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Abstract
We present a new method to investigate some fractional integro-differential
equations involving the Caputo-Fabrizio derivation and we prove the existence of
approximate solutions for these problems. We provide three examples to illustrate our
main results. By checking those, one gets the possibility of using some discontinuous
mappings as coefficients in the fractional integro-differential equations.
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1 Introduction
The fractional calculus has an old history and several fractional derivations where defined
but the most utilized are Caputo and Riemann-Liouville derivations [–]. In , Caputo
and Fabrizio defined a new fractional derivation without singular kernel []. Immediately,
Losada and Nieto wrote a paper about properties of the new fractional derivative [] and
several researchers tried to utilize it for solving different equations (see [–] and the
references therein).

Let b > , u ∈ H(, b) and α ∈ (, ). The Caputo-Fabrizio fractional derivative of order
α for the function u is defined by CFDαu(t) = (–α)M(α)

(–α)
∫ t

 exp( –α
–α

(t – s))u′(s) ds, where t ≥ 
and M(α) is normalization constant depending on α such that M() = M() =  []. Also,
Losada and Nieto showed that the fractional integral of order α for the function u is given
by CFIαu(t) = (–α)

(–α)M(α) u(t) + α
(–α)M(α)

∫ t
 u(s) ds whenever  < α <  []. They showed that

M(α) = 
–α

for all  ≤ α ≤  []. Thus, the fractional Caputo-Fabrizio derivative of order
α for the function u is given by CFDαu(t) = 

–α

∫ t
 exp(– α

–α
(t – s))u′(s) ds, where t ≥  and

 < α <  []. If n ≥  and α ∈ [, ], then the fractional derivative CFDα+n of order n + α is
defined by CFDα+nu := CFDα(Dnu(t)) []. We need the following results.

Theorem . ([]) Let u, v ∈ H(, ) and α ∈ (, ). If u′() = , then CFDα(CFD(u(t))) =
CFD(CFDα(u(t))). Also, we have limα→

CFDαu(t) = u(t) – u(), limα→
CFDαu(t) = u′(t) and

CFDα(λu(t) + γ v(t)) = λCFDαu(t) + γ CFDαv(t).
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Lemma . ([]) Let  < α < . Then the unique solution for the problem CFDαu(t) = v(t)
with boundary condition u() = c is given by u(t) = c + aα(v(t) – v()) + bα

∫ t
 v(s) ds, where

aα = (–α)
(–α)M(α) =  – α and bα = α

(–α)M(α) = α. Note that v() =  whenever u() = .

To discuss the existence of solutions for most fractional differential equations in analytic
methods, the well-known fixed point results such as the Banach contraction principle is
used. In fact, the existence of solutions and the existence of fixed points are equivalent.
As is well known, there are many fractional differential equations which have no exact
solutions. Thus, the researchers utilize numerical methods usually for obtaining an ap-
proximation of the exact solutions. We say that u is an approximate solution for fractional
integro-differential equation whenever we could obtain a sequence of functions {un}n≥

with un → u. We use this notion when we could not obtain the exact solution u. This ap-
pears usually when you want to investigate the fractional integro-differential equation in
a non-complete metric space.

In this manuscript, we prove the existence of approximate solutions analytically for some
fractional integro-differential equations involving the Caputo-Fabrizio derivative. In fact,
the approximate solution of an equation is equivalent to the approximate fixed point of
an appropriate operator. This says that by using numerical methods, one can obtain ap-
proximations of the unknown exact solution. We will not check the estimates of the exact
solution in our examples because our aim is to show the existence of approximate solu-
tions within the analytical method.

Here, we provide some basic needed notions.
Let (X, d) be a metric space, F a selfmap on X, α : X × X → [,∞) a mapping and ε a

positive number. We say that F is α-admissible whenever α(x, y) ≥  implies α(Fx, Fy) ≥ 
[]. An element x ∈ X is called ε-fixed point of F whenever d(Fx, x) ≤ ε. We say
that F has the approximate fixed point property whenever F has an ε-fixed point for
all ε >  []. Some mappings have approximate fixed points, while they have no fixed
points []. Denote by R the set of all continuous mappings g : [,∞) → [,∞) satisfying
g(, , , , ) = g(, , , , ) := h ∈ (, ), g(μx,μx,μx,μx,μx) ≤ μg(x, x, x, x, x) for
all (x, x, x, x, x) ∈ [,∞) and μ ≥  and also g(x, x, x, , x) ≤ g(y, y, y, , y) and
g(x, x, x, x, ) ≤ g(y, y, y, y, ) whenever x, . . . , x, y, . . . , y ∈ [,∞) with xi < yi for
i = , , ,  []. We say that F is a generalized α-contractive mapping whenever there
exists g ∈ R such that α(x, y)d(Fx, Fy) ≤ g(d(x, y), d(x, Fx), d(y, Fy), d(x, Fy), d(y, Fx)) for all
x, y ∈ X ([]).

Theorem . ([]) Let (X, d) be a metric space, α : X × X → [,∞) a mapping and F a
generalized α-contractive and α-admissible selfmap on X. Assume that there exists x ∈ X
such that α(x, Fx) ≥ . Then F has an approximate fixed point.

2 Main results
Now, we are ready to state and prove our main results.

Lemma . Suppose that u, v ∈ H(, ) and there exists a real number K such that

∣
∣u(t) – v(t)

∣
∣ ≤ K

for all t ∈ [, ]. Then |CFDαu(t) – CFDαv(t)| ≤ –α

(–α) K for all t ∈ [, ].
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Proof Note that

CFDαu(t)

=


 – α

∫ t


exp

(

–
α

 – α
(t – s)

)

u′(s) ds

=


 – α
exp

(

–
α

 – α
(t – s)

)

u(s)|t –


 – α

∫ t



α

 – α
exp

(

–
α

 – α
(t – s)

)

u(s) ds

=


 – α
u(t) –


 – α

exp

(

–
α

 – α
t
)

u() –
α

( – α)

∫ t


exp

(

–
α

 – α
(t – s)

)

u(s) ds

and so

CFDαu(t) – CFDαv(t) ≤ 
 – α

∣
∣
(
u(t) – v(t)

)∣
∣ +


 – α

∣
∣
∣
∣exp

(

–
α

 – α
t
)∣

∣
∣
∣
∣
∣u() – v()

∣
∣

+
α

( – α)

∫ t


exp

(

–
α

 – α
(t – s)

)
∣
∣(u(s) – v(s)

)∣∣ds

≤ 
 – α

K +
α

( – α) K =
 – α

( – α) K

for all t ∈ [, ]. Hence, |CFDαu(t) – CFDαv(t)| ≤ ( –α

(–α) )K for all t ∈ [, ]. �

If u ∈ H(, ) and there exists K ≥  such that |u(t)| ≤ K for all t ∈ [, ], then by using
last result we get |CFDαu(t)| ≤ ( –α

(–α) )K for all t ∈ [, ]. Also by checking the proof of the
last result, one can prove the next lemma.

Lemma . Suppose that u, v ∈ H(, ) with u() = v() and there exists a real number
K such that |u(t) – v(t)| ≤ K for all t ∈ [, ]. Then |CFDαu(t) – CFDαv(t)| ≤ 

(–α) K for all
t ∈ [, ].

Lemma . Suppose that u, v ∈ C[, ] and there is K ≥  such that |u(t) – v(t)| ≤ K for
all t ∈ [, ]. Then |CFIαu(t) – CFIαv(t)| ≤ K for all t ∈ [, ].

Proof Note that for each t ∈ [, ] we have

CFIαu(t) – CFIαv(t) = aα

(
u(t) – v(t)

)
+ bα

∫ t



(
u(s) – v(s)

)
ds ≤ aαK + bαK = K ,

where aα and bα are given in Lemma .. This completes the proof. �

If u is an element of C[, ] such that |u(t)| ≤ K for some K ≥  and all t ∈ [, ], then
the last result implies that |CFIαu(t)| ≤ K for all t ∈ [, ].

Lemma . Let b >  be given and  ≤ α ≤ . If u is an element of H(, b) such that u() =
, u′() = , u′ ∈ H(, b) and CFDαu ∈ H(, b), then CFD(CFIαu(t)) = CFIα(CFDu(t)) =
aαu′(t) + bαu(t) and (CFDαu(t))′ = CFDαu′(t) for all t ≥ . If u′′(t) ≥  for all t ≥ , then
CFDαu is increasing on [, b]. Also, CFDαu is decreasing on [, b] whenever u′′(t) ≤  for all
t ≥ .
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Proof Note that CFIα(CFDu(t)) = aαu′(t) + bα

∫ t
 u′(s) ds = aαu′(t) + bαu(t) and

CFD(CFIαu(t)
)

= CFD
(

aαu(t) + bα

∫ t


u(s) ds

)

= aαu′(t) + bα

(∫ t


u(s) ds

)′

= aαu′(t) + bαu(t)

for all t ≥ . Also, (CFDαu(t))′ = CFD(CFDαu(t)) = CFDα(CFDu(t)) = CFDαu′(t) for all t ≥ .
Since (CFDαu(t))′ = CFDαu′(t) = 

–α

∫ t
 exp(– α

–α
(t – s))u′′(s) ds for all t ≥ , we see that

CFDαu is increasing on [, b] whenever u′′(t) ≥  for all t ∈ [, b]. Also, CFDαu is decreasing
on [, b] whenever u′′(t) ≤  for all t ∈ [, b]. �

Note that the conditions u′ ∈ H(, b) and CFDαu ∈ H(, b) in Lemma . just impose a
unique condition on u. Let γ ,λ : [, ] × [, ] → [,∞) be two continuous maps such that
supt∈I | ∫ t

 λ(t, s) ds| < ∞ and supt∈I | ∫ t
 γ (t, s) ds| < ∞. Consider the maps φ and ϕ defined

by (φu)(t) =
∫ t

 γ (t, s)u(s) ds and (ϕu)(t) =
∫ t

 λ(t, s)u(s) ds. Throughout this paper, we put
γ = supt∈I | ∫ t

 γ (t, s) ds|, λ = supt∈I | ∫ t
 λ(t, s) ds| and η(t) ∈ L∞(I) with η∗ = supt∈I |η(t)|.

Here, we investigate the fractional integro-differential problem

CFDαu(t) = f
(
t, u(t), (φu)(t), (ϕu)(t)

)
()

with boundary condition u() = , where α ∈ (, ).

Theorem . Let η(t) ∈ L∞(I) and f : I ×R
 →R be a continuous function such that

∣
∣f (t, x, y, w) – f

(
t, x′, y′, w′)∣∣ ≤ η(t)

(∣
∣x – x′∣∣ +

∣
∣y – y′∣∣ +

∣
∣w – w′∣∣)

for all t ∈ I and x, y, w, x′, y′, w′ ∈R. Then the problem () with the boundary condition has
an approximate solution whenever 	 = η∗( + γ + λ) < .

Proof Consider the space H endowed with the metric d(u, v) = ‖u – v‖, where ‖u‖ =
supt∈I |u(t)|. Now, define the selfmap F : H → H by

(Fu)(t) = aαf
(
t, u(t), (φu)(t), (ϕu)(t)

)
+ bα

∫ t


f
(
s, u(s), (φu)(s), (ϕu)(s)

)
ds,

where aα and bα are given in Lemma .. Note that

(Fu)(t) = aα
CFDαu(t) + bα

∫ t


f
(
s, u(s), (φu)(s), (ϕu)(s)

)
ds

= aα


 – α

∫ t


exp

(

–
α

 – α
(t – s)

)

u′(s) ds

+ bα

∫ t


f
(
s, u(s), (φu)(s), (ϕu)(s)

)
ds
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for all t. This shows that F maps H into H. Thus, we have

∣
∣(Fu)(t) – (Fv)(t)

∣
∣

≤ aα

∣
∣f

(
t, u(t), (φu)(t), (ϕu)(t)

)
– f

(
t, v(t), (φv)(t), (ϕv)(t)

)∣∣

+ bα

∫ t



∣
∣f

(
s, u(s), (φu)(s), (ϕu)(s)

)
– f

(
s, v(s), (φv)(s), (ϕv)(s)

)∣∣ds

≤ aα

∣
∣η(t)

∣
∣(

∣
∣u(t) – v(t)

∣
∣ +

∣
∣(φu)(t) – (φv)(t)

∣
∣ +

∣
∣(ϕu)(t) – (ϕv)(t)

∣
∣)

+ bα

∫ t



(∣∣u(s) – v(s)
∣
∣ +

∣
∣(φu)(s) – (φv)(s)

∣
∣ +

∣
∣(ϕu)(s) – (ϕv)(s)

∣
∣)

∣
∣η(s)

∣
∣ds

≤ η∗( + γ + λ)[aα + bα]‖u – v‖ = η∗( + γ + λ)‖u – v‖

for all t ∈ I and u, v ∈ H. Now, consider g : [,∞) → [,∞) and α : H × H → [,∞)
defined by g(t, t, t, t, t) = 	t and α(x, y) =  for all x, y ∈ H. One can easily check that
g ∈ R and F is a generalized α-contraction. By using Theorem ., F has an approximate
fixed point which is an approximate solution for the problem (). �

Note that H with the sup norm is not Banach. Thus, we used a new method for inves-
tigation of the problem. Now, we investigate the fractional integro-differential problem

CFDαu(t) = μ
(CFDβu(t) + CFDγ u(t)

)

+ f
(
t, u(t), (φu)(t), (ϕu)(t), CFIθ u(t), CFDδu(t)

)
()

with boundary condition u() = c, where μ ≥  and α,β ,γ , θ , δ ∈ (, ) and c ∈R.

Theorem . Let η(t) ∈ L∞(I) and f : [, ] ×R
 →R be a continuous function such that

∣
∣f (t, x, y, w, u, u) – f

(
t, x′, y′, w′, v, v

)∣
∣

≤ η(t)
(∣
∣x – x′∣∣ +

∣
∣y – y′∣∣ +

∣
∣w – w′∣∣ + |u – v| + |u – v|

)

for all t ∈ I and x, y, w, x′, y′, w′, uu, v, v ∈ R. Then the problem () with the boundary
condition has an approximate solution whenever 	 < , where

	 = η∗
(

 + γ + λ +


( – δ)

)

+ μ

(


( – β) +


( – γ )

)

.

Proof Consider the space H endowed with the metric d(u, v) = ‖u – v‖, where ‖u‖ =
supt∈I |u(t)|. Define the map F : H → H by

(Fu)(t) = u() + aα

[
μ

(CFDβu(t) + CFDγ u(t)
)

+ f
(
t, u(t), (φu)(t), (ϕu)(t), CFIθ u(t), CFDδu(t)

)
– μ

(CFDβu() + CFDγ u()
)

– f
(
, u(), (φu)(), (ϕu)(), CFIθ u(), CFDδu()

)]

+ bα

∫ t



[
μ

(CFDβu(s) + CFDγ u(s)
)

+ f
(
s, u(s), (φu)(s), (ϕu)(s), CFIθ u(t), CFDδu(s)

)]
ds,
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where aα and bα are given in Lemma .. By using Lemmas . and ., we obtain

∣
∣(Fu)(t) – (Fv)(t)

∣
∣ ≤ ∣

∣u() – v()
∣
∣ + aα

[
μ

∣
∣CFDβu(t) – CFDβv(t)

∣
∣

+ μ
∣
∣CFDγ u(t) – CFDγ v(t)

∣
∣ + μ

∣
∣CFDβu() – CFDβv()

∣
∣

+ μ
∣
∣CFDγ u() – CFDγ v()

∣
∣

+
∣
∣f

(
t, u(t), (φu)(t), (ϕu)(t), CFIθ u(t), CFDδu(t)

)

– f
(
t, v(t), (φv)(t), (ϕv)(t), CFIθ v(t), CFDδv(t)

)∣∣

+
∣
∣f

(
, u(), (φu)(), (ϕu)(), CFIθ u(), CFDδu()

)

– f
(
, v(), (φv)(), (ϕv)(), CFIθ v(), CFDδv()

)∣∣]

+ bα

∫ t



[
μ

∣
∣CFDβu(s) – CFDβv(s)

∣
∣ + μ

∣
∣CFDγ u(s) – CFDγ v(s)

∣
∣

+ μ
∣
∣CFDβu() – CFDβv()

∣
∣ + μ

∣
∣CFDγ u() – CFDγ v()

∣
∣

+
∣
∣f

(
s, u(t), (φu)(s), (ϕu)(s), CFIθ u(s), CFDδu(s)

)

– f
(
s, v(s), (φv)(s), (ϕv)(s), CFIθ v(s), CFDδv(s)

)∣∣]ds

≤ aα

[
μ

∣
∣CFDβu(t) – CFDβv(t)

∣
∣ + μ

∣
∣CFDγ u(t) – CFDγ v(t)

∣
∣

+
∣
∣η(t)

∣
∣(

∣
∣u(t) – v(t)

∣
∣ +

∣
∣(φu)(t) – (φv)(t)

∣
∣ +

∣
∣(ϕu)(t) – (ϕv)(t)

∣
∣

+
∣
∣CFIθ u(t) – CFIθ v(t)

∣
∣ +

∣
∣CFDδu(t) – CFDδv(t)

∣
∣)]

+ bα

∫ t



[
μ

∣
∣CFDβu(s) – CFDβv(s)

∣
∣ + μ

∣
∣CFDγ u(s) – CFDγ v(s)

∣
∣

+
∣
∣η(s)

∣
∣
(∣
∣u(s) – v(s)

∣
∣ +

∣
∣(φu)(s) – (φv)(s)

∣
∣ +

∣
∣(ϕu)(s) – (ϕv)(s)

∣
∣

+
∣
∣CFIθ u(s) – CFIθ v(s)

∣
∣ +

∣
∣CFDδu(s) – CFDδv(s)

∣
∣
)]

ds

≤ η∗
(

 + γ + λ +


( – δ)

)

+ μ

(


( – β) +


( – γ )

)

‖u – v‖

for all u, v ∈ H and t ∈ I . Hence,

‖Fu – Fv‖ ≤ η∗
(

 + γ + λ +


( – δ)

)

+ μ

(


( – β) +


( – γ )

)

‖u – v‖

= 	‖u – v‖

for u, v ∈ H. Now, consider the maps g : [,∞) → [,∞) and α : H × H → [,∞) de-
fined by g(t, t, t, t, t) = 	

 (t + t) and α(x, y) =  for all x, y ∈ H. One can easily see
that g ∈ R and F is a generalized α-contractive map. By using Theorem ., F has an ap-
proximate fixed point which is an approximate solution for the problem (). �

Let k and h be bounded functions on I = [, ] and s an integrable bounded function
on I with M = supt∈I |k(t)|, M = supt∈I |s(t)| < ∞ and M = supt∈I |h(t)| < ∞. Now, we
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investigate the fractional integro-differential problem

CFDαu(t) = μk(t)CFDβu(t) + μ(ϕs)(t)CFDθ
(CFDρu(t)

)

+ f
(
t, u(t), (φu)(t), h(t)CFDνu(t)

)
()

with boundary condition u() = , where μ,μ ≥  and α,β , θ ,ρ,ν ∈ (, ). Note that the
functions k, s and h are not necessarily continuous. Since the left side of equation ()
is continuous, the right side so is as the problem () is a well-defined equation. For this
reason, we supposed continuity of the function f in Theorems . and . where equations
() and () are well defined.

Theorem . Let η(t) ∈ L∞(I) and f : [, ] ×R
 → R be a function such that

∣
∣f (t, x, y, w) – f

(
t, x′, y′, w′)∣∣ ≤ η(t)

(∣
∣x – x′∣∣ +

∣
∣y – y′∣∣ +

∣
∣w – w′∣∣)

for all t ∈ I and x, y, w, v, x′, y′, w′, v′ ∈R. Then the problem () has an approximate solution
whenever 	 < , where

	 =
(

 +


( – β) +


( – θ )( – ρ) +


( – ν)

)
[
μM + μλM + η∗( + γ + M)

]
.

Proof Consider the space H endowed with the metric d(u, v) = ‖u – v‖, where

‖u‖ = max
t∈I

∣
∣u(t)

∣
∣ + max

t∈I

∣
∣CFDβu(t)

∣
∣ + max

t∈I

∣
∣CFDθ

(CFDρu(t)
)∣
∣ + max

t∈I

∣
∣CFDνu(t)

∣
∣.

Define the map F : H → H by

(Fu)(t) = aα

[
μk(t)CFDγ

(CFDβu(t)
)

+ μ(ϕs)(t)CFDθ
(CFDρu(t)

)

+ f
(
t, u(t), (φu)(t), h(t)CFDνu(t)

)]

+
∫ t



[
μk(s)CFDγ

(CFDβu(s)
)

+ μ(ϕs)(t)CFDθ
(CFDρu(s)

)

+ f
(
t, u(s), (φu)(s), h(s)CFDνu(s)

)]
ds

for all t ∈ I , where aα and bα introduced in Lemma .. By using Lemma ., we get

[
μk(t)CFDγ

(CFDβu(t)
)

+ μ(ϕs)(t)CFDθ
(CFDρu(t)

)
+ f

(
t, u(t), (φu)(t), h(t)CFDνu(t)

)]

–
[
μk(t)CFDγ

(CFDβv(t)
)

+ μ(ϕs)(t)CFDθ
(CFDρv(t)

)

+ f
(
t, v(t), (φv)(t), h(t)CFDνv(t)

)]

≤ μ
∣
∣k(t)

∣
∣
∣
∣CFDγ

(CFDβ
(
u(t) – v(t)

))∣
∣ + μ

∣
∣(ϕs)(t)

∣
∣
∣
∣CFDθ

(CFDρ
(
u(t) – v(t)

))∣
∣

+
∣
∣f

(
t, u(t), (φu)(t), h(t)CFDνu(t)

)
– f

(
t, v(t), (φv)(t), h(t)CFDνv(t)

)∣
∣

≤ μM‖u – v‖ + μλM‖u – v‖ + η∗(‖u – v‖ + γ‖u – v‖ + M‖u – v‖)

=
[
μM + μλM + η∗( + γ + M)

]‖u – v‖
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for all t ∈ I and u, v ∈ H. Hence

∣
∣(Fu)(t) – (Fv)(t)

∣
∣ ≤ [

μM + μλM + η∗( + γ + M)
]‖u – v‖ = 	‖u – v‖

for all t ∈ I and u, v ∈ H. Also, we have

∣
∣CFDβ (Fu – Fv)(t)

∣
∣ ≤ 

( – β)

[
μM + μλM + η∗( + γ + M)

]‖u – v‖,

∣
∣CFDθ

(CFDρ(Fu – Fv)(t)
)∣
∣

≤ 
( – θ )( – ρ)

[
μM + μλM + η∗( + γ + M)

]‖u – v‖,

and |CFDν(Fu–Fv)(t)| ≤ 
(–ν) [μM +μλM +η∗(+γ +M)]‖u–v‖ for all u, v ∈ H and

t ∈ I . Hence, ‖Fu – Fv‖ ≤ 	‖u – v‖ for all u, v ∈ H. Now, consider the maps g : [,∞) →
[,∞) and α : H × H → [,∞) defined by g(t, t, t, t, t) = 	 max{t, t, t, 

 (t + t)}
and α(x, y) =  for all x, y ∈ H. One can check that g ∈ R and F is a generalized α-
contraction. By using Theorem ., F has an approximate fixed point which is an approx-
imate solution for the problem (). �

Let k, s, h, g and q be bounded functions on [, ] with M = supt∈I |k(t)| < ∞, M =
supt∈I |s(t)| < ∞, M = supt∈I |h(t)| < ∞, M = supt∈I |g(t)| < ∞, and M = supt∈I |q(t)| < ∞.
Here, we investigate the fractional integro-differential problem

CFDαu(t) = λk(t)CFDβu(t) + μs(t)CFIρu(t)

+ f
(
t, u(t), (φu)(t), h(t)CFIνu(t), g(t)CFDδu(t)

)

+
∫ t


f

(
s, u(s), (ϕu)(s), q(t)CFDγ u(s)

)
ds ()

with boundary condition u() = , where λ,μ ≥  and α,β ,ρ,ν, δ,γ ∈ (, ). Note that the
maps k, s, h, g and q should be chosen such that the right side of equation () is continuous.

Theorem . Let ξ, ξ, ξ, ξ, ξ ′
, ξ ′

, and ξ ′
 be nonnegative real numbers. Suppose that

f : [, ] ×R
 →R and f : [, ] ×R

 →R are integrable functions such that

∣
∣f(t, x, y, w, v) – f

(
t, x′, y′, w′, v′)∣∣ ≤ ξ

∣
∣x – x′∣∣ + ξ

∣
∣y – y′∣∣ + ξ

∣
∣w – w′∣∣ + ξ

∣
∣v – v′∣∣

and |f(t, x, y, w) – f(t, x′, y′, w′)| ≤ ξ ′
|x – x′| + ξ ′

|y – y′| + ξ ′
|w – w′| for all real numbers x,

y, w, v, x′, y′ and w′ and t ∈ I . If 	 < , then the problem () has an approximate solution,
where 	 := max{ 

(–β) , 
(–δ) , 

(–γ ) }[λ M
(–β) +μM +ξ +ξγ +ξM +ξ

M
(–δ) +ξ ′

 +ξ ′
λ +

ξ ′


M
(–γ ) ].

Proof Consider the space H endowed with the metric d(u, v) = ‖u – v‖, where

‖u‖ = max
{

sup
t∈I

∣
∣u(t)

∣
∣, sup

t∈I

∣
∣CFDβu(t)

∣
∣, sup

t∈I

∣
∣CFIρu(t)

∣
∣, sup

t∈I

∣
∣CFIνu(t)

∣
∣,

sup
t∈I

∣
∣CFDδu(t)

∣
∣, sup

t∈I

∣
∣CFDγ u(t)

∣
∣
}

.
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Define the map F : H → H by

(Fu)(t) = aα

[

λk(t)CFDβu(t) + μs(t)CFIρu(t)

+ f
(
t, u(t), (φu)(t), h(t)CFIνu(t), g(t)CFDδu(t)

)

+
∫ t


f

(
s, u(s), (ϕu)(s), q(t)CFDγ u(s)

)
ds

]

+ bα

[∫ t


λk(s)CFDβu(s) + μs(s)CFIρu(s)

+ f
(
s, u(s), (φu)(s), h(s)CFIνu(s), g(s)CFDδu(s)

)

+
∫ t



∫ s


f

(
r, u(r), (ϕu)(r), q(r)CFDγ u(r)

)
dr ds

]

,

where aα and bα are introduced in Lemma .. By using Lemmas . and ., we obtain

∣
∣
∣
∣

[

λk(t)CFDβu(t) + μs(t)CFIρu(t) + f
(
t, u(t), (φu)(t), h(t)CFIνu(t), g(t)CFDδu(t)

)

+
∫ t


f

(
s, u(s), (ϕu)(s), q(t)CFDγ u(s)

)
ds

]

–
[

λk(t)CFDβv(t) + μs(t)CFIρv(t) + f
(
t, v(t), (φv)(t), h(t)CFIνv(t), g(t)CFDδv(t)

)

+
∫ t


f

(
s, v(s), (ϕv)(s), q(t)CFDγ v(s)

)
ds

]∣
∣
∣
∣

≤ λ
∣
∣k(t)

∣
∣
∣
∣CFDβ

(
u(t) – v(t)

)∣∣ + μ
∣
∣s(t)

∣
∣
∣
∣CFIρ

(
u(t) – v(t)

)∣∣

+
∣
∣f

(
t, u(t), (φu)(t), h(t)CFIνu(t), g(t)CFDδu(t)

)

– f
(
t, v(t), (φv)(t), h(t)CFIνv(t), g(t)CFDδv(t)

)∣∣

+
∫ t



∣
∣f

(
s, u(s), (ϕu)(s), q(s)CFDγ u(s)

)
– f

(
s, v(s), (ϕv)(s), q(s)CFDγ v(s)

)∣∣ds

≤
[

λ
M

( – β) ‖u – v‖ + μM‖u – v‖ + ξ‖u – v‖ + ξγ‖u – v‖ + ξM‖u – v‖

+ ξ
M

( – δ) ‖u – v‖ + ξ ′
‖u – v‖ + ξ ′

λ‖u – v‖ + ξ ′


M

( – γ )

]

‖u – v‖

=
[

λ
M

( – β) + μM + ξ + ξγ + ξM + ξ
M

( – δ) + ξ ′
 + ξ ′

λ + ξ ′


M

( – γ )

]

× ‖u – v‖

for all u, v ∈ H and t ∈ I . Hence,

∣
∣(Fu)(t) – (Fv)(t)

∣
∣

≤ aα

∣
∣
∣
∣λk(t)CFDβ

(
u(t) – v(t)

)
+ μs(t)CFIρ

(
u(t) – v(t)

)

+ f
(
t, u(t), (φu)(t), h(t)CFIνu(t), g(t)CFDδu(t)

)
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– f
(
t, v(t), (φv)(t), h(t)CFIνv(t), g(t)CFDδv(t)

)

+
∫ t



(
f

(
s, u(s), (ϕu)(s), q(s)CFDγ u(s)

)
– f

(
s, v(s), (ϕv)(s), q(s)CFDγ v(s)

))
ds

∣
∣
∣
∣

+ bα

[∫ t



∣
∣
∣
∣λk(s)CFDβ

(
u(s) – v(s)

)
+ μs(s)CFIρ

(
u(s) – v(s)

)

+ f
(
s, u(s), (φu)(s), h(s)CFIνu(s), g(s)CFDδu(s)

)

– f
(
s, v(s), (φv)(s), h(s)CFIνv(s), g(s)CFDδv(s)

)

+
∫ s



(
f

(
r, u(r), (ϕu)(r), q(r)CFDγ u(r)

))
– f

(
r, v(r), (ϕv)(r), q(r)CFDγ v(r)

)
dr

∣
∣
∣
∣ds

]

≤ aα

[

λ
M

( – β) + μM + ξ + ξγ + ξM + ξ
M

( – δ) + ξ ′
 + ξ ′

λ + ξ ′


M

( – γ )

]

× ‖u – v‖

+ bα

∫ t



[

λ
M

( – β) + μM + ξ + ξγ + ξM + ξ
M

( – δ) + ξ ′
 + ξ ′

λ

+ ξ ′


M

( – γ )

]

‖u – v‖ds

≤ [aα + bα]
[

λ
M

( – β) + μM + ξ + ξγ + ξM + ξ
M

( – δ) + ξ ′
 + ξ ′

λ

+ ξ ′


M

( – γ )

]

‖u – v‖ := 	′‖u – v‖

for all u, v ∈ H. Also by using Lemmas . and ., we get

∣
∣CFDβFu(t) – CFDβFv(t)

∣
∣ ≤ 

( – β) 	′‖u – v‖,

|CFDδFu(t) – CFDδFv(t)| ≤ 
(–δ) 	′‖u – v‖, |CFDγ Fu(t) – CFDγ Fv(t)| ≤ 

(–γ ) 	′‖u – v‖,
|CFIρFu(t)–CFDρFv(t)| ≤ 	′‖u–v‖ and |CFIνFu(t)–CFDνFv(t)| ≤ 	′‖u–v‖ for all u, v ∈ H

and t ∈ I . Hence, we obtain

‖Fu – Fv‖ ≤ max

{


( – β) ,


( – δ) ,


( – γ )

}

	′‖u – v‖ = 	‖u – v‖

for all u, v ∈ H. Consider the maps g : [,∞) → [,∞) and α : H × H → [,∞) defined
by g(t, t, t, t, t) = 	

 (t + t + t) and α(x, y) =  for all x, y ∈ H. One can check that
g ∈ R and F is a generalized α-contraction. By using Theorem ., F has an approximate
fixed point which is an approximate solution for the problem (). �

Here, we provide three examples to illustrate our some main results.

Example . Define the functions η ∈ L∞([, ]) and γ ,λ : [, ]× [, ] → [,∞) by η(t) =
e–(π t+), γ (t, s) = sin() and λ(t, s) = et–s. Then η∗ = 

e , γ = sin() and λ ≤ e. Put α = 
 .

Consider the problem

CFD

 u(t) = e–(π t+)

[

t + u(t) +




∫ t


sin()u(s) ds +




∫ t


esu(s) ds

]

()
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with boundary condition u() =  and the function f (t, x, y, w) = e–(π t+)(t + x + 
 y +


 w). Note that 	 = η∗( + γ + λ) < . < . By utilizing Theorem ., () has an
approximate solution.

Example . Define the functions η ∈ L∞([, ]) and γ ,λ : [, ]×[, ] → [,∞) by η(t) =
π

e(t+) , γ (t, s) = et–s and λ(t, s) = log esin(ln(π |t–s|+)). Then η∗ = π

e , γ ≤ e and λ ≤ log e. Put
α = 

 , μ = 
 , μ = 

 , β = 
 , θ = 

 , ρ = 
 and ν = 

 . Consider the functions k(t) =
sin t, h(t) = tan–(t), and s(t) = 

n whenever x = m
n ∈ Q ∩ [, ] with (m, n) =  and s(t) = 

whenever x ∈ Qc ∩ [, ] or x = . Then M = supt∈[,] |k(t)| = , M = supt∈[,] |s(t)| =  and
M = supt∈[,] |h(t)| = π

 . Consider the fractional integro-differential problem

CFD

 u(t) =




sin(t)CFD

 u(t)

+




(∫ t


log

(
esin(ln(π |t–s|+)))s(s) ds

)
CFD



(CFD


 u(t)

)

+
π

e(t+)

[

t + u(t) +
∫ t


et–su(s) ds + tan–(t)CFD


 u(t)

]

()

with boundary condition u() = . Put f (t, x, y, w, v) = π

e(t+) (t + x + y + w). Note that 	 =
( + 

(–β) + 
(–θ )(–ρ) + 

(–ν) )[μM + μλM + η∗( + γ + M)] < . < . Then by
using Theorem ., it implies that () has an approximate solution.

Example . Define the functions γ ,λ : [, ] × [, ] → [,∞) by λ(t, s) = et–s

e and
γ (t, s) = . Then γ =  and λ ≤ e. Put α = 

 , β = 
 , ν = 

 , δ = 
 , γ = 

 , λ = 
 , μ = ,

ξ = 
 , ξ = 

 , ξ = 
 , ξ ′

 = 
 , ξ ′

 = 
 , and ξ ′

 = 
 . Let s be an arbitrary bounded

map, q(t) = tan–(t), h(t) = sin(t) for all t ∈ I , k(t) =  whenever x ∈ Q ∩ [, ] and k(t) = 
whenever x ∈ Qc ∩ [, ] and g(t) =  whenever x ∈ Q ∩ [, ] and g(t) =  whenever
x ∈ Qc ∩ [, ]. Then M = supt∈[,] |k(t)| = , M is a real number, M = supt∈[,] |h(t)| = ,
M = supt∈[,] |g(t)| =  and M = supt∈[,] |q(t)| = π

 . Now, consider the well-defined frac-
tional integro-differential problem

CFD

 u(t)

=



k(t)CFD


 u(t) +




t +



u(t) +



sin(t)CFI


 u(t) +




g(t)CFD

 u(t)

+
∫ t



[



s +




u(s) +




∫ s



es–r

e
u(r) dr +




tan– CFD

 u(s)

]

ds ()

with boundary condition u() = . Put f(t, x, y, w, v) = 
 t + ξx + ξy + ξw + ξv and

f(t, x, y, w) = 
 t + ξ ′

x + ξ ′
y + ξ ′

w for all t ∈ I and x, y, w, v ∈R. Note that

	 = max

{


( – β) ,


( – δ) ,


( – γ )

}

×
[

λ
M

( – β) + μM + ξ + ξγ + ξM + ξ
M

( – δ) + ξ ′
 + ξ ′

λ + ξ ′


M

( – γ )

]

< . < .



Baleanu et al. Advances in Difference Equations  (2017) 2017:51 Page 12 of 12

Thus, taking into account Theorem . we conclude that the problem () has an approxi-
mate solution.
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