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Abstract

In this paper, we study anti-periodic boundary value problems for systems of
generalized Sturm-Liouville and Langevin fractional differential equations. Existence
and uniqueness results are proved via fixed point theorems. Examples illustrating the
obtained results are also presented.
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1 Introduction

Fractional differential equations have attracted the attention of many researchers working
in a variety of disciplines due to the development and applications of these equations in
many fields such as engineering, mathematics, physics, chemistry, etc. For recent devel-
opment of the topic, we refer the reader to a series of books and papers [1-11]. The study
of boundary value problems of coupled systems of fractional order differential equations
is also very important as such systems appear in a variety of problems of applied nature,
especially in biosciences, for instance, see [12-22].

The Langevin equation (first formulated by Langevin in 1908) is found to be an effective
tool to describe the evolution of physical phenomena in fluctuating environments [23].
For some new developments on the fractional Langevin equation, see, for example, [24—
32]. The Sturm-Liouville problem has many applications in different areas of science, for
example, engineering and mathematics. The classical Sturm-Liouville problem for a linear
differential equation of second order is a boundary-value problem as the following one:

~Lp) %) + v(t)x = Ar()x, tea,bl,
arx(a) + arx'(a) = 0,

bix(b) + byx'(b) = 0.

Recently in [33], the authors proposed an approach to the fractional version of the
Sturm-Liouville problem. They investigated the eigenvalues and eigenfunctions associ-
ated with these operators and also their properties with the objective of applying this gen-
eralized Sturm-Liouville theory to fractional partial differential equations.
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This paper investigates the existence of solutions for the following system of fractional
differential equations:

D2([p(e)D* + r(t)1x(t)) = f(¢,x(2),y(t)), O0<t<T,

1.2)
DA ([g(D" + s(Oy(1) = gl x(0), (1), 0<t<T,
subject to anti-periodic boundary conditions
x(0) = —x(T), D*1x(0) = —D*1x(T), 13)

y(0)=—y(T),  DPy(0) = —DFiy(T),

where DY is the Caputo fractional derivative of orders 6 € {ay, a0, 81,82} with 0 <
an,a, B, B2 <1, f,g € C([0, T] x R%,R), p,q € C([0, T], R\ {0}) with [p(t)] > Ki, |q(t)] >
K, Ki,Ky >0 and r,s € C([0, T],R).

Note that system (1.2) is a generalization of Sturm-Liouville and Langevin fractional
differential systems. If (¢), s(£) = 0 for all £ € [0, T], then (1.2) is reduced to

D*2(p(£) D™ x(¢)) = f (¢, x(£), y(¢)), 0<t<T,

(1.4)
DP2(q(t)DP1y(t)) = g(t, x(2),¥(t)), 0<t<T,
which are Sturm-Liouville fractional differential equations. If p(¢) = g(£) =1 and r(¢) = A4,
s(t) = A for all t € [0, T], then system (1.2) is reduced to

D*2[D* + M]x(t) = f(t,x(2),y(t), O0<t<T,

DR [DP 4 D, ly(0) = g(,x(0),y(8)), 0<t<T, .
which are Langevin fractional differential equations.

The paper is organized as follows. In Section 2, we recall definitions from fractional
calculus and present an auxiliary lemma. The main results for the coupled system of gen-
eralized Sturm-Liouville and Langevin fractional differential equations with anti-periodic
boundary conditions are discussed in Section 3. We give an existence and uniqueness re-
sult with the help of Banach’s contraction mapping principle and an existence result via
the Leray-Schauder alternative. Our results are well illustrated with the aid of examples
presented in Section 4.

2 Preliminaries
In this section, we introduce some notations and definitions of fractional calculus (see [2])
and present preliminary results needed in our proofs later.

Definition 2.1 For an (n — 1)-times absolutely continuous function f : [0,00) — R, the
Caputo derivative of fractional order « > 0 is defined as

D°f () = ﬁ fo t(t—s)""”*lf(”)(s) ds, n-l<a<n,

where n = [] + 1, [«¢] denotes the integer part of the positive real number «, and I'(:) is
the gamma function.
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Definition 2.2 The Riemann-Liouville fractional integral of order « of a function f :
[0,00) — R is defined as

S S ()
[f(t)_f‘(oz) T ds, a>0, (2.1)

provided the integral exists.

Lemma 2.1 Foro > 0, the general solution of the fractional differential equation D*x(t) = 0
is given by

x@)=co+crt+ -+ ¢t (2.2)
wherec; €R,i=0,1,2,...,n—1(n=[a] +1).
In view of Lemma 2.1, it follows that
I*D%x(t) = x(8) + co + 1t + -+ + gt (2.3)
forsomec; €R,i=0,1,2,...,n-1.

Lemma2.2 Letu,v € C([0, T],R) be two given functions. Then the following linear system
of fractional differential equations subject to anti-periodic boundary conditions

D2 ([p(t)D*' + r(t)lx(t)) = u(t), O0<t<T,
DP2([q())DP1 + s(8)]y(t)) = v(¢), O<t<T,

(2.4)
x(0) = —x(T), D*x(0) = -D*.x(T),
y(0)=—x(T),  DP1y(0)=-DPiy(T),
is equivalent to the following integral equations:
1 r
x(t) = I (—1"‘2u> (t) -1 (—x) (¢)
p 4
+ <_—y11"‘2u(T) P x(T))I“l (1>(t)
Y +1 y+1 p
1 1 r
! [1“1 <—I°‘2u>(T) _ <_x>m
2 p p
+ <_—yll"‘2u(T) 4 x(T)) ,011| (2.5)
y+1 n+1

and

y(t) . <l[ﬁzv)(t) _ B <£y)(t)
q q

V2 2 a1
(e (] o
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_ l|:1ﬂ1(11ﬁzv>(T) _ A (iy)(T)
2 q q

¥ (‘—”ﬂ%m § 2 y(T)) pz], (2.6)
Yo +1 Yo +1

where

n1) Ty

p1 =1 (1>(T>, 02 =1ﬁ1<1)(T).
p q

Proof Taking the Riemann-Liouville fractional integral of orders o5, B8, into the first two

71 m =wnr(T)-r(0), n2 = v28(T) — 5(0),

equations of system (2.4), we have

~12u(t) = r(6)x(t) + co

D" x(¢) 20 (2.7)
DAy(e) = IP2y(t) — s(£)y(¢) + ko 2.8)
q(t)

where ¢y, ko € R. From the boundary conditions of (2.4), we obtain

-7

co= ——1?u(T) + x(T)
y+1 n+1
and
—V2 2
ko = ——=—1P2(T T).
0= T wT) + y2+1y( )

Taking the Riemann-Liouville fractional integral of orders «;, f; into (2.7), (2.8), respec-
tively, we get

x() = I (31“2 u) ) - I (fx> (©) + coI™ (3) O +a (2.9)
p p p

and
y(t) = 1P (3152 v) (1) = 1M <5y> (8) + ko I™1 (1) (8) + ki, (2.10)
q q q

where ¢, ki € R. Using the boundary conditions of (2.4), we have

[, (1 _
0 =-c ﬂl(-[%)(T)_z“l(fx)(T)+ (—”1 [2u(T) + —2 x(T))pl]
2L \p p n+l n+1
and
17 1 S e 72
ky=—=|1P( =170 (T —Iﬂl(— ) T)+ | —=1Pw(T T .
o (q V)( ) ped (T) + arl 14 )+y2+1y( ) | o2

Substituting the values of constants co, ¢1, ko and k; into (2.9) and (2.10), we obtain the
integral equations (2.5) and (2.6), respectively. The converse follows by a direct computa-
tion. This completes the proof. g



Muensawat et al. Advances in Difference Equations (2017) 2017:63 Page 5 of 15

3 Main results
Throughout this paper, for convenience, we use the following expression:

ds,

1 " h(s,x(s),5(5))
I

I?h(s, x(s), (s)) i) = T (s

where ¢ € {o1,00, B182}, i € {t, T}, h = {f,g}. Let us introduce the space X = {x(¢)|x(¢) €
C([0, T1,R)} endowed with the norm ||x|| = sup{|x(¢)|, £ € [0, T}. It is obvious that (X, || - ||)
is a Banach space. In addition, the product space (X x X, ||(x,y)||) is a Banach space with

the norm ||(x, )|l = [|%|| + ||y||. In view of Lemma (2.2), we define an operator A: X x X —
X x X by
A (x,y)(8)
Ay =71
Aa(x, 9)(2)
where

Ailx, y)(8) = I ( 12f (s, x(s), y(S))>(t) - (;x)(t)

#()9(9)(T) + — x(T))I“l(l)(t)
n+1 p

- %[l‘“( Iazf s,%(5), y(s)))(T) 1“1( >(T)
4
( ni lx(T))m]

1 ©f (s,2(5), () (T) +
and

Az (x,9)(2) = IM (%Il‘f’zg(s,x(s),y(s))> ) -1" (2y> (t)

(2l 5060) D+ )i (5 o
y2+1
1

-3 [Iﬁl <llﬁ2g(s,x(5),y(s))) (1) -1 (iy) (T)
q q

m)or |

—Y2 B
+ (—)/2 " 1I g(s,x(5), y(9))(T) +

We set the following constants:

pr= q = r* = sup s* = sup |s(¢)
te(0,7] €lo,7] te[O,T]| te[O,T]| |
and
h B Tot1+0(2 h B r* Toq
l_p*I‘(1+a1+oz2)' 2_p*I‘(1+oq)’
yTere? [m|T*

AT+ (+a) DT ra)
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P Th1+P2 s*TH
= 6= o o
T T+ B+ B) T+ p)

) Thi+B2 [172] Th

h; =

s hg = .
7*(ya + DO(L+ BT (1 + Bs) ST+ )T+ B)

Theorem 3.1 Assume thatf,g:[0,T] x R? — R are continuous functions, and there exist
constants m;, n;, i = 1,2 such that for all t € [0, T] and x;,y; € R, i =1,2,

(Hy) [f (&, 21, 91) —f (£, %2, 2)| < milxy — x2| + ma|y1 = yal,
(Hy) 1g(t,%1,91) — g(t,%2,y2)| < mylwy — x2| + maly1 — yal.

In addition, let
Ll + L2 <1,
where
3 3 3 3
M = 5(1’11 +h3), M, = 5(/’12 +hy), Ms = 5(1’15 +h7), My = E(hs + hg),
Ll = (Wll + le)Ml +M2, L2 = (}’11 + ﬂz)Ms +M4.
Then problem (1.2)-(1.3) has a unique solution on [0, T].

Proof To show that problem (1.2)-(1.3) has a unique solution on [0, T'], we will use Banach’s
contraction mapping principle. In the first step, we define sup,.(o 71/(£,0,0) = Ni < 00,
SUp,c(o,718(£,0,0) = N> < 00 and choose a positive real number w such that

N1M1+N2M2
w>_—- = °“
T 1-Li-L,

Now, we show that 4B,, C B,,, where B, = {(x,y) € X X X : ||(%,y)|| < w}.Forany (x,7) € B,,,
we have

[ Ai(x,2)(0)]

< sup {1&1 (;zaz If (5,x(5), 9(5)) |) (t) + 1 ( |x(s)|> )
(2 ) (2o
+%[l‘“<EI“2[f(s,x(S),y(S))|)(T) 1“1< \><T
" (%1 [f (5, %(5), () |(T) + y'”l' |« (T)I>I01I“

<1 (1 5,56009) - £16,0,0)|  [15,0,0) ()

(2 N i
+1 (p*‘x(S)‘>(T)+(yl+11 ([f (s, %(5), y(5)) = f (5, 0,0)|

r (o)
p

+|f(5,0,0)|)(T) + '"1' |x(T)|)
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+ %[1“1 <1%1“2 If (s,(5), () = £(5,0,0)| + |f (s, 0, 0)|>(T)

o] i 4! o) _
+1 (p*|x(s)|>(T)+<y1 1I (V(s,x(s),y(s)) f(s,0,0)|

F1760,0)(1)+ m)w]

< (it malot + 812 )0+ (2 st )

()
p

. —[1“1 ((mlnxn syl + L) ;wu))m . (%nxn)ﬂl(l)(:r)

Y1
n+1

+
N

(my |l + ma iyl + Ny )I#2 (1)(T) + y"“' I ||)

N =

+( " my ] + ma |yl + N2 ()(T) + "’i' ||x||)|p1|]

)/1+1
o] +0Q 7 Tctl
< (m||x|| + m + N; + X
< (mlall 4 a4 Ni) e s e
leoqﬂxz
+ (my ||x|| + m + N;
(x|l + ma |1yl l)p*(y1+1)l"(1+oc1)l"(1+a2)
. || T Il + 1 || T x|
P+ DA +ap) 2p (0 + D0+ )
1 TO(1+Ot2 1 r*TO[l
— + + N, + =
# g lmlall s malyl 4 N) e o ol
1 ,}/IT()[1+O[2

= N
* O DN a T 2)(m1||x|| + mallyl +N)

3
=3 = (mullxll + ma ||yl + Ni) O+ hi3) + = (hz + ha)llx|l

= (M My + M) ||x| + ma M|yl + NiMy
< (m1M1 + Mz)W + myMiw + N1M;

= LIW + N; 1M1.
Similarly, we obtain

| Az (%, )(2)|

Th1+P2 s*Th
T+ B+ B T+ By
y2T131+/32
g (ya + DT (1 + BT (1 + B2)
. 2| TH1 Il + 1 2| TH1

q*(y2 + D1 + B1) 2q* (o + DI'A + p1)

Th1+B2 1 s*TH

T+ B+ By) 24T+ By

< (mllxll + mallyll + No) I

+ (mllxll + n2llyll + Na)

[l

1
+ 5(”1”»’6” +ma|lyll + Na) Il

1 yo Thi+b2
+ —
2q*(a + DA+ YT (1 + B2)

(mllxll + mallyll + N2)
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3 3
= 5(n1||x|| + ||yl + No)(hs + h7) + 5(146 +hg) Iyl
= mMs|lxll + (naMs + Ma)|lyll + NoaM3
< 1’11M3W + (n2M3 + M4)W + N2M3

= L2W + N2M3.
Therefore, we deduce that

||.A(x,y)|| = IIAl(x,y)II + IIAz(x,y)II < (L1 + Lo)w + NiMy + NoM3 < w,

which implies AB,, C B,,.
Next, for (x3,%2), (*1,71) € X x X and for any ¢ € [0, T], we have

|«41(x2,y2)(t) - Al(xby1)(t)|
<M (}91"2 If (5, %2(5), y2(5)) —f (5, %1(5), 71(5)) \) (T)

+ I (r_: |%2(s) —xl(s)\>(T)
P

w (e <Lf(8,x2(s)1}’2(5)) —f (s, %1(8),31(9)) |(T)
]/1+1

Al }xz(T>—x1(T)|) zal(l)m‘
n+l1 p

. [1“1 (;z (5,226, 32(9)) — (5.2 (5), 1)) !) (1)

e (’; 2(6) —x1<s)|)<T> s (V(s»xﬂs),yz(s))

~fs )|+ ! |x2(T)—x1(T)})|/01|}

n+l1
oty .
S T a ey (e mlmalye =) + e
, Ter
+ (1 + DITA + o) (1 + o) (m 2 = 21|l + mallys = nll)
it ll%2 — %11l + 1 Im|T* —

prin+ 1)1 +ag) 2 n+ DA+ )

1 T+ e
S T Ty el malyy —nl) + 5 el

1 le1+a1+a2
+ = my ||xy — x| + m -
20 0n + DE@IT (@) (s = 1|l + mally2 = 1 l)

3 3
= 5(1’11 + h3) (my|l%2 — %1l + mally2 = 1) + E(hz +ha) |22 — 21|

= (miMy + Mo)|1xo — x1|| + ma My lly2 = il



Muensawat et al. Advances in Difference Equations (2017) 2017:63 Page 9 of 15

which leads to

| AL G2, y2) = Ar@en, 1) | < Li (Il = 211l + [ly2 = p1ll). (3.1)
Similarly, we obtain

| A2 (%2, 32) = Aa (@1, 1) | < La(llx2 = 1]l + lly2 = 3111)- 3.2)
Hence, from (3.1) and (3.2), we deduce that

[ A2, 52) = A1, 1) || < L+ La) (112 = 21l + lly2 = y11)-

Since L; + Ly <1, A is a contraction operator. Thus, by Banach’s fixed point theorem, the
operator A has a unique fixed point, which is the unique solution of problem (1.2)-(1.3)
on [0, T]. This completes the proof. O

If 7(¢),s(t) = 0 for all £ € [0, T'], then we have 1,7, = 0.

Corollary 3.1 Suppose that conditions (Hy)-(Hy) hold. If (my + my)My + (ny + np)Ms < 1,
then system (1.4) with (1.3) has a unique solution on [0, T].

pr(t), q(t) =1land I"(t) = )\.1,S(t) =Ay forallt e [0’ T], then we get thatp*,q* =1,r" = |)\'1|,
s =1kl vi,¥2 =1, m,m2 = 0. Let

3 erta 3 Te+az
=y T+ +as) "2 FQ+o)TQ+ay)
3 T4
a= §|A1|m,
3 Th1+P2 3 Th1+P2
BTATA it pa) AT+ AT+ B
3 Th
aq 5M2|7F(1+,31)'

Corollary 3.2 Assume that conditions (H,)-(H) are satisfied. If
[al(ml +my) + az] + [ﬂg(l’ll + 1) + a4] <1,
then system (1.5) with (1.3) has a unique solution on [0, T].

In the next result, we will show the existence of solutions of problem (1.2)-(1.3) by ap-
plying the Leray-Schauder alternative.

Lemma 3.1 (Leray-Schauder alternative [34]) Let G be a normed linear space and F : G —
G be a completely continuous operator (i.e., a map restricted to any bounded set in G is
compact). Let

J(F) = {xeG:lecF(x)forsome0<K <1}.

Then either the set J (F) is unbounded, or F has at least one fixed point.
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Theorem 3.2 Assume that f,g: (0, T) x R2 — R are two continuous functions and there
exist real constants C;,D; > 0 (i = 1,2) and Cy, Dy > 0 such that Vx;,y; € R, (i = 1,2) satis-
Jying

(Hs3) [f(t,x1,%2)] < Co + Cilx1| + Colxo| and
(Hs) 1g(t,y1,2)| < Do + Dily1] + Doyl

In addition, it is assumed that

hi<l and J<1,
where

1 =1-(CiMy + My + D1M3), and Jy=1-(CoMy + DoMs + My).
Then there exists at least one solution of problem (1.2)-(1.3) on [0, T].

Proof Firstly, we show that the operator A: X x X — X x X is completely continuous.
Note that A is continuous, since the functions f, g are continuous. Let  C X x X be
a bounded set. Then there exists a positive constant w such that ||(x,y)|| < w for any
(¢,) € U. Also there exist S; and S, such that

[f(txt)y )‘<Sl, ’(tx(t)y )‘<Sz, Y(x,y) € U.

Therefore, for any (x,y) € U, we have
| A (x,)(0)|

Py (}910‘2 [f(s,x(s)’y(s))’)(T) + [ (;-i |x(5)|)(T)

()

¥ % Jedl <117[th V‘(s’x(s)’y(s)) |) (T + [ ( |x(5)|> (T)
. |
<m+f»V@ SRR h !)mq

Tot1+012 7 Totl A yl Tot1+a2
Sl +
T +o+ay) p*F(1+a1) p *(y1 +1)1"(1+(x1)1"(1+a2)
|| T L1 Tt 1 T

+ W+ = S+ = w

i+ DI+ o) 2p T (1 + oy +ap) 2p T (1 + o)

1 y1 To172 1 [m | T

Sl + —
2p M+ DA+ )T + ap) 2p*( + DA + o)

N e [71]
(2 o0 [ )

= E(hl +h3)S1 + 5(1’12 + ha)W

= MlSl + Mzﬁ/

Thus [l A (%, 9) || < M8y + My,
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Similarly, we deduce that

Thi+B2 s*Th
52 + w
g T(1+ 1+ Ba) g T(1+ p1)
) Th1+B2 (72 Th
+ S+ w
g (2 + DA+ )T (A + o) g (2 + DA + p1)
1 TP1+P2 1 s*Th
+ — 2+ — w
2q*T(1+ B+ B2) 2q*T(1+ 1)
1 J/z Thi+B2 1 [72] Th
+ = Sy + = w
2q*(ya + DA+ BT (A + Ba) 2q*(y + D1+ B1)

[ A2, ) (0)] <

3 3
= E(hS +h7)Sy + §(h6 + hg)w

= MgSg +M412/,

and therefore || A (x, y)|| < M3S, + Myw. Consequently, | A(x,y)|| < MySy + M3Ss + (M +
M) w, which means that the operator A is uniformly bounded.
Next, we prove that A is equicontinuous. For given #, ¢, € [0, T], with # < £, we get

|A1(x,y)(tz) -A (x,y)(t1)|

<|™ <I%I°‘2f(s,x(s),y(s))) () —IM (%I"‘V(s,x(s),y(s))) (t)

+ (11 (r_’;x(s)) (t) — 1™ <V_ix(5)) (&)
p p

’ﬁmf (5xOy)T) +

14T

Go-r G
p
Sl " o1+ay—1 ay+og-1 2 ay+og-1
S*—/ |(t2—S)1 270 — (t — s) 172 {ds+/ (£, — s)1+%27L g
(o + o) "
t:
|:/ ’ a1 -1 _ S)a1—1’d8+/2(t2_s)a1—1 ds]
*F(Oll) .
lea281 |T)1|17V 1 /tl a1—1 a1
+<(Vl+1)r(1+<¥2) ' )/1+1)F(a1)[ |G 6 -9 ds

2
+ / (£, —s)M ds]
51

S
< 2ty — £ ooy + ta1+02 _ t"l1+¢¥2
_p*F(1+oz1+a2)[ Ry |2 1 H
1 r w T%S w
. Y1 1 + [ [2(t2 —1) 4 |tgl _ tix1|]~
'd+o) (y1 +1D)IMQ+ay) p+1

Hence we have
AL ) (82) = Ar(x, 9) ()| — 0, as ty — .
Analogously, we can obtain

[ A2 9)(82) = Ax(x,9) (1) | > 0, asty — .
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Therefore, the operator A is equicontinuous, and thus the operator A is completely con-
tinuous.
Finally, it will be verified that the set
J ={(x) € X x X|(x,y) =k A(x,y), for some 0 <k <1}
is bounded. Let (x,y) € J, then (x,y) = x A(x,y). For any ¢ € [0, T], we have
x(t) =k A1) (@), y(t) = kK Az (%, 9)(2).

Then

x(®)] = |k Arx,)(2)|

< ((Co + Cillxll + Gyl 1%1“2(1)>(T) + (;—) el (1)(T)
N (L(Co + Cllxl + Collyl) 12 (1)(T) + M(T)IlacH)I“1 (é)m
Y+ 1 "+ 1 p

+ %[1"1 <(C0 + Gl + Czllyll)llaz(l)(T)) + (r—*llx||>1“‘(1)(T)
p p

n [m|
12T
. <y1 - (Co+ Gull + Caly () + - 1||x||)|p1|]

= (Co + Cillxll + Collyll) My + My ||x]|
and

@) = [k As(x,)(0)]

<h ((Do + Dy |x|| +D2||y||)}]1f’2(1>(T)) T (;—) Iy 2P ()(T)

V2 6> (72 b1 i)
+ <—y2 N 1(Do + Dy lx]| + Dy ||y P> ()(T) + - 1(T)||yll)1 (q* (T)

1 1 s*
+ i[ﬂ’l <(Do + Dy x| +D2||y||);1ﬂ2(1)(T)) - (;nyn)fﬁl(l)(T)
Y2 Bo |772|
+ | === (Do + D1llx]l + Dallyl) 7> A)(T) + —— Iyl )| p2]
Yo +1 Yo +1
= (Do + Dyllx|l + Dallyll)Ms + Mallyll.
Hence

Il < (Co + Cillxll + Callyll)Mi + Ma||ll,

Iyl < (Do + Dyllxll + Dallyll)Ms + Myllyll.
Then we have

llell + Iyl < CoMy + DoMs + (CrLMy + My + DiM3)|1x]| + (CoMy + DoMs + Ma)|y |l
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Consequently,

C()Ml + DoMg

o) < 22

for any t € [0, T'], where J* = min{1 — /1,1 - J»}, which proves that .7 is bounded. Hence, by
Lemma 3.1, the operator A has at least one fixed point. So, problem (1.2)-(1.3) has at least
one solution on [0, T]. The proof is completed. d

Let 5 =1 - (CiMy + DiM3), Jo =1 — (CoMy + DoMs3), Js = 1 — (a1Cy + a + a3D;) and
Jo =1 —(a1Cy + aq + asD,). We have the following results.

Corollary 3.3 Suppose that conditions (H3) and (Hy) of Theorem 3.2 hold. If J3 < 1 and
Ja <1, then system (1.4) with (1.3) has at least one solution on [0, T].

Corollary 3.4 Assume that conditions (Hs) and (Hy) of Theorem 3.2 are fulfilled. If J5 < 1
and Jg < 1, then system (1.5) with (1.3) has at least one solution on [0, T].

4 Examples
In this section, we present two examples to illustrate our results.

Example 4.1 Cousider the following system of generalized Sturm-Liouville and Langevin
fractional differential equations subject to anti-periodic boundary conditions:

DS/S([(t?)/Z + S)DZ/B + (t2/7 ~1Dx() = \x\Sinz(Zzﬂt)(ﬂ +1)+ lyl+1

(4—t) Joc | +4e (4-t)2’
0<t<2,
2
DPS(ER + D+ (90 - Dly(e) = g + S5 + 1), @
0<t<2,

x(0)=—x(2),  D**x(0) = -D*3x(2),
y(0)=-y(2),  D**y(0) = -D*y(2).

Here oy =2/3, 00 = 3/5, B1 = 3/4, B2 = 2/5, T =2, p(t) = 3> + 8, q(t) = t°3 + 7, r(t) = > -
1,s(t) = 30 — 1, f(t,%,9) = ((|%] sin®(27£))/ (4 — £)?) (|x|/ (x| + 4) + 1) + ((|y| + 1)/(4 — £)?) and
g(t,%,9) = (Ix|/(7 + £)?) + (cos® () /(5 — £))((ly|/(|y] + 5)) + 1). From the above information,
we can find that p* =8, g* =7, r* = 0.21901, s* = 0.23114, y, = 0.73879, y, = 0.6797, n; =
1.16180, 1, = 1.15901. Since

1 1
|f(t:x1»y1) —f(t,xz,y2)| < 6—4|x1 — x| + Eb’l ~ 2|
and

1 1
t) ) - t, ’ S_ - ~ - )
gt %1, 1) — g(t,%2,)| 2091 =%l ozl =

the assumptions of Theorem 3.1 are satisfied with m; =1/64, m, = 1/16, n; =1/49, ny =
1/25, M; = 0.63199, M, = 0.2924.8, M3 = 0.68084, M, = 0.35986. Thus

Ll = (Wll + ng)Ml + M2 =0.34185, L2 = (}’11 + }’12)M3 + M4 =0.40098.

Page 13 0of 15
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Therefore, we have L; + L, = 0.74283 < 1. Hence, by Theorem 3.1, problem (4.1) has a

unique solution on [0, 2].

Example 4.2 Counsider the following system of generalized Sturm-Liouville and Langevin

fractional differential equations subject to anti-periodic boundary conditions:

DY7([(£3% + 7)D5 + (B8 — D)]x(t)) =1 + +/Blx] cos?( @nt) | V2 lyl 1 Iyl +1),

3(27-t) (7Tm—t)2 \y\+3
O<t<m,
3/4 (1 (4417 5/6 217 _ —4 \x\ | Iy\ sin (2nt>
O<t<m,

x(0) = —x(), D3x(0) = —D*x (),
¥(0) = —y(), D%%9(0) = —D*/®y(r).

Here o) = 3/5, oy = 4/7, B1 =5/6, B2 =3/4, T =7, p(t) = 3> + 7, q(t) = t*7 + 8, r(¢t) =
B8 — 1, s(t) = 27 - 1, f(t,x,y) = 1+ (VBlx| cos?(271))/(3(27 — 1)) + (V2m [y)/(77 -
) ((y1/(yl + 3) + 1)) and g(t,x,9) = (4/3) + (V27 |x|)/(4(47 — £)*))((|x]/(|x] + 3) + 1)) +
(sin®(27£)/100). From all the information, we can find that p* = 7, g* = 8, r* = 0.53614 and
s* =0.38689. It is obvious that

V3 V2

t; ) Sl o Y
[f(tx0,%0)| <1+ TRl

and

4 2 1
!g(t,xl,xz)! =3 + E' x1| + m|x2|

Then the assumptions of Theorem 3.2 are satisfied with Cy = 1, C; = /3/81, C, = /2/497,
Do = 4/3, Dy = +/2/647, D, = 1/100, and

J1=1-(CiM; + My + DiM3) = 0.32897 < 1,

Jo =1—(CoM; + My + D;Ms3) =0.39883 < 1.

Therefore, all the conditions of Theorem 3.2 hold true; and consequently, by the conclu-

sion of Theorem 3.2, problem (4.2) has at least one solution on [0, ].
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