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where D, is the time-fractional derivative of order g € (1,2) in the sense of Caputo,
Ay is the Laplacian in the (2N + 1)-dimensional Heisenberg group H", |n| is the
distance from 1 in H" to the origin, m > 2, a1 = oy, By = B1, and
A€ LMY % 10,+00[), 1 < i < m. The main results are concerned with Q = 2N + 2,
less than the critical exponents that depend on g, &, and B, 1 <i<m.Forg=2, we
deduce the results given by El Hamidi and Kirane (Abstr. Appl. Anal. 2004(2):155-164,
2004) and El Hamidi and Obeid (J. Math. Anal. Appl. 208(1):77-90, 2003) from the
hyperbolic systems. For m = 1, we study the scalar case

(Flo): Dfx— Ap(x) > n|*Ix|?,

where B > 1, are real parameters. In the last case, for g = 2, we return to the
approach of Pohozaev and Véron (Manuscr. Math. 102:85-99, 2000) from the
hyperbolic inequalities.
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1 Introduction
Pohozaev and Véron [3] have established the question of nonexistence results for solutions
of semilinear hyperbolic inequalities of the type

9%x

a2 Ag(rx) > |77|ﬁfn|x|ﬂ» 1)

it is shown that no weak solution x exists provided that

Q+1l+«a

/ x1(n)dn = 0, a>-2 and 1<f<—m
R2N+1 Q-1

()
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In [1], El Hamidi and Kirane presented analogous results for a system of m hyperbolic

semilinear inequalities of the form

a2... . .
S5 = Au(hx) = 0] x| P,
(HS™): () e HNx 0, +00[, 1<i<m, 3)

Xm+l = X1,

and expressed the Fujita exponent (see [4—6]), which ensures the system (HS™) admits no
solution defined in HIN whenever Q < 1 + max(Xy, X, ..., X), where (X1, Xa, ..., X,,)7 for
the solution of the linear system (27).
Their results have been generalized by El Hamidi and Obeid [2] to a system of m semi-
linear inequalities with higher-order time derivative of the type
% = M) = 7] xial P,
(S7): (n,t) e HN x 10,+00[, 1<i<m, (4)
Xme1 =%1, k=1,2,...,

where they proved that the system (S}’) admits no solution defined in HN whenever Q <
2(1 - %) + max(Xj, X, ..., X,,). Different works on the importance of inequalities can be
found in [7, 8].

In this paper, we generalize these results (for (HS™)) to an evolution system with tem-
poral fractional derivative of the form

D % — Au(uixs) = [9]% x|,
(FSZ‘): (n,t) e HVx10,+00[, 1<i<m, )
Xm+l = X194 € (1; 2);

and we show under certain initial conditions that the system (FS;”) admits no solution
defined in HY whenever Q < Q= 2(1 - ‘11) + max(Xy,Xs,...,Xn).

This paper is organized as follows. In Section 2, we present some essential facts from
fractional calculus, more precisely, the definitions of the fractional derivative in the sense
of Riemann-Liouville and in sense of Caputo and their relationship between them, for
some new senses: the reader may refer to [9-11]. We also give some preliminaries as re-
gards the Heisenberg group HV and the operator Ay. In Section 3, we study the case of
two inequalities. In Section 4, we study the general case of m > 2, and in the last Section 5,
we study the scalar case.

2 Notation and preliminaries
In this section, we present some known facts about the time-fractional derivative Dg e the
Heisenberg group HY and the operator Ag.

The left-sided derivative and the right-sided derivative in the sense of Riemann-Liouville
for ¢ € L1(0, T), of order g € (1,2) are defined, respectively, as follows:

1 (d\ [ Ylo)
(Do )0 = F(Z—q)<%> fo -0y 4

‘ __ LAY [T vl
(Dur )= F(Z—q)<dt> /t -0 °7

where I' is the Euler gamma function.
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If " € L}(0, T), the derivative in the sense of Caputo of order g € (1,2) is defined by

p ~ 1 t w//(a)
L0155 | Gyt

which is related to the Riemann-Liouville derivative by

DG, ¥ (1) = D, (¥ (8) = ¥(0) - £y (0)).

We also recall the formula of integration by parts if 0 < § < 1:

T T
/0 o (0) (D) (1) dit = /0 (D) W (0) dt.

To derive the weak formulations, we have made use of the relations (see (2.30) and (2.31),

p.37 in[12]):
Dy =DDj v, q€(0,), (6)
Di;rgw = _DD?/Tw’ VAS (0,1), (7)

we also have the following formula (see Lemma 2.2, p.35 in [12]), for any § € (0,1):

Loy (T )
D”T‘“t"r(l—m((T—t)fft (o—t)ad") &

More details of fractional derivatives can be found in [5, 12, 13]; see also [14-16].
The Heisenberg group H” of the dimension (2N + 1) is the space

RN+ - {n:(x,y,r) e RN x RN x R}

equipped with the group operation ‘o’ defined by
N
nof;:(x+a~c,y+5/,t+f+2Z(x,5/i—5c,»yi)>, 9)
i=1

where

n=97)=®,%. ., XN V15Y2 YN T)s
f] = (5&)5/) ‘E) = (9’211562)'~~1&N’5’1)5/21-~15/N’ :E)y

this group operation makes H" have the structure of a Lie group.
The subelliptic Laplacian A over H” is defined by

N

Ap=) (X} +1}), (10)

i=1
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where

] ad a ]
Xl'za—xi+2yl'£ and H:——in—r;

with a simple calculation, we can write

N
o ok ok L, 9
AH:Z(@ i +4yi8xi81 _4xi8yi81 +4(x; +yi)w>.

The operator Ay is a degenerate elliptic operator satisfying the Hormander condition
of order 1 (see [17]). It is invariant with respect to the left multiplication in the group

since
Ag(x(n o) = (Aux)(nof) V(n,7) e HY x H.

The distance between a point and the origin in H" is defined by

N 1/4
[nlm = <r2 + X:(xl2 +)’z2)2) .

i=1

The application n — |n|g is homogeneous of degree one with respect to the natural

group of dilatations
8,(n) = (Ax, Ay, )th). (11)

We also know that the operator Ay is homogeneous of degree 2 relative to the distance

85 given in (11), that s,
Aw = 228, (A).

Obviously, the action of A where the functions only depend on p = ||y is

d? -1)d
Aua(p) = a(n)(d—p’; . (Qp D %)

where

N (2 +y?)
ﬂ(ﬁ)=24’p2‘ and Q=2N +2.

i=1

The number Q defined above is called the homogeneous dimension HV.
We also identify the points HY with those of R?2V*!, and we refer to the natural measure-
ment of Haar in HY similar to that of Lebesgue dn = dxdydt in R?N*1, Readers can refer

to [17-22] for more details of the analysis of the Heisenberg group.
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3 Systems of two inequalities

In this section, we are interested with systems of type

D{,x — Ap(rax) > [nlif |y in H” x R,

12
D§,y - Au(hoy) = Il 1212 inH” x RY, 12

(FSZI):

where D, denotes the time-fractional derivative of order g € (1,2), in the sense of Caputo.
The functions A; and A, introduced in (12) are assumed to be measurable and bounded
functions on H” x R*, where the exponents o, oy and By, 82 > 1 are real numbers. We
denote by Dg ,+» the time-fractional derivative of order g € (1,2) in the sense of Riemann-
Liouville. The following holds.

Definition 3.1 Let A; and X, be two bounded measurable functions in Qr = R*N*! x
(0,T). A weak solution (x,y) of the system (FS;) with positive initial data xg,%1, 0,51 €
Ll (R?N*1) s a pair of locally integrable functions (x,y) such that (x,y) € L”2(Qr,
Inl§f dndt) x LP(Qr, |nljf dn dt) satisfying

/Q (—xD% 1 + daxAug + 0[5 1911 e + x1(n) DY 1) dn dt
T
. / xo(nDI e (0)dy <0,
]RZNH

-1
/ (9D 19 + Moy Awe + Inl2 %1720 + y1(n)Dl 7 ¢) dn dt

Qr

+ / o 20D ¢(0)dn <0
R +

for any nonnegative test function ¢ € C*(Qr), such that ¢(-, T) = Df/_Tl (,T)=0.

Remark 3.2 We assume that the integrals in (13) are convergent. In Definition 3.1, if T =
+00, then the solution is called global.

Theorem 3.3 Assume that

1
Q<Q;= 2<1 - é) + Bifr 1 max ((o1 +2) + Bi(az +2), Balon +2) + (a2 +2)).

Then there is no weak nontrivial solution (x,y) of the system (FS;).

Proof By contradiction, we suppose (x,7) to be a nontrivial weak solution of (FS;), which
generally exists in time, that is, (x,y) exists in (0, T*) for an arbitrary 7*.

Let T and R be two positive real numbers such that 0 < TR < T*.

Since the initial data xo, x1, ¥, 1 are nonnegative, and Df/_Tl ¢ > 0 (from (8)), the varia-
tional formulation (13) implies

/ Inlﬁflyl’s%ﬂdndtff xD?/TRwdndt—/ AxAgedndt,

Qrr Qrr Qrr

/ InlﬁflxlﬁzwdndtS/ J’qu/TR‘Pdﬂdt—/ royAmgdnadt.
Q1R

Q1R Qrr
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From the Holder inequality, we get
/ Inl Iy|* o dn dt
Qrr
.15 % q By a —g*é i
< Inl2 1l dn dt |Dfree | (Inlst¢) 7 dndt
Qrr Qrr

1 /
) ’ _'5_2 8,
+||A1||oo(/ |n|§‘f|x|52wdndt> (/ |Aupl2(Inl2e) P dndt) :
TR Q7r

and

/ 12 )2 i dt
Qrr
1

1 / 2
#r , A
< (/ Inlﬁ?lylﬂlwdndt) (/ DY | (101 0) dndt)
TR Qrr

A
1

1 /
B , A B
+||A2||oo(/ |n|§f|y|ﬂl¢dndt) (/ |Ame| (InlHe) P dndt> h
Q7R Qrr

Next, C denotes a constant which may vary from line to line but is independent on the

terms which will take part in any limit process. So, we obtain
@By @ (b2 P
Inlg " @ dndt < C Il ¥ @dndt ) A (14)
Q1R Q7R

and
1
A
(15)

/ |n|‘;f|x|ﬂ2<pdndt56<f |n|§3;|y|ﬁlsodndt) B
Qrr Qrr

1

) B B
+ (/ |Arg|”2(Inlite) P dndt) 2
Q1R

1
A

/ 7ﬂ_]/~
+(/ |Amel” (Inle) A dndt) ;
Q1R

where

DY |2 (Il )~ 72 dndt

Qrr

4 A
B= (/ |D?/TR§0|/31(|77|%11(/7) Pt dn dt)
Q1R

from (14), (15), we have

N\"“

|~

B

[

o i 1
(/ Ianllyl’slwdndt> <CBR A, (16)
Qrr
-8y 1
012 1% dn dt <CAMB. 17)
H
Qrr
Now, we take
.[29 + |x|49 + | |49 + t4
‘P(’?,t):‘ﬂ(x,y,‘f,t) :(b< R4 4 >1 (18)
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where ® € D(R*) is a smooth nonnegative test function which satisfies 0 < ® <1 and

0 ifr>2,
= - 19
) 1 ifo<r<l. a9
Then 6 > 1, which will be specified later.
Then
'(p)
Anp(n,t) = —7— (N +2(26 - )) (1%[2307D 4 |y[220-D)
+2(20 - )T (12 + 1y)]
1602d"(p) _ _ _
R8 [|x|2(49 1 | |2(49 1) +2.L.29 l< >(|x|2(29 1) _ |y|2(29 1))
+ D (e + %),
where
+ |x|49 +| |40
p= 7 )
R
to estimate A, B (in (16) and (17)), by changing variables: (n,¢) = (x,y,7,t) —> (i},%) =
(%,%,7,t) where
- 1 .1 . 2 ~ 3
=Ry, y=R7y, T=R71, t=R"t (20)
We choose
Q={@0=&y750H)eH xR : 7+ [x|* + [§|* + ¥ <2}.
Therefore,
-~ C -~
|Ame(i D] < = Y(i,D e (21)
Ro
Asdndt = R¥F*H dndt and |n|g = R? |7)|u, we establish the following estimates
(22)

f D el (1nli20) ™ dna
TR
/|Dt/T<I>op| (|17| dJOp) P2 dn dt

Y 212
=95, +1

_RQ/B

and
f |Auel®2(Inl52¢) P2 dndt
Q7R

[ Gizoes) 7 digi 23)

;@b w2
2~ 0B +1

<CR 7P
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We choose 0 as the right-hand side of (22) and (23) which are of the same order in R. For

this purpose, we take 6 = %, therefore

472 g 2N+2

.

A<CR™ 7" h h,

Similarly, we can get

SRR B IN/S I
B<CR R A,

From (16) and (17), it follows that

1- 5 qop g 2N+2 1 . 1 g0 g 2N+2 1

B1B2 —g-ag=+% tort g [-q—5z+5 +--]

(/ Inﬁﬁlyﬁ’lsodndf) <CR P A h R A
Qrr

1 qay g 2N+2

1- gl 9o q 2N+2 1 1
P _g- 1,1 a9 g q
(/ |”|?ﬂ2|x|ﬁ2¢dndt) PR AT IR T
Q1R

Thus, we have

qoy gq2N+2 1 1|: qo1  q2N +2 1:|
=4 2 . t—t— gt t > <0, or
26 2 By By B2 260 2 B B

(24)
qu1 g2N+2 1 1|: qas  q2N +2 1] 0
= <0.

—+—|—q-—=+= +—

+ / + / /
260 2 B B B 26 2 By By

This condition is equivalent to

Q<Q;= 2<1 - é) + /31,31 1 max ((o1 +2) + Bilaz +2), Balon +2) + (a2 +2)).

Finally, let R — o0, taking into account the estimations (14), (17) or (15), (16) and using
the Fatou lemma, we get

/ / Inlflxl? dndt <0, (25)
R2N+l JR+

f f & 1y1? dndt < 0. (26)
R2N+l JR+

Therefore, x = 0 and y = 0, which is a contradiction. g

Corollary 3.4 Assume that
1
Q<Q;= 2(1 - —) + max (X1, X),
q

where the vector (X1, X,)7 is the solution of the linear system

() ()

Then there is no weak nontrivial solution (x,y) of the system (FSZ).
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Proof To get our result, we use the fact that the vector (X, X5)7 is given by

-1

X1 _ -1 ,31 0{1+2 _ 1 (Ol1+2)+ﬁ1(062+2)

%0 B -1 ar+2]  BiBr—1\Balar +2) + (2 +2)) O
4 Systems of m inequalities
Let (X1, Xa,...,X,.)" be the solution of the linear system

-1 B 0 ... 0 X, o2
0 -1 B o X, oy +2
: : 0 . : ) (27)
0 0 ‘. . ‘. . ﬂm—l mel Q1 + 2
B, 0 .. 0 -1 o +2

where o; and B; > 1 are given real numbers, i € {1,2,...,m}.
Consider the system

D, xi — Am(hios) > [n|% a1 |Pivt,
(BSy): (n,t) e HVx10,+00[, 1<i<m,

Xm+1 = X1,
where B,,..1 = B1, @ue1 = 1, and the initial data are

xi(n,0) = xﬁo), 1<i<m,

i, 0) =, l<i<m.
Definition 4.1 Let X;, i € {1,2,...,m} be m bounded measurable functions in Q7 =
RN % (0, T). A weak solution (x1,...,%,) of the system (FS)") with positive initial
data (xgo),xgl)) € (L},.

(%1, ..., %) such that x; € L#(Qr, Inlji dndt), i € {1,2,...,m}, satisfying

(R2N+1))2 i € (1,2,...,m}, is a vector of locally integrable functions

oy " 1 -1
/ (~x:D% g + hix A + 15 x| P g + 2 (DY ) dn dt
Qr

(28)
+/ DI p0)dn <0, ie(l,2,...,m-1),
R2N+1
and
f (=% DL + domxAug + 015t 1P + £V (0D 1 ) dip dt

. / O (D p(0)dy < 0
R2N+l

for any nonnegative test function ¢ € C?(Qr), such that ¢(-, T) = fole(~, T)=0.
Theorem 4.2 If the following hypothesis holds:

1
Q< Q; = 2(1 - 5) +max (X7, X, ..., Xm),

then the system (ESJ') does not have any weak nontrivial solution.
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Proof The proof is to be reduced to the case m = 3, the general case can be extended

similarly.

Let (x1,%2,%3) be a nontrivial weak solution of (FS;), as explained in the proof of Theo-

that

Qrr

According to Holder’s inequality, we obtain

b

3
f |n|§f|xl|ﬂlwdndtsc</ |n|§;‘f|x3|ﬂ3<odndt) As,
Q7R Q7r

/ |n|$;|x2|ﬁ2¢dnthC(/ |n|%%|x1|ﬂlwdndt) A,
Qrr Qrr

£

and

1
o3 B3 ) B2 P2
Inlg 1231 @dndt < C Inlgr 22| dndt ) Ay,
Qrr Qrr

where

A = (/ |D?/TR¢
Qrr

+</ |Auel’ (InlHe) P dndt) , i=1,2,3.
Qrr

B

B! a; *ﬂ—l{
(Inlge) P d’ldt>

|-

From (30), (31), and (32), we get

- 58575 Sl
(/ |n|§g|xl|ﬁlgodndt) < CAM AP As,
Q1R
R 1 1
B1P2B3 8 B
(/ |n|§f|x2|ﬂ2<pdndt> < CAP AL A,
Qrr

- ipsrs A L
(/ |n|gﬂ3|x3|ﬂ3<pdndt> < CABﬂlﬂZ Afz As.
Qrr

/ Inl]}“ﬁlmlﬂlwdndtsf st‘f/Tprdndt—f Asx3 Ane dndt,
Q1R Q1R

/ Inlﬁzlleﬁzwdndtff xlD‘Z/TRwdndt—/ MxiApgdndt,
Q1R Q1R Qrr

/ InlﬁfleI“‘%dndtS/ xzD?/TRfﬂdndt—/ Aoxa Age dn dt.
Qrr Qrr Qrr

rem 3.3, from the positivity of initial data and D?f;go > 0, inequalities (28) and (29) imply

(33)

(34)

(35)

Applying the test function ¢ (18), and changing of variables (20), given in the proof of

Theorem 3.3, we obtain

A <CR%, i=1,2,3,
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such that

qo; q 1 .
Gi=-q- '+ Q+=, i=1,23.
Y Y A

Therefore, from (33), (34), and (35), we get

P S
B1B2B3 oy 02 Ol
(/ |n|§‘ﬂllx1|ﬂlgodndt> ' < CR™"B: " Fab3 (36)
Qrr
A 3
12P3 o3, o3
(/ |32 1%21%2 0 dn dt) < CR°V BB (37)
Qrr
- 575 3
12P3 o1, o3
(/ 132 %317 @ dn dt) < CR*'B: Pk, (38)
Qrr

To end, the exponents of R in (36), (37), and (38) are strictly less than zero if and only if
Q < 2(1-1/g) + max(Xy, X5, X3), where the vector (X, X5, X3)7 is the solution of

-1 ﬁl 0 X1 o1 + 2
0 -1 ﬂz Xz =102+ 21. (39)
ﬂg 0 -1 X3 o3 + 2

We conclude that (x7,%5,%3) = (0,0,0). This contradicts the assertion. O

5 The scalar case

Let us consider the inequality of the form

D{,(x) — Au(hx) = In|§|x|?  for (n,t) e HN x R,

(FL,): )
T x0) =20 =0, E(5,0)=x1(n) =0 forn e HY,

(40)

where A = A(n, t) is a function defined and measurable in R?V*! x R* and o, 8 > 1, q € (1,2),

are real parameters.
Definition 5.1 A local weak solution x of the differential inequality (40) in Q7 = R2V*! x

(0, T), with positive initial data xo,%; € Lj, .(R**!), is a locally integrable function such
that x € L (Qr, |n|% dn dt) satisfying

/Q (~xD% g + axAmg + % 1x1P @ + %1 (DY) dn dt
T
+/ %0 (MDY 7¢(0)dn <0 (41)
R2N+1

for any nonnegative test function ¢ € C>(Qr) such that ¢(-, T) = fo;w(-, T)=0.

Remark 5.2 As in Definition 3.1, it is assumed that the integrals in (41) are convergent.
In Definition 5.1, if T' = +00, the solution is called global.

Page 11 of 15
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Theorem 5.3 Let N > 1 and 8 > 1. Assume that

qQ+a)+2

a>-2 and 1<B< ,
P q(Q-2)+2

(42)

then there is no weak nontrivial solution x of the system (FI,).

Proof The proofis based on an appropriate choice of the test function. Suppose the prob-
lem (40) has a nontrivial global weak solution x, let T, R, and 6 > 1 (which will be given
later) be three positive reals, let ¢ be a smooth nonnegative test function, since the initial
data xy, x; are nonnegative and D?/}l ¢ > 0 (from (8)), then the variational formulation (41)

implies

J

The test function ¢ should be given to ensure that

|n|%1|x|%dndts/

thq/TRzl/G % d') dt — / )»xAHw d?] dt. (43)
QTR4/0 Q

TR4/0 TRAIO

/Q (|D;]/T‘P|ﬁ/ + IAH(/)VB,)(|77|%I<P)_/3/U3 dndt < co.

TRA/O

To estimate the right side of (43), we apply Young’s inequality for an arbitrary ¢ > 0, we
have

J

—

fo/TR‘*/Wd”dt:/ x(|’7|gﬂ¢)ﬁ(|ﬂ|gﬂ¢) ﬁDf/TRz;/e(Pdndt

TR4/6 Qrralo

58/ Inlelxl g dn dt
Q

TRA/O

’ _8
+C€fQ |D;I/TR4/9('0|IB (Inliep) P dndt

TRAO

and

J

1 _1
AxAme dn dt =/ rx(Inlte) ? (Inlge) ? Anpdndt
Q4o

< s/ 015121 @ dn dt
Qrralo

TRA/O

ﬁ/
P

+cg||x||§;/ |Augl? (Inl%e)” 7 dndt.
Qrpaso

By considering ¢ small enough, we have

J

Take

ﬂ,
B

InlilxlP @ dndt < C. / (10! o 0l” +180l?) (Inl&se) 7 dndz.  (44)

TR4/0 Qrpa/o

r+|x|2+|y|2+t9>
TR ETOR TR )

<ﬂ(7),t):<p(x,y,1,t):<b< i
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where ® € D(R*), which satisfies 0 < ® <1 and (19), therefore

ANP'(p)  89"(p)
+
R* RS

App(n,t) = [Ix1* + 1y1%], (45)

where

Tl |y 1)
- =

To estimate the right-hand side in (44), we again change the variables,
i=R*t  F=R*%, %=R%%  §=R?,

we put
p=T+|F*+ 7+ 2.

To guarantee that supp® C 2, we assume that

Therefore,
-~ C o

~ —4
from dndt = RN dij di, |nlw = R?|7]|lm, and |DY, 00 0| = R |DY ¢, we have (44) so
that

14 7ﬁ_,
f |Asgl? (Inl&lxl?) T dnde
Q

TRA/6

/ 4_ ﬂ_/ Ry~ - _ﬁ_/ -
< RN f |Au® o 51" (1ilg® 0 5) 7 dij di (47)
Q
and

! _#
/ ’Df/TR‘W(p‘ﬂ (Inlsylx1”)" 7 dndt

Qpalo

4q g/ 4 98 1B (1~ A
<R Oqﬂ +4N+4+5 20(5 Dq q)op B |n|aq)0p B dr]dt. (4-8)
tIT H
Q

For the same exponent of R in (47) and (48), it is convenient to write 0 = g, then

/ 4_5, B
/ nlflxl o dn de < CR™P 4N a2y (49)
Q

TR

where

! ’ - - _‘i/ -~
C:Ca/(\Df,cho[)V’ +1Au® o 5P ) (175 P o ) F dijdi.
Q
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In the case that

qQ+a)+2

L<P<@-2+2

the exponent of R in (49) is negative, it means that R — +00 is qualified to apply Fatou’s
lemma to get

o0
f / Inl xI? iy dt = 0. (50)
0 R2N+1

Thus, x = 0, and this contradicts the fact that x is a nontrivial solution of (40). O

Remark 5.4 The positivity condition on the initial data can be weakened and replaced by

/ MDA dndt + / xo(nDp(0)dn > 0.
QT R2N+1

Remark 5.5 The assertion @ > -2 and 1< 8 < % is equivalent to Q < 2(1 — é) + %,
which motivates that Theorem 5.3 is a special case of Theorem 4.2 (in other words (FI,;) =

(FS}])).
Remark 5.6 g =2 covers the case of a hyperbolic inequality of the type

9%x
Y Ag(ix) > |77|%1|9¢|‘3

studied by Pohozaev and Véron [3].

Remark 5.7 By assuming g — 0o, then it is easy to find the well-known critical exponent

- Qe

o = 52 for the elliptic inequalities [3, 23].
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