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Abstract

We consider a discrete competition model of plankton allelopathy with infinite
deviating arguments of the form

xik+1)=x (k)eXp{Kw —ax (k)= Bz Z Kq2(n = $)x5(s)
-yl Y fum—sm(s)},

Xa(k+ 1) =x2(k) eXIO{Kz - B Z Ko1(n = $)x1(8) = otax2(k)

5=—00

—yak) Y Fr(n -9 (s)}.

5=-00
By using an iterative method we investigate the global attractivity of the interior
equilibrium point of the system.
MSC: 34D23; 92B05; 34D40

Keywords: global attractivity; plankton allelopathy; infinite deviating arguments;
equilibrium; iterative method

1 Introduction
The aim of this paper is to investigate the stability property of the following two-species

discrete competition model of plankton allelopathy with infinite deviating arguments:

x1(k +1) = x1(k) GXP{Kl —ayx1(k) — Bi2 Z Kia(n — s)xa(s)

—nxi(k) Y fialn - s)xz(s)}, 1L1)
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x2(k +1) = x3 (k) exp :Kz =B Y Koi(n —s)xi(s) — s (K)

§=—00

~12%2(K) Y (= )31 (s) ]

§=—00

together with the initial conditions
x;(s) = ¢i(s) > 0, x;(0) >0, s=...,-k,-k+1,...,-2,-1, i=1,2, (1.2)

where the coefficients K, «;, B, and y;,i,j = 1,2, are all positive constants, Z;ff Ki(n) =1,
and ) 7 fii(n) = 1.

During the last decades, many scholars proposed and studied the competitive system
with the effect of toxic substances, and numerous excellent results have been obtained;
see [1-34] and the references therein.

The main motivation for this work comes from a paper by Chen, Xie, and Wang [6],
where they studied the stability property of the following competition model of plankton
allelopathy with infinite delay:

t

x1(2) = x1(2) |:K1 —a1x1(t) — Pr2 / Ky (s)xy(t —s) ds

—00

e / oot —s) ds],

, (1.3)

®(£) = x2(2) [1(2 - P / K (s)x1 (2 — s) ds — aaxx(2)
—-00
t
) [ falomte-s)as].
In [6], it was shown that if the coefficients satisfy the inequality
K;

“a s @, (1.4)
Bn Ko

then x;(¢) — %} and x,(t) — x5 as t — +oo0.

Its well known that discrete-time models governed by difference equations are more
appropriate than the continuous ones when the populations have nonoverlapping genera-
tions. By applying the idea of Chen [14] we could establish the corresponding discrete-type
competition system (1.1). For system (1.1), we may conjecture that under assumption (1.4),
the system can admit a unique globally attractive positive equilibrium. Unfortunately, this
may not be true. Indeed, for the most simple single-species model, that is, the continuous
logistic model

x = x(a — bx),

the system admits a unique positive equilibrium, which is globally attractive, whereas for
the discrete model

x(k +1) = x(k) exp{a - bx(k)},
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to ensure that the model admits a unique positive equilibrium, some additional restriction
on the coefficients is needed; otherwise, the system may admit chaotic behavior, which
could not be observed in the continuous-time case. Also, in the study of the stability prop-
erty of the mutualism model, Yang, Xie, and Chen [35] showed that some additional con-
dition should be added to ensure the global stability of the system. Hence, it becomes an
interesting and challenging task to investigate the stability property of system (1.1).

The aim of this paper is to obtain a set of sufficient conditions that ensure the global

attractivity of system (1.1). More precisely, we prove the following result.

Theorem 1.1 Assume that (1.4) holds and that K; < 1,i = 1,2. Then the unique interior

equilibrium E*(x7,x3) of system (1.1) is globally attractive, that is,
lim x;(k) =%}, i=12.
—+00

We will prove this theorem in the next section.

2 Proof of the main result

The interior positive equilibrium E*(x}, x5) of system (1.1) satisfies the following equations:

Ky — a1x1 — Broxsy — y1xixg = 0,
1 —a1x1 — Braxy — Y1X1% 2.1)
Ky —ax; — Bax1 — yaxixa = 0.

Concerning with the positive solution of system (2.1), similarly to the analysis of Lemma 2.1

in [1], we have the following:

Lemma 2.1 If (1.4) holds, then system (1.1) has a unique interior positive equilibrium

E*(x},%3).

Lemma 2.2 ([36]) Let f(u) = uexp(a — Bu), where o and B are positive constants. Then
f(u) is nondecreasing for u € (0, %].

Lemma 2.3 ([36]) Assume that a sequence {u(k)} satisfies
u(k +1) = u(k) exp(a - pu(k)), k=12,...,

where a and B are positive constants, and u(0) > 0. Then:
(i) if o <2, then limg_, o0 u(k) = %;
(ii) ifa <1, thenu(k) < 1,k=2,3,....

Lemma 2.4 ([37]) Suppose that functions f,g : Z, x [0,00) — [0,00) satisfy f(k,x) <
glk,x) (f(k,x) > g(k,x)) for k € Z, and x € [0,00) and that g(k,x) is nondecreasing with
respect to x. Suppose that {x(k)} and {u(k)} are nonnegative solutions of the difference equa-
tions

x(k +1) = f(k, x(k)), u(k +1) = g(k, u(k)),
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respectively, and x(0) < u(0) (x(0) > u(0)). Then
x(k) < u(k) (x(k) > u(k)) forallk > 0.

Lemma 2.5 ([14]) Let x : Z — R be a nonnegative bounded sequence, and let H : N — R
be a nonnegative sequence such thaty .. H(n) = 1. Then

n—+00 n

liminfx(n) < liminf Z H(n - s)x(s)
—>+00

o]

< lim sup Z H(n - s)x(s) < limsupx(n).

n—+00 n—+00
§=—00

Lemma 2.6 Let f(x) = ‘C’:fi’jg, x > 0, be the strictly decreasing function of x, where a,b,c,d

are positive constants.

Proof Since

/ ad + bc
= —_— O,
S ® (c + dx)? g
the conclusion of Lemma 2.6 immediately follows. g

Now we are in the position to prove the main result of this paper.

Proof of Theorem 1.1 Let (x1(k), x2(k)) be an arbitrary solution of system (1.1) with initial
condition (1.2). Denote
U; = limsup x;(k), V; = liminfx;(k), i=1,2.
k—+00 k—+o00
We claim that Uy = V; =« and U, = V, = &},
Condition (1.4) implies that there exists a small enough positive constant ¢ > 0 such that

Ki - (Gt +e)

o
—-£>0, (2.2)
w2 1 o)

K; - ,321(% +8)

K;
ay + (5] +€)

-£>0. (2.3)

By the first equation of system (1.1) we have

x1(k +1) < x1(k) exp{[(1 - alxl(k)}. (2.4)
Consider the following auxiliary equation:

ulk +1) = u(k) exp{Kl - alu(k)}, k=0,1,2,.... (2.5)

Because of K; <1, according to (ii) of Lemma 2.3, we obtain u(k) < al—l for all k > 2, where
u(k) is an arbitrary positive solution of (2.5) with initial value #(0) > 0. By Lemma 2.2,
f(u) = uexp(Ky — a1u) is nondecreasing for u € (0, %]. According to Lemma 2.4, we obtain
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x1(k) < u(k) for all k > 2, where u(k) is the solution of (2.5) with initial value %#(2) = x(2).
According to (i) of Lemma 2.3, we obtain

K;
Uy =limsupx; (k) < lim u(k) = iy (2.6)
k—+00 k—+00 o
From (2.6) and Lemma 2.5 we have
a K
lim sup Z Koy (k — s)x1(s) < limsupx; (k) < iy (2.7)
k—+00 (o k—+00 )
a K
lim sup Zf21(k —s)x1(s) < hm supxl(k) < — (2.8)
k—+00 0‘1

Hence, for ¢ > 0 defined by (2.2)-(2.3), it follows from (2.6)-(2.8) that there exists k; > 2

such that
K
x(k) < =2+ e € MY for k> ky,
(241
Z Kok - 9)0(5) < S 1+ 6 MO for k> ki, (2.9)
§=—00
Zle(k —5)x1(s) < g & MY fork > k.

From the second equation of system (1.1) we have
x5 (k + 1) < xy(k) exp{Kz - azxg(k)}. (2.10)

Similarly to the analysis of (2.4)-(2.9), for the same ¢ > 0, it follows from the second equa-
tion of system (1.1) that there exists k, > k; such that

K .
k) <=2+ S MY fork>ky,
o
K .
Z Kip(k —s)xy(s) < — +¢ def Mg) for k > ko, (2.11)
[2%]
K K.
> filk=spa(s) < 2+ e €M) fork> k.
§=—00 2

Inequalities (2.11), together with the first equation of system (1.1), show that, for k > k,

x1(k +1) = x1(k) exp![(l —ayx1(k) — Bi2 Z Kia(n — s)x2(s)

§=—00

— (k) Y fioln - s)x (s)}

§=—00

> 21 (k) exp{Ki — anx1 (k) — oMy =y ()M ). (2.12)
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Inequality (2.2) shows that, under assumption (1.4), for the same ¢ > 0, we have 0 < K7 —
ﬁuMg) < Kj <1. Thus, similarly to the analysis of (2.4)-(2.6), we obtain

K - ,312M§1)

liminfx; (k) > o (2.13)
k—+00 oy + Vle
From (2.13) and Lemma 2.5 we have
k 1)
K; - oM.
liminf ) Ky (k - s)a1(s) > liminfa; (k) > Lﬂ(';’) (2.14)
k—+00 Pl k—+00 o + )/le
k (1)
Ki — oM
liminf Y " fo1(k - s)x1(s) > liminfa; (k) > L“(f) (2.15)
k—+00 Pyl k—+00 oy + yle

that is, for ¢ > 0 defined by (2.2), there exists k3 > k such that

(1)
Ki — B1o M.
x1(k) > Lﬂ(i _e m >0 fork > ks,
o + 1M,

k 1)
Ky - BioM.
E Ky (k = s)x1(s) > Ki = 2y e mﬁl) >0 fork> ks, (2.16)
§=—00

oy + ylM(zl)

k o)
Ky — BioM.
E Sk = s)x1(s) > LIZ(IZ) —sdifm§l) >0 for k> k3.
5=—00 o1 + M,

It follows from (2.9) and the second equation of system (1.1) that

x2(k +1) = xa (k) eXPiKz - B Z Koy (n = s)x1(s) — a2 (k)

§=—00

—yax0(k) Y fuln - s)m(s)}

§=—00

> 2 (k) exp{ Kz — M — ctz5 (k) = yoa ()M ). (2.17)

From (2.17), similarly to the analysis of (2.12)-(2.16), for ¢ > 0 defined by (2.2), there exists
kq > k3 such that

(1)
K5 — By M.
) > 2 — B My _Sdgfm(zn

) >0 fork>ky,
oy + )/le

k o)
Ky — fuM

> Kip(k = 5)xa(s) > Lﬂé) e m 50 fork>ky (2.18)
P, oy + oMy

K; - ,321M§1) o def

) m(zl) >0 fork>ky.

k
> falk = 5)xa(s) >

§=—00

a + V2M§1
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From (2.18) and the first equation of system (1.1) we have

x1(k +1) = x1(k) exp{[(l —oyx1(k) — Bro Z Kz (11 = 8)xo(s)

§=—00

§=—00

— (k) Y fialn = s)x (s)}
<x (/ _ _ ® _ 1)
< x1(k) exp{ Ky — o1 (k) — Bramy’ — yaxi (K)my }. (2.19)
It follows from (2.2) and (2.18) that
1> K > Ky - Bom > Ky — BuMY > 0. (2.20)
Therefore, similarly to the analysis of (2.4)-(2.6), we have

K- ,312”’1(21)

limsupx; (k) < R (2.21)
k—+00 ap + y1m,y
From (2.21) and Lemma 2.5 we have
k (1)
Ky — Brom
lim sup Z Ky (k — s)x1(s) < limsupx; (k) < Lu(f), (2.22)
k—+00 (_~ k—+00 o1 + Y1y
k (1)
Ky — Biom
limsup " for (k - )1 (s) < lim supax; (k) < L”(f) (2.23)
k—+o0 o k—+00 ay + 11,y

Hence, for ¢ > 0 defined by (2.2)-(2.3), it follows from (2.21)-(2.23) that there exists k5 > ks

such that
Ki - Bomy) e at . o
x1(k) < —— t5 - M for k> ks,
o1 + Y11,
k o
Ky — Biom €
Z Ko (k= s)x1(s) < LU(IZ) ) difo) for k > ks, (2.24)
§=—00 o1 + Y1,
k )
Ky - Bioym €
> fulk = s)xi(s) < leuz) + =MD fork s ks
§=—00 oy + Y1,y

It follows from the second equation of system (1.1) that

%k +1) = xy(k) exp {Kz — gy (k) = 1 Y Ko (= )01 (s)

§=—00

—y2x2(k) Y fuln - s)x1<s>}

o0

< 2 (k) exp{ Kz — cta3 (k) = Borm” = yrxa (k) ). (2.25)
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Similarly to the analysis of (2.19)-(2.24), there exists kg > ks such that

1)
K, - £
x5 (k) < Lﬂnﬁ) hd difMgz) for k > kg,
oy + Yory 2
k )
K5 -
Z Kip(k — s)x2(s) < Lﬂm& i CMD for k > ke, (2.26)
§=—00 Qy + yarmy
k m
Ky — Boym €
Zle(k —8)x2(s) < Lﬂ(i) ) difo) for k > ke.
§=—00 oy + Yoy

Inequalities (2.26), together with the first equation of system (1.1), imply

x1(k +1) = x1(k) eXP=K1 —ayx1(k) — Bi2 Z Kia(n = 8)x5(s)

§=—00

— (k) Y fioln—s)x (s)}

§=—00

> 21 (k) exp [ Ki — a1 (k) — oMy — o ()M} (2.27)

Inequality (2.2) shows that, under assumption (1.4), for the same ¢ > 0, we have 0 < K7 —
;612M§2) <Ky — ,312M§1) < Kj <1. Thus, similarly to the analysis of (2.4)-(2.6), we obtain

K; — BroM®?
liminfa; (k) > Lzé). (2.28)
k—+00 o + VIMZ

From (2.28) and Lemma 2.5 we have

k (2)
K — BoM
liminf Z Koy (k — $)x1(s) > liminfa; (k) > % (2.29)
k—+00 P k—+00 o + VIMZ
k
K = puMy’ (2.30)

liminf fo1(k = s)x1(s) > liminf oy (k) > ,
k—+00 S; k—+00 o + J/IMQZ)

that is, for ¢ > 0 defined by (2.2), there exists k7 > kg such that

(2)
Ky — BoM. £
x1(k) > TP Pr2M, _C m§2) >0 fork>ky,

o] + }/IM(ZZ) 2

k (2)

Ki - BioM. e

> Kok —sa(e)> P2V E 000 forks ki, (2.31)
ai + M, 2

§=—00

k )
Ki — oM. 3
E Sa(k = 5)x1(s) > e A Pty 50 forks k7.
@ 2 !
s=—00 ap + yiM;

It follows from (2.24) and the second equation of system (1.1) that

%o (k +1) > 25 (k) exp{ Ky — Bu M — a2 (k) — yoxa ()M} (2.32)
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From (2.32), similarly to the analysis of (2.25)-(2.31), for ¢ > 0 defined by (2.2), there exists
kg > k7 such that

(2
Ky — By M e
x5 (k) > Lmé) _Cdet m? >0 fork > ks,
o+ M 2

k @
Ky — fuM .
> Kip(k - 5)xa(s) > Ko = PuMy € aet m? >0 for k> ks, (2.33)

2
$=—00 ay + V2M§ b2

Ky - € def

k
Jialk = s)xa(s) > SmP 50 fork > k.
Z oy + V2M§2) 2 2

§=—00

Repeating the previous procedure, we get four sequences ME”),ml(«"),i =1,2,n=12,...,
such that, for n > 2,

(n-1)
Min) _ Ky - Bromy' £
a+ymy™ N

-1
Mo - Koo ™V e
o + Vzmﬁnil) n

(2.34)

i _ K - /312M§") e
G _ 217 P22
oy + VlM(zn) n

’

o _ K= paM)” e
2 == N -
a+ M n

Using Lemma 2.6 and induction, similarly to the analysis on p. 7160 of [1], we can show

that the sequences M"™,i=1,2, are strictly decreasing and the sequences mf

i "),i:1,2, are

strictly increasing. Also,

m™ < x,(t) < Mgn) fort > Ty,,i=1,2.

i

Therefore,
lim M =%, lim m" =x, i=1,2. (2.35)
—+00 —+00

Letting n — +00 in (2.34), we obtain

_ K- Buox, _ Ky - pBax
X1=————") Xy =—"—",
o] + V1X o)+ Yox
N ! (2.36)
Ki - Broxo K3 - Bnx:
‘El = — 9_62 = —.
o1 + V1X2 oy + YaX1
Equalities (2.36) are equivalent to
Ky —a1%1 = Braxy — yixixy = 0 = Ky — aox,y — BoiX1 — yaXix,,
(2.37)

Ky — %) — Broxa — y1ix,%2 = 0 = Ky — a2X3 — Bnx; — yax,%o.
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Note that (¥, %,) and (x;, %) are positive solutions of (2.1). By Lemma 2.1, system (2.1) has
a unique positive solution E*(x},«x3). Hence, we conclude that

Q_Ci:xr:xiky i=12,

—1 12

that is,

lim x;(k)=«f, i=1,2.
t—>+00
Thus, the unique interior equilibrium E*(x],x3) is globally attractive. This completes the

proof of Theorem 1.1. O

3 Example
In this section, we give an example to illustrate the feasibility of main result.

Example 3.1 Consider the system

o0
-1
x1(m +1) =x1(n) exp{0.9 —0.6x1(n) — 0.4 E e—e’sxg(n —3)
e
s=0

—0.1x1(n) ; %6_59@(}’1 - s)},
N (3.1)
x5 (1 + 1) = x5(n) exp{ 0.8 - 0.8x5(1) — 0.3 Z %e’sxl(n —5)
s=0

o]

—0.1xy(n) Z e;ele_sxl(n —5) }

s=0

Corresponding to system (1.1), we have K1 =0.9,01 = 0.6, 12 =0.4,71 =0.1,K; = 0.8, 0t =
0.8, 821 = 0.3, = 0.1. Hence,

011_0.6_2 I<1_9
8

By 03 K

[0%)) 2

B 1
S Pz _

Also,
K;=09«<1, Ky, =0.8<1.

Hence, all the conditions of Theorem 1.1 are satisfied, and it follows from Theorem 1.1 that
system (3.1) admits a unique globally attractive positive equilibrium. Figure 1 supports this

assertion.

4 Conclusions

Stimulated by the work of Chen, Xie, and Wang [6], we propose a discrete competition
model of plankton allelopathy with infinite deviating arguments. We focus our attention
on the stability property of the positive equilibrium of the system since it represents the
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Figure 1 Dynamic behaviors of the solution 1.6 =
(x1(n), x2(n)) of system (3.1), with the initial H
conditions (x; (s), x2(s)) = (0.8,0.4), (0.5,0.5), 14 ]
(1.5,1.5),s=...,-n,-n+1,...,-1,0. 12
<
>
08
06
0.4
0 10 20 30 40 50 60
time n

stable coexistence of the two species. With the additional restriction on the coefficients
of the system K; <1, i =1,2, using the iterative method again, we finally proved that the
positive equilibrium is globally attractive. Also, since the conditions of Theorem 1.1 are
independent of delay and the coefficients of the toxic substance term, we can draw the
conclusion that, under the assumptions of Theorem 1.1, the delay and toxic substance are

harmless for the stability of the interior equilibrium of system (1.1).
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