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Abstract

In this paper, the problem of delay-dependent stability is investigated for uncertain
Markovian jump neural networks with leakage delay, two additive time-varying delay
components, and nonlinear perturbations. The Markovian jumping parameters in the
connection weight matrices and two additive time-varying delay components are
assumed to be different in the system model, and the Markovian jumping parameters
in each of the two additive time-varying delay components are also different. The
relationship between the time-varying delays and their upper delay bounds is
efficiently utilized to study the suggested system in two cases: with known or
unknown parameters, which leads to more information of the lower and upper
bounds of the time-varying delays that can be used. By constructing a newly
augmented Lyapunov-Krasovskii functional and using the extended Wirtinger
inequality and a reciprocally convex method, several sufficient criteria are derived to
guarantee the stability of the proposed model. Numerical examples and their
simulations are given to show the effectiveness and advantage of the proposed
method.

Keywords: Markovian jump neural networks; robust; leakage delay; additive
time-varying delays; nonlinear perturbations

1 Introduction

Over the last decades, considerable attention has been devoted to the study of neural net-
works because they have been extensively applied in many areas, such as signal processing,
optimization problem, static image treatment, and so on [1-4]. However, significant dif-
ferences between an ideal and a practical neural networks are often encountered due to
the limitations of hardware. These differences can cause unpredictable problems such as
time delays, uncertainties, etc. [5-9]. A special type of time delay, namely, leakage delay,
is a time delay that exists in the negative feedback terms of the system which has a ten-
dency to destabilize a system [10—15]. In [11], Peng discusses global attractive periodic
solutions of BAM neural networks with continuously distributed delays in the leakage
terms. Very recently, the stability problem for a class of dynamical systems with leakage
delay and nonlinear perturbations is investigated in [12]. Further, Zhao et al. [13] deal with
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the passivity problem for a class of stochastic neural networks with time-varying delays
and leakage delay as well as generalized activation functions by the free-weighting method
and stochastic analysis technique. In addition, it is well known that nonlinear perturba-
tions exist widely in practice and may cause instability, oscillation, and poor performance
of real systems. With this regard, many attentions have been paid to the problem of non-
linear perturbed systems with time delays [12,16—19]. However, it is rare to see the study of
the stability problem for Markovian jump neural networks with leakage delay, two additive
time-varying delays, and nonlinear perturbations.

In applications, there will be some parameter variations in the structures of neural net-
works. These changes may be abrupt or may be continuous variations. Abrupt variations
can be described by the switch or Markovian jump systems [20—26]. For Markovian jump
systems with one time-varying delay component, the finite-time boundedness of delayed
Markovian jumping neural networks is studied in [27]. However, in [27], the Markovian
jumping parameters in the connection weight matrices and discrete delays are the same.
Furthermore, the state estimation problem of delayed Markovian jump neural networks is
investigated in [28], where the Markovian jumping parameters in the connection weight
matrices and delays are assumed to be different. For Markovian jump systems with two
additive time-varying delay components, in [29], Chen et al. discuss the problem of delay-
dependent stability and dissipativity analysis of generalized Markovian jump neural net-
works with two delay components, where the two delay components are not related to the
Markovian jumping parameters. Once again, the Markovian jump neural network is in-
vestigated in [30], in the considered system, two additive time-delay components are two
mode-dependent time-varying delays, which have the same Markovian jumping parame-
ters with connection weight matrices. Motivated by [28], it is natural to consider the case
that the Markovian jumping parameters in the connection weight matrices and each of the
two additive time-varying delay components are different. In fact, when the modes in the
connection weight matrices are fixed, two additive time-varying delay components may
also have finite modes due to the dynamic systems subject to abrupt variation frequently
in their structures, and the switching between different modes can also be governed by a
Markov chain. The Markovian jumping parameters in the connection weight matrices and
two additive time-varying delay components may be different. Similarly, when the modes
in the connection weight matrices and one of the two additive time-varying delay com-
ponents are fixed, the other time delay of the two additive time-varying components may
have different finite modes as well. So the Markovian jumping parameters in the connec-
tion weight matrices and each of the two additive time-varying delay components may be
different. To the best of the authors’ knowledge, there are results as regards the stability
of delayed neural networks with three different Markovian jumping parameters.

Due to the complexity of neural networks, parameter uncertainties which often destroy
the stability of systems can be commonly encountered. Fortunately, one can obtain the
ranges of some fundamental coefficients by engineering experience even from incom-
plete information. Therefore, to meet the practical applications, it is of great importance
and significance to study the robustness of delayed neural networks [31-35]. In the field
of robust analysis, how to estimate more accurately the derivatives of the constructed
Lyapunov-Krasovskii functional is a crucial step in reducing the conservatism. There have
been many methods in the existing works such as Jenson’s inequality [36], the reciprocally
convex approach [37], the integral inequality technique [38], and so on. It is worth noting
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that there is still room for improvement. First, both sides of Jenson’s inequality in [36] are
integrals about the state. In this paper, the extended Wirtinger inequality is introduced,
which indicates the relationship between the state and the derivative of the state. Second,
all the above mentioned works do not consider the relationship between time-varying de-
lays and their upper bounds. In [39], the relationship between the time-varying delay and
its upper bound is taken into account when estimating the upper bound of the derivative
of Lyapunov functional, and it is seen that d;(t) is not simply enlarged as /, instead, the
relationship that d;(¢) + (1 — di(£)) = I is considered. Recently, the relationship between
time-varying delays and their upper bounds is further considered in [40]. According to the
relationship 0 < d;(¢) < d; and d;(¢t) < d(t) < d, the authors consider two cases while cal-
culating the derivative of the Lyapunov functional: d(¢) € [d;(t),d;) and d(t) € [d,d]. But
so far, this method has not been fully used to investigate the robust stability of Markovian
jump neural networks with two additive time-varying delay components. Third, since the
relationship between time-varying delays and their upper bounds is fully considered, the
extended reciprocally convex approach in [40] will be used to deal with the robust sta-
bility problem of Markovian jump neural networks with two additive time-varying delay
components.

Enlightened by the above discussion, the problem of robust stability for neural networks
with mode-dependent time-varying delays and nonlinear perturbations is studied in this
paper. The Markovian jumping parameters in the connection weight matrices and each
of the two additive time-varying components are assumed to be different in the system
model. Accordingly, a new weak infinitesimal operator is first proposed to act on the
Lyapunov-Krasovskii functional with three different Markovian jumping parameters. The
relationship between the time-varying delays and their upper delay bounds is efficiently
utilized. According to which interval time-varying delay /() belongs to, different methods
are used to estimate the derivatives of the constructed Lyapunov-Krasovskii functional. By
constructing a newly augmented Lyapunov-Krasovskii functional and using the extended
Wirtinger inequality, extended reciprocally convex method, several sufficient conditions
are derived to guarantee the stability of the proposed model for all admissible parameter
uncertainties. Numerical examples and their simulations are given to show the smaller
conservatism and the effectiveness of the proposed method.

Notations Throughout this paper, the superscripts —1 and 7T stand for the inverse and
transpose of a matrix, respectively; P > 0 means that the matrix P is symmetric posi-
tive definite; R” denotes n-dimensional Euclidean space; R”*" is the set of m x n real
matrices; * denotes the symmetric block in symmetric matrix; || - || refers to the in-
duced matrix 2-norm; Sym{M} means M + MT; C! = C}([-7,0],R") = {¢ : [-7,0] —
R" is continuously differentiable}; Aax(Q) and Anin(Q) denote, respectively, the maximal
and minimal eigenvalue of matrix Q; The space of functions ¢: [4,b] — R” which are ab-
solutely continuous on [a, b), have a finite limg_, ;- ¢(0), and have square integrable first
order derivatives, is denoted by W[, b).

2 Problem statement and preliminaries

Let {r,t > 0}, {6;,¢ = 0}, and {¢;,¢ > 0} be three right-continuous Markov chains on a
complete probability space (2, F, P) taking values in finite state spaces ¢; = {1,2,...,N1},
2 =1{1,2,...,Na}, and ¢3 = {1,2,..., N3}, respectively. The transition probability matrices
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IT = (7)) ny vy P = Pk )Na xvy, and L = (L, )ny x5 are given by

A +o(A), j#i,

I(reen =jlre=1i) =
pr{ries =jlre =) {1+rmA+o(A), j=i

P A +0(D), ki #4q,

1(8esn = k118 = q) =
pr(dea = kild: = q) l1+pqqA+o(A), ki =q,

L, A A), k f
pr(lin =kl =r) =17 +ols) 277
1+0,A+0(D), ky=r,

where A > 0, limaoo 22 = 0, 7 > 0, Vj #i, pg, > 0, Vki # g and Ly, > 0, Yky # 1 are,

respectively, the transition rate from mode i at time ¢ to mode j at time ¢ + A, mode g at

time ¢ to mode k; at time ¢ + A and mode r at time ¢ to mode k, at time ¢ + A. Moreover,
Jj=N1 k1=N2 ky=N3

Tii ==Y 1% Tijp Paq = = Dg -1 kg Pk ad e = =3 507000 bk

In this paper, we consider the following dynamical system:

x(t) = —Cr)x(t — o) + A(rox(t — i (8,8,) — ha(t,€,))
+f(tx(t—0),x(t = (t,8,) — ha(t,£,))),  £>0, (1)
x(s) =¢(s), se [— max{o,h},O],

where x(¢) = [x1(£),%2(2),...,%x,(t)]T € R" represents the neuron state vector; C(r;) =
diag{ci (re), ca(re), ..., cu(rs)} is a diagonal matrix with positive entries. The matrices A(r;)
represent the discretely delayed connection weight matrices; o > 0 is the leakage delay,
hy(¢,8;) and hy(t,£,) are continuous mode-dependent time-varying functions that repre-
sent the two delay components in the state which satisfy

0=<Mm(té) <m(t) <h, 0 < hy(t,£) < hy(t) < by,
. . (2)
m(t) <, hy(t) < o,

where /1, hy, 111, and iy are constants scalars, and we denote /14,.(f) = I (£, 8;) + ha(t, £y),
h(t) =h(t) + ha(t), h=h + hy, and p = puy + wo.

And ¢(s) € CL; f(t,x(t—0), x(t - hg(t))) represents the nonlinear term of system (1) which
satisfies f(¢,0,0) = 0 and

I 0te ~ ), (0~ )] < | Eue ~ )] + BByt~ )| ®)
where o > 0 and B > 0 are two real constants, E, and Eg are two known real matrices.

Remark 1 For Markovian jump systems with two additive time-varying delay compo-
nents, the two additive time-varying delay components may be irrelated to Markovian
jumping parameters [29]; the Markovian jumping parameters in the two additive time-
varying delay components may be the same as the one in the connection weight matrices
[30]. In fact, when the modes in the connection weight matrices are fixed, two additive

time-varying delay components may also has finite modes, and the switching between
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different modes can also be governed by a Markov chain. So the Markovian jumping pa-
rameters in the connection weight matrices and two additive time-varying delay compo-
nents may be different. Similarly, when the modes in the connection weight matrices and
one of the two additive time-varying delay components are fixed, the other time delay of
the two additive time-varying components may has different finite modes as well. So the
Markovian jumping parameters in the connection weight matrices and each of the two ad-
ditive time-varying delay components may be different. Therefore, the considered model

(1) with three different Markovian jumping parameters needs to be introduced.

Moreover, the system (1) has an equivalent form as follows:

%[x(t) - C(ry) /t x(s) ds] = —C(ro)x(t) + A(rox(t = (¢, 8,) - hg(t,Zt))

+f(tx(t—0),x(t = he (1)), ¢>0, (4)
x(s)=¢(s), se [— max{o,h},O].

Before proceeding, the following definition and lemmas are introduced.

Definition1 Letx; = x(¢ +s), —max{o,h} <s <0, {x;, 1,8, £:}: > 0is a C([-max{o, i1},0];
R") x ¢1 X ¢» X ¢3-valued Markov process. The weak infinitesimal operator acting on a
LKEF: C([- max{o, h},0];R") X 61 X ¢3 X ¢3 X R* — R is defined by

.1 .
LV (4,71, 0, 0, 8) = AILITO1+ Z{E[V(xh—A’ TeensSeens Lovns E+ D)) = V(xs, i, q, 1, 1) }

1
lim — {E[V(xHA,i, Serrs Lesn, b+ A)] - V(xs,6,q,1,8)

A—=0+ A

N
+ (Z nl}A + O(A)) V(xt+A!j; 8t+A) et+A’t + A)}
j=1

.1 . .
All)rrol+ x E[V(xHA, L len, b+ A)] - V(xs,i,q,1,8)

N1

+ (Z JleA + O(A)) V(x[+A!j; 5[:+A7 et+Art + A)
j=1
Ny

+ (quklA + O(A)) V(xt+A’ ir kl’ €t+A! t+ A)}
k=1

.1 . ;
= Ah%ng+ x V(xernr b g, 1t + A) = V(g i,q,1,t)

N
+ (Z ]thA + O(A)> V(xt+A1j7 5t+A7€t+A)t + A)
j=1

No
+ (qulqA + O(A)) V(xt+A) i) klt Zt+A1 L+ A)
k=1
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N3
+ (Z big A8 + O(A)) V(ernris g kos b+ A)}

ky=1
N
= V(xb i;q, v, t) + Znijv(xhj; q; v, t)
j=1

Ny N3
+ qukl V(xt: i) kl) v, t) + Z lrkz V(xtr iw q, er t)

k1=1 kp=1

Remark 2 Due to three different Markovian jumping parameters being introduced in the
model considered, a weak infinitesimal operator acting on a Lyapunov-Krasovskii func-

tional with three different Markovian jumping parameters is first proposed in Definition 1.

Lemma 2.1 ([12]) Given any real matrix M > 0 of appropriate dimension and a vector

Sfunction w(-) : [a,b] — R", such that the integrations concerned are well defined, then

a T a a
|:/b w(s) ds] M|:/b w(s) ds] < (b—u)/b ol (s)Mw(s)ds.

Lemma 2.2 ([40]) For k;(t) € [0,1], Zﬁlki(t) = 1, and vectors n; which satisfy n; = 0 with
ki(t) = 0, and matrices R; > 0, there exist matrices S;j (i=1,...,N —1,j=i+1,...,N), satis-

fying [i’ }i’}’] > 0 such that the following inequality holds:
T
N m Ry - Sin||m
Z k(2) ”iTRini el * : :
i=1
N ko k Ry | [nn

Lemma 2.3 ([6]) For any positive semi-definite matrix
Xn X X3
X=|XL Xp»n Xp|=0
X5 XL Xs

the following integral inequality holds:

t ¢ Xn X X3 x(t)
_/ &1 (5)X335(s) < / [xT 2" (e =" ()] | X5 Xoa Xos | |x(t—h) | ds.
o e XL XL o i(s)

Lemma 2.4 ([7]) Let x(t) € W,[a, b). For any matrix R > 0, the following inequality holds:

b 2 b
/ (xT(s) —xT(a))R(x(s) —x(a)) ds < 4([;;211)/‘ %7 (s)Rx(s) ds.

In the sequel, for simplicity, whenr; = i,8; = g, and €, = r, C(r;), A(r,), (¢, 8,) and hy(t, ¢;)
will be written as C;, A;, l4(¢) and /h,,(2), respectively.
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3 Main results

For the sake of the simplicity of the matrix representation, e; (i = 1,...,25) are defined

as block entry matrices. (For example, ¢;” = [0,...,0,1,0,...,0].) The notations for some
——

i-1
matrices and vectors are defined below (see the Appendix).

Now, we have the following result.

Theorem 3.1 For given scalars o >0, iy >0, hy > 0, uy > 0, and py > 0 satisfied (2)
a>0,8>0,E, and Eg satisfies (3), system (1) is globally asymptotically stable, if there
exist a constant ¢ > 0, positive definite matrices Py, € R, Ry € R4, Ry € R¥3",
Ry € R™", Ry € R, Q; € R™*4" (i =1,2,3), Q; € R¥3" (j = 4,5), Qr € R**" (k = 6,7,8),
S, € R¥ (q=1,2,3), Sy € R (m=4,5,...,9), and

Xu X2 Xz Xu
*  Xon Xoz Xou

>0,
* * X33 X34

* * * R3

any appropriately dimensioned matrices U; (i =1,2,3), T; (j = 1,2,...,5), and Gy (k =
1,2,...,7), such that the following LMIs hold for i =1,2,...,Ny, q = 1, 2,...,N2, and r =
1, 2, e ,Ng:

mtqr(t)lhl( ;: <0,

mqu(t)lhl ()= 1 < 0

k2(0)=0 (m=1,2) (5)
mtqr(t)l hl( =0 0
ha(t)=hy
Qmiqr( )|h1 t)=h <0
2 (8)=hy
and
S5 T, S¢ T
Pi>0 (i=1,2,3,4), Tt s, ¢ “5lso. (6)
* S5 * S6

Proof Consider the new augmented Lyapunov-Krasovskii functional as follows:

5
V(tvxtr rt;(styet) = Z ‘/j(tvxt’rt; atygt)’ (7)
j=1

where
Vi = o (0)P(ry, 8;, Lo)on (2),

V= /t flT(t,s)lel(L‘,s)ds+o/t /tlsz(th)RzICz(t,s)dsdA
t—o i—o I

t t 0.2 L t t
+ / / &7 (s)Rsx(s) dsdh + > / / / x7 () Rax(ut) du ds d.,
t—o JA t-o J1 Js

ng/ flT(t,s)Qlfl(t,s)ds+/ flT(t,s)szl(t,s)ds+/ flT(t,s)ngl(t,s)ds
t—hy t-hy t—h
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t—hy

t—hy
+/h ]%T(t,s)Qm(t,s)ds+ , ﬁLT(t,s)Qaﬁ;(t,s)ds

t t

o tfs (t,5)Qqf5(,5) ds + e tfs (t,5)Q:f5(t,5)
/ 15 (6,5)Qsfs(t,5) ds,
Va=h /t . f T(s)S10ea(s) ds . + hy /t . / T (5)Saca (s) ds dn
+h ft . A af (5)Ssaa(s)dsda + h /t . /A &7 (5)Syie(s) ds d

t t t-hy pt-m
+ h1/ / %7 (s)Ss(s) dsdx + hZ/ / %7 (5)Sex(s) dsdn,
t—hy J A t-h A

h2 t t t
= ?1/ / / xT (1) Syx(u) du ds d
t—-hy JAr Js
h2 t t t
+ 72/ / / x7 (1) Sgx(us) du ds d.
t—-hy JA Js
h2 t t t
+ ?/ / / xT (u)Sox(u) du ds d..
t-hJr Js

Page 8 of 26

When r; =i, §; = q, and £; = r, the weak infinitesimal operator L of the stochastic process

{x¢, 74, 8¢, €4}, £ > 0 along system (4) is

Ny Ny
LV1 = 20} (0)Pigyni(t) + ) et (£)Pigresj(t) + Y _ paky tf; (£) Pigyretsi(t)
j=1 k1=1
N3
£ Y bty (OPigiyon(£).
ko=1

Here, it should be noted that
T T
ayi(t) = [e1 — e Cl e e3, 17, €0 £(2)
and
) T
ay(t) = [_eIC,'T +eA] +exs,e1 —e3,e4,6 — 69,610] £(t).

Thus, LV} can be represented as

N
E‘/l = ST(t) (I‘IliPiq,l'[gi + HZiP,'q,HE + Zn,-jl'[l,'ij,l'[E
j=1

Ny N3
£ gt P, T, + ) byt TiPigr,y HlTi)f(t)'

k=1 kp=1

(8)

)

(11)
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By calculation of LV,, we have

ftt_a x(s) ds ! 0 x(t—o0) ’ x(t—o0)
x(t) —x(t — o) 0 x(t - o) x(t - o)
LVe =2 ft Y f x(u) duds Ry x| f;_n x(s) ds R f;_a x(s) ds
ox(t) — fHT x(s)ds x(£) x(t) —x(t — o) x(t) —x(t — o)

T - PR T
x(¢) x(¢) Jiy [; x(u)duds 0
o |x(t) | Ro|at) |+20|  oxt)- [ x(s)ds Ry| 0
0 0 | Cx(t) - [1, [ x(u)duds i(t)

fLoxsds " I x(s)ds
—-| %) -x(t-0) Ry | x(t)-x(t-o0)

ox(t)— [} x(s)ds | ox(t) - [ x(s)ds

+ §1T(t)R1§1(t) +oxT(£)Rsx(t) — /t T ()R3%(s) ds

t-o

4 2 t t
+ %xT(t)R4x(t)— % /t_o / 7 () Rox(us) duu dis, 12)

where £(2) = [x" (¢),4" (£),0,0]".
Using Lemma 2.1 and Lemma 2.3 yields

T
x(t) X X Xz Xu x(t)

t t t— X X3 X t—
. / i(s)Rai(s) ds < / Memo) )| e KXo Mo Moy =) g
to t-o | X(t—0) * ok Xg3 X34 x(t-o)

x(s) * * * x(s)

-z / / (1) Rooe(os) s < — / f 7 () dut dsRy / / swduds.  (14)

From (12) to (14), an upper bound of LV, can be
LV <ET()(TT3 + T4)E(2). (15)
With the condition of /1;(¢) < w; (i =1,2), an upper bound of LVj is obtained:

LV3 < ¢ (6)(Q1 + Qo + Q3)2a(£) +2(Zg, (D Q1 + Lo, ()Qa + £5,(1)Q3) 5(2)
= Cy (OQuaiy (£) = £ (D QLany (£) — £, (£)Qaan(8) + oy () Quloy (2)
+ 28 gy () Qa7 (8) = Cgpy (8)Qusiy (8) + Loy, (8) Qs Loy (8) + 28¢h 0, (£) Qs Loy (2)
+ 84 (£)(Q6 + Q7 + Q8)20(8) — g, (O)Qs Ly (£) + 250 (D) Qs + Ly Qs
+ Zion (0)Qs) Z11(®) = (1= 11) i (0 (8) Qo L1y 1) (£)
= (1= 12) 85y () Q7 G108 = (1 = 1) (D) Qs L1z (8)

8
=&e7(p) (Z I + m(H)E; + hz(t)52>§(t)y (16)
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where £y (t) = [ [ %7 (s) ds,x™(8) — &7 (¢ = ), [i_ [} " () duds, bx™ (@) - [/ x"(s)ds]"
;3(” = [O,O,xT(t),J'CT(t)] T: §4h (t) = [xT(t - h)rch(t - b)r !/;t_h xT(S) ds,xT(t) (t - h)]Tr b
represents /1, /1, and h, respectively. {5((¢) = [x Tt - 0,x7(t- () 0]%, ({ represents 4; and
hy, respectively. Ze=, () = ftt_N xT(s)ds,xT(t—=)—xT (t—h),1xT (t— =) - f:_N T(s)ds]T, =
and 1 represents /1) and h, hy, and hy, respectively. &;((¢) = [0, 0,7 (t- (17, g((t) = =
h),&" (£ = h), 2 (t = () —xT (£ = W)]7, ¢o(2) = [x7(£),0]7, Lrop(r (1) = [ff_h(t) x"(s)ds, h(t)x" (£) -
ftt—h(t) xT(s)ds)”, b(t) represents hy(t), hy(t), and h(t), respectively; ¢1(t) = [0,47(£)]7,
G2 (6) = [ (8 = b(8)), 27 (&) 2T (£ = H()]".
Calculation of LV, and LV leads to

t
LV, = otzT(t)(hfSl + l’l%Sz + hQSg)ozz(t) —-In / a2T(s)Slot2(s) ds
t—hy
t t
—hy / ozzT(s)Szozz (s)ds—h / (XZT(S)S:),(XZ (s)ds
t—hy t-h
+x7 (1) (h254 + hng)a'c(t) + h%a'cT(t —)Sex(t — )

—h/t %7 (5)S4(s) ds—hI/t &7 (s)S5x(s) ds
t—h t—hy
t-hn
—hy / %7 (5)Se(s) ds, 17)

—h

4 h4 h4
LV5 = T(t)( S7 + —25'8 + —Sg)x(t) - —/ / x7 () S7x(u) du ds
t-hy Js

2 t t
_%[_hzl xT(u)Ssx(u)duds—E/t_hl xT (1) Sox(u) du dis. (18)

By Lemmas 2.1 and 2.2, one can obtain

t
hy / @ (9100095 = =500, (O P 000 (19)
t—hy
t
—hy f , ot2T(s)Sza2(s) ds < —§1€h2(t),h2(t)P2§13h2(t),h2 (®), (20)
t—ny
t
~h o (s)S3a(s) ds < —§1€h(t),h(t)773§13h(t),h(t)» (21)
t—h

h2 t t
——1/ / xT(w)Syx(u) duds
2 t-h Js
f / dudsS7/ / u)duds, (22)
t-hy Js t-hy Js
h2
——2/ / 27 (1) Sgx () du ds
2 t—hy Js
t t t t
—/ /xT(u)dudsng /x(u)duds, (23)
t-hy Js t-hy Js
h2 t t
——/ / x7 () Sox(u) du ds
2 t-hJs
t t t t
—/ /xT(u)dudsng /x(u)duds, (24)
t-hJs t-hJs
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where Zisn,(6) = [y 27 (8)ds, a7 (£) = a7 (¢ = b()), [0 7 () ds, a7 (¢ — () — T (£ -
517, b(¢) and b represent 4 (t) and hy, hy(¢) and ko, h(t) and ki, respectively.
By utilizing Lemma 2.4, it yields

~h /t_h %L (5)S4x(s) ds

2 t
<z (%(s) — x(t — h)) s, (x(s) —x(t — b)) ds
ah Jip

7.[2 t

< “un . (xT(S) —xT(t- h)) dsS, /t; (x(s) —x(t - h)) ds. (25)

For the time-varying delays and their upper delay bounds we have the following relation-

ship:
0<mh()<h, () <h() <h. (26)

We consider two cases: k(t) € [h1(¢), 1) and h(¢) € [y, k).
Case 1: when /(t) € [h(¢), h1), by some calculation and using Lemma 2.2 and Lemma 2.4,

we have

—h1/t %7 (s)Ssx(s) ds

-
¢ t—hy (t) t—h(t)
=-h '/;hl(t)a'cT(s)Ssa'c(s)ds—hl /th(:) %7 (s)S5x(s) ds — Iy /thl %7 (s)Ssx(s) ds
MO -2t -m@) | x(8) - x(t — Iy (1)
<—|x(t—mt) —x(@—h() | Pa|x(t—h()—xt-h) |, (27)
x(t — h(t)) —x(t — ) x(t — h(t)) —x(t — )
t—hy
—h 7 (5)Sex(s) d
2/;_}1 %" (s)Sex(s) ds
2 t—hy
S_Z_hz / ) T =) So(als) e ) s
T T T ) dsSe [ (xls) - (e — ) (28)
=—ia |, WO-x"en) sﬁft_h (x(s) — x(¢ — ) .
From (17), (19)-(21), (25)-(28), we can obtain
LV, <&T(#)(Ty + My + Z))E(). (29)

Case 2: when /h(t) € [/, 1], by using Lemma 2.2, we have

t
i f 7 (5)Ss(s) ds
t-h

t=hy(t)

t
= —h1/ %7 (s)S5x(s) ds — h1/ x7(s)S5x(s) ds
t—hy(t) t-hy

—_| *O-xe-m@) E x(t) —x(t — I (t)) (30)
T -m@) -xE-h) | | x S5 ||x(E-m@)-xt-)]|
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t—hy
—hy / %7 (s)Sex(s) ds
Lt

—h

t—i t—h(t)
-y / %7 (5)Se(s) ds — Iy / %7 (s)Se(s) ds
t—h(t) t—h

- |:x(t h) - (e - h(t)):| ! [56 Ts] [x(t —hy) - ale - h(t))j| | an
x(t—h@E) —xt—h) | | % Se || x(t—-h()-x(t—h)
From (17), (19)-(21), (25), (26), (30), (31), we have
LV, <ET(t)(My + Mo + Tp)&(2). (32)
Then through (18), (22)-(24), one can obtain
LVs <ET(OMuEQ. (33)
It follows from (3) that, for any & >0,
0 <2sa’x" (t — 0)E} Eqx(t - 0) + 2687x" (t - h(t))Ef Egx(t — h(t)) — e F' F
= &1 (M8 (). (34)

For any appropriately dimensioned matrices G; (i = 1,2,...,7), the following zero equality
holds:

0= 2[xT(t)G1 +370)Gy +2T(t-0)Gs + 5T (t — )Gy + xT(t - h(t))G5
+&7(t - h)Ge + F Gy |[~#(t) - Cix(t — o) + Awx(t — h(2)) + F]

= £ ()£ (). (35)
Therefore, from equations (7)-(35), an upper bound of LV can be written as
LV < E1(O)Quigr(DE®X)  (m=1,2). (36)

From (36), it is clear that $2,,,,(¢) is a function for /() and /(t), by using a convex poly-
hedron method, the LMIs described by (5) can guarantee £2,,;,,(t) < 0 to be true.
Thus, using Dynkin’s formula, when ¢ > 0, it can be induced that

E{V(t,xtr ) 8t:£t)} - E{/ %_T(S)Qmiqr(s)";:(s) dS} S E{V(O»xO) 1o, 801£0)} <00, (37)
0
where

E{V(O,xo, ro, 801£0)}
3

2
< {(4 + 202‘n}ax cfo +ol+ hz))\max(Po) + <20 + %)Amax(Rl)
i€l,..., n

o® o? o® 203
+ (US + E))Lmax(RZ) + E)Lmax(RB) + E)\max(RAL) + (2h1 + ?)Amax(Ql)



Ren et al. Advances in Difference Equations (2016) 2016:327 Page 13 of 26

3 3

2h2 + h>)Lmax(Q2) + <2h + %)kmaX(QS)

h2h2 + hz]’l% + 2]’11]’12]’1
3

+ (2]/11 + h2h1 + hlh% + 2]’[1]’!2]’1

) )\max(Q‘L)

3 >)Lmax(Q5)

ks W3
hl + gl)kmax(Q6) + (hZ + ?)Amax(Qﬂ

h3
h+ ?))"max(QS) + hf))hmax(sl)

n n n
+ hg)\max(SZ) + hs)\max(s?)) + T)Lmax(SZL) + Tl)tmax(SS) + Ez}tmax(sb)

I s s
+ Ekmax(sﬂ + E)Lmax(SS) + E}Lmax(59)} ||¢||3 <00,

and ||| = max{sup_, .o I%(s)l, sup_ <so l%(s) I }-
Because of the definition of £7 (), we have

_éT(t)Qmiqr(t)g(t) = Amin(_Qmiqr)sT(t)S(t) = )\min(_Qmiqr)xT(t)x(t)r (38)

_éT(t)Qmiqr(t)g(t) = Amin(_Qmiqr)sT(t)S(t) = )\min(_Qmiqr)xT(t)x(t)r (39)

)\min(_Qmiqr) = min{)\min (_Qmiqr(t)lzl(t):o); Amin (_Qmiqr(t)| h(¢)=0 ),

2 ()=0 ho(8)=hy
Amin (_Qmiqr(t) |h1(t)=h1 )7 )"min (_Qmiqr(t) | h1(t)=m ) } .
h(£)=0 ha()=hs

Applying the integral mean value theorem, there exists n € [t,t + 1], n =t + 0, 0 € [0,1],
such that

/Hlx(s) ds =x(n) = x(t +0). (40)

Using the Newton-Leibniz formula, we know

||x(t)“ = ||x(t) —x(t +0) +x(t+9)|| < ||x(t+ 0) —x(t) || + ||x(t+ 9)”

" x(s)ds " x(s)ds
J J

t+6 t+1 t+1
< [ lsoldse [ Jolds< [ (5] + o)

+

(s))“g‘(s) ds— 0, ast— oo. (41)

- # t+lé_T( )(_Q ‘
B vV )\min(_Qmiqr) t ’ e

Therefore, the model (1) or (4) has a unique equilibrium point which is globally asymp-
totically stable. O
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Remark 3 In [8], with respect to the discrete time-varying delay /X(¢), fs " x(u) du and
fs " %(u) du are included as the element of augmented vector in the integrands. Motivated
by this method, in this paper, ftt_a x(s)ds and x(t — o) are considered as the elements of
augmented vector in Vi; in addition, fs " x(u) du and fs " %(u) du are included in V5.
Remark 4 Different from [33, 34, 38], this article fully considers the relationship between
time-varying delays and their upper bounds, different methods are used to enlarge the
time-derivative of the Lyapunov-Krasovskii functional appropriately according to differ-
ent values of the time delay /(t). Therefore, this method may lead to less conservative
results.

Remark 5 It should be noted that V3 contains the new integral term fs = %(u) du and
[ (u) du in the integrants and /iy [ [ &7 (s)Sex(s) dsdi. is included in V. The
upper limits of the integral are 't — & and 't — h,’, respectively but not 't' and '¢; The in-
ner integral upper limits of the double integral is 't — k" but not '¢’. More information
about the lower bound of the /;(t) and /,(¢) is sufficiently used in the Lyapunov func-

tional (7).

Remark 6 In [7, 20, 29, 37], the reciprocally convex method is usually employed to deal
with the case N = 2 in Lemma 2.2. In this paper, since the relationship between time-
varying delays and their upper bounds is fully considered, in order to deal with the case
N > 2, Lemma 2.2 is introduced, which extends the reciprocally convex method in [7, 20,
29, 37].

Remark 7 In this paper, the inequality in Lemma 2.4 indicates the relationship between
the state and the derivative of state, which is different from the inequalities in [7, 8, 12, 13,
20, 24-29, 36-38]. Both sides of these inequalities are functions regarding to the state.

Remark 8 In [12], Barbalat’s lemma is used to show Theorem 3.1. Different from [12], the
integral mean value theorem is adopted in this paper to prove the considered system is
globally asymptotically stable.

In the following, we will investigate the stability of delayed Markovian jump neural net-

works with nonlinear perturbations and unknown parameters. We have

x(t) = —[Ci + AC(H)]x(t — o) + [Ai + AAW) |x(t — I (8, 8,) — ha(t, L))
+f(t,x(t — cr),x(t - hqr(t))), t>0, (42)
x(s) =@(s), se [— max{o,h},O],

where AC(¢) and AA(¢) are unknown matrices denoting time-varying parameter uncer-
tainties and such that the following condition holds:

[AC(®H) AAW)]=MF@)[Vi Vs, (43)

where M, V7 and V; are known constant matrices and F(¢) is the unknown time-varying

matrix-value function satisfying

FI@®F@) <1, vt>o0. (44)
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Definition 2 The trivial solution of system (44) is said to be robustly globally asymptoti-
cally stable if the trivial solution of the system (44) is globally asymptotically stable for all

admissible unknown parameters.

Theorem 3.2 For given scalars o > 0, iy > 0, hp > 0, 1 > 0 and p, > 0 satisfied (2),
a>0,B>0,E, and Eg satisfied (3), system (44) is robustly globally asymptotically stable,
if there exist a constant ¢ > 0, positive definite matrices Py, € R, Ry € R4, R, €
RS"XSH, Rs € R R, € R, Qi e RAnxdn (i — 1,2,3), Qj e R3nx3n (] =4, 5)’ Q€ R2nx2n
(k=6,7,8), S, € R (¢ =1,2,3), S,y € R" (m =4,5,...,9), and

Xn X X1z Xu
*  Xpp Xoz X
* % Xsz  Xzg
* * * R

any appropriately dimensioned matrices U; (i = 1,2,3), T; (j = 1,2,...,5) and Gy (k =
1,2,...,7), such that the following LMIs hold for i = 1,2,...,Ny, g =1,2,...,N;, and r =

1,2,...,Ns:
2:miqr(t)|hl(t)=0 <0,
ha(t)=0
z:miqr(t)|h1(t)=hl <0,
OO0 (n=1,2) (45)
2miqr(t)| =0 < 0,
ha(t)=hy
Zomiqr® @)= <0
ha(t)=hy
and
S5 T, Se T
P>0 (i=1,2,3,4), S BN L N (46)
% 55 k 56
where

M3 = M3 + 7e3V4 Viel +7ei3VaV)els, Qmiqr(t) = Quigr(t) — I3 + I,

_Qmiqr(t) G1M61 G1M62 G1M€3 G1M€4 G1M613 G1M610 G1M€25_
* -1 0 0 0 0 0 0
* * - %I 0 0 0 0 0
* * * -1 0 0 0 0

Zmiqr () = * * * ; - %I 0 0 0 ’

* * * * * - %1 0 0
* * * * * * —%I 0

L % * * * * * * —%I i

with the other elements the same as in Theorem 3.1.

Proof Consider the same Lyapunov-Krasovskii functional as in Theorem 3.1. Now replac-
ing C; and A; in (35) with C; + AC(¢) and A; + AA(t), we can have

0= 2[xT(t)G1 +37@0)Gy +xT(t-0)Gs + 5T (t —0)Gy + xT(t - h(t))G5
+x7(t-h)Gg + fTG7] [—k(t) - (C,» + AC(t))x(t -0)
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+ (A + DA@))x(¢ - h(e)) + F]
=T (OME(t) + 2[x" (DG + &7 (0)Ga + & (t - 0)G3 + & (t - 0)Ga
+xT (= h(t)Gs + & (t - h)Ge + F' G|
x [~AC@H)x(t - o) + AA()x(t - h(2))]. (47)

To this end, we have

22T ()G AC()x(t — o)

= -2xT (8) GyMFE(¢) Vix(t — o)

<xT()GIMMT Gyx(t) + ™ (t — o)V Vix(t - o),
—2xT(0) Gy AC(H)x(t — o)

= 2T ()G MF(t)Vix(t — o)

<iT(t)GoMMT Goi(t) + &7 (t — o) Vi Vix(t - o),
—2x7 (¢t — 0)G3 AC[)x(t — &)

= -2xT(t - 0)GsMFE(t) Vix(t — o)

<xl(t - 0)GMMT G3x(t — o) + x* (t — o) VI Vi(t — o),
—2x%T(t — 0) G4 AC(E)x(¢ — o)

= 2T (¢t — 0)GaMF(t) Vix(t — o)

<iT(t - 0)GMMT Gyi(t — o) + x* (t — o) VI Vix(t - o),
~2x" (£ - h(8)) Gs AC(H)x(t - o)

= -2x" (¢t - h(t)) GsMF () Vix(t - o)

<a'(t - h(t))GsMM" Gsx(t — h(t)) + 2" (t - o) Vi Vax(t - o),
—2&T(t - h)Gg AC(t)x(t — o)

= -2xT(t = h)GeMFE(t) Vix(t — o)

<iT(t — h)GeMM” Gex(t — h) + x” (t — o) VI Vix(t - ),
2FTG,AC)x(t - o)

= 2F "G, MF(t) Vix(t — o)

< FIG,MMYG,F +x" (¢ - a)VlT\/lx(t —o).
Similarly, one can show that

-2 ()G AA(E)x(t — h(t))
<x"(OGMM" Gix(t) + x" (£ — h(2)) V3 Vax(t - h(2)),
-2 (£)Go AA()x(t - h(2))

<&"()GMM" Goi(t) + & (£ — h(2)) Vy Vax(t - h(?)),
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~2x"(t — 0)G3 AA(B)x(¢ - h(2))

<xT(t-0)GMM' Gax(t — o) + &7 (t - h(2)) V) Vax(t - h(?)),
-2&"(t - 0)Ga AA()x(t - h(t))

<&"(t - 0)GaMM" Gai(t — o) + 27 (¢ = h(2)) V3 Vox(t - h(2)),
—2x" (£ = h(£)) Gs AA(E)x (¢t — h(t))

<x"(t - h(t))GsMM" Gsx(t — h(2)) + 2" (t — h(2)) V3 Vox(t - h(2)),
-2&"(t — h)Ge AA()x(t — h(2))

<&"(t-h)GeMM" Ge(t — h) + 2" (t — h(2)) Vy Vax(t - h(2)),
—2FT G AA@®)x(t - h(t)) < FTGMM" G F +x™ (£ = h(8)) VY Vax(t - h(2)).

Then along the same line as for Theorem 3.1, we can obtain the desired result by applying

the Schur complement lemma. This completes the proof of Theorem 3.2. d

Next, we consider the case that the system (1) without Markovian jumping parameters

and /(¢) = h, then the system (1) can be rewritten as

x(t) = —Cx(t — o) + Ax(t — h) + f (£, x(t — 0),x(t - ), £>0, )
48
x(s) = p(s), se [— max{o,h},O].

For system (48), we have following result.

Corollary 3.1 For given scalars 0 > 0, h >0, a >0, B >0, E,, and Eg, system (48) is
globally asymptotically stable, if there exist a constant ¢ > 0, positive definite matrices
PER5n><5n Rl €R4n><4n R2 ERanSn RB eRnxn R4 ERnxn Ql €R4n><4n QZ eRanZn Sl c
R2n><2r1’ 52 c Rnxn’ 53 eRnxn, and

Xn X Xz Xu
*  Xon Xoz Xog
k * X33 X34

* * * R3

any appropriately dimensioned matrices Gy (k =1,2,...,7), such that the following LMIs

hold:
10
M P + TLPTT] + ) T <0, (49)
k=3
where
I =[e1 —e;C" €7, €3, €5, 5], M, = [-eiCT + esA” +eny,e1 — e3,e4,€1 — €5, €6,

T
I3 = [e1, €2, 01151 Ot1nxnR1[€1, €2, 01105 Or1nxn)* — [€35 €45 €7, €1 — €3] Ry

T, 2 T
x [e3,es,e7,e1 — e3]” + 0 [e1, €, OuxnlRoler, €2, 011nxnl” — [€7,1 — €3,0€1 — €7]
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2
T T T 9 T
X Rylez,e1 —e3,0e1 —e7]" +0eRze; +ei| o Xiy +Xig + Xy + ZR4 e

T\,T T T
+ e3 (O'XZQ — X24 - X24)€3 + 0'64X33€4 - 69R4€9 ,

T

Iy = Sym{ [e7,e1 —e3,e9,0€1 — e7]R1[011/1505 O111x s €15 €2]
—e;,—e;—eg [Ry[0 0 17
+0|€9,0€ 67, 61 €9 |12 [ V11nxns Vilnxn, €2

+e1(0Xiy - X1y + X3, )es +e1(0Xis + X3, )ed +e3(0Xo3 — Xgﬂ)eg},

5 = [e1, €2, 01t O11nxn] Qulens €2, O11sms Oinscn] - — [e5, €6 €8, €1 — €51Q

x [es, €6, es,€1 — es]” + [e1, O11nxn] Qaler, O11uxn] T — [e5,€1 — 5] Qales, 1 — e5]”,
Il = Sym{[eg,61 — es, e10, hey — eg] Q1 [O11xns Onnxmel,ez]T

+ [es, hey — eg] Q2O 2] },

IT; = H2[e1, ]S ler, e2]” + HPerSael — [es, er —es)Siles, e —es]”

72 n? - n? -
~ e 685268 2 —e5Sse; + Sym{ EegSzeS },
4
Ilg = ZengelT - eloSgelTo, Iy = 280[263E§Eae§ + 28,32e5E§EﬂeST - eenelTl,

Hl() = Sym{[elGl + 62G2 + 63G3 + 64G4 + 65G5 + 66G6 + 611G7]

x [~e3 — Cel +Ael +ef}]}.

Remark 9 Compared to [12], in this paper, the augmented vector &(¢) has integrating
terms ftt_h x(s) ds, f;_a /; " x(u) du ds, and f:t_h /; " x(11) du ds, by these terms, more informa-
tion on the states is utilized in the criterion presented in Theorem 3.1, which may lead to

a superior result.

4 Numerical examples
In this section, two numerical examples are introduced (by using MATLAB) to show the
effectiveness and the smaller conservativeness of our results.

Example 4.1 Consider the neural networks (48) with the parameters

C= [2 0} , A=0, If (&%t - o), (¢ — h))

where 4 > 0, 0 > 0 and A > 0 are some real constants.

When /4 = 0, the maximum leakage delay bounds for guaranteeing the global stability of
system (48) with different X are listed in Table 1 including the results of [10, 12] and our
methods. In addition, for given ¢ and X (or /z and 1), the upper bounds of /z (or o) are listed
in Tables 2 and 3. Meanwhile, the comparisons with the results obtained by the criterion in
[12] are given. It follows from Corollary 3.1, that the system (4:8) is globally asymptotically
stable, let f = 0.2[x; (¢ — ), x5(¢ — k)], then the simulations of state responses for system
(48) with different 4, o, and X are depicted in Figure 1.
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Table 1 Allowable upper bounds of o with h = 0 and different values of A

Methods A=1 A=2 A=3 rA=4 A=5

[10] 03172 03172 02468 0.1997  0.1671
[12] 04999 04999 04100 02499 03011
Corollary 3.1 05849 05887 04655 03530 03641

Table 2 Allowable upper bounds of h with different values of o and A

o Methods A=2 A=3 A=4
0.10 2] 28284 24748 21213
Corollary 3.1 3.6171 34587 28116
0.15 [12] 24748 1.9445 14140
Corollary 3.1 3.0166  3.0156  2.0427
0.20 2] 21213 14141 0.7069
Corollary 3.1 26582 23019 1.2583
0.25 (2] 1.7677 08837 -
Corollary 3.1 25228 1.9425 1.0121
0.30 2] 14141 03534 -
Corollary 3.1 2.1087 1.5007 0.7334

Table 3 Allowable upper bounds of o with different values of h and A

Page 19 of 26

h Methods A=2 A=3 r=4
010 [12] 04858 03239 02429
Corollary 3.1 0.5801 04865 03995
0.50 2] 04292  0.2861 0.2146
Corollary 3.1 05226 03567 03531
1.00  [12] 03585 02390 0.1792
Corollary 3.1 04194 03059 0.2989
1.50 2] 02878 0.1919  0.1439
Corollary 3.1 03513 03020 0.1825
2.00 (2] 0.2171 0.1447  0.1085
Corollary 3.1 0.2821 0.2732  0.1745
0.6
=0 x_1 =0 x_1
=04 | [ Xx_2 0.4 o=02| [ X_2
A=2 0.2 h=4
0 N
-0.2 _,:
-0.4 -0.4
0 2 4 6 8 10 0 2 6 8 10
Time t
0.6 15
1=0.8 x_1 =1 x_1
0.4 6=025[| x_2 1 6=015| |- X_2
A=3 =4
£ o2 g 05
Of - 0f.
-0.2 -0.5
2 4 6 8 10 2 6 8 10
Time t Time t
Figure 1 State trajectories of system (42) with different 7, o and A.
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Table 4 Allowable upper bounds of h for different h; and o with g1 =0.6 and ;3 =0.2

o h2=0.1 h;=03 h=0.5

0.10  2.7000 2.0900 1.9050
0.15  2489%4 2.0471 1.8295
0.20  2.4089 1.9594 1.7840

Table 5 Allowable upper bounds of h; for different h1 and o with g1 =0.6 and > =0.2

(2 h1 =0.5 h1 =0.8 h1 =1.0

010 15139 1.4204 13704
015 14094 1.3684 1.3476
020  1.2365 1.1965 1.1505
1 0.5
a x_1 b x_1

o5t L x_2 0 UW ------ Xx_2
0 \/\"" -0.5

-0.5 -1
0 10 20 30 40 50 0 10 20 30 40 50

Figure 2 State trajectories of system (1) with different ¢ . (a): State trajectories of system (1) with o =0.1.
(b): State trajectories of system (1) with o =0.2.

Example 4.2 Consider the neural networks (1) without Markovian jumping parameters

20 -1 0
C:[o 3] A{_l _J; I (e = ), (e = (@) | = 02 (2 - o) .

For this system, by solving the LMIs in Theorem 3.1, the maximum value of upper delay
bound /; and %, can be obtained, which are listed in Tables 4 and 5. Figure 2 shows the
state trajectory for different o with initial state [0.5,0.7]7 and [0.5,-0.7]7, respectively.

Example 4.3 Consider the neural networks (1) with the parameters

C1:[1 o}’ A1:|:—1 0]’ sz[zs 0] Azz[—z 0}’
0 25 1 -1 0 15 14 -31
Hf(t,x(t— a),x(t— hq,(t))) || < 0.2Hx(t— h(t)) ||

Here, the Markov chains are generated by = [° ], P=[7 1], L=[" "], and A =
0.01, which is shown in Figure 3. Let f = 0.2[x1 (£ — /14,(£)), %2 (£ — hqr(t))]T, the time delay is
considered as /1(£,8; =1) = 1+sin¢, 1y (¢,8; =2) = 0.5+0.5co0st, ha(t,£; =1) = 0.2 +0.28in ¢,
and /5(t, £, =2) = 0.25 + 0.25 cos ¢, we can obtain /() = 1.5 + 0.5sin¢ and /,(£) = 0.55 +
0.25cost, therefore, by =2, hy = 0.8, 11 = 0.5 and py = 0.25. Figures 4-6 depict the states
trajectories of the system (1) with different values of o, which indicates the sensitiveness

of neural networks due to the time delay in the leakage term.
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Figure 3 The Markov chain generated by IT and A =0.01.
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Figure 4 State trajectories of system (1) with o =0.1.

Figure 6 State trajectories of system (1) with o0 =0.8.
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Figure 5 State trajectories of system (1) with o = 0.4.
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5 Conclusions

In this paper, based on the extended Wirtinger inequality and the reciprocally convex
method, the robust stability problem for Markovian jump neural networks with leakage
delay, two additive time-varying delays, and nonlinear perturbations have been investi-
gated. The Markovian jumping parameters in the connection weight matrices and each of
the two additive discrete delays are assumed to be different in the system model. Accord-
ingly, a weak infinitesimal operator acting on the Lyapunov-Krasovskii functional is first
proposed. The relationship between time-varying delays and their upper delay bounds is
efficiently utilized to estimate the time-derivative of the Lyapunov-Krasovskii functional,
which shows that more information of the lower and upper delay bounds of time-varying
delays can be used. By constructing a newly augmented Lyapunov-Krasovskii functional
and using the convex polyhedron method, several sufficient criteria are derived to guaran-
tee the stability of the proposed model for all admissible parameter uncertainties. Numer-
ical examples and their simulations are given to show the effectiveness and usefulness of
the proposed method. In future work, we will study the state estimation, Hy, performance,

and passivity analysis of the proposed model.

Appendix
We have

T

ay;(t) = |:xT(t) - /t x7(s) dsCiT,/t x7 (s) ds,xT(t—a),/th x7(s) ds,xT(t—h)] ,
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