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1 Introduction

Mutualism plays a key part in ecology, and many researchers have proposed different
mathematical models to describe the mutualistic interaction [1-6]. For example, moti-
vated by Holling type II functional response [7], Wright [5] established the Holling type II
mutualistic model:

() = x(0)(ar + 225 — aix(®)),
3(t) = y(O)(az + 22— ().

(1.1)

For the biological meaning of parameters in the above model, please refer to [5, 6, 8].
Besides, many researchers have paid attention to the predator-prey model due to the
universality of predator-prey interaction in the natural world. For the predator-prey
model, the functional response is critical. Predator-prey models with Holling types I, Il and
III functional responses were investigated in [9—11]. The functional responses mentioned
above are prey-dependent. But some mathematical analysis, laboratory experiments and
observations [12—-16] showed that in some circumstances, especially when predators had
to search for food (and therefore had to share or strive for food), the ratio-dependent
form of the functional response was more realistic and suitable. Based on Holling type

ax

II functional response Bex?

the predator-prey model with a typical ratio-dependent-type
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functional response %= has been further studied, such as [17, 18]. However, the Holling

type III form ;sz is more successful in describing the feeding by vertebral predators com-
pared to the Holling type II form, which is more suitable for the feeding by insects [19].
And researchers have considered the ratio-dependent predator-prey model with Holling
type III functional response [10, 20].

Moreover, by considering the coexistence of antagonism, mutualism and competition,
Mougi and Kondoh [21] showed that interaction-type diversity generally enhanced stabil-
ity of complex communities. But limited work is available on predator-prey model with
mutualism. Motivated by the above ideas, we consider the following ratio-dependent one-

predator and two-mutualistic-preys model with Holling type III functional response:

. b
x(t) = x(ay + kllfy X —

3() = ylas + £ kw — Gy -
z(t) = z(—az + 2

x2+f122)
), 12)

CgZ),

y +f222

x2+f122 + y +f222

where species x, y are two mutualistic preys and z is the predator. Please notice that we
drop t from x(¢), y(¢) and z(¢) in model (1.2) and do that throughout this paper.

However, it is not enough to only consider certain factors. The biological system is more
or less affected by stochastic fluctuations. One of these general fluctuations is white noise.
Recently, many authors have studied stochastic models with white noise, such as [11, 22,
23]. This literature showed that taking white noise into account, the system would change
significantly. In this paper, we assume that white noise affects the intrinsic birth rate and
death rate, that is,

a; — a; + o1 B(), as — ay + 02,B(), —as — —as + 03B(t),

where B(t), denoting white noise, is the standard Brownian motion, and 0/2 (G=1,2,3)
denotes the intensity of white noise.

In addition to white noise, the biological system is inevitably affected by another envi-
ronment noise, that is, telegraph noise. This noise, which is distinguished by factors such
as rain falls and nutrition, can be represented by a switching among two or more regimes of
environment [24, 25]. Let {r(¢), ¢ > 0} be a Markov chain controlling the switching among
regimes and taking values in a finite state space S = {1,2,...,N}. Then taking white and
telegraph noise into consideration, on the basis of model (1.2), we finally develop the fol-
lowing stochastic ratio-dependent one-predator and two-mutualistic-preys model with
Markovian switching and Holling type III functional response:

—alr@®)x - M) dt + o1 (r())x dB(2),

x2+£1(r(2))22

dx(t) = x(ar (r(2)) +

t)
r(0)x

dy(t) = Y(ar(r(t)) + sz( W — o (r()y Mg(—) dt + o (r())y dB(2), (13)
dz(t) = 2(-as(r(8)) + D, 1 SO, — ca(r(6)2) dt + 03(r(6)2 dB(D),

with the initial data x(0) > 0, y(0) > 0, z(0) > 0, r(0) = ro € S, where all parameters are
nonnegative. In regime i (i € S), system (1.3) obeys

duc(t) = x(as (i) + & ))w —c1(i)x — FUE5) b + o1 (D dB(Q),
dy(t) = y(as (i) + 252 - ea(i)y - 55055) de + 0 (i)y dB(2), (1.4)

- I ea(i)y?
dZ(t) = Z(_ 3( ) + xZifl(l')Z2 + nyfz(i)ZZ - C3( ) )dt + 03( )ZdB(t)
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Therefore, equation (1.4) is regarded as a subsystem of system (1.3). In this paper, our main
aim is to reveal how two kinds of environment noise, that is, white and telegraph noise,
affect permanence and extinction of system (1.3).

The stochastic differential equations controlled by a continuous Markov chain have
been applied to the population models with telegraph noise. Li et al. [26] investigated
the logistic population system without intra-specific competition incorporating white and
telegraph noise, and mainly researched stochastic permanence and extinction. A two-
dimensional stochastic predator-prey model with Markovian switching was developed by
Ouyang and Li [18], and they explored permanence and asymptotical behavior. Neverthe-
less, for the stochastic predator-prey model with Markovian switching, most of the work
focused on two-dimensional systems. To the best of our knowledge, there is no work on 3-
dimensional stochastic ratio-dependent predator-prey models with Markovian switching,
two mutualistic preys and Holling type III functional responses till now.

We arrange the rest of this paper as follows. In Section 2, we prepare some notations
and consider the existence and uniqueness of the solution of system (1.3). By means of
the M-matrix analysis and Lyapunov functions, we study stochastically ultimate bound-
edness and stochastic permanence, and the sufficient condition of stochastic permanence
is given in Section 3. Section 4 gives the sample Lyapunov exponent and hence shows the
sufficient condition of extinction. We obtain the boundary of limit superior and inferior
of the average in time of the solution under stochastic permanence in Section 5. In Sec-
tion 6, we give two examples and make numerical simulations to illustrate main results.

In Section 7, we give conclusions.

2 Preliminaries
Throughout this paper, let (2, F,P) be a complete probability space with the filtration
{F:}i>0 satisfying the usual conditions (i.e. it is increasing and right continuous while Fy
contains all P-null sets). Denote by R” the nonnegative cone in R”, and denote by R” the
positive cone in R”. Denote by X (£) = (x(t), y(¢), z(t)) a solution of system (1.3) and its norm
is defined by [X(£)| = /x2(£) + y2(¢) + 22(2).

Assume that r(£) is a right-continuous Markov chain taking values in the finite state

space S with the generator I" = (y,,,,)nxn defined by

wnd + 0(8), it nsm,
P{r(¢+8) = nlr(t) = m} = i/:y 8 +0(5) ifni/m
'mn ’ -

where § > 0. Here y,,, is the transition rate from regime m to regime n and y,,, > 0 if

n # m, while
N
Ymm = — Z Ymn» Vm e S (21)
n=1,n#m

We also assume that the Markov chain r(¢) is independent of the Brownian motion B(¢) and
irreducible (e.g., see [27]). Under this assumption, r(¢) has a unique stationary probability
distribution 7 = (71, 713, ..., 7n) € RPN, depending on the equation

7l =0 (2.2)
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subject to
N
Zﬂz:l and 7m;>0, ViesS.

i=1

Let L%_-t (€2;R”) denote the family of R”-valued F;-measurable random variables & with
E|£|% < 00 and L, (€2;S) denote the family of S-valued F;-measurable random variables.
Now consider an n-dimensional stochastic differential equation with Markovian switch-
ing,

dw(t) = f (x(2), () de + g(x(2), (2)) dB(2),
on ¢t > 0 with initial data x(0) € L%EO(Q; R"), #(0) € Lr,(€%S) and
f:R"xR, xS—R", 2:R"xR, xS —R".
Moreover, let C*(R” x R, x S;R) denote the family of all real-valued functions V'(x, £, i)

on R” x R, x S which are continuously twice differentiable in x and once in . If V €
C*(R" x R, x S;R), define an operator LV from R” x R, xStoR by

LV(x,t,0) = Vilx, t,0) + Vi, £, 0)f (x,0)

N
1
+ 5 trace[gT(x, DV, t,0)g(x, i)] + Z viV(x, L)), (2.3)
j=1
where
aVi(x,t,i aV(x,t,i) aV(x,t,i aV(x,t,i
Vt(x) t, l) = M? Vx(xr t, l) = (x l); (x l)wu; (x l)
ot 0x1 0% 0xy,
and

2Vix,t,i
vm(x,t,i)=(7(x ’)> ,

ax,- 896]‘

For convenience and simplicity, we give the following notations:

g=ming(i), g= masxg(i),
US

ieS
b
Fi(%,9,2,r(t)) = ar(r(8)) + % —a(r@®)x - %’
~ by (r(t))x ~ B ex(r(t))yz
B(xy.2 r(t)) e (r(t)) * ko (r(2)) + x @ (r(t))y ¥+ fo(r(t)z%’
es(r(t))x* ea(r(t))y*

F53(%,3,2,7(t)) = —as(r(2)) +

PR AT R A

Assumption Al ¢(i) >0, ¢2(i) > 0, ¢3(i)) > 0, Vi € S.
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In order to study the dynamic behavior, we must first guarantee that there exists a
unique, positive, and global solution.

Theorem 2.1 Under Assumption Al, there is a unique positive solution of system (1.3) on
t > 0, which remains in R? with probability 1.

Proof Define a function V : R® x R, x S — R, by
V(X(t),t, i) =(x—-1-logx)+(y—1-1logy) + (z—-1-1logz).
This proof is standard, please refer to [28, 29] as we omiit it. O

3 Stochastic permanence
In this section, we consider stochastic permanence and first study stochastically ultimate
boundedness.

Lemma 3.1 Let the three constants ay, o, a3 > 0. Under Assumption Al, there is a constant
Hi = Hy(o1, 02, 03) > 0 such that the solution X(t) of system (1.3) satisfies

limsup E(x*(£) + y*2(¢) + 2*3(¢)) < H,.

t—00

Proof Define a function
V(x, 9,2, 8,0) = x% + y*2 + 2%,
By means of the generalized It6 formula (e.g., see [27]), we get

LV(x,y,2,t,1)
1 2000 1 20,0 1 205 0
= 50(1(041 - 1o (Hx™ + 50(2(052 = 1oy (D)y™ + Eoeg(ag —1)o;(i)z"
+onx™ Fi(%, 9,2, 0) + a2y F2 (%, 9, 2, 0) + a3z F3(%, 3, 2, 0).
Note that the coefficients of the higher order terms x*1*1, y*2*1, z%3+1 in the above equality

are all negative under Assumption Al, there is a positive constant H; := Hj (o, o2, @3) such
that

V(x,y,z,t,0) + LV(x,9,2,t,0) < H.
Then applying the generalized It6 formula to e’V (x,y, z, i), we get
L(eV(x,y,2,t,1) =€ [Vxy.2t0) + LV(x,y,2 )] <He.

Integrating both sides of d(e‘V(x,y,2,t,i)) from O to ¢, taking the expectation and taking
the limit superior, we finally obtain the desired conclusion. O

Theorem 3.1 Under Assumption Al, system (1.3) is stochastically ultimately bounded.
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Proof By the definition of stochastically ultimate boundedness (e.g., see [26]), the conclu-

sion follows from Lemma 3.1 and Chebyshev’s inequality. O

Next we investigate stochastic permanence. Based on the above conclusion, we only
need to prove another inequality about stochastic permanence (e.g., see [26]). And one of
main methods in this section is the M-matrix analysis which was introduced by [27] and
used in [18, 26].

Now we give notations, a lemma and some assumptions. Let A be a vector or a matrix.

Denote by A > 0 all elements of A that are positive. Set
ZNN =LA = (ag)nxn 1ay < 0,i #j}.
Lemma 3.2 (e.g, see [27]) IfA € ZN*N, then the following statements are equivalent:
(i) A isa nonsingular M-matrix.
(i) A is semi-positive; that is, there exists x > 0 in RN such that Ax > 0.
Assumption A2 Forsomen €S, y;, >0, Vi # n.

Assumption A3 f,(i) >0, £,(i) >0, Vi€ S, and ), ¢ m:q(i) > 0, where

q(i) = min{2a1(i) _a® - 29D et - 2a3(i)}

Vi Vh
- % max{3012(i) + 3022(1'), 3012(i) + 3032(1') + e3(i) + eqi),
3022(1') + 3032(1’) +e3(i) + e4(i)}

- max{o} (i), 03 (i), 03 (i)}

Assumption A4 For some i€, ¢;(i) >0 (j=1,2,3), (i) > 0 (k =1,2) and g(i) > 0, where

q(i) is defined in the above assumption.

The proof of stochastic permanence is rather long and technical. To make it more un-

derstandable, we divide the proof into several lemmas.

Lemma 3.3 Assumptions A2 and A3 imply that there exists a constant o > 0 such that the

matrix

G(e) = diag{i(), Bo(@), ..., Bu(@)} =T (3.1)
is a nonsingular M-matrix, where

Bi(e) = q(i)a — 2max{ol (i), 05 (), 05 () }e?, i€S. (3.2)

Proof This proof is common, please refer to [26] as we omit it. O
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Lemma 3.4 Letﬁ >0 andfg > 0. Ifthere is a constant o > 0 such that G(«) is a nonsingular
M-matrix, then the solution X(t) of system (1.3) satisfies

1 1
limsupE—— < Hj(«), hm sup E——— <H)(a),

100 2“(t) - y2(t) ~
hinsupE o ( ) < Hz(a),

where Hy(«), Hy(«), H3() are positive constants.

Proof Define

By the generalized It6 formula, we have

du(t) = u(-ar(r(t)) + o (r(£)) — gy + 4O Wzﬂg ; i) de
— o1(r(t)u dB(2),
dv(8) = v(=ax(r(t)) + 03 (r(t)) - g + 252 + ) de 3.3)
— oo (r(t))vdB(t), '
dw(t) = wlas(r(t) + 03 (r(1)) - RUDE _ bW, a0)) g
— o3(r(£))wdB(2).

For given « > 0, by Lemma 3.2, there exists a vector 7 = (n,...,nx)7 > 0 such that

G(a)5 > 0, that is,
N
Bil@ni =y yjm;>0, i€S. (3.4)
j=1

Define again
V(u,v,w,t,i) = n,»(l +]V‘1u2 +]V’2v2 + wz)a.
By the generalized It6 formula, we have

LV (u,v,w,t,i)

= am}v‘l(l +f1u2 +jV”2v2 + wz)a_1

) ) 26, (i) u? ) 2e,(D)uPw
: (2(—ﬂ1(l) + o (0)u’® - m +2¢1(u + m)

+ oszz(l +hud +fv*+ wz)a_1

) ) 2by(i)v? ) 2ey()VPw
) (2(—@2(1) +05 )V - m +2co(i)v + m)

+am;(1 +fiu® + o + wz)a_1

2es(i)w* AOVS
< (a3() + 03 (i))w? T2 jﬁ(,‘),ﬂ w2 :fz(i)vz

+ 263(i)w>
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+om;(1 +hud + vt + wz)a_z[(]‘l + (20 - 1)f2u? + fifs? +f1w2)<712(i)u2
+ (fz +fifou? + Qa - 1)fH? +f2w2)022(i)v2 +(1 +hud + fov* + Qo — w?*)o3 (i))w*

+ (4o — A)fifro1()oa (v + (da — 4)fr01(i)o3 (D) w?

+ (4o — 4)f2(72(l)03(l v w Zy,,r/, 1 +f1u +f2V +w )
j=1

<(1 +]V’1u2 +fv21/2 + wz)a_ziamﬁ(}vﬁuz +]V‘2v2 + w2)u2(el—(l) =2 (i) + 20} (l))

i
ex(i)

+ Clmfz(iluz +]VC2V2 + wz)v2<7 —2a, (i) + 20’22(i)>
f

+ am;[w*(2as(i) + 20230) — e3(i) — ea(i)) + fiuP w? (2a3(i) + 202 (i)

+ fo*w (2as(i) + 202(i)) ]

+ani Qe = DE (o (u* + 2 = 1)f; (o3 (V' + 2o — 1oy ()w'

+ iV (02G) + 023)) + filw? (0 2G) + 02(0)) + for*w? (02(0) + 02(0))

+ (4o — 2)o1(i) O'2(l)f1f2bi + (da — 2)Ul(z)ag(z)flu w?

+ (4o — 2)oy (i )O'3(lf21/2W2 Zyun,(flu +f2v +w) + Hy(u, v, w, i)
j=1

<(1 +hud + fov* + Wz)a—Z I2a2n,-(al(i)fv1u2 + o)V + 03(1‘)w2)2
+ ozr;,'(al(i)]ﬁu2 - <72(i)]v"2v2 - ag(i)w2)2
+om7,(f1u +f2v +w )[ u <£ —241(1))

Ji
+for? <62—(’) - 2a2(i)> + w2 (2a3() - es(i) - e4(i))]
Na
+ % max{3012(i) + 302( i), 301 @) + 303 (@) + e3(i) + ea(i),

30’2(l)+30'3()+€3 +eq(i }(flu +f2V +w)

g 2 ,
+ Zytm,«(fluz + v + W)+ Hy(w,v, w, z)}

j=1
< (1+fil® + >+ w?)" 7 { (fi® +for? + w?)?
) L el ) ey (i)
- | —om; | miny 2a; (i) - 2a, (i) — —=, e3(i) + ea(i) — 2a3(i)

Gk

_ %max{Sal (i) + 302(1), 302(0) + 302(0) + e3(i) + ea i),
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305 (i) + 303 (i) + e3(i) + e4 (i)} — max{o7 (i), 0; (i),asz(i)}>

N
+2a%n; max{a1 (i), 0 (i), 32(;)} + Zy,jn,':| + Hi(u,v, w,i)},

j=1

where Hi(u,v,w,i) is a cubic polynomial as regards u, v, w. Under (3.4), there is a suffi-
ciently small constant [ > 0 such that G(«)7j — {77 >>> 0, that is,

ni — Z yinj—Ini>0, ieS. (3.5)

Applying the generalized Ité formula to eV (i, v, w, t, i) and noticing (3.2), we obtain

E[e” Vi, v, w, t,0)

=1V (u, v, w, t,0) + LV (4, v, w, 8, i)

el‘{lni(lﬂv‘luz + 2+ wh)" & (L+fid? + foi? + w?) |:(f1u +fov? +w)

N
: (—ﬁi(a)m > J/qn;) + Hy (u, v, w, i)} }

j=1

(1 + i + f? + W)™ { |:,31(0l)m Zl’u’?/_l”t:|

j=1

(fu® + fp? + w2)2 + Hy(u, v, w, i)},

where Hj(u, v, w, i) is also a cubic polynomial as regards u, v, w. By (3.5), it is obvious that

LIV (u,v,w, t,i)] < Hype, where

N
Hyy = maxl sup (1 +f1u +f2V + wz) 2{—[,3,-(01)775 - Z Vil — ln{|
j=1

i€S | >-1

. (flzf +f2v2 + w2)2 +H2(u,v,w,i)},1}.

Thus,
. ) ) 2 o H22
limsup E(1 + fiu(£) + fov* () + w*(2))" < —.
t—00 l?’]
Hence,
1 H. 1 H.
limsupE——— < —7% 2 . = Hi(), limsupE— < —= 2 = Hy (),
oo X0 T 1" oo YO T IRf"
. Hyy
limsup E := Hz(). O

< —
too  22(E) T l
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Theorem 3.2 Under Assumptions Al, A2 and A3, system (1.3) is stochastically permanent.

Proof The desired conclusion can be directly obtained by Lemma 3.3, Lemma 3.4, Cheby-
shev’s inequality and Theorem 3.1. O

By a similar method to Theorem 3.2, we directly get the following conclusion for sub-
system (1.4).

Corollary 3.1 Under Assumption A4, subsystem (1.4) is stochastically permanent.
4 Extinction
In this section, we discuss the sample Lyapunov exponent of system (1.3) and hence get

the sufficient condition for three species to be extinct.

Theorem 4.1 The solution X(t) of system (1.3) has the property:

lim sup lna;(t) < Zni (al(i) +b1(i) - %az(i)) a.s.,

t—00

ieS
. Iny(2) , Ny
h{gigp . < iezsm ((lz(l) + by (i) — 5022(1)) a.s.,

lim sup @ < Z T <€3(i) +es(d) —as(i) - %aﬁ(i)) as.

t—00 icS

Particularly, if

max{Zm (al(i) +b1(i) - %af(i)), Zni (az(i) + by(i) — %gz(i)> } <0,

ieS ieS
then
lim x(¢) =0, lim y(¢) = 0, limz(£) =0 a.s.
t—00 t—00 t—00

Proof By the generalized Ité formula, we have

by(r(2))y e (r(t))xz 1,
+ ki(r(6) +y —-a (r(t))x - W - 50’1 (I"(t))) de

+ 01 (r(t)) dB(t)

dlnx(t) = (dl (r(t))

< (al (r(t)) +b (r(t)) - %012 (r(t))) dt + o1 dB(¢).

Integrating from O to ¢ on both sides of the above inequality, taking the limit superior, by
the strong law of large numbers and the ergodic property of Markov chain (e.g., see [27]),
note that lim¢ — ocoB(t)/t = 0, we obtain

lim sup In () < Z”i (al(i) +b1(i) - %olz(i)) a.s.

t
t—00 icS



He et al. Advances in Difference Equations (2016) 2016:285

By the above same methods and procedures, we have

lim sup @ < Zm (@(i) + by (i) — %Gf(i)) a.s.,

t—00 IGS
. Inz(?) , , N Y
hgigp , < iEZSm (63(1) +eq(i) —az(i) - 5032(1)> a.s.

Particularly, if

max{Zm (al(i) +b() - %af(i)), Zm (tlz(i) +bo(i) - %g%i)) } <0,
ieS ieS

then

lim x(¢t) =0, lim y(£) =0 as.

t—>00 t—>00

Page 11 of 23

(4.1)

Noticing that the third equation of system (1.3), it is clear that if (4.1) holds, then

lim;_, o0 2(£) = 0 a.s.

O

On the basis of the above theorem, we directly give the following corollary as regards

the subsystem’s extinction.

Corollary 4.1 For subsystem (1.4), if the solution (x(t), y(¢), z(¢)) satisfies max{a; (i) + b1 (i) —

102(i) < 0,a5(i) + by (i) — 202(i)} < O, then
lim x(¢) = 0, lim y(¢) = 0, lim z(t) =0 a.s.
t—00 t—00

t—>00

5 Asymptotic properties

In this section, we consider asymptotic properties of system (1.3) and then obtain the

boundary of limit superior and inferior of the average in time of the solution under

stochastic permanence.
Lemma 5.1 Under Assumption Al, the solution X(t) of system (1.3) satisfies

Inf&(®) + y(6) + 2(8)) _

lim sup

t—00 Int

1

Proof By the generalized It6 formula, we have

d[x(2) + y(2) + z(2)]
= (Fi(%3,2,1(t)) + F2(%,9,2,7(0)) + F3(x,5,2,r(t))) d¢
+ (o1(r(®)x + 02 (r(2) )y + 03(r(2))2) dB(2)
<[+ bi)x + (&2 + By + (&3 + €a)z] dt

+ (o1(r(®)x + 02 (r(2))y + 03(r(2))2) dB(2).
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Then letg £ max{le + El,éz + Ez, ég + é4,}, we get

E( sup [x(u) +y(u) + z(u)])

t<u<t+l

t+1
< E(x(t) +y(8) + z(t)) +g/ E(x(s) +y(s) + z(s)) ds

+ E( sup /u(ol (r(s))x(s) + 0y (r(s))y(s) + 03 (r(s))z(s)) dB(s)). (5.1)

t<u<t+l

By Lemma 3.1, there is a positive constant H such that

lim E[x(t) +9(8) + z(t)] <H. (5.2)

t—00

By the special case of Burkholder-Davis-Gundy inequality (e.g., see [27], p.76), and let

A vy w3 x .
h £ max{6},53,57}, we obtain

E( sup / (01(r(5))x(s) + 02 (r(5))y(s) + o3(r(5))z(s)) dB(s))

t<u<t+l

t+1 1/2 t+1 1/2
< 3E(/ h(x(s) + y(s) + z(s))2 ds) = E<9h/ (x(s) + y(s) + z(s))2 ds)
12

< E( sup [x(u) +y(u) + z(u)]9h /M (x(s) +y(s) + z(s)) ds)

t<u<t+l

1 9 t+1
< E(E sup () + y(u) +z(w)] + Eh/ (x(s) + y(s) + 2(s)) ds)

t<u<t+l

t+1
< %E( sup [x(u) +y(u) + z(u)]) + %h‘/t E(x(s) +9(s) + z(s)) ds.

t<u<t+l

Substituting the above inequality into (5.1), we have

E( sup [x(u) + y(u) + z(u)])

t<u<t+l

t+1
< 2E(x(t) +9(8) + z(t)) +(2g + 9h)/ E(x(s) +y(s) + z(s)) ds.
Let £ — oo and by (5.2), we get

lim E( sup [x(u) +y(u) + z(u)]) <(2+2g+9h)H.

=00 Np<y<t+l

Then, for k =1,2,..., there exists a positive constant H such that

E( sup [x(0) +y(0) +2(0)]) < .

k<t<k+1

Let € > 0 be arbitrary. Then, for k = 1,2,..., by Chebyshev inequality, we get

} - E(Supi<<ii1 [%(2) + y(2) + 2(8)]) H

< .
kl+e - kl+e

]P’{ sup [x(t) +y(8) + z(t)] > ke

k<t<k+l
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By Borel-Cantelli lemma (e.g., see [27]), there exists 2o C Q with () = 1 such that for
any w € Qo, there is an integer ko = ko(w) such that

x(t) + y(t) + z(t) < ke
forall k <t <k +1and k > ko(w). Therefore, for any k < ¢ <k +1 and k > ko(w),

Infx(2) + y(£) + 2(£)]

<l+e
Int

Thus,

. In[x(2) + y(2) + 2(2)]
lim sup <l+e€e as.
t—00 Int

Let ¢ — 0, we get the desired conclusion. a

Lemma 5.2 Letf’l >0 andf‘g > 0. Ifthere is a constant o > 0 such that G(«) is a nonsingular
M-matrix, then the solution X(t) of system (1.3) satisfies
Inx(t) 1 i Iny(¢) 1 .. Inz(p) - 1

liminf > ——, limin >—— liminf >——  as.
t—oo Int o t—oo Int o t—oo Int o

Proof For the given constant « > 0, applying the generalized It6 formula to (1 + flu(t) +
]V’zv(t) + w(t))*, it follows from (3.3) that

d(1+ fiel®) + fov(d) + w(t)”

=a(l +fvlu +]V’2v +w)* !

. b
(-t i) - ), @) _atihun

] by(r(t)) (r(?)) (r@®)v
+f2v(—a2 () + 05 (r(8) kz(rz(t;)u 1 . T/ wfijr“z(r(tv;/v2

es(r(t))w? B ea(r()w? Cs(r(t) )] ;
w? + fi(r()u?  w? +f2(r(t))v2

+ %a(a -1 +]V’1u +]V‘2v +w)* 2 (01 (r(t))flu + 09 (r(t))jv"zv +03 (r(t))w)

+ W<tl3 (r(t)) + 0‘32 (r(t)) -

Zdt

—a(+fiu+fov+w) (o1 (r(t))flu + 09 (r(t))fgv +03(r(2))w) dB(?)

a(l +]V‘1u +]v”2v +w)* L

+f2v<a ) a +ds +f101 +f202+03j| de
) il )
+ ;a i1 +ﬁu +f2v+w)”‘ Z(ﬁu +f2v+w)2dt

—a(1+fue) + fovle) + w(e) "
. (61 (r(t))jv’]u + 0y (r(t))fgv + 03 (r(t))w) dB(t)

<a(L+fu+fov+w)®de
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—a(l+fiu+fov+w) !

(01(r(@))fiu(®) + 02 (r(@))fou(2) + o3 (r(8))w(2)) dB(2), (5.3)

where & = max;egj-12,3) 0j()) and A = 62 + —= + 57 + —2= + G} +az +f1&1 + falo + C3 + 352

N 2P
By the conclusion of Lemma 3.4 and Hoélder inequality, there is a positive constant M :=
M(x) such that
. . i M

E[(l +fu(t) + fov(e) + w(t)) ] < bX t>0. (5.4)
Choose a sufficiently small § > 0 such that

(18 +358%) <1. (5.5)
It follows from (5.3) that

E( sup  (L+is®) +for(®) + wit)")

ké<t<(k+1)8

< E((l +]V’1M(k6) +f2v(k8) + w(k6))a)

/tak(l +f1u(s) +]V’2V(s) + w(s))a ds
k

+E< sup
8

ks<t<(k+1)8

)

/kt afl +fiu(s) + fov(s) + w(s))m_1

+E< sup
s

ks<t<(k+1)8

(o1 (r(s))jvﬁu(s) + 0y (r(s))fgv(s) + o3 (r(s))w(s)) dB(s)

). (5.6)

It can be computed that

/tak(l +fiu(s) + fouls) + w(s))" ds
k

8

E( sup >
ké<t<(k+1)8

(k+1)8 . .
<arE (/ks |(L+Auls) +fov(s) + w(s)| ds)

(k+1)8
<aAE (/ sup (1 +]V’1u(s) +f2v(s) + w(s))a ds)
k

) ks <s<(k+1)§

< a)»&E( sup (1 +ﬁu(t) +]V‘2v(t) + w(t))a). (5.7)

ks <t<(k+1)§

By the special case of Burkholder-Davis-Gundy inequality, we obtain

/]tot(l +jvﬁu(s) +jV‘2v(s) + w(s))m_1

E( sup
ks<t<(k+1)8 )

. (crl (r(s))jvﬁu(s) + 09 (r(s))jvfgv(s) + 03 (r(s))w(s)) dB(s)

)

(k+1)8
< BE(/ a262(1 +ﬁu(s) +fzv(s) + w(s))za_z(jvﬂu(s) +]V’2v(s) + w(s))2 ds)
k

)

1
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1

(k+1)8 5 . 2
< Ba&E(/ (1 + fiu(s) + fav(s) + W(S))Za ds)
k

]

1
2

< 30{68%]5( sup (1 + () + fovls) + w(t))m)

kd<t<(k+1)
< Saéa%E< sup (1 + fu(t) + fov(s) + w(t))a>. (5.8)
kd<t<(k+1)8

Substituting (5.7) and (5.8) into (5.6) and noting that (5.4) and (5.5), we have

E( sup (1 + fu(t) + fov(e) + w(t))a)

kd<t<(k+1)8

< E((1 +Auks) + frv(k8) + w(ks)))

+a (s + 3&8%)E(k8<ts3(2+1)5(1 + fu(t) + fov(s) + w(t))a>

<M.

Let € > 0 be arbitrary. Then, for k = 1,2,..., by Chebyshev inequality, we get

P{kasf;%m(l ) +Fov(®) + w(0) > (k)] < (ké\){« |

By Borel-Cantelli lemma, there exists Q¢ C Q with P(€2y) = 1 such that for any w € Q,
there is an integer ko = ko(w) such that

(1 +fiu®) + fov(e) + w(e))" < (k8)'*

for all k6 <t < (k+1)§ and k > ko(w). Therefore, for any k8 <t < (k + 1) and k > ko(w),

In(1 +]V”1u(t) +f2v(t) +wt)* <l+e

Int
Thus,
In(L + fiu(t) + fov(t £))e
lim sup n(+fult) +fovle) + w(t)) <l+e€ as.
t—00 Int

Let € — 0; we get the desired conclusion

o MO

lims = S
t—00 Int
namely,
Inx(t 1
iminf 20 5 Lo
t—oo Int o
Similarly, we have
Iny(t 1 Inz(t 1
fminf 2@ 5 L PO L 0

t—oo Int o t—oo Int T «
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Theorem 5.1 Under Assumptions Al, A2 and A3, the solution X(t) of system (1.3) has the

following property:
. 1 [t 1
llmsup—/ x(s)ds < A—Zn, <a1(1)+hl(z)— —o; (z))
t-o00 Lt Jo (4] ies
S Y 1 e1(i) 1 )
liminf- [ x(s)ds> — 7| a1(i) —
min tfo =g <1() s 5o
. 1 [t 1 . N
hmsup—/ y(s)ds < A—Zm ax (@) + ba(i) — -0y (i) |,
t—oo L Jo € ieS 2
.1t 1 e (i) 1 )
liminf - s)ds > — ;| ax(i) — - 02 ),
imin t/Oy() _62%} (2() N 2(0)

lim sup % /:z(s)ds < 1 Zni (Bg(i) + eq(i) — az(i) - %ogz(i)).

=00 63 ieS
Proof By Lemma 5.1, Lemma 3.3 and Lemma 5.2, we have

Inx(t Iny(t Inz(t
fim PO oy Oy PHO
t—>00 t t—00 t t—>00 t

a.s. (5.9)

By the generalized It6 formula, we get

In[x(2)/x(0)] E/t(al(r(s)) bi(r(s))y —cl(r(s))x e1(r(s))xz )ds

t t ki(r(s)) +y x2 + f1(r(s))z?
+ - /0 r(s
Infy(6)/»(0)] /y(O)] 1 (s))x ex(r(s))yz
¢ " la(r(s) +x <r<s>) a0 - ) &
+ % /0 02 r(s) dB(s),
1[<t)/<o>1 1 (r(s)) (r(s))y?
— ( xzei;l(s(i)zz A ‘Cg(’“))z> as

‘s /0 05 (r(s)) dB(s).

Let ¢ — 00, by the strong law of large numbers of local martingales and the ergodicity of
the Markov chain, noticing that (5.9), we finally obtain the desired conclusion. O

6 Examples and numerical simulations
In this section, we give two examples and make some numerical simulations to support

main results. By the method mentioned in [30], the discrete form of system (1.3) can be
given by

b n<n
Xn+l = Xn t X (al(rn) + l(rn)yn - Cl(rn)xn - el(rﬂ)x z )At

ki(ry) + Y X2+ fi(rn)22

2
+ O—l(rn)xn\/B;n + a ;rn)xn (CZ - I)At
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by (1) %, Cz(rn)yn eZ(rn)ynZn )At

Y1 = Yn + I <ﬂ2(r") ) 1m0 A

+<72(r,,)yn\/7§n 2(r,,) n(CZ—l)At,

es(rn)xn N ea(ry)y>
xz +fl(rn)z;%, J/f, +f2(rn)zﬁ

o5 -1)at

- 03(rn)z,,> At

Znl = Zn t 2y (_43(7'71) +

+03(rn)zn\/7§n

where ¢, is a Gaussian random variable that follows N(0,1). For the procedure of gener-
ating the discrete Markov chain {r,,n=0,1,2,...}, please refer to [27].

Throughout this section, we assume that Az = 0.01 and let the initial data be x(0) = 1.5,
¥(0)=1.3,2(0)=1,r(0)=1

Example 6.1 Let r(¢) be a right-continuous Markov chain taking values in S = {1,2}. Sys-
tem (1.3) may be regarded as the result of the following two subsystems:

dx(t) = x( + e 30+10y - 3x - x2+4z2)dt + de(t)

dy(t) = y(4 + 10+5x -5y~ y 2+y6zz2)dt + 3y dB(0), (6.1)
dz(¢) = z( =+ x2+422 + 3 +6z2 —z)dt + %de(t),

dx(t) = x(2 + L —x— xzzfgzzz ydt + 3xdB(t),

dy(t) :y(3 + m - —y— 7 +16z2)dt +3ydB(t), (6.2)
de(t) = 2(~} + o + 2 —2)dt + L2dB(),

switching from one to another according to the movement of the Markov chain r(t).
Then we compute that (1) = 2 > 0, a;(1) + b, (1) - 1 701 2(1) = fg, a>(1)+by(1)— —02 2(1) = 163
Therefore, by Corollary 3.1, subsystem (6.1) is stochastlcally permanent.
Compute also g(2) = 722123, a1(2) + bi(2) - —al 2(2) = —% <0, ay(2) + by(2) — %022(2) =
-1 < 0. Therefore, by Corollary 4.1, subsystem (6.2) is extinct.

Case 6.1.1 Assume that the generator of Markov chain r(¢) is

HE !
Tl a7

By solving equation (2.2), we get the unique stationary distribution

(17 1
“\18'18)°

Then compute that YN, 7,4(i) = m
(1.3) is stochastically permanent. By Theorem 5.1, we have

1,207 1t 1 [t 2,303
< liminf - / x(s)ds < limsup — / x(s)ds < ,
1,296 t—oo t Jo t—oo L Jo 720

1,141 1/t 1 [t 2,731
< liminf - / y(s)ds <limsup - / y(s)ds < ,
1,840 = oo £ J t—oo tJo 1,080

> 0. Therefore, by Theorem 3.2, the overall system

Page 17 of 23
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1 2,887
lim sup - / z(s)ds <
t—»o00 L Jo 450 °

Case 6.1.2 Assume that the generator of the Markov chain r(t) is

17

By solving equation (2.2), we get the unique stationary distribution

(15
“\6'6)
; ; 139 3. _ 16l
Then we compute that >, smi(a() + bi()) — 307() = Bm - 3my = -8 <0,

D ies Tilaz(§) + bai) — %032(1')) = 14603711 Ty = —;—Z) < 0. Therefore, by Theorem 4.1, the
overall system (1.3) is extinct.

Example 6.2 Let r(¢) be a right-continuous Markov chain taking values in S = {1,2, 3}.
system (1.3) may be regarded as the result of the following three subsystems:

dx(t) = x(% + 123:4y - %x - 10x2+22000z2)dt + de(t)
dy(t) = y(i5 + 1o750: — 29~ 572 +125z2)dt + 1oydB(t) (6.3)
2
dz(t) = Z( 6 5x2+2 0002 * 5y2225z2 - Ez) dr + §ZdB(t)’
dx() = x(55 60+20y — 3% o sg02) 4t + 2% dB(0),
dy(t) = y(5 + 357105 — 59~ 1052 +150z2)dt + 10ydB( ), (6.4)
4x2 7
dz(t) = 2(~5 + 504240022 T 1002 +y1 50022 12)dt + 32dB(),
dx(t) = x(5 + 300+ylooy - %x 52 ix;oﬁ )dt + sxdB(),
4
dy(?) :y(% 300+ 100% 29’ 5y2+?‘),§022)dt + §y dB(), (6.5)
dz(t) = 2(~5 + 5x24f80z2 + 10y2?64022 ~32)dt + 3z dB(?),

switching from one to another according to the movement of Markov chain r(t).
We compute that g(1) = —?’322, a1(1) + b1 (1) - —01 2(1) = —200 <0,a,(1) +by(1) - —02 2(1) =
200 < 0. Therefore, by Corollary 4.1, subsystem (6.3) is extinct. See Figure 1.
Compute q2) = —%, ai1(2) + b(2) - —01 2(2) = _s%_lo <0, ay(2) + by(2) — % 2(2) =
200 < 0. Therefore, by Corollary 4.1, subsystem (6.4) is extinct. See Figure 2.

Figure 1 Extinction. Trajectories of the solution (x(t), 25
y(1),2(t)) for subsystem (6.3). (Color online.) y()

50 100
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Figure 2 Extinction. Trajectories of the solution (x(t), 16
y(0),z(t)) for subsystem (6.4). (Color online.)

0.8

100

Figure 3 Stochastic permanence. Trajectories of the 25
solution (x(t), y(t), z(t)) for subsystem (6.5). (Color online.) "

Compute again g(3) = 2?3% >0,a1(3) +bi1(3) - 307(3) = 5, a2(3) + by(3) — 307 (3) = 2=

Therefore, by Corollary 3.1, subsystem (6.5) is stochastically permanent. See Figure 3.

Case 6.2.1 Assume that the generator of the Markov chain r(t) is

-28 5 23
r=| 1 -5 4
1 0 -1

By solving equation (2.2), we get the unique stationary distribution

1 1 27
===, =
29729 29

Then compute that Zf\il miq(i) = 101,3% > 0. Therefore, by Theorem 3.2, the overall system

(1.3) is stochastically permanent. See Figures 4-6. By Theorem 5.1, we have

256 1 [t 1 [t 877
—— < liminf - / x(s)ds < limsup — / x(s)ds < —,
361 t—>oo 0 00 L 0 602

614 o1t . 1 [t 1,847
—— <liminf- | y(s)ds <limsup- [ y(s)ds < ,
641 t—>oo t Jy tso0 L Jo

1 [t 87
li - ds < —.
g [, 0=

Page 19 of 23
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Figure 4 Stochastic permanence. Trajectories of the
solution (x(t), y(t), z(t)) for the overall system (1.3) in
Case 6.2.1. (Color online.)

(8.3)
(6.4) 12
(8.5)

y(t)

2(t)

Figure 5 Trajectory and frequency of the discrete som 3 > 10000 )
Markov chain. Subgraphs (a) and (b) denote the
trajectory and frequency of the discrete Markov chain 9000
I, taking value in {1,2,3}, respectively.r, = 1,1, =2 8000
and rp = 3 mean that the overall system (1.3) switches 7000
to subsystem (6.3), (6.4) and (6.5) in step n, respectively.
The change of r, in (a) means the process of regime g 6000
switching of system (1.3) among subsystems (6.3), (6.4) 2 % 5000
and (6.5). The frequency of r, in (b) shows the result of = 4000
regime switching-the total number of steps of the 3000
overall system (1.3) switching to (6.3), (6.4) and (6.5).
This graph shows that under the control of the Markov 2000
chain, the overall system (1.3) mostly switches to 1000
subsystem (6.5) in Case 6.2.1. 168 s
0 2500 5000 7500 10000 2 3
step n r
4 (av' 14 (k:)
o (1.4) o (14

(6.3)
(6.4)
(6.5)

o (14)

(63)

+(6.4)

(6.5)

2 25 3 35 4
¥ y(t)

0.5 1 15

x(t)

Figure 6 The discrete point distribution. Subgraphs (a), (b), (c) and (d) denote the discrete point
distribution of three subsystems and the overall system in xy, xz, yz and xyz, respectively. The blue, cyan, red
and green areas represent the overall system (1.3), subsystem (6.3), (6.4) and (6.5), respectively. Most points of
the cyan and red areas lie in the origin and this means extinction. The green area is far away from the origin
and this means stochastic permanence. Under the control of Markov chain, the blue area also keeps away
from the origin and this means stochastic permanence in Case 6.2.1. (Color online.)
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Figure 7 Extinction. Trajectories of the solution (x(t), 25 o
y(t),z(t)) for the overall system (1.3) in Case 6.2.2. (Color 7%;
online.) Al

50 100

t
Figure 8 Trajectory and frequency of the discrete (b)
Markov chain. The subgraphs have the same o 10000
notations as in Figure 5. This graph means that, under 9000
the control of the Markov chain, the overall system (1.3) 8000}
mostly switches to subsystem (6.4) in Case 6.2.2. 7000}
> 6000 -

2500 500 7500 10000
stepn r

1
0

Case 6.2.2 Assume that the generator of the Markov chain r(£) is

-3 2 1
I'= -1 0
3 0 -3

By solving equation (2.2), we get the unique stationary distribution

3 31
10°5° 10
Then we compute that D, ¢ (a1 (i) + b1(i) - l012(1')) 4000 <0, > s milan (i) + ba(i) -

—02 2(i)) = 2000 < 0. Therefore, by Theorem 4.1, the overall system (1.3) is extinct. See
Figures 7-9.

7 Conclusions
In this paper, we investigate dynamical behaviors of a stochastic ratio-dependent one-
predator and two-mutualistic-preys model perturbed by white and telegraph noise.
Theorem 3.2 and Theorem 4.1 give sufficient conditions of stochastic permanence
and extinction for system (1.3), respectively. These conditions are all dependent on
both parameters of each subsystem (1.4) and the stationary distribution probability.
This means that if some subsystems are stochastically permanent and others are ex-
tinct, under the control of Markov chain, the overall system (1.3) is stochastically per-
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¥t
(1)

x(t)

o (14)
(63)
+ (6.4)

2(t)

15
vt ¥t

Figure 9 The discrete point distribution. The above subgraphs have the same notations as in Figure 6.
Under the control of Markov chain, most points of the blue area lie in the origin and this means extinction in
Case 6.2.2. (Color online.)

manent and extinct, determined by the sign of 3, s 7;4(i) and max{}_, g m;(a1 (i) + b1 (i) —
%012(1')), Y ies Tilaz (i) + ba(i) - %022(1’))}, respectively. This explanation can be verified by
Cases 6.1.1-6.1.2 or Cases 6.2.1-6.2.2.

When system (1.3) is stochastically permanent, we obtain boundaries of limit superior
and inferior of the average in time of the solution in Theorem 5.1. These boundaries also
all depend on both parameters of each subsystem (1.4) and the stationary distribution
probability.

In addition to the one-predator and two-mutualistic-preys model, there are other three-
species models such as tri-trophic food-chain model [31], herbivore-plant-pollinator
model [8]. At the same time, besides white and telegraph noise, Lévy noise is inevitable
in nature [32]. Therefore, the above three-species models with Lévy noise deserve further
investigation and we may consider them in the future.
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