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Abstract

In this work, we propose a new delayed stage-structured predator-prey model with
impulsive diffusion and releasing. By the stroboscopic map of the discrete dynamical
system, we obtain a prey-extinction boundary periodic solution. Furthermore, we
prove that the prey-extinction boundary periodic solution is globally attractive. We
also prove that the investigated system is permanent by the theory on the delay and
impulsive differential equations. Our results indicate that time delay, impulsive
diffusion, and impulsive releasing have influence to the dynamical behaviors of the
investigated system. The results of this paper also provide a tactical basis for pest
management.

Keywords: delayed stage structure; predator-prey model; impulsive diffusion;
impulsive releasing; prey-extinction

1 Introduction

Many authors [1-8] and papers [9, 10] have studied the predator-prey, competitive, and
cooperative models. Permanence and extinction are significant concepts of those models
which also show many interesting results. However, the stage structure of a species has
been considered very little. In the real world, almost all animals have the stage structure
of being immature and mature. Recently, [11-17] studied the stage structure of species
with or without time delays. Aiello et al. [12] considered a time delayed stage structure of

being immature and mature of the population model

dx; _
ti—t(t) = Xy (1) — rxi(£) — e %, (¢ — T), @)
Lol - e, (¢t T) — P, (8),

where x;(£) denotes the immature population density at time ¢, x,,(t) denotes the mature
population density at time ¢, & > 0 represents the birth rate, r > 0 represents the immature

death rate, 8 > 0 represents the mature death and the overcrowding rate, T > 0, represents

—rT

the time to maturity rate, the term ae™"" x,,(t — v) represents the immature who were born

attime ¢ — 7 and survive at time ¢ (with the immature death rate r) and therefore represents
the transformation of the immature to the mature.
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Dispersal is a ubiquitous phenomenon in the natural world. It is important for us to un-
derstand the ecological and evolutionary dynamics of populations mirrored by the large
number of mathematical models devoted to it in the scientific literature [13—-24]. If the
population dynamics with the effects of spatial heterogeneity is modeled by a diffusion
process, most previous papers focused on the population dynamical system modeled by
the ordinary differential equations. But in practice, it is often the case that diffusion occurs
in regular pulse. For example, when winter comes, birds will migrate between patches in
search for a better environment, whereas they do not diffuse in other seasons, and the ex-
cursion of foliage seeds occurs at a fixed period of time every year. Thus impulsive diffusion
provides a more natural description. Lately theories of impulsive differential equations [25,
26] have been introduced into population dynamics. Impulsive differential equations are
found in most domains of applied science [16, 17, 20, 24, 27-29].

The organization of this paper is as follows. In the next section, we introduce the model
and background concepts. In Section 3, some important lemmas are presented. In Sec-
tion 4, we give the conditions of global attractivity and permanence for system (2.1). In

Section 5, a brief discussion is given in the last section to conclude this work.

2 The model

Wang and Chen [17] considered a single population with impulsive diffusion. Jiao [24]
considered a delayed predator-prey model with impulsive diffusion on predator and
stage structure on prey. Inspired by [17, 24], we establish a new delayed stage-structured

predator-prey model with impulsive diffusion and releasing

d _
%(t) = riyi(8) — e ™1y (£ - 1) — wixa (2),
()

i = ne Ny (t - 1) — wiyi (8) = By (H)z1(),
) _ g Bz (t) — wizzi (8),
ddt(t) 1811(D)z1(2) — wizzi (2) b4 e Dt o (4 D,
20 = 1y (t) — rae 2y (8 — 13) — wyxa (8),
dys(t) _

=7 = e VN R2ys(E - 1) — waaya(t) — Baya(t)za(2),
) -k, By, (8)z2(t) - wasza(8),

Ax(t) =0,

Ay(t) =0,

Az (8) = D(z2(£) - z1(2)), T (2.1)
Axy(t) =0,

Ays(t) =0,

Azy(t) = D(z1(¢) — z2(2)),

Axy(t) = 0,

Ayi(8) =0,

£2(0) =, t=(n+1)t,nezt,
Ax,(t) =0,

Ays(£) =0,

Azy(8) = po,
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with initial condition

(21(2), 92(2), 93(2), 9a(0), 95(2), 96(0)) € C, = C([-11,01, RY),
0;(0)>0, i=1,2,3,4,5,6,

where system (2.1) is constructed of two patches. x;(¢), y;(t) and z;(¢) represent the im-
mature prey population, mature prey population, predator population in patch i (i = 1,2)
at time ¢. It is assumed that birth into the immature prey population is proportional to
the existing mature prey population with proportionality constant r; in patch i (i = 1,2).
7; represents a constant time to maturity of prey population in patch i (i = 1,2), that is,
immature prey individuals and mature individuals are divided by age t; in patch i (i = 1, 2).
The natural death rates w;;, wiz and w3 (i = 1,2) are assumed for the immature prey popu-
lation, mature prey population, and predator population in patch i (i =1,2). B; (i=1,2) is
the mature prey population capture rate by the predator population in patch i (i = 1,2). k;
(i =1,2) is the conversion rate of nutrients into the reproduction of the predator popula-
tion in patch i (i = 1,2). The pulse diffusion occurs every 7 > 0 period. The system evolves
from its initial state without being further affected by diffusion until the next pulse ap-
pears. Ay ((n+0)7t) =y((n+D)t*) — y:((n + [)t) where y;((n + [)T*) represents the density of
population in the ith patch immediately after the nth diffusion pulse at time ¢ = (n + /)7,
while y;((n + [)T) represents the density of population in the ith patch before the nth dif-
fusion pulse at time ¢t = (n + )t (n € Z,, 0 << 1). 0 <D <1 is the dispersal rate of the
predator population between two patches. It is assumed here that the net exchange from
the jth patch to the ith patch is proportional to the difference y; - y; of the predator popu-
lation densities. The predator population is released with p; in patch i (i = 1,2) at moment
t=(m+1)t,nez,.

Because x;(t) (i = 1,2) does not affect the other equations of (2.1), we can simplify system

(2.1) and restrict our attention to the following system:

WO = e uny (- 71) - wipn () - Bz (),

dzjt(t) = ki fiy1(D)z1(t) — wiszi (8), b4 e Dot £ (n e D),
D20 = e 172y, (¢ - 73) — Wiy (8) - Baya (D2a(2),

% = ko Boy2 (£)zo(£) — wozzo(£),

Lyi(8) =0,

Az (t) = D(z2(¢) - z1(2)), b= (s lrne ", 02)
Ays(t) =0,

Azy(t) = D(z(¢) - z2(2)),

Ay(t) =0,

Aalt) = p, t=m+1)t,neZz,

Aya(£) =0,

Azy(t) = pa,
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with initial condition

(02(2), 93(2), 95(2), 96(2)) € C, = C([-71,0], R?),
0i(0)>0, i=2,3,5,6.

3 The lemmas
The solution of (2.1), denoted by X () = (x1(£), y1(£), z1(£), %2(t), y2(£), 22(2)), is a piecewise
continuous function X : R, — R%, X(¢) is continuous on (nt, (n + l)t], (n + N7, (n + 1)7],
neZ, and X(nt*) = limy_ .+ X&), X((n + Dt*) = lim, (4pr+ X(£) exist. Obviously the
global existence and uniqueness of solutions of (2.1) are guaranteed by the smoothness
properties of f, which denotes the mapping defined by the right side of system (2.1) (see
Lakshmikantham, [25]). Before we have the the main results, we need to give some lemmas
which will be used in the following.
According to the biological meaning, it is assumed that x;(¢) > 0, y;(¢) > 0, and z;(t) > 0
(i=1,2).
Let V:R, x R® — R,, then V is said to belong to class Vj, if:
(i) V is continuous in (nt,(n +)t] x R® and ((n + )7, (n +1)7] x RS, for each z € RS,
neZ, Vntt,z) =limgy) (it V(EY), V(I + D17, 2) = lim gy (neety) V(EY)
exist.

(i) V islocally Lipschitzian in z.

Definition 3.1 V € V;, then, for (¢,z) € (nt, (n+1)t] x R® and ((n + )7, (n +1)t] x R®, the
upper right derivative of V(¢,z) with respect to the impulsive differential system (2.1) is
defined as

D*V(t,z) =limsup % [V(t +h,z + hf (¢, z)) - V(t, z)].
h—0

Lemma 3.2 ([26]) Let the function m € PC'[R*, R] satisfy the inequalities

m'(t) < p(t)m(t) + q(¢),
t>to,t b, k=1,2,..., 3.1)

m(ty) < dim(te) + by, =1k,

where p,q € PC[R*,R] and dj > 0, by are constants, then

m(t) < m(ty) 1_[ dkexp</ p(s)ds)

to<tg<t 0

Y (H d/exp(/t:ms)ds))bk

to<tgx<t “tg<tj<t

+ t 1_[ dkexp(ftp(o)da>q(s)ds, t>tp.

0 sctp<t
Now, we show that all solutions of (2.1) are uniformly ultimately bounded.

Lemma 3.3 There exists a constant M > 0 such that x;(t) < M, yi(t) <M, z;(t) <M (i =
1,2) for each solution (x1(t), y1(£), z1(£), %2(£), ¥2(2), z2(2)) of (2.1) with all t large enough.
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Proof Define
2
V(t) = Z kx, (&) + kyy:(£) + z,(t)]
i=1
and d = min{wy1, wia, W3, Wa1, Wan, Was}, then t # (n + [)t, t # (n + 1)T, we have

2
D'VE) +dV(E) = Y kiri(t)
i=1
2
- Z[ki(wil = d)xi(t) + ki(wip — d)yi(t) + Wiz — d)Zi(t)]

i=1

2
< Zkirixi(t) <¢.

i=1
When t=(n+ 1)z,

2
V((n+Dt*) = Z[xi((n +0T*) +yi((n+ DT*) + zi((n + l)r*)]

i1

2

Z[xi((n + l)t) +yi((n + l)‘L') + zi((n + l)t)] = V(n1).

i=1

When t = (n + 1)1,

2
V(n+1)1*) = Z[xi((n + 1)) +yi((n+ DT*) + zi((m + D7) ]
i-1

»o

= Z[x,-((n +1)7) +yi((n+ D7) + zi((n+ D) | + p + a2
i-1

= V((n + l)r) + 1 + Mo.

By Lemma 3.2, for ¢t € (nt, (n + 1)7], we have

et £ (1 g ede-o) o
V(e) = V(0T)e ™+ = (1—e) + (ua+ o) T + G+ 2) o

dt
© (i + )~ ¢

— =+ (U + ) ———, ast— oo.
d M1+ U2 et _1

So V(t) is uniformly ultimately bounded. Hence, by the definition of V(¢), there exists a
constant M > 0 such that x;(t) < M/k;, yi(t) < M/k;, z;(t) < M (i = 1,2) for t large enough.
The proof is complete. d



Jiao et al. Advances in Difference Equations (2016) 2016:318 Page 6 of 15

If y;(¢£) = 0 (i = 1,2), we have the following subsystem of (2.2):

dzi(t) _ _
ddt = —wizz1(t), t#(n+ )T, t#4(n+ D,
Zﬁt([) = —dy32(t),
Azl(t) = D(Zz(t) - Zl(t))’ = (I’l + l)T (3 2)
Azy(t) = D(zi () — 22(2)),
Aalt) = m, t=m+1)t,neZ".
Azy(t) = o,

We can easily obtain the analytic solution of (3.2) between pulses as follows:

z(nt*)eilt-nt), tent,(n+0)1),

z1(t) =
z((m+ DTHe3t=00) ¢ e [(n+ D1, (n +1)7),

(3.3)
zy(ntt)eW2slt-n), te[nt,(n+10)7),

z(t) =
zo((n + Dr*)evsE000) e [(n+ D, (n+1)7).

Considering the third and fourth equations of (3.2), we have

z2((m+0)t*) =1 - D)e 3z (nt*) + De 23 25 (),

(3.4)
z((n+1)t+) = De™"B z (nt*) + (1 — D)e ™23z, (nt™).

Considering the fifth and sixth equations of (3.2), we also have

a((n+1)t*) =z1((n+ Dr*)e™saDT 4y,

(3.5)
2o((n+ 1)T%) = zo((m + DT H)e 23007 4 1y,

Substituting (3.4) into (3.5), we have the stroboscopic map of (3.2)

z2i((m+1)1*) =1 — D)e™37z (nt*) + De"Wi3A-D+wasllt 7 (o 4y 1y,

(3.6)
2o((n + 1)T*) = DemWisbwasU=-Dlt 5 (0 +) 4 (1 — D)e 237 25 (nT™*) + Uo.

Equation (3.6) has one fixed point:

_ _ma(-A)+mAy
4 = TAn-By) A > O (3.7)
2 = M2B1+p1(1=By) 0
2 7 (1-A1)(-By)-42B ’

where

A =(1-D)e™B% <1,
B = De~13(-D+waslle 1,
Ay = De*[W131+W23(1*1)]T <1,

By =(1-D)e™37 <1.
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Lemma 3.4 The fixed point (z},25) of (3.6) is globally asymptotically stable.

Proof For convenience, we use the notation (z{,2z}) = (z1(nt*),z2(nt*)). The linear form
of (3.6) can be written as

n+l n
<Z}m) -M (Z}q) : (3.8)
&%) Z

Obviously, the near dynamics of (z],z}) is determined by linear system (3.6). The stability
of (z],2}) is determined by the eigenvalue of M less than 1. If M satisfies the Jury criterion
[30], we can know the eigenvalue of M is less than 1,

1—trM +detM > 0. (3.9)

We can easily know that (zf, z}) is unique fixed point of (3.6), and

A, B
M= ( ! 1). (3.10)
A2 Bz

For

1-trM +detM
=1- (A1 +By) + (A1B; — A3By)
=(1-A)(1-By)-AyB;
=[1-A-D)e™="] x [1- (1 - D)e s3] - D?e Mi3+d2)"
=[(1-€e37) + De ™37 |[(1— e™»7) + De "7 ] - DPe Wiz was)e
=(1-e™87) x (1-€e737) + De 237 (1 — e7"37) + De ™37 (1 — 727
>0.

From the Jury criterion, (z],z5) is locally stable, then it is globally asymptotically stable.
This completes the proof. d

Lemma 3.5 The periodic solution (zRZ),zRZ)) of system (3.2) is globally asymptotically
stable, where

0 Zre T, tent,(n+ D),
zZ1 =
ZFe =Dt e [(n+ DT, (n+ 1)1), (311)
5 Zyewnltonm), t € [nt,(n+07),
V) =
Zyre 0D e [(n+ DT, (n+ 1)7),
where z{ and z; are determined as (3.7), z{* and z;* are defined as
Z*=(1=D e—wlglrz* + De—w23lrz*’
i=0-D) ! > (3.12)

—wi3l —wo3l
25" = De™™slTzF 4 (1 - D)e™»I7z3,
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Lemma 3.6 ([31]) Consider the following equation:

dx(t)
dt

= ax(t — ) — arx(t),

where ay,az,® > 0; x(t) > 0 for —w <t <0, we have:
(i) if a1 < ay, then, lim,_, o, x(¢) = 0,
(il) ifay > ay, then, lim,_, o x(£) = +00.

4 The dynamics

From the above discussion, we know there exists a prey-extinction boundary periodic
solution (O,ZA(E),O,Z;(E)) of system (2.2). In this section, we will prove that the prey-
extinction boundary periodic solution (o,z’f(E), O,Z;(Jt)) of system (2.2) is globally attrac-

tive.
Theorem 4.1 If

mg&{ne‘wﬂf" —[wa + Bi(zf +27)]} <0 (i=1,2) (4.1)
i=1,

holds, the prey-extinction boundary periodic solution (O,ZIE),O,Z;G)) of (2.2) is globally
attractive, where z; (i = 1,2) is determined by (3.7), z/* (i = 1,2) is defined by (3.12).

Proof From (4.1), we can obtain
rie Vit ¢ [wl-z + ,Bi(zf + z;‘*)] (4.2)
Then, we can choose g, sufficiently small such that

rie VT < Wi + ,Bi[(zj‘ + z:‘*) - 80]. (4.3)

From the second and fourth equations of system (2.2), we obtain d%[) > —wizi(t) (i=1,2).

So we consider the following comparison impulsive differential system:

dz11(t)

2L = —wizzn(8),

o t4(m+ DTt #(n+1)1,
—Zfilt(t) = —wy3z(t),

Az (t) = D(zo1 (t) — zu1(2)),
Az (t) = D(z11(E) — z01(2)),

Az (t) = pa,

t=(mn+0Dr, (4.4)

t=(m+1)t,mez*.
Az (t) = pa,

In view of Lemma 3.4 and (3.5), we find that the boundary periodic solution of system

4.1)
— zre3tnt) tent,(n+0)1),
zin(t) =
Zr*efwls(t—(ml)r)’ te[mn+Dr,(n+1)1), (@5)
— Ziewnltonm), telnt,(n+10)7),
z1(t) =

ZFe 0D e [(n+ DT, (n+ 1)7),



Jiao et al. Advances in Difference Equations (2016) 2016:318

is globally asymptotically stable, where z} and z} are determined as (3.7), z{* and z
defined as (3.12).
From Lemma 3.5 and comparison theorem of impulsive equation [2], we have z;(¢) >

*ok
5 are

za(¢) (i=1,2) and z;1 () — Z;(Z) as t — 00. Then there exists an integer k; > ki, t > ko such
that

—_—~

zi(t) > za(t) 2 zi(t) —e0  (i=1,2),nt <t <(m+1)1,n>ky,
that is,
z(t) >ZRZ) —g0 > (z;k +z§k*) — &0 £ oi (=L12),nt<t<(m+t,n>k.

From (2.2), we get

dyi(t
ydl_i) <rie”"y(t - ) = (Wi + Bio)yi(t)  (i=1,2),t>nt +71,n> ks, (4.6)
Consider the following comparison differential system referring to (4.6):

dR;(t)
dt

=rie "Rt — ) — (Wi + Biod)Ri(2)  (i=1,2),t>nt + 1, m > ko (4.7)

From (4.3) and Lemma 3.6, we have lim;_, o, R;(¢) = 0.

Let (1(2), z1(t), y2(2), z2()) be the solution of system (2.2) with initial conditions and
71(8) = 92(¢) (¢ € [-71,0]), %2(¢) = ¢5(8) (¢ € [-7,0]). Ri(2) (i = 1,2) is the solution of sys-
tem (4.7) with initial conditions R;(¢) = ¢2(¢) (¢ € [-71,0]), Ra(¢) = 95(¢) (¢ € [-11,0]). By
the comparison theorem, we have

tlim yi(8) < tlim R;(t) =0.

Incorporating the positivity of y;(¢), we know that lim,_, » y;(¢) = 0. Therefore, for any &; >
0 (sufficiently small) and &; < min{ % }, there exists an integer k3 (ks > ko7 + 771) such that
yi(£) <& (i=1,2) forall £ > k3.

From the second and fourth equations of system (2.2), we have

-Wiszi(t) < < —(wi —kiBie)zi(t) (i=1,2). (4.8)

dz(t)
dt

—~

Then we have z,(f) < z;(¢t) < z3(t) and z» () — zi(t), zi3(t) — z/—,g\(t/) (i=1,2) as t — oo.
While (z12(£), z22(¢)) and (z13(2), z23(¢)) are the solutions of

dZ]l(t) = — z t ’ T t? n 1
— = = —Wj3 ( ) +
12 t#(}’l l) ’ ( )

Az15(t) = D(z22(t) — 212(2)),
Az (t) = D(z1(t) — z22(t)),

Azip(t) = i,

t=mn+)r, (4.9)

t=m+1)t,nez*,

Az(t) = (o,

Page 9 of 15
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and

% = —(wi3 — ki 181)z13(8), b4 Dot 4 (1 D)t
dzii—gt(t) = —(wa3 =k Br61)z23(2),
Azi3(t) = D(zp3(t) — z13(2)), t=(n4 D), wi0)

Azy3(t) = D(z13(F) — z23(2)),

Azi3(t) = uq,
3(t) = t=(n+1)t,nezt,

Azy3(t) = pa,

respectively, we have

— Ziye ke Eno), t € [nt,(n+ D7),
213(2) = . ;
Zigew—hbre)=00n) - p e (g4 DT, (n+ 1)7), @11
— z;ge—(W23—k2ﬁ261)(t—nr), tent,(n+ 1), ’
Z23(8) = . ;
Zitemas—kafoe))t=0eD0) -t ¢ [(n 4 D)7, (1 +1)7),
where
Zhy = ( ua(1-A13)+11 493

1-A13)(1-Ba3)-A23B13 ’ (4.12)

s w2Biz+p1(1-Ba3)
= L2H3TRL R8s ()
%223 = (=A13)(1-B23)—A23B13 ’

and

Zr=( —D)e_(W13_k1ﬂ181)lTZT3 + De_(w23_k2ﬁ28])lrz;3, (4.13)
25 = De_(wlg_klﬁlsl)lrziﬁg +(1 —D)e_(W23_k2ﬂ261)er§3,

and

Az =(1 _D)e*(WIB*klﬂlsl)T <1,
By = De[wiz=kipren)A-D+(waz—kapae)lle 1,

Ays = De[wiz=kipren)l+(was—ka fae1)1-Dle 1,

By =(1- D)e—(W23—/<2/3281)f <1

Therefore, for any €, > 0 (&3 is small enough), there exists an integer k4, 1 > k4 such that
Zip(t) — &9 < zi(t) < z3(t) + &5 (i = 1,2). Let &1 — 0, so we have z;(t) — g5 < z;(t) < zi(t) + &2

(i =1,2), for t large enough. This implies z;(¢) — z;(t) (i = 1,2) as ¢t — oo. This completes
the proof. d

The next work is to investigate the permanence of system (2.2). Before starting our the-
orem, we give the following definition.

Definition 4.2 System (2.2) is said to be permanent if there are constants m, M > 0 (in-
dependent of initial value) and a finite time 7, such that, for all solutions (y;(t),z(t),
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¥2(t), z2(¢)) with all initial values y;(0%) > 0, z;(0*) > 0 (i = 1,2), m < y;(t) <M, m <
zi(t) <M (i = 1,2) hold for all £t > Ty. Here T, may depend on the initial values
#1(0%),21(0%), 2(0%), 22(0%)).

Theorem 4.3 If

. W T —(Wia—f: B:v¥ —(w: . B:F) (1=
mlll;[rie Willi _ Wiy — ﬁi(z;ze (wiz—kiBiyi)lT + Z?Z‘e (wig+k;Biy7)(1 l)'f)] >0,
i=1,

there is a positive constant q such that each positive solution (y1(t), z1(¢), y2(£), z2(£)) of (2.2)
satisfies y;(t) > q, for t large enough, where y} (i =1,2) is determined by

e VT = Wi + B (2?46—(Wi3—kiﬂiy}‘)lf + Z?;e—(wtwktﬂiyf‘)(l—l)f) (i=1,2),
where 2}, (i =1,2) and 2%y (i =1,2) are defined as (4.19) and (4.20), respectively.

Proof The second and fourth equations of (2.2) can be rewritten as

dy;(t)
dt

= [rie‘wilri - (Wiz + ,Bizi(t))]yz’(t)

d t
- rie_”’“”E/ yiu)du (i=1,2). (4.14)
t—-1;

According to (4.14), Q;(¢) (i =1,2) is defined as

t

Qi(t) = yi(8) + rye ™ / yiw)du (i=1,2).

t-1;

We calculate the derivative of Q;(¢) (i =1,2) along the solution of (2.2):

dQ(t) _

It [rie™n% — (wia + Bizi()) [yi(t)  (i=1,2). (4.15)

Since

ST (Wi —k: B:vF —(w+  B:%) (1= .
rl,e_wtlzt > Wi + ,31‘[2746 (wiz klﬁl.yi ) + Z?Z‘e (W13+ktﬂlyi )L lﬁ] (l = 1, 2),

we can easily see that there exists a sufficiently small ¢ > 0 such that
rie T s i + ,31{ [Z;Ze*(wiB*kiﬂiJ’?)lT + Z;k:e*(WiB"'kiﬂiJ’T)(l*l)T] + 8} (i=1,2).

We claim that for any £, > 0, it is impossible that y;(¢) < y7 (i = 1,2) for all £ > ty. Suppose
that the claim is not valid. Then, there is a £y > 0 such that y;(¢) <y} (i =1,2) for all £ > .
It follows from the first and third equations of (2.2) that for all £ > £,

% <—(wis —kBy)zt) (i=1,2). (4.16)
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Consider the following comparison impulsive system for all £ > £y:

% = —(wiz — k1 B1y7)z14(2), 4+ DTt £ (s 1)
% = —(wa3 — ko Boy3)224(t),
A t)=D t) — t)),
ault) =Dlen@) -z |, _ o (4.17)

Az4(t) = D(214(t) — 224(2)),

Az(t) = uq,
w(t) =t t=(m+1)t,nezt,

Azo4(t) = pa,

where
Evol Zhe kBN e [nt, (n + D),
zZife WisTRPUDE0D -y e [(n 4 DT, (n + 1)T), (4.18)
- Z5,e WP e [nr, (n + D)),
Zyte kb)) =0T - p e [(n 4+ DT, (1 + 1)7),
here

¥ = —Mel-Aw)rindy

147 (1-A14)(1-B24)-A4B1a ’ (4.19)
25 = - HoBiatin(1-Bos) 0
24 7 (1-A14)(1-Bag)-A4 B4 ’

and

Z=01- D)e’(W13’k1ﬁ1yT)lfzi‘4 n Def(wzg—kzﬂzyg)lrza, .
Z;Z = Def(w13fk1ﬁ1y’2‘)lrzik4 + (1 _D)ef(wzykzﬁzy;)[fziw

and

A =(1 _D)e*(WIS*klﬁIJ’T)T <1,
By = De(wi3=ki 1)) (1-D+(waz—ka poy3)llz 1,

Agy = De 13-k BDi(ns —kapoy$)A-Dle 1

By = (1 _D)ef(msszﬁzy’z‘)r <1

By the comparison theorem for impulsive differential equations [28], we know that there
exists a sufficient small ¢ > 0 and #; (> £y + 71) such that the inequality z;(¢) < z/iz/(t) +e(i=
1,2) holds for ¢ > £, thus z;(f) < [zj;e*wﬂ—kfﬁiy?)l’ + zj‘je‘(wi”kfﬁiy?)(l‘l)’] +eforallt > t. We
use the notation o; S [z?;e’(wﬂ’kiﬂiyf oy z?‘;e’(wﬁ"kiﬁiy? )0-D7] 4 ¢ (i = 1,2) for convenience.

So we have
rie " > wip + Bioy (i=1,2),
then we have

Qi(t) > ya(O)[rie™ % — (wip + Bioy)]  (i=1,2),



Jiao et al. Advances in Difference Equations (2016) 2016:318 Page 13 of 15

forall £ > t;. Set ¥ = minsepy, 47,1 ¥i(t), we will show that y;(t) > y" for all £ > ;. Suppose
the contrary, then there is a T > 0 such that y;(t) > y” for ty <t <t + 11 + To, yiti + 1 +
To) = y7" and y(t; + 71 + Tp) < 0. Hence, the second and fourth equations of system (2.2)
imply that

—WilTj

Yty + 11+ To) = rie” " 0%iy;(ty + 7 + To) — [wir + Bizi(t + 11 + To) yi(tr + 7 + To)

> [I",'e_wilri — (W,’z + ,3,0',)]1:” >0 (l =1, 2)

This is a contradiction. Thus, y;(¢) > y* for all £ > t;. As a consequence, then Q(¢) >
Yy et — (wp + Bio;)] > 0 (i =1,2) for all £ > ¢;. This implies that as t — oo, Q;(£) — 0.
It is a contradiction to Q;(¢) < M(1 + t;r;e”*1%). Hence, the claim is complete.

By the claim, we are left to consider two cases. First, y;(t) > yf (i = 1,2) for all ¢ large
enough. Second, y;(¢) (i = 1,2) oscillates about y! (i = 1,2) for ¢ large enough.

Define

k k
q=min{%,%;lﬂ,Q2}; (4'21)

where g; = yfe~1+FiM)% (j = 1,2). We hope to show that y;(£) > ¢; (i = 1,2) for all ¢ large
enough. The conclusion is evident in the first case. For the second case, lett* >0 and £ > 0
satisfy y;(t*) = y;(t* + &) =y} (i =1,2) and y;(¢) <y} (i =1,2) for all £* < £ < t* + & where t*
is sufficiently large such that y;(¢) > 0; (i =1,2) for t* < £ < t* + £, y;(¢) (i = 1,2) is uniformly
continuous. The positive solutions of (2.2) are ultimately bounded and y;(¢) (i = 1,2) is not
affected by impulses. Hence, thereisa 7 (0 < ¢ < 1) and T is dependent on the choice of
t* such that y;(*) > yy’* (i=1,2) for t* <t <t*+ T.If &€ < T, there is nothing to prove. Let us
consider the case T < £ < 71. Since y;(£) > —(wa + BiM)y;(t) (i =1,2) and y;(t*) =y} (i =1,2),
it is clear that y;(t) > ¢q; (i =1,2) for t € [t*,t* + 71]. Then, proceeding exactly as the proof
for the above claim, we see that y;(¢) > g; for t € [t* + 11, £* + &]. Because the kind of interval
t € [t*,t* + &] is chosen in an arbitrary way (we only need £* to be large). We conclude that
y;(t) > q for all large ¢. In the second case, in view of the above discussion, the choice of
q is independent of the positive solution, and we prove that any positive solution of (2.2)

satisfies y;(£) > g for all sufficiently large ¢. This completes the proof of the theorem. [

Theorem 4.4 If
gllile[’"ie_wmi —Wp - B (Z?ZLe—(WiB—kiﬁiJ’?)lT + Z?‘;e—(wﬁ+ki/3i3’;k)(1—l)f)] >0,
system (2.2) is permanent.

Proof Denote (y1(£), z1(t), y2(t), z2(t)) for any solution of system (2.2). From system (2.2)

and Lemma 3.3, we can easily obtain

dz(t)
dt

> —W,‘gzi(t) (l =1, 2) (422)
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Consider the comparison impulsive system (4.9) for all ¢ > t,. By Lemma 3.5, we obtain

—~ | zremslnn), tent,(n+ D7),
z15(t) =
Zi;*e—wls(t—(nd)‘r), te [(l’l + Z)T, (}’l + 1)1_-)’ (4 23)
—~ |zl tent,n+D1),
zp(t) =

Zyre D - p e [(n+ DT, (n+ 1)7),

here 7} and z} are defined as (3.7), z{* and z;* are defined as (3.12). By the comparison
theorem for impulsive differential equation [28], we know that there exists a sufficient
small e > 0 and ¢ (> £y + 71) such that the inequality z;(¢) > ZRE) —¢(i=1,2)holdsfor¢ > #,
thus z;(t) > [z;“e‘WBlT +z/Fe™B -hr]_g 2 piforallt > t;. By Theorem 4.3, Lemma 3.3, and

the above discussion, system (2.2) is permanent. The proof of Theorem 4.4 is complete. [J

5 Discussion

In this paper, we investigate a new delayed stage-structured predator-prey model with
impulsive diffusion and releasing. We analyze that the prey-extinction boundary periodic
solution of system (2.2) is globally attractive, and we also obtain the permanent condition
of system (2.2). From Theorem 4.1 and Theorem 4.4, we can easily guess that there must
exist a threshold p* (1* = max;_i2{u}} and u} (i = 1,2)) is determined by the condition of
Theorem 4.1), if u > p*, the prey-extinction boundary periodic solution (O,ZRE), 0, Z;(E))
of (2.2) is globally attractive. If i < p*™* (™ = min;yo{p}*} and uj* (i = 1,2) is determined
by the condition of Theorem 4.4), system (2.2) is permanent. From Theorem 4.1 and The-
orem 4.4, we can also easily guess that there must exist a threshold D* (0 < D* < 1). If
D < D¥, the prey-extinction boundary periodic solution (O,ZRZ),O,ZZE)) of (2.2) is glob-
ally attractive. If D > D*, system (2.2) is permanent. This indicates that impulsive diffusion
and impulsive releasing can affect the dynamical behaviors of the investigated system (2.2).
That is to say, impulsive diffusion and impulsive releasing of the predator population play
important roles for the prey-extinction of system (2.2). The parameters as 7; (i = 1,2) and
7 can also be discussed, its change also affects the dynamical system of (2.2). The results
of this paper provide a tactical basis for pest management.
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