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Abstract

In a recent study by Kim (Bull. Korean Math. Soc. 53(4):1149-1156, 2016) an attempt
was made to examine some of the identities and properties that are related to the
degenerate Carlitz g-Bernoulli numbers and polynomials. In our paper we define the
modified degenerate g-Bernoulli numbers and polynomials. As part of this we
investigate some of the identities and properties that are associated with these
numbers and polynomials which are derived from the generating functions and
p-adic integral equations.

MSC: 05A10; 11B68; 11580; 05A19

1 Introduction
Let p be a fixed prime number. In our study, Z,, Q,, and C, refer to the ring of p-adic
integers, the field of p-adic rational numbers, and the completion of the algebraic clo-
sure of Q,; meanwhile v, will be the normalized exponential valuation of C, with
Ipl,=p~r® = 117. In terms of the g-extension, ¢ is considered to be as indeterminate, a
complex number g € C, or p-adic number g € C,. If g € C, we suppose that |g| < 1. If
q € C,, we suppose that |g — 1], <p_1'ﬁ so that g* = exp(xloggq) for |x|, < 1. We use the
1-

notation [x], = %. Note that lim,_, [x], = .

It is well known that the Bernoulli numbers are defined by the generating function to be

¢ — " g
T XO:BHE =e (see [1-17]). @)
By (1), we derive

t= (' —1)e" = B+t _ Bt
[e¢]

=§:UB+D"—342. 2)

n=0

For (2), we have

1 ifn=1,
By =1, B+1) —B, = 3
0 B =Bu=1 0 itnsL, ®)
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In [2], Carlitz (1948) defined the recurrence relation as

1 ifn=1,

=1, +1)" - =
Yo @Va+ D" =Yg {0 ifn>1.

Observe that for n =1, by (4), we have

1= (qrs+1)' -0y
1

1 )
Z / qVig—Vig

1=0

=Yoqt (61 - 1)Vl,q~

By (5), we see that if ¢ #1, then y;, g = 0.
For n = 2, as stated in (4), we conclude that

0=(qyy +1)° - 124
2 2 )
= Z ! qYig—V2q
=0
_ 2
=Yo.q +2qY14 + 4 YV2q — V2uq

=1+ (q2 - l)yz,q.
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(6)

By (6), we find that y,, = —ﬁ. Therefore we state that lim,_,1 y»,4 = % = 00. As a conse-

quence we examine the following recurrence equation which remodels equation (4):

1 ifn=1,
0 ifn>1

IBO,q =1, q(ﬁlﬁq +1)" = ,Bn,q = { (see [2]).

For n =1, by (7), we have
1= Q(Qﬁq + 1)1 - ﬂl,q

(1
=q) ( l) q'Brg = Frq
=0

= q(lBqu + qﬂl,q) - ,Bl,q
= qﬂO,q + qzﬂl,q - /Sl,q~

By (8), we see that 1 — g = (¢*> — 1)1, and hence By, = —qi

Therefore we state that lim,_,; 814 = —% =B;.

For n = 2, by (7), we have
0= q(qﬁq + 1)2 - ,32,q

> /2
gy ( l)qlﬁz,q ~ fog
=0

+1

8)
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= q(ﬂo,q + qugl,q + qzﬁZ,q) - ﬁZ,q

1
=q-20—+ (4" -1)Bagq

l+qg
2
q9—9 3
= + -1 . 9
1+ q (q )'leq ( )
By (9), we see that 85, = m. Therefore we state that lim,_,; 85, = % = B,.

Let UD(Z,) be the space of C,-valued uniformly differentiable functions on Z,. For f €
UD(Z,), the p-adic g-integral on Z, has been defined by Kim as being:

1,(f) = [Z f(&)dpg) = lim f@q* (see [10]). (10)

The Carlitz’s g-Bernoulli numbers are represented by the p-adic g-integrals on Z, ac-
cordingly:

: (%] drg(x) = Bug (1= 0) (see [9-12]). (11)

Therefore, for (11), we get

J

P

o0 t”
e[x]qtd,uq(x) = Z'B”'q; (see [6-8,13]). (12)
n=0 !

From (12), we are able to derive the following equation:

n

1 I+1
Bra= =y ;}: (7) (-1)! 7 ++1]q (see [9-11, 14, 15]). (13)

Recently, Kim [9] studied some identities and properties of the degenerate Carlitz
q-Bernoulli numbers and polynomials. In our paper we define the modified degenerate
q-Bernoulli numbers and polynomials. As part of this we investigate some of the iden-
tities and properties that are associated with these numbers and polynomials which are
calculated from the generating functions and p-adic integral equations.

2 Modified Carlitz g-Bernoulli numbers and polynomials
As a result of (11), we define the modified Carlitz g-Bernoulli numbers as follows:

/ q (%] dpg(x) = By (14)
Zp

Observe that, for n = 0, we state

1

1
By, =/ dig(x) = lim
0q qu 1 N—oo [pN]q pry

1- 1
= lim — L N1

= . 15
Neool_qPNp logg (15)
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We also observe that if fi (x) = f(x + 1), then

PN-1
aly(h) = Zf x+1)g*!

T Nooo [pAlz (Zf(x)q" -£(0) +f(pN)qu)

x=0

N) — £(0
= 1,(f) + lim <(q 1) p‘zN lf(p ;Nf( )+(q—1)f(10N))
g-1
=1,(f) + (- 1)f(0) + @f/(o). (16)

Therefore, by (16), we are able to obtain the p-adic integral equation on Z, as follows:

1= 1p), 1)

I DF(0) +
ql,(h) = 1,(f) = (g - 1)f(0) log 4

Therefore, examining (14) and (17), if we take f(x) = g™ [x]Z, then we have

g /Z 1) /Z W

=(g-1)[0 +—f (0). (18)

Hence, we are able to obtain the following recurrence relation results:

q-1 " 1 ifn=1,
By, =—, B,+1)"-B,, = 19
0 logg (@Bq+ 1) 5 {0 ifn>1. 1s)
By (19), we state that
1 "\ (n l
Bug= —— (1) —. (20)
T 1-gr ;(J i,
From (14), we are able to define the modified Carlitz’s g-Bernoulli polynomials as fol-
lows:
o0 t”
f g7 dpig(y) = D Bug(®)—. (21)
Zp n=0 n

For (21), we are able to state

Bua)= [ a7l sl (22)
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For (22), we calculate

Bug() = f 47+ 91 digly)

Zp
1 ¢ -
1 — (n B llxi
_(l_q)n;):(l)( 1)'q []q- (23)

3 Modified degenerate Carlitz g-Bernoulli numbers and polynomials
1
Here, we assume that A, € C,, 0 < |A|, <1, |t], <p PT.

In terms of (21), we define the modified degenerate Carlitz g-Bernoulli polynomials as

/Z a7 (L+ at)r % dy (y) = Zqu(x)— (24)

n=0

when x = 0, By, 5,4 = By,.4(0) are called the modified degenerate Carlitz g-Bernoulli num-
bers.
We observe that

[x+ylg

[ asotiane =3 | q (o g
4 n=0
_ = — [x+y]q nﬁ
_ 20: / y( ) At (25)

where ( [x:\)’]q )n — [X;J’]q % ([x:\y]q _1) NI ([x’;y]q

Yg=2) ([ +yly = (n=1)1) (n = 1).
For (25), we are able to derive the following theorem.

—n+1). Note that [x+¥],,1 = [x+¥],([x +

Theorem 3.1 For n > 0, we have
/ q 7 [x + Ylgny dug(y) = By g(x). (26)
Zp

Let Si(n,m) be the Stirling numbers of the first kind, which are defined by (x), =
Y o Si(m,Dx! (n > 0). Note that limy .o By, 4(%) = By g (x).
Then, by using (25), we are able to state

" [x+ylg . ~
)»/qu ( . ) uq(y) = 251(7!1))» l/,, a7 [x +y), dug(y)

= > Sim DBy (). (27)

=0

Therefore, by using (26) and (27), we are able to derive the following theorem.
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Theorem 3.2 For n > 0, we have

Buyg@) =) Si(m, DA "B (). (28)
=0

By using (23) and (27), we are able to present details of the following corollary.

Corollary 3.3 Forn > 0, we have

n !
Sl(n,l)(l> ke Kol
By q(x) = (-1)'q* ——1"". (29)
» ;gu—q)l ART]
Observe that
[x+y] [x+y]q

q_y(1+kt)Tq=q—ye 4 log(1+A2)

_ —y2<[x+ky]q) %(log(l+kt))m

m=0
[}
)
n=0

N

[x+y] "1 A"
-y 71 —
Oq < 7 !m! E S1(n,m) o

Z (Z ATTMS (m,m)q 7 [x +y];") ;—n‘ (30)

m=0

Therefore by using (30), we are able to state

txoly o S t"
f g1+ Art) % t dug(y) = ZA Sl(n,m)/ q’x +y]q d,uq(y);
Zp Zp :

tn

A8 (n, m)Bm,q(x)) L (31)

By substituting ¢ by 1(¢* - 1) in (24), we find

J

o0
11
-y [x+y]qtd :2 :B At_lm
pq ¢ Mq()/) m=0 m,x,q(x) m! A" (e )

A"

n!

[o¢]
Bug®)A™ Y " Sy(n,m)

n p
Bm,)u,q(x))\n_mSZ(nr m);, (32)

m=0

e 10

X
I
(=]

where S, (1, m) are the Stirling numbers of the second kind as follows:

(¢ - l)m =m! ZSz(n, m);—n!. (33)

n=m
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Note that the left-hand side of (32) is derived as
o0 t”
/ q—ye[x+y]qt dpg(y) = Z/ q[x +y]; duq(y)—‘
Zp n=0 ' Zp e

o0 t"’
= Bugl) -
s n.

Therefore, by using (32) and (34), the following theorem can be derived.

Theorem 3.4 For n > 0, we have

Bug®) = Busg@)X" " Sy, m).

Note that

[x+y] [y]
040 T 1) 1420

q
=\ & g Dlillog(L+ 20)
:(Z[xm )qu%[w%

1=0

00 00 k k
= D wlgmi— ) (Z (Z WS, z>) %)

k=0 \I=0

00 n k "
=Z( Y Wlgnia Mg LS (K, 1)( )) ;

k=0 1=0

Thus, by (36), we get

00 M 00 n k
D Burglx —=Z( 2(7) Wlgnko 21" f Dl dieg )10 ) =
n=0

k=0 [=0
n

n k
n t
= E ( E (/ > [x]q,n—k,)u)"kilqlel,qSl(k; l)) re
o =0 < -

Therefore, by (37), we obtain the following theorem.

Theorem 3.5

n k

n
Bn,k,q(x) = <k> [x]q,n—k,)\)tk_lqlel,qSl (k,1).
k=0 [=0
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(34)

(35)

(36)

(37)

(38)

For r € N, we define the modified degenerate Carlitz g-Bernoulli polynomials of order r

as follows:

f f ) () T () - ()
Zp Zp

0
=D Bl
n=0

(39)
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We observe that
— (o oo +aty) L“”’”’“‘]qd d
| g (L+rt)~ 7 tg(x1) - - - dpig(xy)
Zp Zp
o0
=D f f G et 2 ) - i)
m=0 ZP ZP

1 m
x— (log(1 + 12))

M

o0 )\‘}’l
BY), (@A™ S1(m,m) —t
n=m :

3
Iy

n

(40)

M

Er

- t
( An—WlBZ?yq(x)Sl(l’l, Wl))

]
(=]

n m=0

where BS:,),q(x) are the modified Carlitz g-Bernoulli polynomials of order r.
As a consequence of using (39) and (40), the following theorem can be derived.

Theorem 3.6 For n > 0, we have
Blg) = D 2B )81 m). (a)
m=0

Replacing ¢ by %(e’” —1) in (39), we have

/ o / q et () - djug (xy)
ZP ZP

n

- Z( wmpl) (%S, m)) % (42)

By comparing the coefficients on the right hand sides of (42), the following theorem can
be obtained.

Theorem 3.7 For n > 0, we have

n

BY ()= A"MBY), (x)Sy(n, m). (43)

m=0
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