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Abstract

This paper investigates the existence of the unique solution for a Hadamard fractional
integral boundary value problem of a Hadamard fractional integro-differential
equation with the monotone iterative technique. Two examples to illustrate our result
are given.
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1 Introduction

Fractional differential equations are becoming more and more popular recently in several
journals and books due to their applications in a number of fields such as physics, bio-
physics, mechanical systems, electrical-analytical, and thermal systems [1-6]. For some
recent development of this topic, see for example [7-13] and the references therein.

In 1892 [14], Hadamard presented a concept of fractional derivatives, which is different
from Caputo and Riemann-Liouville type fractional derivatives and involves a logarithmic
function of an arbitrary exponent in the integral kernel. It is significant that the study of
Hadamard type fractional differential equations is still in its infancy and deserves further
study. A detailed presentation of Hadamard fractional derivative is available in [3] and
[15-23].

As was pointed out in [22], Hadamard’s construction is more appropriate for problems
on half axes. In this situation, we consider the following Hadamard fractional integro-
differential equations with Hadamard fractional integral boundary conditions on an infi-

nite interval:

Hpru(t) + £t u(t), " I"ut)) =0, 2<y <3,te(l,+00),

W) =w()=0,  HDrlu(oc) = Y A ), (1)

where D" denotes Hadamard fractional derivative of order y, n € (1,00), and HI(‘) is
the Hadamard fractional integral, ¢, 8; >0 (i =1,2,...,m),%; > 0 (i = 1,2,...,m) are given

constants and y, 1, B;, A; satisfy I'(y) > Y77} FK(IVF%?) (log ) AL,
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We recall that the monotone iterative technique represents a powerful tool for seeking
the solution of a nonlinear problem. For more details as regards the application of this
method in fractional differential equations, see [24—38] and the references therein.

We organize the rest of our manuscript as follows: In Section 2, we show some useful
preliminaries and the key lemmas that are used in subsequent part of the manuscript.
Then, in Section 3, the main results and proofs are provided. Section 4, exhibits two ex-

amples to illustrate our main results.

2 Preliminaries
Below, we will present some useful definitions and related lemmas.
Define

|u(2)]
E-= {u S C([l, OO), R) Zt:[lll’lo)o) Wgt‘)ﬂ < OO}, (21)

then E denotes a Banach space equipped with norm |||z = sup;c(; o) MJ()";%.

Denote

_ - )»,T()/) +Bi-1,
Q-F(y>—;r(y+ ﬁi)aognv ; (2.2)

obviously €2 > 0.

Definition 2.1 [3] For a function g, the Hadamard fractional integral of order y has the

following form:

1[4 £\ gls)
Hyy — _
I"g(t) F(y)/l (logs> . ds, y>0,

provided the integral exists.

Definition 2.2 [3] The Hadamard fractional derivative of fractional order y for a function

g:[1,00) — R has the following form:

1 a\" (. t\"7" gls)
s e () [(oa) Bt worey e
g F(Vl—)/)(tdt> 1(Ogs> ; ds, n-l<y<mn=[yl+

where [y] means the integer part of the real number y and log(-) =log, ().

Lemma 2.1 [3] Ifa,y,B >0 then

p-1 B+y-1
H t _ T x
le (]°g<2) )(") “TB+y) (‘°g a) ‘

Lemma 2.2 [3] Ifa,y,B >0 then

p-1 py-1
I t T x
Da <1°g(2> )‘x) “TB-y) (log E) '
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Lemma 2.3 [3] Giveny > 0andx € C[1,00) NL[1,00), then the solution of the Hadamard
fractional differential equation D" x(t) = 0 is

x(t) =Y ci(logt)™ (2.3)
i=1

and

HI" D x(t) = x(t) + Y _ cillogt)”™ (2.4)
i=1

wherec; € R,i=1,2,...,myandn-1<y < n.

Lemma 2.4 Let h € C[1,00) with 0 < floo h(s)% < 00, then the Hadamard fractional inte-
gral boundary value problem

HDYu(t) + h(t) =0, 2<y <3,te(l,+00), 25)
u(l) = Z/t/(l) = 0, HDV_IM(OO) = erzl )\.iHIﬁiu(n), '
has the unique solution
o0
d
)= [ 6%, 2.6)
1
where
log t)Y
G(t,s) = g(t,s) + Z TGy n,9), 2.7)
and
1 | (ogt)’™" —(log(£))’™, 1<s<t<oo,
g(trs) = 5N (28)
I'(y) (logt)r L, 1<t<s<oo,
(log )77t — (log(2))"*Fi!, 1<s<n<oo,
gi(n,s) = (2.9)
(log )7 i1, 1<n<s<oo.
Proof We apply the Hadamard fractional integral of order y to
D" u(t) + h(t) = 0,
and we conclude that
1 t £\’ ds
u(t) = c1(logt)” ' + cr(log )’ 2 + ¢3(logt)Y > — —— log - h(s)—, (2.10)
T L s s

where ¢, ¢y, ¢c3 € R.
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Using the fact that (1) = #'(1) = 0, we conclude that ¢; = ¢3 = 0. Thus,

t y-1 d
u(t) = c1(logt)’ ™t - %V)/l (log é) h(s)?s. (2.11)

Lemma 2.2 implies that

Hp' 2 u(t) = e T (y) — /1 th(s)%. (2.12)

Thus, the condition
m
Hpr=(oo) = > a1 1Pu(n)

leads to

y+Bi-1 ds
( / h() F(y+ — / (log ) h(s)?), (2.13)

where Q is defined by (2.2). Substituting ¢; = ¢3 = 0 and (2.13) into (2.10), we get the unique
solution of the Hadamard fractional integral boundary value problem (2.5)

- (/ T ®

" Ai n n\" 7Pt ds
Sigrm ) (o) ””?)

i=1

1 ¢ A\t ds
WWK@J“%

(= ds ~— A(loge)r=t [ ds
—/1 g(t,s)h(s)?+;m . gi(ﬁ,S)h(S)?

o d
- / G(t,5)h(s) = (2.14)
1 N
The proof is finished. d

Lemma 2.5 The Green’s function G(t,s) defined by (2.7) has the following properties:

(A1): G(t,s)is continuous and G(t,s) > 0 for (¢,5) € [1,00) x [1,00).

(A2): IOJS)V r < r R mig‘y'i;)foralls,te [1, 00).

Proof Since (A,) it is easy to prove, we do not present it but only prove the property (A>).
For Vs, t € [1, 00),

Glt,s) 1 ” ai(log ) gi(n, s)
1+ (logt)r~1 1+ (logt)r-! |:g(t,s) " ; Qr(y + Bi) :|
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1 & Milloge)giln,s)
=T " 2 Ay + AL+ Gogor )
1  igi(n,)
=) " 2 art 1 0

We present the following conditions for the sake of convenience:

(C1): There exist two positive functions p(t) and g(£) such that

* _ (t)(log £)7 ] dt
A= /1 [1 + (logt)” 1] [p(t) + %] ~ < 00,

[f(t,u,v) —f(t,ﬁ,17)| <p®)lu—-ul+qt)v-v|, te[l,o0)u,v,uvelk.

*© dt
A =f [f(£,0,0)| — < occ.
1 t
Lemma 2.6 If(C), (Cy) hold, then for any u € E
> Hp oo 9t
(& u@), "I — = Allulle + 2. (215)
1
Proof For any u € E, taking # = 0, then /1% = 0. Thus, by condition (C;) we have

If (& u@®), " I"u@®)| < p(@&)|u@)| + g [ I"u@)| + |f(£,0,0)|
|u(t)|
1+ (logg)r-!

t q-1
+q(t)%q) 1 (10g§> |M£S)|ds+ 1£(£,0,0)|

<pO[1+ (ogt) ]llulle

<p®[1+ (ogt)™]

1+ (logt)r!
I'(q)

/t (log )™ |u(s)] 1+ (logs)’™!
X s
1 s 1+ (logs)r11+ (logt)r-1

+4(t)

+ |f(2,0,0)|

<p@®[1+ Qogt) llulle

1 y-1 t 1 q-1
+qr(z:)%nunf/1 (Og;) ds + |f(£,0,0)

1+ (logt)”!

M (log £)?lul g

<p@[1+ Qogt) M llule +q(t)

+ |£(£,0,0) (2.16)

’
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from which, combined with (C;) and (C;), we can obtain
o dt *° dt
[ et rtu)| < [ p1+ Gogey i
1 1
© 1+ (ogt)r! dt
+ q(t)———~—(ogt)||ullg—
fl I'(q) £
o dt
+ / lf(t; Oy 0) | -
1 t
= Allullg + A (2.17)
The proof is done. d

3 Main results
Theorem 3.1 Suppose that the conditions (Cy) and (C,) hold. Let

1 agns)
W_A<I‘(y)+;QF(y+,Bi)><L (3.1)

Then the Hadamard fractional integral boundary value problem (1.1) admits an unique
solution u(t) in E. In addition, there exists a monotone iterative sequence u,(t) such that
u,(t) — U(t) (n — o0) uniformly on any finite sub-interval of [1,00), where

u(t) = f Gt s)f (s, un_l(s),Hﬂun_l(s))?. (3.2)
1

Furthermore, there exists an error estimate for the approximating sequence

i

lln — 2l < T~ uolle (n=1,2,...). (3.3)

-w

Proof Define the operator T by

(Tu)(t) = /1 N Gt s)f (s, u(s),HIqu(s))%. (3.4)

By Lemma 2.4, the Hadamard fractional integral boundary value problem (1.1) possesses
a solution u iff u is a solution of u = Tu.
First, for any ¢ € [1,00), by Lemma 2.5 and Lemma 2.6, we have

|(Tu)(2)] ~  Glts) 4
F g =) T Gapeyil G0 )T

1+ (logt)r-!
1 o Agi(n,9)
: (F(V) ’ Z Qr'(y + m) [Allulle + 2]

i=1

=w|ullg + k. (3.5)

This means

I Tulle < wllullg + &, Vi€ [1,00), (3.6)

Page 6 of 11
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where w is defined in (3.1) and

(5 )
k= A(r(y) “2arg +m))' 7

i=1

In addition, for any u,u € E, we have

1Tw)(@®) - T (@) < /OO : +G(t’s) V(s,u(s),HIqu(s) —f(s,ﬁ(s),HIqﬁ(s))|?
1

1+ (logt)r-1 (logt)r~!

o] G . _ -_ d
5/1 uﬂf)%[zﬂ(s)lms)—u<s>|+q(s)|”fq uls) = ") 1

o0 G : -
S/l “(;S‘)Hp(s)[l+(10gs)y—1]Mds

(logt) 1+ (logs)r1
®© G(t,s) o Hd—y 1 O
+‘/1 WQ(S” 1 M(S) -1 M(S)|?
®©  G(t,s) a _
< /1 WP(S)U + (logs)” M llu -l ds
®  G(t,s) ( )[1 + (logs)*](log s)” _ ds
/; 1+(10gt)1’*1qs C(y) ”M_MHE?

1 hgns)
: (r(y) +Zszr(y+ﬂi))

i=1

< [ el Gogs) ] [p(s) ; q“’&%ﬂ?
= (r(ly) ' il sz)ﬁiy(niza)A”” ~ il
— wlu— Tl (3.8)
Then we get
| Tie— THll < wlu-Tls, Y BeE, (3.9)

Through the Banach fixed point theorem, we can ensure that T has a unique fixed point %
in E. That s, (1.1) admits a unique solution % in E. In addition, for any uy € E, || u,,— | g — O
as n — oo, where u,, = Tu,1 (n=1,2,...).

From (3.9), we have
4w — thur g < W' g — ol (3.10)
and
llotn — wille < Nty — pa g + Nty — st |l + - + g1 — 14|

n(1 _ yMmj
<w(1 w'7)

=—7C llze — o llE- (3.11)

Page 7 of 11
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Letting n — oo on both sides of (3.11), we conclude that

1
llze1 — uo |-
—w

oty = Bl < <

Page 8 of 11

(3.12)

4 Example
Example 4.1 Inthe following we discuss the Hadamard fractional integral boundary value
problem

HDS u(t) + —L cos(3t2

1+(logt)2

—3t
+u(t)) + — T arctan('I3 u(t)) = 0,
8[1+(logt)2 ](logt)2

ul) =/ (1) =0,  HD3u(+00) = MHIPu(y),

where y = %, m=1,q= %, and Ay, B1, 1 satisfy (A > 0,8, >0, > 1)

T3 +p) . eJn

0< 3
30'(3 + B1) —4h(logn)z*h 2

(see Figure 1).
For example, we can take A; = %,,31 = %, n= %7
I (6" 13 ue) £ (6,3 713 (2)) |
e3it
<—— _|cos(3¢% + u(t)) — cos (3¢ + u(t)
(o ) ~cos (3 +0)
-3¢
+ Byme it = |arctan(HI% u(t)) - arctan(HI%ﬁ(t))|

81+ (log#)?](logt)?

(4.1)

4.2)

I+

Figure 1 Setofi; >0, 87 >0, > 1suchthat0<

3
3T(}+B1)-41q(ogn 21
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<ty -t
1+ (logt)?

3 —Stt 5
+ VI 1S u(e) - ().
8[1+ (logt)2](logt)?
e 3t

-3t
and g(t) = —>Y<"t e can show that
8[1+(logt)2 ](logt)2

Since p(t) = 3
1+(logt) 2

o0 -3t —3t 5
A:/ [1+(logt)3][ ct T+ 3y/me ;(logt)g ]ﬂ
1 1+ (logt)2 8[1+(logt)2](10gt)21"(g) t

1

> T 1
x:/ [f(t,0,0)|—:/ e¥dt=— <oo.
1 t 1 3e?

Then (C;) and (C;) hold. At last, by a simple computation, we have

§+
ML(y) (log )7 -1 = 3/ Jah(logn)+h s

Ty +B1) 4 F(% +B1) 2¢3 >0,

Q=T(y)-

w:A< 1 . g (n,s) ): 2 ( F(%+ﬁ1) )<1
Ply)  QL(r+B)) EVT\3rd + B) - dn(logn)i+h

As a result, the conditions of Theorem 3.1 hold. Thus, the conclusion of Theorem 3.1

implies that (4.1) possesses a unique solution.

Example 4.2 Let us discuss the following Hadamard fractional integral boundary value

problem:

HD‘%u(t) +f (& u(e), 1 %u(t)) =0,

: o 43)
u(l)=u'(1) =0, AD*u(+00) = Y AT u(n),

here

sin(£2 + u(t)) . H13 u(t) — sin( 12 u(t)) cos(112 u(t))
16(1+2)1+3ogt)i] 12801+ 2)[1 + (logt)i](logt)?

£t u(e), I u(t)) =

Takey:%,m:?,,q:%,r;:%,M:%,ﬂlz%,)Q:g,ﬂzz%,)\3=4,andﬂ3=%,

The function f satisfies the inequality

I (6,713 u®)) - £ (6,717 (1))

< L uw-a)
16(1 + £2)[1 + (log t)#]
1

64(1+ 2)[1 + (log£)i](log £)?

9
HI3u() - "1 a(e)).

+
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Since p(t) = ———— and ¢(t) = L 5, we can show that
16(1+£2)[1+(logt) 4] 64(1+£2)[1+(logt) 4 |(logt) 2

IS

]

><|: 1 s (logt)% ]ﬂ
16(1+£2)[1 + (log£)3] 64T (2)(1+£2)[1+ (log#)](logs)? | ¢

A =/1 [1+ (logt)

T
< —= <00,

32
o dt o0 1
)»:/ [f(t,0,0)|—</ —dt:l<oo.
1 t 1 4‘(1+t2) 64

Then (C;) and (C;) hold. At last, by a simple computation, we have

3 9
9 AT
@ F<_) -2 #(log )it~ 0.8562 > 0,
1) ZTCp)

3

1 rgi(n,
w=A —+ZM ~0.0452 < 1.

[(§) “ZQrG+8)

Thus, by the application of Theorem 3.1 the Hadamard fractional integral boundary value

problem (4.3) admits an unique solution.
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