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Abstract

We address the existence and uniqueness of S-asymptotically T-periodic solution of
delay fractional differential equations with almost sectorial operator in infinite
dimensional Banach spaces. Under the weak assumptions, we obtain the existence
and uniqueness result. An example is presented.
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1 Introduction

Recently, fractional differential systems have played an important role in physics, chem-

istry, engineering, biology, finance etc., due to the memory character of fractional deriva-

tive, which is a generalization of integer-order derivative and can describe many phenom-

ena that an integer derivative cannot characterize (see [1-7] and the references therein).
In this paper, we study the existence of S-asymptotically T-periodic solutions for the

following fractional differential equation on a Banach space X:

‘DIu(t) = Au(t) + f(t,u;), t>0,
M(t) = ¢(t)’ te [_810])

11)

where g € (0,1) and § > 0. The fractional derivative is understood here in the Caputo sense.
A is an almost sectorial operator to be introduced later. u; : [-§,0] — X is defined by
u;(0) = u(t + 0) for 6 € [-4,0]. f is a function to be specified later. ¢ € C([-5,0], X).

The literature concerning S-asymptotically T-periodic functions with values in Banach
spaces is very new. There are some papers dealing with the existence of S-asymptotically
T -periodic solutions of differential equations and fractional differential equations with a
sectorial operator in finite as well as infinite dimensional spaces (cf. [4—6, 8—14]). How-
ever, von Wahl first introduced examples of almost sectorial operators which are not sec-
torial [15]. To the best of the authors’ knowledge, there are few papers on the existence
of S-asymptotically T-periodic (mild) solutions for fractional differential equation with
almost sectorial operator of type (1.1).
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We will now present a summary of this work. In Section 2, we recall some fundamen-
tal properties of S-asymptotically T-periodic functions and preliminary facts. The exis-
tence and uniqueness of S-asymptotically T-periodic mild solution of problem (1.1) are
discussed in Section 3, and an example is given to illustrate our result.

2 Preliminaries
Let (X, || - ||) be a Banach space and L(X) be the space of all bounded linear operators from
X to X with the usual operator norm ||x||z(x). Cs(R,, X) denotes the space of the continu-
ous bounded functions from [0, +00) to X, endowed with the norm ||x||oo = sup; [l%(2)]].
C([-6,0],X) denotes the space of the continuous functions from [-§,0] to X with the
norm [[x|l{_5,0] = Sup,c_s0) I¥@)Il. L7((0,+00),(0,+00)) is the L” space with the norm
llxll, = (f0+°o ()P dt)ll’ for 1 < p < 00, and we abbreviate this notation to L”.

We recall the following basic definitions of the fractional calculus theory. For more de-
tails, we refer to [1, 2].

Definition 2.1 ([1, 2]) The fractional integral of order g with the lower limit zero for a
function g € L'[0, c0) is defined as

t
Ifg(t):—f(t—s)q‘lg(s)ds, t>0,0<g<1,
q) Jo

where I'(-) is the gamma function.

Definition 2.2 ([1, 2]) The Caputo derivative of order g for a function g € C*[0, 00) can
be written as

1 ‘g
°Dig(¢) = / ds, t>0,0<g<l.
EOTTA- Jo w5y
Asin [16, 17], we state the concept of almost sectorial operators as follows.

Definition 2.3 Let -1<y <0and 0 <w < 7. By ®21(X) we denote the family of all linear
closed operators A : D(A) C X — X which satisfy

(1) c(A)C S, ={ze C\ {0};]|argz| < w}U {0} and

(2) for every w < ¢ < there exists a constant C; such that

IRz Ay < Cclzl”, forallze C\S;.
A linear operator A will be called an almost sectorial operator on X if A € ®},(X).
Remark 2.4 Let A € ®},(X), then the definition implies that 0 € p(A).

We denote the semigroup associated with A by W (¢). For ¢t € S%_w ={z € C\{0}; |argz| <

57—

W(t) =e*(A) = i / e “R(z;A) dz,

Tg

forms an analytic semigroup of growth order 1 + y, here w < 6 < 7 — |argt|, the integral
contour Iy := {R,e?} U {R,e ¥} is oriented counter-clockwise [16, 17].
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Proposition 2.5 ([16,17]) Let A € OL(X) with-1<y <0and 0 < w < 5. Then
(i) There exists a constant Cy = Cy(y) > 0 such that

|| W (t) ”L(X) <Cot™"7, forallt>O0.
(i) IfB>1+y,then DAP) C 21 ={x€X; limt_>0t>0 W (t)x = x).
(iii) The functional equation W (s +t) = W(s)W (¢t) for all s,t € S0 , holds. However, it is

not satisfied for t =0 or s = 0.

Consider the function of Wright-type (see [17, 18])

- Z (=2)" _1 3 (__Z)n T (ng)sin(nnq), zeC

fnl(-qn+1-q) 7~

with0<g<1.
Define operator families {Sq(t)}|t€591 and {7;(1)},c0 by
g 3

Sy(t)x = / \Dq(a)W(otq)xdo, te Sol_w,x eX,
0 2
o0
T, (t)x = / qo V(o)W (otT)xdo, te S%_m,x eX.
0

Theorem 2.6 ([18]) For each fixed t € S o Sq(t) and T, (t) are linear and bounded oper-
2
ators on X. Moreover, forallt >0,-1<y <0,0<g<]1,

|,0] < a0+,

1)
1720 || < Mot~ 1Y),
where M; = % and M, qc(élr_(l ) Moreover,
lm|S0] =0, jim |7500] =o. 22)

Theorem 2.7 ([18], Theorem 3.2) Fort >0, S;(¢) and T,(t) are continuous in the uniform
operator topology. Moreover, for every 7 > 0, the continuity is uniform on [F, 00).

Remark 2.8 ([18], Theorem 3.4) Let 8 >1+ y. Then, for all x € D(A?),

i, Sion=s

When ¢(0) € D(A?) with B > 1+ y, we present the definition of mild solution of problem
(1.1) as follows.

Definition 2.9 A function u € C([-$, +00), X) satisfying the equation

¢(t)) t € [_8) 0]’
u(t) = (2.3)
Sy (O(0) + [t =T T (t - 9)f (s,us)ds, ¢>0,

is called a mild solution of problem (1.1).
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Remark 2.10 In general, mild solutions to problem (1.1) are assumed to have the same
kind of singularity at ¢ = 0 as the operator S,(¢). When ¢(0) € D(A?) with B> 1+ y, it
follows from Remark 2.8 that the mild solution is continuous at ¢ = 0.

Let us recall the notion of S-asymptotically T-periodic functions which will come into
play later on.

Definition 2.11 ([9]) A function g € C»(R,, X) is called S-asymptotically T-periodic if
there exists T > 0 such that lim;_, ||g(£ + T) — g(¢)|| = 0. In this case, we say that T is an
asymptotic period of g.

Let SAP7(X) represent the space formed for all the X-valued S-asymptotically 7'-
periodic functions endowed with the uniform convergence norm denoted by || - |-
Then SAP7(X) is a Banach space (see Proposition 3.5, [9]). We set SAP7o(X) = {x €
SAP7(X);x(0) = 0}. Clearly, SAP7,(X) is a closed subspace of SAP(X).

Lemma 2.12 Let u : [-8,+00) — X be a function with uy € C([-5,0],X) and ul[o+c0) €
SAPr(X). Then the function t — u, belongs to SAP7(C([-$, 0], X)).

Proof Since u; is continuous on [—8, 0] which is compact, there exists 6 € [-8,0] such that

loterr — ell(_5,0) = 6sugp0||u(t+ T+0)—u(t+0)| =|ult+T+0)-u+0)].

Setting T = £ + 6, we obtain lim,_, o0 [|u(t + T + 0) — u(t + 0)|| = lim, .o lu(z + T) —
u(t)| = 0. O

3 Main result
In this section we discuss the existence and uniqueness of S-asymptotically 7-periodic
solutions for problem (1.1).
The function f : (0, +00) x C([-8,0],X) — X satisfies the following conditions:
(H1) There exists a function u(-) € Lll’ (0 < p < —qy) such that ||f (£, @)|| < wu(¢), for all
¢ € C([-6,0],X).
(H2) There exists a function 7 : (0, +c0) — (0, +00) such that

”f(t’ 1/11) _f(t’ 1;[/2)” =< n(t)”lﬁl - I;Zf2||’ fOI" all t> 0» 1;[flx l/f2 € C([_S:O]’X)

and

A= sup/ot(tLds< L (3.1)

20 —s)lrar M,

(H3) K :=sup,., [, VSO s < oo.

0 (t-s)l+av
(H4) There exists a function £ : (0, +00) — (0, +00) such that

tim VDO SO o o g e ¢ (15,01, %),

t—o0 &()

t
and sup,-¢ (t_i)% ds < 00.
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For v > p, 0 < ¢ < ¢, it follows from the Holder inequality that

t t b1 1-p
/ (t—s)”-lu(smss( / (t-5)iF ds> il ) = 8u(e— )", (3.2)

where 8, = (72)! 7l

S

Theorem 3.1 Assume that (H1)-(H4) hold. Then, for every ¢(0) € D(AP) with B >1+y,
the problem (1.1) has a unique S-asymptotically T-periodic mild solution.

Proof For ¢ € C([-5,0],X), we define the function y(t) = ¢(t) for t € [-5,0], y(t) =
S4()¢(0) for £ > 0, then y € C([-6,00),X). Set u(t) = x(£) + y(¢), t € [, +00). It is obvi-
ous that « satisfies (2.3) if and only if x satisfies xo = 0 and for ¢ > 0,

t
x(t) = / (t- s)q’17;(t = 8)f (s, %5 + y5) ds.
0
We write
6b()() = {x € Cb([_S’ +OO),X);x|t>0 € Cb(RHX)’x“—B,O] = 0},

endowed with the norm [|x| s := sup,.q [|2()[| + [0 l|[=s,0] = SUP,s I (@)1l
For x € Cp(X), setting C := [|%]loc + Sup,q |S;(£)(0)l + ll¢l[-s,0), we have

e + yell-s,o) < sup [x(E+60)| + sup |yt +0)]
—5<6<0 ~6<0<0
< sup [x(0)] + sup [S,()¢O)] + Illi-s01 = Cr (33)
<T=t <r<
then
F &% + 30| < n@)llxe + yell s + [f(£0)]| < Cun(0) + ||f (£, 0)]. (3.4)
We consider the operator F on Eb(X ) as follows:

0, te[-4,0],
t

(Fx)(t) =
Jo & =T T (t = 8)f (s, %5 + y5)ds, t>0.

We will show initially that Fx € E’b(X ). Let 1 > 0, we have

t+h
/ 6+ h— )T T (& + h—$)f (5,5, + 9,) ds
0

- /t(t - s)q_17;(t —8)f (s, %5 + y5) ds
0

=

/t[(t +h—s)Tt— (- s)q_l]Tq(t +h—5)f(s,x5 + y5)ds
0
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+

/t(t B [7;(1,‘ +h—s)=-T,(t- s)]f(s,xs +s)ds
0
t+h

+

f (¢4 h =) Tyt + h = s)f (s,%; + ) ds

For ¢ > 0 small enough, we conclude

/t[(t +h—8)T 1 — (- s)q_l]fi(t +h—38)f(s, x5+ y5)ds
0

t-¢
<M, / |t + =) = (£ =) (¢ + h—5)" 1) p(s) ds
0

(t—s)1™
(t+ h—s)10+7)

+ M, /t |:(t N ]u(s) ds,

taking # — 0, ¢ — 0, and using (3.2), the right-hand side of the above inequality tends to
zero.

Moreover, by (3.2), we have

t+h t+h
/ (t+h- s)q’l’Tq(t +h—3s)f(s,xs +y5)ds|| < My / (t+h—s) 7 u(s)ds
t t

—0, ash— 0.

For ¢ > 0 small enough, noting that (2.1) and (3.2), we obtain

/.t(t =) Tyt + =) = Ty(t —5)]f (5,55 + y5) ds
0

5/0_ (t—s)q’1||7;(t+h—s)—’Tq(t—s)”L(X)u(s)ds
+/ (t—s)q’1||7;(t+h—s)—E(t—s)”u(s)ds

t—¢e
< sup H'E(t+h—s)—7}(t—s)”ux)-/0 (- s)T u(s) ds

s€[0,t-¢]

+ M, ft ( (t-97 + (t-9" )M(S)ds.

e\ (t+h—s)10+y) (¢ —5)ad+y)

This, together with Theorem 2.7, shows that the right-hand side tends to zero as # — 0
and ¢ — 0.
Moreover, from (H2), (H3), (3.1), and (3.4), we have

Lon(s)

d
’ o (t—s)a

<M,C; ds + MoK < C + MyK.

/‘t Tt = s)f (s, %5 + y5)
0 (t—s)ta

Now, the operator F : Cp (X) — Gy (X) is well defined. It is clear that the fixed points of F
are mild solutions to problem (1.1).

Next, we will show that F is SAP7(X)-valued, where we identify the element v €
SAPro(X) with its extension to [-§,+00) given by vy = 0. We will prove for any x €
SAPro(X), Fx € SAP7(X). Obviously, (2.2) implies that y|j9,.c) € SAP7(X), then from
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Lemma 2.12, the function ¢ — y; belongs to SAP7(C([-$,0],X)). Now x; + y; €
SAP7(C([-6,0],X)), this means that, for each ¢ > 0, there is a positive constant L; > 0
such that

|| (®eeT + Yea1) — (X0 + 9e) || 50 =& for every t > L;. (3.5)
Moreover, (H4) implies that there is a positive constant L; > 0 such that

[f (& + T, %esr + yeur) —f G et + yeur) | <E()e,  for every ¢ > L.

Then, for t > L + T, L := max{Ly, L,}, we have

”(]—'x)(t +T)- (fx)(t)H

T+ T- “T T+ T =)
= /0 qu( xs+ys)d5+/T ():_'_T—)qf(srxs'*'ys)d

- /t(t - s)q‘17;(t = 8)f (s, %5 + y5) ds
0

T
<M, |:/ (t+T =97 (Cinls) + ||f(s,0)]) ds:|
0
+ /o (¢ —s)1! ”’Y;(t —5) || Hf(s + T, %7 + Ysor) —f (S XouT + YsiT) ” ds

+M, /0 (t =)V ||f (s, %547 + Y1) —f (5% + ¥5) | s
= Il(t) + Iz(t) + Ig(lf).

Noting that t + T —s > #(T —s), we have

’

/ Cin(s) + |If (s, 0)|l ds < ( T )“‘" /Tcln<s>+|tf(s,0>|| J
o (t+T-ghr t+T 0 (T — s)l+ar

which implies I;(¢) — 0 as t — oco. From (3.4),

“f(S + Trxs+T +ys+T) _f(syxs+T +ys+T) ” =< Cl[ (S + T) + 7] ] Hf S+ T O || + Hf(sr H

Denoting sup,., fo WV ds := M and noting that (H2), (H3), (2.2), and t —s > L(L-5s),

we have

)< LCin(s+ 1)+ IIfS+ T,0)|| + Cin(s) + Ilf(s,O)II

+M2€/( t—s) I E(s)ds
L

SMZ[/“T Cin(s) + IIf (s, 0)|| dS+/L Cin(s) + IIf (s, 0) |
0

T (t+ T —s)l+ar (£ - s)l+ar

L+ T\"T (BT (Cins) + IIf (s, 0)11) ds
_Mz(t+T> [/0 (L+T—s)+ar ]

ds:| + MQ]NVIS
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L™ (* (Cin(s) + |If(s,0)[)) ds v
() [ [ O]

L+T
t+T

l+qy -
< 2M2( ) [CiA + K] + MyMe.

From (H2), (3.3), and (3.5), it follows that

L () " n(s)
]3(t) §2M2C1L mdS+M28/L m

L 1+qy
§M2A|:2C1<;> +81|.

Now we can see ||[(Fx)(t + T) — (Fx)(&)|| — 0 as t — 00. As a result, F(SAP7(X)) C
SAP7,(X).
For x,% € SAP7(X), we have

[(Fx) (&) - (Fx)(®)|| < M, fo (t = 5)" (s) | — s ll 25,07 s < MaAllx =% | oo

then || Fx — FX|loo < MaAllx —X||oo. Then F is a contraction mapping, the proof now can
be finished by using the contraction mapping principle. 0

Example 3.2 Let 2 be a bounded domain in RY (N > 1) with boundary 92 of class C*.
Let X = C3(Q),

A=A, D@A)={ueC?@);uls =0}

It follows from Example 2.3 [17] that there exist ¢, w > 0, such that

e
|
| ol

Arce0y (C3Q),

[SE}

then A + ¢ is an almost sectorial operator and generates a semigroup {W(¢)};>o with
W6 < Cot" My =-32,Co>0).
We consider the following fractional differential problem:

5
cNG _ a cos V(t+T,x) sin2mt
D v(t,x) = Av(t,x) + 2v(t, x) + 7(“#)% T t>0,x €8,
- (3.6)

v(t,x) = p(t,x), te[-1,0],

where « € Rand ¢ : [-1,0] x 2 — X is a continuous function.
Problem (3.6) can be written in the abstract form as follows:

‘Div(t) = Av(t) + F(t,vs), t>0,

V(t) = ¢(t), te [_1, 0]:

where g = 2,Av = (A + 2)v,F(t,v,) = ﬁ + Si;tzllt.
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For 9,9 € C([-1,0],X), we can easily see

|a| 1 pyp—
IFeol <m0y * g e
[E¢t )~ F69)] < —2— i~ 1l = n®llp - 7.
(t+1tY)s

Noting that

1 1 % 11%
[0 e[ e
0 t+tt 0 t
+00 1 % +00 1% +001 1
/ dtf/ — dt:/ —dt=—,
AN T o\ 1 B 2
ooy 1\
[ e
0 1+t

1
we can obtain u(t) e L? (p = %).

t

Noting that -1 —gy = -1, (¢ + Y1 <t Jo (t—s)"2s% ds = 7, we have

! 1
_Sup/ (t=5)" (o) ds—|alsup/ (t—s)3s7h - (1+5°) H ds

>0 t>0

,_.
B

t 1
= |a|sup/ (t—s)’%s_f -8 (1 +s3)74 ds
0

t>0

<lalm. (3.7)

Moreover, F(t,0) = "; T+ Si;illt, noting that (3.7) and
(t+t%) 2

t 1 |sin2ms| t 11
(t—s)_fidss‘/ (t—s)2s2ds=m,
/o Vs+1 0

we get
¢ 1
sup/ (t—s)"2 ||F(s, 0)|| ds < +00.
t>0 JO

We take &(t) = £°2 then

IIF(t+1,<p)—F(t,§0)|I<|a|t§[ 1 . 1 ]
- (t+t9T [(t+1)+ (£+1)4]7

1
t2

vl

— 0, ast— +o00o,

1 1
and sup,.q fo(t —5)"2s72 ds = 7 < 0.
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8
Noting that M, = 2Cll-y) _ SCO—F§5) and (3.7), in association with Theorem 3.1, if
I'(1-qy) 6I(3)
3
:LZ’)%), then the problem (3.6) has a unique S-asymptotically 1-periodic mild solu-

tion for ¢(0,x) € D((A +2)3).
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