y)(t)

∣
∣

≤
∫ t



(t – s)α– – (t – s)α–

	(α)
∣
∣f (s)

∣
∣ds +

∣
∣σh(y)

∣
∣(t – t) +

∣
∣σφ(x)

∣
∣(t – t)

+
∫ t

t

(t – s)α–

	(α)
∣
∣f (s)

∣
∣ds +

t – t

|�|
(

|μμ|ξ
∫ η



(η – s)α–

	(α)
∣
∣f (s)

∣
∣ds

+ |μ|ξ
∫ T



(T – s)β

	(β + )
∣
∣g(s)

∣
∣ds

+
|μ|T



∫ ξ



(ξ – s)β–

	(β)
∣
∣g(s)

∣
∣ds +

T



∫ T



(T – s)α

	(α + )
∣
∣f (s)

∣
∣ds

)

≤
∫ t



(t – s)α– – (t – s)α–

	(α)
ds · ‖m‖

(
ϕ(r) + ψ(r) + ρ(r)

)

+
(|σ|Lr + |σ|Lr

)
(t – t)

+
∫ t

t

(t – s)α–

	(α)
ds · ‖m‖

(
ϕ(r) + ψ(r) + ρ(r)

)
+

t – t

|�|
[ |μμ|ξTα

	(α + )
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× ‖m‖
(
ϕ(r) + ψ(r) + ρ(r)

)
+

|μ|ξTβ+

	(β + )
· ‖m‖

(
ϕ(r) + ψ(r) + ρ(r)

)

+
|μ|Tβ+

	(β + )
· ‖m‖

(
ϕ(r) + ψ(r) + ρ(r)

)

+
Tα+

	(α + )
· ‖m‖

(
ϕ(r) + ψ(r) + ρ(r)

)
]

≤ tα
 – tα


α	(α)

· ‖m‖
(
ϕ(r) + ψ(r) + ρ(r)

)
+

(|σ|Lr + |σ|Lr
)
(t – t)

+
(t – t)α

α	(α)
· ‖m‖

(
ϕ(r) + ψ(r) + ρ(r)

)
+

t – t

|�|
[ |μμ|ξTα

	(α + )

× ‖m‖
(
ϕ(r) + ψ(r) + ρ(r)

)
+

|μ|ξTβ+

	(β + )
· ‖m‖

(
ϕ(r) + ψ(r) + ρ(r)

)

+
|μ|Tβ+

	(β + )
· ‖m‖

(
ϕ(r) + ψ(r) + ρ(r)

)

+
Tα+

	(α + )
· ‖m‖

(
ϕ(r) + ψ(r) + ρ(r)

)
]

,

∣
∣h(x, y)′(t) – h(x, y)′(t)

∣
∣

≤
(∫ t



(t – s)α– – (t – s)α–

	(α – )
ds +

∫ t

t

(t – s)α–

	(α – )
ds

)

× ‖m‖
(
ϕ(r) + ψ(r) + ρ(r)

)

≤ tα–
 – tα–


(α – )	(α – )

· ‖m‖
(
ϕ(r) + ψ(r) + ρ(r)

)

and

∣
∣cDδh(x, y)(t) – cDδh(x, y)(t)

∣
∣

=
∣
∣
∣
∣

∫ t



(t – s)–δ

	( – δ)
h(x, y)′(s) ds –

∫ t



(t – s)–δ

	( – δ)
h(x, y)′(s) ds

∣
∣
∣
∣

≤
∫ t



(t – s)–δ – (t – s)–δ

	( – δ)
∣
∣h(x, y)′(s)

∣
∣ds

+
∫ t

t

(t – s)–δ

	( – δ)
∣
∣h(x, y)′(s)

∣
∣ds

≤
(∫ t



(t – s)–δ – (t – s)–δ

	( – δ)
ds +

∫ t

t

(t – s)–δ

	( – δ)
ds

)

× (
P · ‖m‖

(
ϕ(r) + ψ(r) + ρ(r)

)

+ P · ‖m‖
(
ϕ(r) + ψ(r) + ρ(r)

)
+ Qr

)

≤ t–δ
 – t–δ


( – δ)	( – δ)

(
P · ‖m‖

(
ϕ(r) + ψ(r) + ρ(r)

)

+ P · ‖m‖
(
ϕ(r) + ψ(r) + ρ(r)

)
+ Qr

)
.

Hence |h(x, y)(t) – h(x, y)(t)| →  as t → t.
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Analogously, one can obtain

∣
∣h(x, y)(t) – h(x, y)(t)

∣
∣

≤ tβ
 – tβ


β	(β)

· ‖m‖
(
ϕ(r) + ψ(r) + ρ(r)

)
+

(|σ|Lr + |σ|Lr
)
(t – t)

+
(t – t)β

β	(β)
· ‖m‖

(
ϕ(r) + ψ(r) + ρ(r)

)

+
t – t

|�|
[ |μμ|ηTβ

	(β + )
· ‖m‖

(
ϕ(r) + ψ(r) + ρ(r)

)

+
|μ|ηTα+

	(α + )
· ‖m‖

(
ϕ(r) + ψ(r) + ρ(r)

)

+
|μ|Tα+

	(α + )
· ‖m‖

(
ϕ(r) + ψ(r) + ρ(r)

)

+
Tβ+

	(β + )
· ‖m‖

(
ϕ(r) + ψ(r) + ρ(r)

)
]

,

∣
∣h(x, y)′(t) – h(x, y)′(t)

∣
∣

≤ tβ–
 – tβ–


(β – )	(β – )

· ‖m‖
(
ϕ(r) + ψ(r) + ρ(r)

)

and

∣
∣cDγ h(x, y)(t) – cDγ h(x, y)(t)

∣
∣

≤ t–γ
 – t–γ


( – γ )	( – γ )

(
P · ‖m‖

(
ϕ(r) + ψ(r) + ρ(r)

)

+ P · ‖m‖
(
ϕ(r) + ψ(r) + ρ(r)

)
+ Qr

)
.

Hence |h(x, y)(t) – h(x, y)(t)| →  as t → t. Therefore, the operator N(x, y) is equicon-
tinuous.

From the foregoing arguments, we infer that the operator N(x, y) is completely contin-
uous by the Arzelá-Ascoli theorem.

Step . N has a closed graph.
Letting (xn, yn) → (x∗, y∗), (hn, hn) ∈ N(xn, yn) and (hn, hn) → (h∗, h∗), we need to show

(h∗, h∗) ∈ N(x∗, y∗). Now (hn, hn) ∈ N(xn, yn) implies that there exist fn ∈ SF ,(xn ,yn) and gn ∈
SG,(xn ,yn) such that for all t ∈ J ,

hn(xn, yn)(t) =
∫ t



(t – s)α–

	(α)
fn(s) ds + (σt + )h(y) + tσφ(x)

+
t
�

[

μξ

(

μ

∫ η



(η – s)α–

	(α)
fn(s) ds –

∫ T



(T – s)β

	(β + )
gn(s) ds

)

+
T



(

μ

∫ ξ



(ξ – s)β–

	(β)
gn(s) ds –

∫ T



(T – s)α

	(α + )
fn(s) ds

)]



Jin and Sun Advances in Difference Equations  (2017) 2017:146 Page 17 of 30

and

hn(xn, yn)(t) =
∫ t



(t – s)β–

	(β)
gn(s) ds + (σt + )φ(x) + tσh(y)

+
t
�

[

μη

(

μ

∫ ξ



(ξ – s)β–

	(β)
gn(s) ds –

∫ T



(T – s)α

	(α + )
fn(s) ds

)

+
T



(

μ

∫ η



(η – s)α–

	(α)
fn(s) ds –

∫ T



(T – s)β

	(β + )
gn(s) ds

)]

.

Let us consider the continuous linear operators �,� : L(J , X × Y ) → C(J , X × Y ) given
by

�(x, y)(t) =
∫ t



(t – s)α–

	(α)
f (s) ds + (σt + )h(y) + tσφ(x)

+
t
�

[

μξ

(

μ

∫ η



(η – s)α–

	(α)
f (s) ds –

∫ T



(T – s)β

	(β + )
g(s) ds

)

+
T



(

μ

∫ ξ



(ξ – s)β–

	(β)
g(s) ds –

∫ T



(T – s)α

	(α + )
f (s) ds

)]

and

�(x, y)(t) =
∫ t



(t – s)β–

	(β)
g(s) ds + (σt + )φ(x) + tσh(y)

+
t
�

[

μη

(

μ

∫ ξ



(ξ – s)β–

	(β)
g(s) ds –

∫ T



(T – s)α

	(α + )
f (s) ds

)

+
T



(

μ

∫ η



(η – s)α–

	(α)
f (s) ds –

∫ T



(T – s)β

	(β + )
g(s) ds

)]

.

From Lemma ., we know that (�,�) ◦ (SF , SG) is a closed graph operator. Moreover,
we get (hn, hn) ∈ (�,�) ◦ (SF ,(xn,yn), SG,(xn ,yn)) for all n. Since (xn, yn) → (x∗, y∗), (hn, hn) →
(h∗, h∗) it follows the existence of f∗ ∈ SF ,(x∗ ,y∗) and g∗ ∈ SG,(x∗ ,y∗) such that

h∗(x∗, y∗)(t) =
∫ t



(t – s)α–

	(α)
f∗(s) ds + (σt + )h(y) + tσφ(x)

+
t
�

[

μξ

(

μ

∫ η



(η – s)α–

	(α)
f∗(s) ds –

∫ T



(T – s)β

	(β + )
g∗(s) ds

)

+
T



(

μ

∫ ξ



(ξ – s)β–

	(β)
g∗(s) ds –

∫ T



(T – s)α

	(α + )
f∗(s) ds

)]

and

h∗(x∗, y∗)(t) =
∫ t



(t – s)β–

	(β)
g∗(s) ds + (σt + )φ(x) + tσh(y)

+
t
�

[

μη

(

μ

∫ ξ



(ξ – s)β–

	(β)
g∗(s) ds –

∫ T



(T – s)α

	(α + )
f∗(s) ds

)

+
T



(

μ

∫ η



(η – s)α–

	(α)
f∗(s) ds –

∫ T



(T – s)β

	(β + )
g∗(s) ds

)]

,

that is, (h∗, h∗) ∈ N(x∗, y∗).
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Step . A priori bounds on solutions.
Let (x, y) ∈ λN(x, y) for some λ ∈ (, ). Then there exist f ∈ SF ,(x,y) and g ∈ SG,(x,y) such

that for all t ∈ J ,

x(t) = λ

∫ t



(t – s)α–

	(α)
f (s) ds + (σt + )h(y) + tσφ(x)

+
λt
�

[

μξ

(

μ

∫ η



(η – s)α–

	(α)
f (s) ds –

∫ T



(T – s)β

	(β + )
g(s) ds

)

+
T



(

μ

∫ ξ



(ξ – s)β–

	(β)
g(s) ds –

∫ T



(T – s)α

	(α + )
f (s) ds

)]

and

y(t) = λ

∫ t



(t – s)β–

	(β)
g(s) ds + (σt + )φ(x) + tσh(y)

+
λt
�

[

μη

(

μ

∫ ξ



(ξ – s)β–

	(β)
g(s) ds –

∫ T



(T – s)α

	(α + )
f (s) ds

)

+
T



(

μ

∫ η



(η – s)α–

	(α)
f (s) ds –

∫ T



(T – s)β

	(β + )
g(s) ds

)]

.

With the same arguments as in Step  of our proof, for each (x, y) ∈ X × Y , we obtain

‖x‖X ≤
(

P +
T –δ

	( – δ)
P

)

· ‖m‖
(
ϕ

(∥
∥(x, y)

∥
∥

X×Y

)

+ ψ
(∥
∥(x, y)

∥
∥

X×Y

)
+ ρ

(∥
∥(x, y)

∥
∥

X×Y

))

+
(

P +
T –δ

	( – δ)
P

)

· ‖m‖
(
ϕ

(∥
∥(x, y)

∥
∥

X×Y

)

+ ψ
(∥
∥(x, y)

∥
∥

X×Y

)
+ ρ

(∥
∥(x, y)

∥
∥

X×Y

))

+
(

Q +
T –δ

	( – δ)
Q

)
∥
∥(x, y)

∥
∥

X×Y

and

‖y‖Y ≤
(

P +
T –γ

	( – γ )
P

)

· ‖m‖
(
ϕ

(∥
∥(x, y)

∥
∥

X×Y

)

+ ψ
(∥
∥(x, y)

∥
∥

X×Y

)
+ ρ

(∥
∥(x, y)

∥
∥

X×Y

))

+
(

P +
T –γ

	( – γ )
P

)

· ‖m‖
(
ϕ

(∥
∥(x, y)

∥
∥

X×Y

)

+ ψ
(∥
∥(x, y)

∥
∥

X×Y

)
+ ρ

(∥
∥(x, y)

∥
∥

X×Y

))
+

(

Q +
T –γ

	( – γ )
Q

)
∥
∥(x, y)

∥
∥

X×Y .

Thus

( – �)
∥
∥(x, y)

∥
∥

X×Y ≤
∑

i=

�i · ‖mi‖
(
ϕi

(∥
∥(x, y)

∥
∥

X×Y

)

+ ψi
(∥
∥(x, y)

∥
∥

X×Y

)
+ ρi

(∥
∥(x, y)

∥
∥

X×Y

))
.



Jin and Sun Advances in Difference Equations  (2017) 2017:146 Page 19 of 30

Now we set

U =
{

(x, y) ∈ X × Y :
∥
∥(x, y)

∥
∥

X×Y < K
}

.

Clearly, U is an open subset of X × Y and (, ) ∈ U . As a consequence of Steps -, to-
gether with the Arzelá-Ascoli theorem, we can conclude that N : U →Pcp,cv(X)×Pcp,cv(Y )
is upper semicontinuous and completely continuous. From the choice of U , there is no
(x, y) ∈ ∂U such that (x, y) ∈ λN(x, y) for some λ ∈ (, ). Therefore, by Theorem ., we
deduce that N has a fixed point (x, y) ∈ U , which is a solution of the coupled system (.)-
(.). This completes the proof. �

3.2 The lower semicontinuous case
Now we study the case when F , G are not necessarily convex valued.

In this result, we need to give the following conditions:
(H) F , G : J ×R

 →Pcp(R) are multivalued maps such that
() (t, x, y, z) → F(t, x, y, z) and (t, x, y, z) → G(t, x, y, z) are � ⊗B ⊗B ⊗B

measurable;
() (x, y, z) → F(t, x, y, z) and (x, y, z) → G(t, x, y, z) are lower semicontinuous for

a.e. t ∈ J .

Theorem . Assume that (H)-(H) and relation (.) hold. Then the coupled system
(.)-(.) has at least one solution on J .

Proof From (H), (H) and [], Lemma ., maps

F : X →P
(
L(J ,R)

)
, x →F(x, y) = SF ,(x,y),

F : Y →P
(
L(J ,R)

)
, y →F(x, y) = SG,(x,y),

are lower semicontinuous and have nonempty closed and decomposable values. Then
from the selection theorem due to Bressan and Colombo [], there exist continuous
functions f : X → L(J ,R) and g : Y → L(J ,R) such that f ∈ F(x, y) and g ∈ F(x, y) for
all x ∈ X, y ∈ Y . That is to say, we have f (t, x(t), y(t), cDγ y(t)) ∈ F(t, x(t), y(t), cDγ y(t)) and
g(t, x(t), cDδx(t), y(t)) ∈ G(t, x(t), cDδx(t), y(t)) for a.e. t ∈ J . Now consider the problem

⎧
⎨

⎩

cDαx(t) = f (t, x(t), y(t), cDγ y(t)), t ∈ J ,
cDβy(t) = g(t, x(t), cDδx(t), y(t)), t ∈ J ,

(.)

with the boundary conditions (.). Note that if (x, y) ∈ X × Y is a solution of the coupled
system (.), then (x, y) is a solution to the coupled system (.)-(.).

A solution of the boundary value problem (.), (.) is then reformulated as a fixed
point problem for the operator N : X × Y → X × Y defined by

N(x, y)(t) =
(
N (x, y)(t), N(x, y)(t)

)
,
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where

N (x, y)(t) =
∫ t



(t – s)α–

	(α)
f
(
s, x(s), y(s), cDγ y(s)

)
ds + (σt + )h(y) + tσφ(x)

+
t
�

[

μξ

(

μ

∫ η



(η – s)α–

	(α)
f
(
s, x(s), y(s), cDγ y(s)

)
ds

–
∫ T



(T – s)β

	(β + )
g
(
s, x(s), cDδx(s), y(s)

)
ds

)

+
T



(

μ

∫ ξ



(ξ – s)β–

	(β)

× g
(
s, x(s), cDδx(s), y(s)

)
ds –

∫ T



(T – s)α

	(α + )
f
(
s, x(s), y(s), cDγ y(s)

)
ds

)]

and

N(x, y)(t) =
∫ t



(t – s)β–

	(β)
g
(
s, x(s), cDδx(s), y(s)

)
ds + (σt + )φ(x) + tσh(y)

+
t
�

[

μη

(

μ

∫ ξ



(ξ – s)β–

	(β)
g
(
s, x(s), cDδx(s), y(s)

)
ds

–
∫ T



(T – s)α

	(α + )
f
(
s, x(s), y(s), cDγ y(s)

)
ds

)

+
T



(

μ

∫ η



(η – s)α–

	(α)

× f
(
s, x(s), y(s), cDγ y(s)

)
ds –

∫ T



(T – s)β

	(β + )
g
(
s, x(s), cDδx(s), y(s)

)
ds

)]

.

It can easily be shown that N is continuous and completely continuous and satisfies all
the conditions of the Leray-Schauder nonlinear alternative for single-valued maps [].
The remaining part of the proof is similar to that of Theorem ., so we omit it. This
completes the proof. �

3.3 The Lipschitz case
In this section, we need to give the following conditions:

(H) F , G : J ×R
 →Pcp(R) are multivalued maps such that

() F and G are integrable bounded, and maps t → F(t, x, y, z) and t → G(t, x, y, z)
are measurable for all x, y, z ∈R;

() There exist m, m ∈ C(J ,R+) such that for a.e. t ∈ J and all
x, x, y, y, z, z ∈R,

Hd
(
F(t, x, y, z), F(t, x, y, z)

) ≤ m(t)
(|x – x| + |y – y| + |z – z|

)

and

Hd
(
G(t, x, y, z), G(t, x, y, z)

) ≤ m(t)
(|x – x| + |y – y| + |z – z|

)
.

Theorem . Assume that (H) and (H) hold. If, in addition,

� +
T –δ

	( – δ)
� + � +

T –γ

	( – γ )
� < , (.)
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where

� =
Tα‖m‖
	(α + )

+
|μμ|Tα+ξ‖m‖

|�|	(α + )
+

|μ|Tβ+ξ‖m‖
|�|	(β + )

+
|μ|Tβ+‖m‖
|�|	(β + )

+
Tα+‖m‖

|�|	(α + )
+ max

{
L|σ + |, L|σ|

}
,

� =
Tα–‖m‖

	(α)
+

|μμ|Tαξ‖m‖
|�|	(α + )

+
|μ|Tβ+ξ‖m‖

|�|	(β + )
+

|μ|Tβ+‖m‖
|�|	(β + )

+
Tα+‖m‖

|�|	(α + )
+ max

{
L|σ|, L|σ|

}
,

� =
Tβ‖m‖
	(β + )

+
|μμ|Tβ+η‖m‖

|�|	(β + )
+

|μ|Tα+η‖m‖
|�|	(α + )

+
|μ|Tα+‖m‖
|�|	(α + )

+
Tβ+‖m‖

|�|	(β + )
+ max

{
L|σ + |, L|σ|

}
,

� =
Tβ–‖m‖

	(β)
+

|μμ|Tβη‖m‖
|�|	(β + )

+
|μ|Tα+η‖m‖

|�|	(α + )
+

|μ|Tα+‖m‖
|�|	(α + )

+
Tβ+‖m‖

|�|	(β + )
+ max

{
L|σ|, L|σ|

}
,

then the coupled system (.)-(.) has at least one solution on J .

Proof From (H), we have that the multivalued maps t → F(t, x(t), y(t), cDγ y(t)) and t →
G(t, x(t), cDδx(t), y(t)) are measurable [], Proposition .., and closed valued for each
(x, y) ∈ X × Y . Hence they have measurable selection [], Theorem .., and the sets
SF ,(x,y) and SG,(x,y) are nonempty. Let N be defined in (.). We will show that, under this
situation, N satisfies the requirements of Lemma ..

Step . For each (x, y) ∈ X × Y , N(x, y) ∈ Pcl(X) ×Pcl(Y ). Let (hn, hn) ∈ N(xn, yn) (n ≥ )
such that (hn, hn) → (h, h) in X × Y . Then (h, h) ∈ X × Y and there exist fn ∈ SF ,(xn,yn) and
gn ∈ SG,(xn ,yn) (n ≥ ) such that for all t ∈ J ,

hn(xn, yn)(t) =
∫ t



(t – s)α–

	(α)
fn(s) ds + (σt + )h(y) + tσφ(x)

+
t
�

[

μξ

(

μ

∫ η



(η – s)α–

	(α)
fn(s) ds –

∫ T



(T – s)β

	(β + )
gn(s) ds

)

+
T



(

μ

∫ ξ



(ξ – s)β–

	(β)
gn(s) ds –

∫ T



(T – s)α

	(α + )
fn(s) ds

)]

and

hn(xn, yn)(t) =
∫ t



(t – s)β–

	(β)
gn(s) ds + (σt + )φ(x) + tσh(y)

+
t
�

[

μη

(

μ

∫ ξ



(ξ – s)β–

	(β)
gn(s) ds –

∫ T



(T – s)α

	(α + )
fn(s) ds

)

+
T



(

μ

∫ η



(η – s)α–

	(α)
fn(s) ds –

∫ T



(T – s)β

	(β + )
gn(s) ds

)]

.
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By (H), the sequences fn and gn are integrable bounded. Since F and G have compact
values, we may pass to subsequences if necessary to get that fn and gn converge to f and g
in L(J ,R). Thus f ∈ SF ,(x,y), g ∈ SG,(x,y) and for each t ∈ J ,

hn(xn, yn)(t) → h(x, y)(t)

=
∫ t



(t – s)α–

	(α)
f (s) ds + (σt + )h(y) + tσφ(x)

+
t
�

[

μξ

(

μ

∫ η



(η – s)α–

	(α)
f (s) ds –

∫ T



(T – s)β

	(β + )
g(s) ds

)

+
T



(

μ

∫ ξ



(ξ – s)β–

	(β)
g(s) ds –

∫ T



(T – s)α

	(α + )
f (s) ds

)]

and

hn(xn, yn)(t) → h(x, y)(t)

=
∫ t



(t – s)β–

	(β)
g(s) ds + (σt + )φ(x) + tσh(y)

+
t
�

[

μη

(

μ

∫ ξ



(ξ – s)β–

	(β)
g(s) ds –

∫ T



(T – s)α

	(α + )
f (s) ds

)

+
T



(

μ

∫ η



(η – s)α–

	(α)
f (s) ds –

∫ T



(T – s)β

	(β + )
g(s) ds

)]

.

This means that (h, h) ∈ N and N is closed.
Step . There exists τ <  such that

Hd
(
N(x, y), N(x, y)

) ≤ τ
(‖x – x‖X + ‖y – y‖Y

)
, ∀x, x ∈ X, y, y ∈ Y .

Let (x, y), (x, y) ∈ X × Y and (h, h) ∈ N(x, y). Then there exist f ∈ SF ,(x,y) and g ∈ SG,(x,y)

such that for all t ∈ J ,

h(x, y)(t) =
∫ t



(t – s)α–

	(α)
f(s) ds + (σt + )h(y) + tσφ(x)

+
t
�

[

μξ

(

μ

∫ η



(η – s)α–

	(α)
f(s) ds –

∫ T



(T – s)β

	(β + )
g(s) ds

)

+
T



(

μ

∫ ξ



(ξ – s)β–

	(β)
g(s) ds –

∫ T



(T – s)α

	(α + )
f(s) ds

)]

and

h(x, y)(t) =
∫ t



(t – s)β–

	(β)
g(s) ds + (σt + )φ(x) + tσh(y)

+
t
�

[

μη

(

μ

∫ ξ



(ξ – s)β–

	(β)
g(s) ds –

∫ T



(T – s)α

	(α + )
f(s) ds

)

+
T



(

μ

∫ η



(η – s)α–

	(α)
f(s) ds –

∫ T



(T – s)β

	(β + )
g(s) ds

)]

.
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From (H)(), we deduce

Hd
(
F
(
t, x(t), y(t), cDγ y(t)

)
, F

(
t, x(t), y(t), cDγ y(t)

))

≤ m(t)
(∣
∣x(t) – x(t)

∣
∣ +

∣
∣y(t) – y(t)

∣
∣ +

∣
∣cDγ y(t) – cDγ y(t)

∣
∣
)

and

Hd
(
G

(
t, x(t), cDδx(t), y(t)

)
, G

(
t, x(t), cDδx(t), y(t)

))

≤ m(t)
(∣
∣x(t) – x(t)

∣
∣ +

∣
∣cDδx(t) – cDδx(t)

∣
∣ +

∣
∣y(t) – y(t)

∣
∣
)
.

Hence, for a.e. t ∈ J , there exist f ∈ F(t, x(t), y(t), cDγ y(t)) and g ∈ G(t, x(t), cDδx(t), y(t))
such that

∣
∣f(t) – f

∣
∣ ≤ m(t)

(∣
∣x(t) – x(t)

∣
∣ +

∣
∣y(t) – y(t)

∣
∣ +

∣
∣cDγ y(t) – cDγ y(t)

∣
∣
)

(.)

and

∣
∣g(t) – g

∣
∣ ≤ m(t)

(∣
∣x(t) – x(t)

∣
∣ +

∣
∣cDδx(t) – cDδx(t)

∣
∣ +

∣
∣y(t) – y(t)

∣
∣
)
. (.)

Consider the multivalued maps V, V : J →P(R) given by

V(t) =

{
f ∈R :
|f(t) – f | ≤ m(t)(|x(t) – x(t)| + |y(t) – y(t)| + |cDγ y(t) – cDγ y(t)|)

}

and

V(t) =

{
g ∈R :
|g(t) – g| ≤ m(t)(|x(t) – x(t)| + |cDδx(t) – cDδx(t)| + |y(t) – y(t)|)

}

.

Define

κ(t) = m(t)
(∣
∣x(t) – x(t)

∣
∣ +

∣
∣y(t) – y(t)

∣
∣ +

∣
∣cDγ y(t) – cDγ y(t)

∣
∣
)
,

κ(t) = m(t)
(∣
∣x(t) – x(t)

∣
∣ +

∣
∣cDδx(t) – cDδx(t)

∣
∣ +

∣
∣y(t) – y(t)

∣
∣
)
.

Since f(t), g(t), κ(t), κ(t) are measurable, [], Theorem III., implies that V and V

are measurable. It follows from (H) that the maps t → F(t, x(t), y(t), cDγ y(t)) and t →
G(t, x(t), cDδx(t), y(t)) are measurable. Hence, by (.)-(.) and [], Proposition ..,
the multivalued maps t → V(t) ∩ F(t, x(t), y(t), cDγ y(t)) and t → V(t) ∩ G(t, x(t),
cDδx(t), y(t)) are measurable and nonempty closed valued. Therefore, we can find f(t) ∈
F(t, x(t), y(t), cDγ y(t)) and g(t) ∈ G(t, x(t), cDδx(t), y(t)) such that for a.e. t ∈ J ,

∣
∣f(t) – f(t)

∣
∣ ≤ m(t)

(∣
∣x(t) – x(t)

∣
∣ +

∣
∣y(t) – y(t)

∣
∣ +

∣
∣cDγ y(t) – cDγ y(t)

∣
∣
)

and

∣
∣g(t) – g(t)

∣
∣ ≤ m(t)

(∣
∣x(t) – x(t)

∣
∣ +

∣
∣cDδx(t) – cDδx(t)

∣
∣ +

∣
∣y(t) – y(t)

∣
∣
)
.
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Let

h(x, y)(t) =
∫ t



(t – s)α–

	(α)
f(s) ds + (σt + )h(y) + tσφ(x)

+
t
�

[

μξ

(

μ

∫ η



(η – s)α–

	(α)
f(s) ds –

∫ T



(T – s)β

	(β + )
g(s) ds

)

+
T



(

μ

∫ ξ



(ξ – s)β–

	(β)
g(s) ds –

∫ T



(T – s)α

	(α + )
f(s) ds

)]

and

h(x, y)(t) =
∫ t



(t – s)β–

	(β)
g(s) ds + (σt + )φ(x) + tσh(y)

+
t
�

[

μη

(

μ

∫ ξ



(ξ – s)β–

	(β)
g(s) ds –

∫ T



(T – s)α

	(α + )
f(s) ds

)

+
T



(

μ

∫ η



(η – s)α–

	(α)
f(s) ds –

∫ T



(T – s)β

	(β + )
g(s) ds

)]

,

that is, (h, h) ∈ N(x, y). Since

∣
∣h(x, y)(t) – h(x, y)(t)

∣
∣

≤
∫ t



(t – s)α–

	(α)
∣
∣f(s) – f(s)

∣
∣ds

+
t
�

[

μξ

(

μ

∫ η



(η – s)α–

	(α)
∣
∣f(s) – f(s)

∣
∣ds –

∫ T



(T – s)β

	(β + )
∣
∣g(s) – g(s)

∣
∣ds

)

+
T



(

μ

∫ ξ



(ξ – s)β–

	(β)
∣
∣g(s) – g(s)

∣
∣ds –

∫ T



(T – s)α

	(α + )
∣
∣f(s) – f(s)

∣
∣ds

)]

+ |tσ + | · ∣∣h(y) – h(y)
∣
∣ + t|σ| ·

∣
∣φ(x) – φ(x)

∣
∣

≤
∫ t



(t – s)α–

	(α)
m(s)

(∣
∣x(s) – x(s)

∣
∣ +

∣
∣y(s) – y(s)

∣
∣ +

∣
∣cDγ y(s)cDγ y(s)

∣
∣
)

ds

+
t
�

[

μξ

(

μ

∫ η



(η – s)α–

	(α)
m(s)

(∣
∣x(s) – x(s)

∣
∣

+
∣
∣y(s) – y(s)

∣
∣ +

∣
∣cDγ y(s)cDγ y(s)

∣
∣
)

ds

–
∫ T



(T – s)β

	(β + )
m(s)

(∣
∣x(s) – x(s)

∣
∣ +

∣
∣cDδx(s)cDδx(s)

∣
∣ +

∣
∣y(s) – y(s)

∣
∣
)

ds
)

+
T



(

μ

∫ ξ



(ξ – s)β–

	(β)
m(s)

(∣
∣x(s) – x(s)

∣
∣ +

∣
∣cDδx(s)cDδx(s)

∣
∣ +

∣
∣y(s) – y(s)

∣
∣
)

ds

–
∫ T



(T – s)α

	(α + )
m(s)

(∣
∣x(s) – x(s)

∣
∣ +

∣
∣y(s) – y(s)

∣
∣ +

∣
∣cDγ y(s)cDγ y(s)

∣
∣
)

ds
)]

+ L|σ + | · ‖y – y‖Y + L|σ| · ‖x – x‖X

≤ Tα

	(α + )
· ‖m‖

(‖x – x‖X + ‖y – y‖Y
)
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+
|μμ|Tα+ξ

|�|	(α + )
· ‖m‖

(‖x – x‖X + ‖y – y‖Y
)

+
|μ|Tβ+ξ

|�|	(β + )
· ‖m‖

(‖x – x‖X + ‖y – y‖Y
)

+
|μ|Tβ+

|�|	(β + )
· ‖m‖

(‖x – x‖X + ‖y – y‖Y
)

+
Tα+

|�|	(α + )
· ‖m‖

(‖x – x‖X + ‖y – y‖Y
)

+ max
{

L|σ + |, L|σ|
}(‖x – x‖X + ‖y – y‖Y

)

= � · (‖x – x‖X + ‖y – y‖Y
)
,

∣
∣h(x, y)′(t) – h(x, y)′(t)

∣
∣

≤
∫ t



(t – s)α–

	(α – )
∣
∣f(s) – f(s)

∣
∣ds +

|μμ|ξ
|�|

∫ η



(η – s)α–

	(α)
∣
∣f(s) – f(s)

∣
∣ds

+
|μ|ξ
|�|

∫ T



(T – s)β

	(β + )
∣
∣g(s) – g(s)

∣
∣ds +

|μ|T

|�|
∫ ξ



(ξ – s)β–

	(β)
∣
∣g(s) – g(s)

∣
∣ds

+
T

|�|
∫ T



(T – s)α

	(α + )
∣
∣f(s) – f(s)

∣
∣ds + |σ| ·

∣
∣h(y) – h(y)

∣
∣ + |σ| ·

∣
∣φ(x) – φ(x)

∣
∣

≤ � · (‖x – x‖X + ‖y – y‖Y
)

and

∣
∣cDδh(x, y)(t) – cDδh(x, y)(t)

∣
∣

≤
∫ (t – s)–δ

	( – δ)
∣
∣h(x, y)′(t) – h(x, y)′(t)

∣
∣ds

≤ T –δ

	( – δ)
� · (‖x – x‖X + ‖y – y‖Y

)
,

we obtain

∥
∥h(x, y) – h(x, y)

∥
∥

X ≤
(

� +
T –δ

	( – δ)
�

)

· (‖x – x‖X + ‖y – y‖Y
)
.

In a similar manner, we can have

∣
∣h(x, y)(t) – h(x, y)(t)

∣
∣ ≤ � · (‖x – x‖X + ‖y – y‖Y

)
,

∣
∣h(x, y)′(t) – h(x, y)′(t)

∣
∣ ≤ � · (‖x – x‖X + ‖y – y‖Y

)

and

∣
∣cDγ h(x, y)(t) – cDγ h(x, y)(t)

∣
∣ ≤ T –γ

	( – γ )
� · (‖x – x‖X + ‖y – y‖Y

)
.

We deduce that

∥
∥h(x, y) – h(x, y)

∥
∥

Y ≤
(

� +
T –γ

	( – γ )
�

)

· (‖x – x‖X + ‖y – y‖Y
)
.
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Thus,

∥
∥(h – h, h – h)

∥
∥

X×Y

≤
(

� +
T –δ

	( – δ)
� + � +

T –γ

	( – γ )
�

)
(‖x – x‖X + ‖y – y‖Y

)
.

Denote

τ = � +
T –δ

	( – δ)
� + � +

T –γ

	( – γ )
�.

By using an analogous relation obtained by interchanging the roles of (x, y) and (x, y), we
get

Hd
(
N(x, y), N(x, y)

) ≤ τ
(‖x – x‖X + ‖y – y‖Y

)
.

Therefore, from (.), Lemma . implies that N has a fixed point, which is a solution of
the coupled system (.)-(.). This completes the proof. �

Remark . If f (t, x(t), y(t), cDγ y(t)) and g(t, x(t), cDδx(t), y(t)) are continuous functions,
F(t, x(t), y(t), cDγ y(t)) only contains the function f (t, x(t), y(t), cDγ y(t)) and G(t, x(t),
cDδx(t), y(t)) only contains the function g(t, x(t), cDδx(t), y(t)). Then the existence results
Theorem . and Theorem . are just the ones, respectively, in paper [].

Remark . The new existence results for a class of second-order coupled system dif-
ferential inclusions with coupled nonlocal and integral boundary conditions follow as a
special case by taking α = β =  in the results of this paper.

4 Examples for fractional compartmental models
In this section, we will give some examples to illustrate our main results.

Example . Consider the following fractional differential inclusions:
⎧
⎨

⎩

cD 
 x(t) ∈ F(t, x(t), y(t), cDγ y(t)), t ∈ [, ],

cD 
 y(t) ∈ G(t, x(t), cDδx(t), y(t)),

(.)

with boundary conditions of the form

⎧
⎨

⎩

x() = 
 y(t),

∫ T
 y(s) ds = 

 x( 
 ),

y() = 
 x(t),

∫ T
 x(s) ds = 

 y( 
 ),

(.)

where α = 
 , β = 

 , γ = 
 , δ = 

 , T = , μ = μ = 
 , η = ξ = 

 , L = 
 , L = 

 , and
F , G : [, ] ×R

 →R are multivalued maps given by

F
(
t, x, y, cDγ y

)
=

{

f ∈ R :  ≤ f ≤ |x|
 + |x| + sin y + tan–(cD


 y

)
+

e–t

 + t

}

,

G
(
t, x, cDδx, y

)
=

{

g ∈ R :  ≤ g ≤ sin x +
cD 

 x
 + cD 

 x
+ tan– y + cos t + 

}

.
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It is clear that F , G are L-Carathéodory and have convex values satisfying

∥
∥F(t, x, y, z)

∥
∥ = sup

{|f | : f ∈ F(t, x, y, z)
} ≤ , for each (t, x, y, z) ∈ J ×R

,
∥
∥G(t, x, y, z)

∥
∥ = sup

{|g| : f ∈ G(t, x, y, z)
} ≤ , for each (t, x, y, z) ∈ J ×R

,

with m(t) = m(t) = ϕ(|x|) = ϕ(|x|) = ρ(|z|) ≡ , ψ(|y|) = ψ(|y|) = ρ(|z|) ≡ .
Using the given data, we find that P ≈ ., P ≈ ., P ≈ ., P ≈ .,

P ≈ ., P ≈ ., P ≈ ., P ≈ ., Q ≈ ., Q ≈ ., Q ≈
., Q ≈ ., � ≈ ., � ≈ ., � ≈ . < .

Furthermore, let K be any number satisfying

K >
. ×  + . × 

 – .
> ..

Clearly, all the conditions of Theorem . are satisfied. So there exists at least one solu-
tion of problem (.)-(.) on [, ].

Example . Consider the following coupled system of fractional compartmental mod-
els:

⎧
⎨

⎩

cD 
 x(t) ∈ F(t, x(t), y(t), cDγ y(t)), t ∈ [, ],

cD 
 y(t) ∈ G(t, x(t), cDδx(t), y(t)),

(.)

with boundary conditions of the form

⎧
⎨

⎩

x() = ,
∫ T

 y(s) ds = ,

y() = ,
∫ T

 x(s) ds = ,
(.)

where α = β = 
 , γ = δ = 

 , T = , μ = μ = , η = ξ = 
 , L = 

 , L = 
 and F , G :

[, ] ×R
 →R are multivalued maps given by

F(t, x, y, z) =
{

–kx(t)
}

, G(t, x, y, z) =
{

kx(t) + ky(t)
}

, k, k, k ∈R
+.

It is clear that F , G satisfy (H) and

∥
∥F(t, x, y, z)

∥
∥ ≤ k‖x‖, for each (t, x, y, z) ∈ J ×R

,
∥
∥G(t, x, y, z)

∥
∥ ≤ k‖x‖ + k‖x‖ ≤ max{k, k}

(‖x‖ + ‖y‖),

for each (t, x, y, z) ∈ J ×R
,

with m(t) ≡ k, m(t) ≡ max{k, k}, ϕ(|x|) = ϕ(|x|) ≡ ‖x‖, ψ(|y|) ≡ ‖y‖, ψ(|y|) =
ρ(|z|) = ρ(|z|) ≡ . Because x(t), y(t) denote the amount of a drug in a specific com-
partment in [], ‖x‖ and ‖y‖ are constants. Letting ϕ(|x|) = ϕ(|x|) ≡ c, ψ(|y|) ≡ c

(c, c are constants). Using the given data, we find that P ≈ ., P ≈ , P ≈ .,
P ≈ , P ≈ ., P ≈ , P ≈ ., P ≈ , Q ≈ ., Q ≈ ., Q ≈ .,
Q ≈ ., � ≈ ., � ≈ ., � ≈ ..
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Furthermore, let K be any number satisfying

K >
.kc + . max{k, k} · (c + c)

 – .
.

Clearly, all the conditions of Theorem . are satisfied. So there exists at least one solu-
tion of problem (.)-(.) on [, ].

At the same time, we can see that the numerical solutions and simulations for problem
(.)-(.) (single-valued) are obtained in []. That is, the conclusions we have gained
are correct.

Example . Consider problem (.)-(.), where F , G : [, ]×R
 →R

+ are multivalued
maps given by

F(t, x, y, z) =
[

,
| sin x + sin y + sin z|

( + t)

]

,

G(t, x, y, z) =
[

,
| cos x + cos y + cos z|

( + t)

]

.

Now

sup
{|f | : f ∈ F(t, x, y, z)

} ≤ 
( + t) ≤ , for each (t, x, y, z) ∈ [, ] ×R

,

sup
{|g| : g ∈ G(t, x, y, z)

} ≤ 
( + t) ≤ , for each (t, x, y, z) ∈ [, ] ×R

,

and

dH
(
F(t, x, y, z), F(t, x, y, z)

) ≤ 
( + t)

(|x – x| + |y – y| + |z – z|
)
,

dH
(
G(t, x, y, z), G(t, x, y, z)

) ≤ 
( + t)

(|x – x| + |y – y| + |z – z|
)
.

Here m(t) = 
(+t) , m(t) = 

(+t) with ‖m‖ = 
 and ‖m‖ = 

 .
Using the given data, we find that � ≈ ., � ≈ ., � ≈ ., � ≈ .

and

� +
T –δ

	( – δ)
� + � +

T –γ

	( – γ )
� ≈ . < .

The compactness of F , G together with the above calculations leads to the existence of
solution of problem (.)-(.) by Theorem ..

5 Conclusion
In this article, we present existence conditions of solutions, which are the prerequisites
for solving the numerical solutions. Before solving the numerical solution, we can know
whether there is a solution. This reduces a lot of unnecessary calculations to a certain
extent. It is very significant for fractional compartmental model for a biological system.
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