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Abstract

In this paper, we consider the existence of periodic solutions for a class of
nonautonomous second-order discrete Hamiltonian systems in case the sum on the
time variable of potential is periodic. The tools used in our paper are the direct
variational minimizing method and Rabinowitz's saddle point theorem.
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1 Introduction and main results
Consider the following discrete Hamiltonian system:

APu(t-1) + VF(t,u(t)) =0, teZ, 1.1)

where A%u(t) = A(Au(t)), and VF(¢,x) denotes the gradient of F(¢,x) in . In this paper,
we always suppose that the following condition is satisfied:

(A) F(t,x) € C{(RN,R) for any t € Z, and F(¢ + T, x) = F(t,x) for (t,x) € Z x RN, where

T >0 is a integer.

In the last years, a great deal of work has been devoted to the study of the existence and
multiplicity of periodic solutions for discrete Hamiltonian system (1.1); see [1-16] and the
references therein. In particular, Guo and Yu [7] considered the existence of one periodic
solution to system (1.1) in case VF(¢,x) is bounded. Xue and Tang [12, 13] generalized
these results when the gradient of potential energy does not exceed sublinear growth.

Tang and Zhang [11] completed and extended the results obtained in [12, 13] under a
more weaker assumption on F(t,x).

Recently, Yan et al. [15] obtained multiple periodic solutions for system (1.1) when the
growth of VF(t,x) is sublinear and there exists an integer r € [0, N] such that:

(i) F(¢x)is T;-periodicinax;, 1 <i<r.
(ii)
T
|| 72 ZF(t,x) — £00 as|x| — oo,x € {0} x RN,
t=1
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In this paper, motivated by the results mentioned and [17], we further study the existence
of periodic solutions to the discrete Hamiltonian system (1.1).
Our main results are the following theorems.

Theorem 1.1 Suppose that (A) holds and

(Hy) ZtT:lF(t,x + Tie;) = ZthlF(t,x), 1<i<N, where T; >0, and {e;]1 <i < N} is an
orthogonal basis in RN;
(Hy) there exist 0 < C; < 2 sin® % and Cy > 0 such that

|F(t,%)| < Cilxl* + Cy.
Then system (1.1) has at least one T-periodic solution.

Corollary 1.1 Let F(t,x) = —acosx — e(t)x. If e(t) satisfies

e(t+T)=elt), Y e(t)=0,

then system (1.1) has at least one T-periodic solution.

Remark 1.1 When F(t,x) = —acosx—e(t)x (a > 0), system (1.1) is a discrete form of forced
equations studied by Mawhin and Willem [18—-20], in which they require the assumption
that the forced potential is periodic on spatial variables. So, our results, Theorem 1.1 and

Corollary 1.1, generalize their results in discrete situation.

Theorem 1.2 Suppose that (A) and (H;) hold and

(H3) there exist uy < 2 and py € R such that
(VE(t,%),%) < piF(t,%) + po;

(Ha) there exists § > 0 such that, for t € Z, we have
F(t,x)>68, |x| — +00;

(Hs) there exists 0 < b < 2sin? T such that

F(t,x) < b|x|%.

Then system (1.1) has at least one T-periodic solution. Furthermore, system (1.1) has at

least one nonconstant T-periodic solution if Y, F(t,x) > 0 for all x € RN.

2 Some important lemmas
Let

HT={u:Z—)RN|u(t)=u(t+T)forallteZ}
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with norm

Z u(t)|.

t=1

lull = <Z|Au 1) >

Set

and
T T
(@' (), v) = >~ (Bule), Av(0)) = Y (VE(t,u(r), v(2))
t=1 t=1

for u,v € Hy.

According to assumption (A), it is well known that & is continuously differentiable and
the T-periodic solutions of problem (1.1) correspond to the critical points of the func-
tional .

Definition 2.1 ([21]) Assume that X is a Banach space and f € C}(X,R). If {u,} C X sat-
isfies

f(”n) - C, (1 + ”Mn”)f/(un) — 0,

then we say that {u,} is a (CPS)¢ sequence of f. For any (CPS)¢ sequence {u,}, if there
exists a subsequence of {u,} convergent in X, then we say that f satisfies (CPS)¢ condition.

Lemma 2.1 ([19, 22]) Assume that X is a Banach space and f € CH(X,R). Let X = X; ® X,

and

dimXj < +o0, supf < inff,
X
Sl 2
R

where Sk = {u € X | |u| = R}.
Set By = {u € Xy, |u| <R}, M = {g € C(B}, X) | g(s) =s,s € Sk},

C = inf maxf(g(s))

&M seBl,

Then C > infx, f. Furthermore, if f satisfies (CPS)¢ condition, then C is a critical value

of f.

Lemma 2.2 ([11]) Ifu € Hy and Zt Lu(t) =0, then

T
> au@)|’

s
T t=1

T
>Juol <, —
t=1
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and

2 121
Il = (| max Ju(®)])” = ——— " |suto)]”.

teZ{1,T] —

3 Proof of main results
Proof of Theorem 1.1 Let

= EQN'EB j:?Tr

where Hy = {u € Hy : i = TZt LU (t) =0}.
For any u € Hr, there are 1 € HT and % € RN such that u = i1 + 4.
According to (H;), we have that

T T

O (@) = % S |au@)* - > F( )

t=1 t=1

lZ|Au(t)| - c12|u(t)| - TG,
t=1

t=1

bJ

T T

- 2
22|A ( 4sm Z ‘ —TG

t=1 =1

| =

=

_ (l _ L) XT:|A;,(t)|2 - TG,
2 4sin® 7)o '
So,
®(z) — +00  as ||i]| = oo.
Suppose that {u;} is a minimizing sequence for ®, that is,
®(uy) — inf®, k — oo.
Then uy = iy + ux, where i, € Hry, i, € RN, By (3.1) there exists ¢ > 0 such that
llaxll < ec.
By (H;) we have that
®(u+Tie;))=d(u), ueHr,1<i<N.
Hence, if {4} is a minimizing sequence for ®, then
(g -er +up e+ kaTh,... 0 en +ug-en + knTn)

is also a minimizing sequence of ®.
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Therefore, we can assume that
0<ui-¢<T;, 1<i<N. (3.3)

By (3.2) and (3.3), {ux} is a bounded minimizing sequence of ® in Hr.

Going to a subsequence if necessary, since Hr is finite dimensional, we can assume that
{ur} converges to some uy € Hr.

Since & is continuously differentiable, we have

® (1) = inf D(u), D' (up) = 0.
Therefore, the proof is finished. O

Proof of Theorem 1.2 For the proof, we will apply Rabinowitz’s saddle point theorem. First,
to prove that & satisfies the (CPS)¢ condition. Suppose that for C, a sequence {ux} € Hr
satisfies

D(uy) — C, (1 + lluagell) @' (x) — 0.

Since ®(u;) — C, we have that

T T
% Y Jawm®|* = > F(tm(e) — C. (3.4)
t=1

t=1

From (H3) we have that

T T
(@), 1) = | Aae)|* = > (VE(t 1i(8)), i (1))
t=1 t=1
T T
> ZIAuk(t)|2 — 1 Yy F(t,u()) = paT.
t=1 t=1
By (3.4) we have that
T T

_ZF(t, w(t)) = C - % Z!Au;&t)\z te.

t=1 t=1
So, we have

T T

(@) i) = Y| Daua&)[* = D (VE(t,ui(8)), i)

t=1 t=1

T
M1 2
>(1-— Au(t)]” + Cug — o T + €.
_( 2);| Mk()| M1 — K2
Therefore,

T
(1 - %) Z\Auk(t)|2 +Cup— T <0.
t=1
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From this inequality we have that ZlT: | A ug(£)]* is bounded.
By (H;) we have that

P(u+Tie;))=Pu), ueHr,1<i<N.
Therefore, if {1y} is a (CPS)¢ sequence of @, then
(f{k - €1 +ﬁk - €1 +/<1T1,...,I:£k *eN +ﬁk - eN +kNTN)

is also a (CPS)¢ sequence of ©.
So, we can assume that

O0<ui-e<T; 1<i<N,

that is, |u| is bounded.

From these results we have that {u;} is bounded.

Since Hr is a finite-dimensional Banach space, it is easy to see that ® satisfies the (CPS)¢
condition.

We now prove that the conditions of Rabinowitz’s saddle point theorem are satisfied.
Let

T
Xi=RY, X,= iueHT:Zu(t)zo}.

t=1

For any u € X, by (Hs) and Lemma 2.2 we have that

1 T T
D(u) = §Z|Au ‘—ZF(t,u(t))
t=1 t=1
1 T
ZEZ]AM(M —b;]um
1 o 2 o 2
> 2 |su@) - — zZAu<t>|
t=1 T t=1

T

(1 b )
= <E Sy %) Z|Au(t)|

t=1

> 0.

On the other hand, for any u € Xj, by (H4) we have that

Du)=- Y F(tu(t)) <=5, |ul— +oo.

From this it follows that the conditions of Rabinowitz’s saddle point theorem are all
satisfied.

Page 6 of 7
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So, by Lemma 2.1 there exists a periodic solution of system (1.1). Furthermore, if
ST F(t,x) > 0, then there exists a nonconstant periodic solution 7 of system (1.1) such
that ®() = C > infy, > 0 since otherwise we would have a contradiction with the fact that
(@) = - YL, F(t, () < 0.

Therefore, the proof is finished. O
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