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Abstract

This paper addresses a class of fractional stochastic impulsive neutral functional
differential equations with infinite delay which arise from many practical applications
such as viscoelasticity and electrochemistry. Using fractional calculations, fixed point
theorems and the stochastic analysis technique, sufficient conditions are derived to
ensure the existence of solutions. An example is provided to prove the main result.
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1 Introduction

It is commonly believed that fractional calculus dates back to 1695. Fractional derivatives
supply a powerful tool in describing the memory and hereditary properties of many ma-
terials and processes [1, 2]. Many researchers have focused their attention on fractional
differential equations. For example, robust stability and stabilization of fractional-order in-
terval systems were investigated in [3]. Li et al. presented a stability theorem for fractional-
order nonlinear dynamic systems [4].

Dynamical behaviors such as existence and stability are basic problems of fractional dif-
ferential equations [5—10]. Shen and Lam proved that for fractional-order nonlinear sys-
tem described by Caputo’s or Riemann-Liouville’s definition, any equilibrium cannot be
finite-time stable as long as the continuous solution corresponding to the initial value
problem globally exists [5]. Song and Cao gave some sufficient conditions ensuring the
existence and uniqueness of the nontrivial solution [6]. In recent years, scholars have paid
more attention to impulsive differential equations. This is mainly because of many pro-
cesses in which their state is changed suddenly at some instants. These phenomena can be
described by impulsive differential equations. So far, there have been several interesting
results that studied the existence of solutions for fractional impulsive differential equa-
tions, see [11-20] and the references therein.

It is well known that time delays exist in different technical systems which may cause un-
predictable system behaviors. There are some results about integer-order and fractional-
order functional differential equations with infinite delay [11, 12, 21-24]. Sakthivel et al.
studied the existence of solutions for a class of nonlinear fractional differential equations
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with infinite delays by utilizing fractional calculations and a fixed point technique [11].
Another kind of time-delay, called neutral-type time-delay, has received considerable at-
tention [25-27]. Actually, many real delayed systems can be described as neutral differ-
ential equations. The differential expression includes the derivative terms of current state
and past state. In [12], Liao et al. gave the existence theorem of solutions for fractional
impulsive neutral functional differential equations with infinite delay by using the Caputo
fractional derivative, Hausdorft’s measure of noncompactness and the theory of Moénch.

Since the real environment is influenced by noise inevitably, it is significant to consider
the dynamical properties for a fractional stochastic impulsive neutral functional differen-
tial equation with infinite delay, especially for the existence of solutions. To the best of our
knowledge, few results have studied this problem, and the aim of this paper is to shorten
this gap.

Motivated by the above discussions, in this paper we aim to study the existence of solu-
tions for fractional stochastic impulsive neutral functional differential equations with infi-
nite delays. In the established model, the stochastic disturbances are described in terms of
a Brownian motion. By using fixed point theorems, we derive sufficient criteria to ensure
the existence of solutions. Moreover, our results take some well-studied models, such as
integer-order functional differential equations with infinite delay, as special cases.

This paper is organized as follows. In Section 2, we introduce some useful preliminaries.
In Section 3, we prove the existence of solutions for the fractional-order system under
investigation. In Section 4, an example is given to demonstrate the correctness of the main
theorems. Conclusions are made in Section 5.

2 Preliminaries

In this paper, we adopt the symbols as follows: K; and K; are separable Hilbert spaces.
L(K3, K7) is the space which contains all the bounded linear operators from K5 into Kj. || - ||
and (-, -) denote the norm and inner product in K; and K;. (2, F, {F:}t>0, P) is a complete
filtered probability space satisfying the fact that Fy contains all P-null sets of 7. W =
{W(£)}1>0 is a Q-Wiener process defined on (€2, F, {F;};>0, P) with the covariance operator
Q such that TrQ < oco. E{-} denotes the expectation. It is assumed that Q8; = Y8k, k =
L,2,..., and (W), 8k, = Y 1oy Yk Bk 8) e, Br(u), 8 € Ky, e > 0, where {8¢}i>1 in K> is a
complete orthonormal system, y; is a bounded sequence of nonnegative real numbers,
{Bi}k>1 are independent Brownian motions.

We discuss the following fractional functional differential equations:

D) + g(u, x,)] = f(u, %) + a(u,xu)%, ueH=[0,T],u+#u,
Ax(uy) = L(x(uy)), wu=u,k=12,...,m, (2.1)
x(u) =€) e By, ue(—00,0],

where “D¢ denotes a-order Caputo fractional derivative, o > %; x(-) € K;. The history x,, :
(-00,0] = Ky, x,(v) =x(u+v) € B),v<0.f : Hx B, > Ki,g: Hx B, > Ky,0 : Hx By —
LY, Iy : B, — K (k =1,2,...m) are appropriate functions. Here 0 = o < u; < -+ <, <
Umer = Ty Ax(ug) = () — x(u;), 2(uy) = lime o+ (ke + €) and x(uy) = lime_, o+ x(uy — €).
& ={&(u),u € (—00, 0]} denotes the initial condition, and it is an Fy-measurable Bj-values
random variable which is independent of w.

We adopt the following symbols in [22].
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Suppose A : (—00,0] — (0,00) is a continuous function satisfying / = ff)oo h(u) du < oo.
Define the space 5, by

B, = {“;‘ : (-00,0] — K3, forany a > 0, (E|E(0)|2) 2 is a bounded and measurable

0 1
function on [-a, 0] with £(0) = 0 and / h(v) sup (E|E(9)|2)7 dv < oo}.

—00 v<0<0

Let 1§15, = f,ooo h(v) SUPV§950(5|§(9)|2)% dv, & € By, then (B, | - | 3,) is a Banach space.
Define the space

B, = {x: (=00, T] — Kj such that x|, € C(Hi, K:) and there exist x(u};),

x(u,;),x(uk) :x(u,:),xo =EeBk= 1,2,...,m},

where x|, is the restriction of x to Hy = (s, 1], k = 0,1,2,...,m. Define ||x|5, = €5, +
1
sup,.cro, 71 (EIx(V)[1%,)2, x € By, then || - || 5, is a seminorm in B,
The following definitions and lemmas are needed to ensure the existence of solutions
of (2.1).

Definition 2.1 ([1, 2]) The fractional integral of order « for a function f is defined as

f(w) = / (= VY W) dv,

1
INGY)
where u > 1y and o > 0.

Definition 2.2 ([1, 2]) Caputo’s derivative of order « for a function f € C"([uy, +00), R) is
defined by

1 u
Dif(u) = ——— / (= vy W) v,
of Fn-a) /)y, S
where u > ug and 7 is a positive integer such that n — 1<« < n.
Particularly, when 0 < « < 1, *D%f (u) = ﬁ flz)(u - V)" (v) dv.

Definition 2.3 An F;-adapted stochastic process x : (—o0o, T] — Kj is called a solution of
(2.1) if xo = £ € By, satisfying xo € £9(, K;) and the following conditions hold:
(1) x(u) is By-valued and the restriction of x(-) to the interval (z, ug,1] (k=1,2,...,m)

is continuous.

(i)

&(u), u e (~00,0],
£(0) +£(0,£(0)) — g(u, x,)

+ oy Jo =V ) dv

+ ﬁ Jo w=v) o (v,x,)dW (), ue0,u),
£(0) +g(0,£(0)) — g(u, x,)

+ ﬁ Jo =) f (v, x,) dv

ks folu =)o (v,2,) AW ()

+ 0 L), ue (e, e ), k=1,2,...,m.

x(u) = (2.2)
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({ii) Ax|y=r, = I(x(ux)), k =1,2,...,m, the restriction of x(-) to the interval
[0, T\ {u1,...,u,} is continuous.

Lemma 2.4 Assume, forallu € H=1[0,T], x, € By, xo = & € By, then

1
leulls, <1 sup (E[x@)]5,)? + lIxolls,.
uel0,T]

Proof Forall u € [0,T],

(Ellxtee+ 0)[)* < max| sup (Ellxta+0)[)2, sup (E[stu+0)]*)?]

sup sup
v<6<0 -u<6<0

< sgup_ (E||x(u+9)||2)%+ (E||x(u+9)“2)%

sup
-u<6<0

1 1
= sup (E[x(0)]*)? + sup (E|x)]*)?
v+u<6<0 0<v<u

1 1
< sup (E||x(9)||2)2 + sup (E|x(w) ||2)2.
v=6=<0 0<u<T

So

0 1
h(v) sup (E|x.(0)]*)% dv

—00 v<0<0

%l 5,

[T

dv

0
h(v) sup (E|x(u+ 0)|2)

—00 v<6<0

0 PN 2\ 1
5/ h(v)( sup (E[[x(©)[7)* + sup (E[x(w)] )Z)d"
NS v<0<0 0<u<T

0 a1
=/ h(v) sup (E||x(9)“ )Zdv+/
- v<6<0

00 —

0 1

h(v) sup (E||x(u)||2)2dv
00 0<u<T

0 N
:/ h(v)dvosupT(EHx(u)” )%+ lIxolls,
1

=1 sup (]:"Hx(u)”z)2 + %0l 3,-

0<u<T

This completes the proof. g

Lemma 2.5 (Krasnoselskii’s fixed point theorem [19]) Let B be a nonempty closed convex
set of a Banach space (X, || - ||). Suppose that P and Q map B into X such that
(i) Px+ Qy € B whenever x,y € B;
(ii) P is compact and continuous;
(iii) Q is a contraction mapping;
then there exists z € B such that z = Pz + Qz.

3 Main results

To obtain the existence of solutions of (2.1), we need the following assumptions:
(H1) There exists L1 > 0 such that

E|f(u,x) —f(u,y)||f<1 <Lillx-ylp,, VYxyebB.
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(H2) There exists Ly > 0 such that

E”g(%x)—g(lfi;y)”?ﬁ §L2||x—y||%gh; Vx:yeBh~

(H3) There exists L3 > 0 such that

E||J(u,x) - a(u,y)”ig <Ls|x —y||2Bh, Vx,y € By,
(H4) There exists Ly > 0 such that
E”Ik(x) - Ii(y) ”;1 < Ly|x —y||2Bh, Vx,y € Byand k=1,2,...,m
Now we will use the Banach fixed point theorem to prove the existence theorem for (2.1).

Theorem 3.1 Assume that conditions (H1)-(H4) hold, then (2.1) has a unique solution if
the following condition holds:

4L 1 L Tza 1 L e L 1 (3.1)
+——Lli—+——L3——+m <L .
> IM'a) U2 () 2201 *

Proof Define the operator I1: B, — B, by

&(u), 1 € (—00,0],
§ (0) +£(0,6(0)) - g(u, x,)
Fa Jo =) (v,x,)dv
F@ Jo = Tox)dW (), ue(0,m],
(0 ) 2(0,(0)) — g(u,x,)
+ w Jo W= (vx,) dv
ks folu =)o (v,2,) AW ()
+ Y T (wy)), ue ol k=12,...,m.

Mx(t) = (3.2)

For & € B,, define

< _ ‘i:(u)! ue (_OO; O]y
§0) = io, ueH,

then &, = £. Next, define the function

" 0, u € (-00,0],
n(u), ueH,

for each n € C(H, R), with n(0) =0
If x(-) satisfies (2.2), then x(u) = &(u) + 7j(u) for u € H, which implies x, = &, + 7,, for
u € H, and the function 7(-) satisfies

(0 5( ) - (u xu F(a) S = v (v, x,) dv
fo v,xv)dW( ), ue(0,um],
n(u) = (0 E(O)) g(u %) F(a fo (u—v)* 1f(V,x‘,) dv
+ %a) Jo @ =v)*lo(v,x,)dW (v)
+ X L) ye G,
k=12,....m
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g(O,E(O)) - 0,6+ 71) + gy Jo =V (v, + 1) dv
e Jo w=v*"o (v, <z3v +1,)dW (), ue(0,u],
(0 E(O)) — g, &y +71) + s fo (- (v,& + 7)) dv
+ e Jo =)o (v, Sv +17,) dW (v)
+ 200 LiE () + (), w € (e ],
k=1,2,...,m

Set Bg ={n € By, such that no = 0} and for any n € Bg, one has
g0 = lnolls, + sup(E]m(e)] 2. )® = sup(E[n@)| % ).
Bb " ueH & ueH &

thus (BY, || - ”52) is a Banach space.
Define the operator U : B) — B) by

g(O E(O)) g(u, %_u + 1) + T f() (u—v)*~ lf(V’ Sv +1,) dv
f() (I’l - V)a lg(Vr EV + 771/) dW(V) ue (0’ ul])
g(O 5(0)) -,y + 1) + 1 Jo W=V TS W6 + 1) dv
+ iy fo =) L (1. 4 1) AW )
+ Zle L(S(ul) + f)(btl)), ue (Mk) Mk+1],
k=1,2,...,m

(Wn)(u) =

In order to prove the existence result, it is enough to show that ¥ has a unique fixed point.
Let n,n* € BY, then for all u € (0, 4,], we have

E[[(wm@) - (W)@

<3E|g(u, &, + 1) — g(u, &, + 7)) ||§<1

u 2

+3EH @ ) W =) W& + ) —f(v. & + %) ] dv

K
2

*3EH —a>/ o (8 + i) — 0 (nE, + )| AW )

< 3Ls |71 - nu||6h+3<r(1a)> /(u v)‘“dv/ (u =)
XE|V(V,§V+f)v)—f(v,§1,+ﬁ:f)||1( dV

K

2(x-1)
+3<1"( ))/(u V) VE|ov,&, +1,) - o(v,év+nv)||£0dv

B _ 1 T« u
<stalie- il v3(g) = ol i

o

3 L : "(u_msz% 7, -7 dv
F a 3 nV nv Bh

< 3L, Sup H’I(V) n (V)”I(l

o-172
3(@) ol / =08 sup [0 =) [ v

vel0,T
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1 2 u 2
+3<@) LB/O (u-v)** P sup |n(v) ”*(V)”KI av

vel0,T]

1\, 1™
<snbln-nliy +3( g ) Pl

2 7201
+3(1) Bag Pl

=32|L ! TML L W |2
N ) R (e R

For u € (uy, ug1], k =1,2,...,m, one can obtain

E[[(@n)(w) - (¥n7) o)

< 4E||g(u, & + 1) - g1, 60 + 1) ||f<1

k 2

+4E| Y " (1(7(0) + E @) - LT () + £ (1))

i=1

K
2

1 " a-1 £, - E 4 n*
+4E m /0 (M - V) [f(vr ‘5;:1/ + ’7v) —f(V, %—V + n")] dv

K
2
+4E F(a / (u—-v)*~ 1[a(V,$v+T]V) U(V»$v+nv)]dW(v)

K

<4Ly| 7. -7, HB +4m* PLoE|| (1) — 7_]*(”1)”1(]

1 ™ [ a-
+4<m) af(u V) 1Ll”’?v nv”B dv

1 e 2(a-1) — —x |2
+4 m /O(M—V) Lg”nv—nVHBth

< 4L, sup ||n(v) n (V)”K +4mPPL, sup ||r;(v) n (1/)||K1

vel0,T

1 T® u 9
+4 — ) —L u—v)*1? su v)=n*(v dv
(F(Q)> A 1/0 =2 s o) - o)[
+4(L>2L3 / “w— 22 qup ) = n*®)|% dv
IMa) 0 vel0,T] &

1 2 T2a 1 2 Tza_l ,
4'12 L Li— — ) L 4 2l2L % )
< [”(F( )) o +<F(a)> 32a—1:|+ mELa ) |n ="

Therefore, for all u € [0, T,
E[[(wn)) - (¥n*) @)},

2 1 2 T2 1 2 T20-1
=4 (L”(r( )> b (rm)) Loyt L4)||n 1.

From (3.1), we conclude that W is a contraction mapping. This implies that (2.1) has a

unique solution on (—00, T']. The proof is complete. d
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The next result is established by using Krasnoselskii’s fixed point theorem. We need the
following assumptions.
(H5) f:H x Bj, — Kj is continuous, and there exists a continuous function
u1 : H — (0, +00) such that

E|f0)|y, < m@lixly, Yox) eH x By,

where uj = supg<,<, t1(v).
(H6) g:H x By, — K;j is continuous, and there exists a continuous function
o : H— (0, +00) such that

E|gw»)| 5, < pna@)lxl,, ¥uwx)eH x By,

where u3 = supy,, u2(v).
(H7) o :H x By — L9 is continuous, and there exists a continuous function

w3 : H— (0, +00) such that
2
E||U(u’x) ||£(2) = MS(u)”xHZBh) V(u,x) €H x Bh,

where 3 = supg,<, 3(v).
(H8) There exists K > 0 such that I : B, — Ky, k=1,2,...,m, E||1k(x)||f<1 <K.
LetB, = {y € B}, ||y||232 <g,q > 0}, then B, isabounded closed convex setin B}, Vy € B,.
From Lemma 2.4, we get

I+ Tl < 201yl + 1713,
2 - 2 -
=42 sup E[y0)i + lyolll, ) +4(2 sup E[i[5, + 7o, )
vel0,u] ve[0,u]

<8(lEl, +Pq) =M.

Theorem 3.2 Assume that conditions (H1)-(H8) hold, then (2.1) has at least one solution
if the following conditions hold:

400 [u; + (i)zuiT—m + (L)zug - } <1, (33)
I (cr) a? () 20 -1
and
2(%;[))2(2_?& + %Lg)ﬂ <1. (3.4)
Proof See Appendix. O
4 Example

The existence, uniqueness and stability of integer-order Volterra integro-differential equa-
tion have been investigated for its wide and important application in the fields of financial
mathematics, physics, biology, medicine, automatic control, demography, dynamics etc.
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But there are few results about fractional stochastic Volterra integro-differential equa-
tions. In this section, we provide an example for which there is at least one solution due

to the fact that the conditions in Theorem 3.2 are satisfied.

Example 4.1 Consider the following fractional stochastic impulsive neural functional dif-

ferential equations with infinite delay:

2
DS [x(u) - % O e x(u +v)dv)
= %ff)oo ez"x(u +V)dv+ 3 ffoo 2 (s + V) dv—d‘gv("), ue(0,2)U (3,1,

(4.1)
Ax(3) =1,
x(u) =0, u € (-00,0],
where g(u,x,) = -3 f w(u+v)dv, f(u,x,) = § f e?x(u+v)dv, o(u,x,) = %f?oo €% x

x(u+v)dv, H = [0, 2) U (2,1], T=1,m=1.

For & € By, define ||£]|5, = f_ooo h(v) supviefo(E|§(9)|2)% dv, h(v) =e*, 1= %, then & € B3y,
and (By, || - Is,) is a Banach space which has the following properties.

Al If x(u) : (=00, T] — R is continuous on H, and xo € B, then x,, € B;,, and x,, is

continuous on H.

A2. By is a Banach space.

A3. [l = 3 supucio (Il )||%<1>% + %ol 5,

In addltlon, let m(u) o o) = 25, ws() = o0, i = g 13 = o5 15 = o7 L1 = o5
Ly=¢ 4, Ly =¢ 4, K = =, Ly = 0, we have that conditions (H1)-(H8) are satlsﬁed and (3.3),
(3.4) hold, i.e.,

) 2 T2a 1 2 T2a1
40! . —_—
[M2+(F( )) 12 +(F(a)> Hag - 1}
1 1 1 1 9 1 1
40k —k | —+ ——=*k—*x -+ —*x ——*x3 [ =0.6036<1,

16’

4 |64 135412 64 4 64 135412

and

1 2 T2a T201—1
2l — —L+ ——L3 2
') o? 20 —1
1 1 9 1 1\*
2k —— | —*x—+—x3 x| =) =0.0224<1,
1.35412\ 64 4 64 2
then (4.1) has at least one solution by Theorem 3.2.

5 Conclusions

Fractional stochastic impulsive neutral functional differential equations are very useful
in viscoelasticity, electrochemistry, automatic control etc. In this paper, based on frac-
tional calculation, fixed point theorems and the stochastic analysis technique, new exis-
tence theorems of solutions for these equations are given. Moreover, our results take some
well-studied models, such as integer-order functional differential equations with infinite

delay, as special cases. The main result is verified by an example.
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Appendix

Proof of Theorem 3.2 Define the operator I, : B, — B, and I, : B; — B,, where

0, u € (-00,0],
2(0,£(0)) — g(u, &, + 1), ue(0,u],
I = > _
() £(0,£0)) — g, &y + 1) + Yoky LE (i) + 7)), 1 € (e ],
k=1,2,...,m,
0, uec (—OO, O])
ﬁ fo”(u VY &, + ) dv
_ fo V)a o(v, Sv +1,)dW(v), wue(0,m],
()t = e fo (u v)* (v, $v+ ) dv
i Jo @=v*"o (& +7,)dW V), u € (u, ugal,
k=1,2,...,m

Page 10 of 14

(A1)

If IT; is compact and continuous and I, is a contraction operator, from Lemma 2.5, (2.1)

has at least one solution. We will prove them according to the following five steps.
Step 1: We use contradiction to prove that there is g* € N such that Iy + I1yn* € By for

n,1* € By Otherwise, for each g € N, there would exist n? € B;, " € B, and u, €

such that
E[|Tin? + Ton*|[, >

Without losing generality, we assume lim,_, oo 21, = T

For u, € (0,u;], we have

q < E[[(Tin?) () + (M) atg) |,

< 4Eg(0,50) [, + 4Ee(ug, 74, + )|},
2

a-1
+4EHF( )/ V) V,nv+év)

K
2

1 Uq o L
+4EH@/{) (uq—V) O'(V, UM +€v) dW(V)

K

< 4E[¢(0,0) [, + 437, + &, 5,

2 pug g )
+4(F(1a)> / (g — )" dv/o (g — V)" E|f (v, i1} + &) ”?(1 dv

1 2 [ 2(a-1) -% | = 2
4(@) /0 (g —v) E||(r(v,nv +§V) ||£(2) dv

1 2 a
§4E||g(0,“§(0))||1<+4,LL2M+4(F(a)> /(uq Vel Mdy

+ (F( ))/ (g — 9>V sMdy

i 1 \*1™ 1\,
< 4E[g(0,£(0)) |, +4n3M + 4uiM —+4<— wiM

a? I'(x)

F(a)

TZot—l

20 -1

(0, 7]

(A.3)
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Similarly, for u, € (ux, ux1], k =1,...,m, we can obtain

q < E[[ (M) ueg) + (Tan™) (ug) 3,
2

k
< 5E|g(0,£(0)) |}, +5E|(utg 1%, +E2) |7, +5E| S L) + E(w)
i=1 X
1 Ugq . i i )
' SE“ I(o) f (g =v)* " f (vt} + &) dv .
2
o— 1
’ SEH ') / -v) V’ nv + Es) aw (v) .

< 5E[¢(0.£0) [, +5u3]7t, + & ||5h+5MZE||1 itus) + ) [

i=1

1 2 ruy w1 ug vl - )
5(@) / (g —v) dv/o (g =) E|f (w71} + &) [, dv

+5(F(a)>/ (g —v) a115||6(v,nv+§v)||£0dv

1 T2 1 2 T20-1
§5E||g(0,$(0))||K +5;L2M+5ulM<F( )> — +5<W> WMo —

+5m Y E|1 (i) + E@) 2,
i=1
2 T2

o?

1
< 5E]g(0,£(0) | 5, +5m3M + 5“TM(F(a))

1 2 T2a—1

* 2

+5 —— ) usM +5m°K.
') 200 —1

So, we obtain

. 1 T2a
< 5el0. 6O +susnt +suinn( s )

1 2 T201—1
+5( —— ) wiM +5m*K. (A.4)
M) ™ 2a-1

Dividing by g and taking the lower limit on both sides of inequality (A.4), one can get

1<( 1 'fA—/I M ! ~ 1), (A.5)
_<q—l>r+nooln q) ( +M1(F(a)) 012 +( (Ol)) M32a 1) ’

On the other hand, according to lim,_, , inf %[ = 8/% and inequality (A.5),

1< 4012 . 1 2 . T2a 1 2 TZoz -1
+|— — 4+
- Ha I'a) e T'(a) & v 200—1

are easily obtained. This is a contradiction with inequality (3.3). Therefore, there exists
q* € N such that IT;n + ITyn* € By for n,n* € Bys.

Page 11 of 14
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Step 2: We need to prove I, is continuous on B«.
Suppose {n"};2; is a sequence in B+ with lim,_, o, n" = n € By+. Then, for u € (0, 1], we

have

E|(Man™) ) = (Tan) (@) |
< E|lg i + &) - gl i + £ 3,

< Lo =mally, <Ll 0" =g

Similarly, for u € (ui, ug1l, k=1,2,...,m,

E|(Mn™) ) - (Tan) (@) |,

< 2E| g (1, + £) — glat i+ i) |

k 2

Zl () + &) = Y L(7i(ws) + E(wy)

i=1

+2E

K
< 2Ls |0} = a5, + 2m°La s =,
< 2Ly + L) P 0" = | -
So, limy,_, o E||TTyn" = T11n ||%<1 = 0, which implies that the mapping IT; is continuous on B .

Step 3: We prove that IT; maps bounded sets into bounded sets in Bx.

For u € (0, 41], we have

E[(mm@ |}, < 2E(g(0,£0) |5, +2E| gl i + &5,
<2E||g(0§ )” +2M2”77u+$u||8h

< 2E[g(0,£(0)) [, +2u3.

If u € (up, ups1), k=1,2,...,m,

E|(Mumw)| 5, <3E|g(0,£(0))| 5, +3E| g il + )| 5,
2
+3E

k
Zfi(ﬁ(ui) +&(u;))
i1

K

< 3E]g(0,£(0) | 5, +3u3M +3m’K £ .

Hence, for ¢* > 0, there exists 7 > 0 such that E||(l'[1n)(u)||12<l
i=0,1,...,m

Step 4: The map I1; is equicontinuous.

= ?; WI € Bq*r ue (”ir”iﬂ];

Let 0 <t <s < uy, n € By, we obtain

E|(Mn@®) - (Min)s) |, = E[l gt e + &) - gls, s + E) | .
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forup<t<s<upa,k=1,...,m,

E|[(Min)®) - (Mim)©)| %

k k
gt + &) — gls, s+ E) + ) L) + E ) = D L) + & ()

i=1 i=1

=E

K

=E|g(t, 7. + &) — g(s, ils + &) ||f<1.

Combining g is continuous and the definition of 7}, £, we conclude that lim;_  ||g(¢, 7; + &) —
g(s,ns + &) ||%<1 =0, so IT;(B,) is equicontinuous. From Steps 1-4 and Ascoli’s theorem, Iy
is compact.

Step 5: T1, is a contraction mapping.

Let n,n* € By and u € (ug, uxal, k=0,1,...,m,

E|(Man)w) ~ (Man) @),

“ 2
=< ZEH ﬁ Li (M - V)‘Y—l[f(V, Ny + gv) _f(V, ﬁ:f + é‘,)] dv .
* 2
' 2EH ﬁ u; =y [G(V’ v+ &) - U(V, s+ -’EV)] aw () .

1 2 pu u _ _
< 2( r@ ) Cw-nay f (=) E|f ity + &) =f (v + ) [, du
2

R L
2(%)) f‘” VX VE o (i, +E) -0 (i + )| 7 du

1\ (w—w) [* - i — 2
<2(i) S [l e
1 2 u 2
* 2<m> / U V)Z(u_l)Ls ” Ty =1, ” By dv
uj
) 2T20t i o 1 2T20z—1 B a2
i) il 2 ) gg gl il

2 20 20-1
T T 2
( L+ Lg,)l2 sup ||n(v) - n*(v) ||1<1
vel0,T]

IA

@2 P 2a—1

2 T2a TZoz—l
A T

From (3.4), I, is a contraction mapping. Therefore, according to Krasnoselskii’s fixed

point theorem, (2.1) has at least one solution on (—o0o, T']. The proof is complete. O
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