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where c, σ >  and δ >  are constants; ui, vi ∈ R; fi(ui), gi(t), hi(t) ∈ R; ηi,j(ω) (j ∈
{–q, . . . , , . . . ,q},q ∈N) are random variables; a = (ai)i∈Z,b = (bi)i∈Z ∈ l; (θt)t∈R is a metric
dynamical system defined on proper probability space (	,F ,P); {wi(t) : i ∈ Z} are inde-
pendent two-sided real-valued Wiener processes on (	,F ,P). If gi and hi do not depend
on t for all i ∈ Z, then we say (.) is an autonomous stochastic lattice FitzHugh-Nagumo
system.
The lattice FitzHugh-Nagumo system is used to stimulate the propagation of action po-

tentials in myelinated nerve axons (see []). The attractor of stochastic lattice FitzHugh-
Nagumo system has been investigated in [, , ] in the autonomous case. In practice,
the coupled mode between two nodes (say, adjacent nodes) is usually random. It is then
of great importance to investigate SLDSs with random coupled coefficients. To the best
of our knowledge, there are no results on non-autonomous stochastic lattice FitzHugh-
Nagumo system with random coupled coefficients and additive white noise in a weighted
space.
In this paper, we shall transform the stochastic lattice FitzHugh-Nagumo system (.)

into a deterministic one with random parameters through two Ornstein-Uhlenbeck pro-
cesses, and prove the existence of a tempered random attractor in a weighted space lρ × lρ
(see (.)) for the continuous cocycle (see Definition .) generated by system (.), which
attracts the random tempered bounded sets in pullback sense. Then we consider the de-
pendence of attractors on the parameters c of the system (.) and establish the upper
semicontinuity of the random attractor as the intensity c of noise approaches zero.
The rest of this paper is organized as follows. In the next section, we present somemath-

ematical setting for system (.). In Section , we mainly consider the existence of a tem-
pered random attractor in a weighted space of infinite sequences for system (.). Then
in Section , we consider the upper semicontinuity of the tempered random attractor for
system (.).

2 Mathematical settings
Throughout this paper, a positive weight function ρ : Z→R

+ is chosen to satisfy

 < ρ(i)≤ M, ρ(i)≤ cρ(i± ), ∀i ∈ Z, (.)

whereM and c are positive constants. For example, for i ∈ Z, ρ(i) = 
(+γ i)q (q > 

 ) []
and ρ(i) = e–γ |i| satisfy condition (.), where γ > . Define ρi = ρ(i),∀i ∈ Z,

lρ =
�

u = (ui)i∈Z :
�

i∈Z
ρi|ui| <∞,ui ∈R

�

(.)

with norm ‖u‖ρ, = (
�

i∈Z ρi|ui|)  and inner product (u, v)ρ, =
�

i∈Z ρiuivi for u =
(ui)i∈Z, v = (vi)i∈Z ∈ lρ . We write ‖ · ‖ρ, as ‖ · ‖ρ , (·, ·)ρ, as (·, ·)ρ , and ‖ · ‖ρ as ‖ · ‖ if ρ(i)≡ .
Then lρ is a separable Hilbert space with the norm ‖ · ‖ρ .
Let 	 = {ω ∈ C(R, l) : ω() = }, F is the Borel σ -algebra induced by the compact open

topology of 	, and P is the Wiener measure on (	,F ) (see []). The infinite sequence ei

(i ∈ Z) denote the element having  at position i and  for all other components.
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Consider the following non-autonomous stochastic lattice FitzHugh-Nagumo system
with random coupled coefficients and additive white noise: for every τ ∈ R and t > τ ,

⎧
⎪⎨

⎪⎩

dui = (
�q

j=–q ηi,j(θtω)ui+j – vi + fi(ui) + gi(t))dt + cai dwi(t), i ∈ Z,
dvi = (σui – δvi + hi(t))dt + cbi dwi(t), i ∈ Z,
ui(τ ) = ui,τ , vi(τ ) = vi,τ , i ∈ Z,

(.)

where c, σ >  and δ >  are constants, ui, vi ∈ R; fi(ui), gi(t),hi(t) ∈ R; ηi,j(ω) (j ∈
{–q, . . . , , . . . ,q},q ∈ N) are random variables on probability space (	,F ,P); a = (ai)i∈Z,
b = (bi)i∈Z ∈ l; {wi(t) : i ∈ Z} are independent two-sided real-valued Wiener processes on
(	,F ,P); θtω(·) = ω(· + t) – ω(t), for all ω ∈ 	, t ∈ R. Then (	,F ,P , {θt}t∈R) is an ergodic
metric dynamical system.
System (.) can be rewritten as abstract ODEs: for every τ ∈R and t > τ ,

⎧
⎪⎨

⎪⎩

du = (B(θtω)u – v + f (u) + g(t))dt + cdW(t),
dv = (σu – δv + h(t))dt + cdW(t),
u(τ ) = uτ , v(τ ) = vτ ,

(.)

whereu = (ui)i∈Z, v = (vi)i∈Z, f (u) = (fi(ui))i∈Z is a nonlinearity satisfying certain conditions,
g(t) = (gi(t))i∈Z and h(t) = (hi(t))i∈Z are given timedependent sequences,W(t) =W(t,ω) =
�

i∈Z aiwi(t)ei and W(t) =W(t,ω) =
�

i∈Z biwi(t)ei are Brownian motions on (	,F ,P),
B(ω) is a linear operator defined by



B(ω)u

�

i =
q�

j=–q

ηi,j(ω)ui+j. (.)

To convert the problem (.) into a random differential equation, let z(θtω) := –λ×
� 
–∞ eλs(θtω)(s)ds and y(θtω) := –μ

� 
–∞ eμs(θtω)(s)ds, t ∈ R, ω ∈ 	, which are Ornstein-

Uhlenbeck processes on (	,F ,P) and solve the Ornstein-Uhlenbeck equations dz +
λz dt = dW(t) and dy + μydt = dW(t), respectively, where z(θtω) = (zi(θtω))i∈Z and
y(θtω) = (yi(θtω))i∈Z. From [–], it is known that the random variables ‖z(ω)‖ and
‖y(ω)‖ are tempered, and there is a θt-invariant set 	 ⊂ 	 of full P measure such that
t 
→ z(θtω) and t 
→ y(θtω) are continuous in t for every ω ∈ 	.
Let u(t,ω) = u(t,ω) – cz(θtω),v(t,ω) = v(t,ω) – cy(θtω), ω ∈ 	, t ∈ R, then (.) can be

written as the following equivalent random system with random coefficients: for every
τ ∈R and t > τ ,

⎧
⎪⎨

⎪⎩

du
dt = B(θtω)u –v + f (u + cz(θtω)) + cB(θtω)z(θtω) + g(t) – cy(θtω) – cλz(θtω),
dv
dt = σu – δv + h(t) + σ cz(θtω) + c(μ – δ)y(θtω),
u(τ ) =uτ , v(τ ) =vτ .

(.)

Wewill consider (.) forω ∈ 	 andwrite 	 as	 fromnowon. In order to obtain the ex-
istence and uniqueness of solutions to problem (.), we make the following assumptions
on gi, hi, fi and the coefficients ηi,j(ω), j ∈ –q, . . . , , . . . ,q, for i ∈ Z:
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(A) Letting β(ω) = sup{|ηi,j(ω)| : j ∈ {–q, . . . , , . . . ,q},q ∈ N and i ∈ Z} ≥ , β(θtω) be-
longs to Lloc(R) with respect to t ∈R for each ω ∈ 	,

lim
t→±∞


t

� t


β(θsω)ds = ; (.)

and β(ω) is tempered.
(A) For some positive constants α,β and κ ,

fi() = , fi(u)u≤ –αu + β , f ′
i (u) ≤ κ , ∀i ∈ Z,u ∈R.

(A) g = (gi)i∈Z ∈ Lloc(R, l

ρ), h = (hi)i∈Z ∈ Lloc(R, l


ρ).

(A) Let λ = min{ α
 , δ}. There exists a positive constant a ∈ (,λ) such that

� 

–∞
eas


�
�g(s + τ )

�
�

ρ
+

�
�h(s + τ )

�
�

ρ

�
ds < ∞, ∀τ ∈R. (.)

We call v : [τ , τ + T) → lρ a mild solution of the following random lattice differential
equations:

dv
dt

=G(v, t, θtω), v = (vi)i∈Z,G = (Gi)i∈Z, t ∈ [τ , τ + T), τ ∈R, (.)

where ω ∈ 	, if v ∈ C([τ , τ + T), lρ) and

vi(t) = vi(τ ) +
� t

τ

Gi


v(s), s, θsω

�
ds, i ∈ Z, t ∈ [τ , τ + T), τ ∈R. (.)

By Theorem .. in [] and Definition ., we have the following theorem.

Theorem . Let T >  and (A)-(A) hold. Then, for every τ ∈ R and ω ∈ 	 and any
initial data (uτ ,vτ ) ∈ lρ × lρ , problem (.) admits a unique mild solution (u(·, τ ,ω,uτ ,
vτ ),v(·, τ ,ω,uτ ,vτ )) ∈ C([τ , τ +T), lρ × lρ)with (u(τ , τ ,ω,uτ ,vτ ),v(τ , τ ,ω,uτ ,vτ )) = (uτ ,vτ ),
(u(t, τ ,ω,uτ ,vτ ),v(t, τ ,ω,uτ ,vτ )) being continuous in (uτ ,vτ ) ∈ lρ × lρ ; (u(t, τ ,ω,uτ ,vτ ),
v(t, τ ,ω,uτ ,vτ )) ∈ l × l if (uτ ,vτ ) ∈ l × l. Moreover, (.) generates a continuous co-
cycle �c over (	,F ,P , (θt)t∈R) with state space lρ × lρ : for (uτ ,vτ ) ∈ lρ × lρ , t ∈ R

+, τ ∈ R,
and ω ∈ 	,

�c(t, τ ,ω,uτ ,vτ ) :=


u(t + τ , τ , θ–τω,uτ ,vτ ),v(t + τ , τ , θ–τω,uτ ,vτ )

�
. (.)

3 Existence of random attractors
We first provide some sufficient conditions for the existence of random attractors for a
continuous cocycle (or non-autonomous random dynamical system) in weighted spaces
of infinite sequences in []. The theory of random attractors for autonomous random dy-
namical system can be found in [–].
In the following, let (X,‖ · ‖X) be a separable Banach space, and D(X) be the collection

of all tempered families of nonempty bounded subsets of X.
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Definition . A mapping � :R+ ×R× 	 ×X → X is called a continuous cocycle on X
over R and (	,F ,P , {θt}t∈R) if for all τ ∈ R,ω ∈ 	 and t, s ∈ R

+, the following conditions
()-() are satisfied:

() �(·, τ , ·, ·) :R+ × 	 ×X → X is (B(R+)×F ×B(X),B(X))-measurable;
() �(, τ ,ω, ·) is the identity on X ;
() �(t + s, τ ,ω, ·) = �(t, τ + s, θsω,�(s, τ ,ω, ·));
() �(t, τ ,ω, ·) : X → X is continuous.

Definition . Let � be a continuous cocycle on X over R and (	,F ,P , {θt}t∈R).
() A family K = {K(τ ,ω) : τ ∈R,ω ∈ 	} ∈D(X) is called a random absorbing set for �

if for all τ ∈R and ω ∈ 	 and for every D ∈D(X), there exists T = T(D, τ ,ω) > 
such that

�


t, τ – t, θ–tω,D(τ – t, θ–tω)

� ⊆ K(τ ,ω) for all t ≥ T . (.)

() A family A = {A(τ ,ω) : τ ∈ R,ω ∈ 	} ∈D(X) is called a random attractor for � if
for all t ∈R

+, τ ∈R and ω ∈ 	, (i) A(τ ,ω) is compact in X and is measurable in ω

with respect to F ; (ii) A is invariant, that is, �(t, τ ,ω,A(τ ,ω)) =A(τ + t, θtω); (iii)
For every D = {D(τ ,ω) : τ ∈R,ω ∈ 	} ∈D(X),

lim
t→∞dH



�



t, τ – t, θ–tω,D(τ – t, θ–tω)

�
,A(τ ,ω)

�
= , (.)

where dH is the Hausdorff semi-distance given by dH (F ,G) = supu∈F infv∈G ‖u – v‖X ,
for any F ,G ⊂ X .

Theorem . Let � be a continuous cocycle on lρ × lρ over R and (	,F ,P , {θt}t∈R). Sup-
pose that

(a) there exists a bounded closed random absorbing set
B = {B(τ ,ω) : τ ∈R,ω ∈ 	} ∈D(lρ × lρ) such that, for any τ ∈R, ω ∈ 	 and
B = {B(τ ,ω) : τ ∈ R,ω ∈ 	} ∈D(lρ × lρ), there exists T = T(τ ,ω,B) >  yielding
�(t, τ – t, θ–tω,B(τ – t, θ–tω)) ⊂ B(τ ,ω), ∀t ≥ T;

(b) for each τ ∈R, ω ∈ 	 and for any ε > , there exist T = T(τ , ε,ω,B) >  and
I = I(τ , ε,ω,B) ∈N such that

�

|i|>I
ρi

�
��i(t, τ – t, θ–tω,uτ–t)

�
� ≤ ε, ∀t ≥ T,uτ–t ∈ B(τ – t, θ–tω). (.)

Then � possesses a unique random attractor A in D(lρ × lρ) given, for every τ ∈ R and
ω ∈ 	, by

A(τ ,ω) =
�

τ≥T

�

t≥τ

�


t, τ – t, θ–tω,B(τ – t, θ–tω)

�
. (.)

Next, we will use Theorem . to prove the existence of a random attractor for the con-
tinuous cocycle �c in lρ × lρ under conditions (A)-(A).
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Theorem . If (A)-(A) hold, then, for every c > , τ ∈ R, ω ∈ 	 and for any B =
{B(τ ,ω) : τ ∈ R,ω ∈ 	} ∈ D(lρ × lρ), there exists T = T(τ ,ω,B, c) >  such that, for all
t ≥ T and (uτ–t ,vτ–t) ∈ B(τ – t, θ–tω), the solution (u,v) of (.) satis�es

�
�u(τ , τ – t, θ–τω,uτ–t ,vτ–t)

�
�

ρ
+

�
�v(τ , τ – t, θ–τω,uτ–t ,vτ–t)

�
�

ρ

+
� 

–t
e

� 
s (–λ+(+q+q)β(θrω))dr

�
�u(s + τ , τ – t, θ–τω,uτ–t ,vτ–t)

�
�

ρ
ds

≤ I(c, τ ,ω), (.)

where I(c, τ ,ω) >  is given by

I(c, τ ,ω)

= c +
� 

–t
e

� 
s (–λ+(+q+q)β(θrω))dr

�

α

�
�g(s + τ )

�
�

ρ
+


δσ

�
�h(s + τ )

�
�

ρ

�

ds

+
� 

–t
e

� 
s (–λ+(+q+q)β(θrω))dr




c + cβ

(θsω)
��
�z(θsω)

�
�

ρ
+ c

�
�y(θsω)

�
�

ρ

�
ds

+ β
�

i∈Z
ρi

� 

–t
e

� 
s (–λ+(+q+q)β(θrω))dr ds, (.)

where c,c,c, and c are positive constants independent of τ ,ω, and B.

Proof For each ω ∈ 	, there exists a sequence η
(m)
i,j (t,ω) of continuous functions in t ∈ R

(see []) such that

lim
m→∞

� t

τ

�
�η

(m)
i,j (s,ω) – ηi,j(θsω)

�
�ds = ,

∀t > , τ ∈R, j ∈ {–q, . . . , , . . . ,q},q ∈N and i ∈ Z, (.)

and |η(m)
i,j (t,ω)| ≤ |ηi,j(θtω)| ≤ β(θtω) for t ∈R. Consider the following random differential

equations:

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

du(m)

dt = Bm(t,ω)u(m) –v(m) + f (u(m) + cz(θtω))
+ cBm(t,ω)z(θtω) + g(t) – cλz(θtω) – cy(θtω),

dv(m)

dt = σu(m) – δv(m) + h(t) + σ cz(θtω) + c(μ – δ)y(θtω),
u(m)(τ ) =uτ , v(m)(τ ) =vτ ,

(.)

where (Bm(t,ω)u(m))i =
�q

j=–q η
(m)
i,j (t,ω)u(m)

i+j . It is easy to see that (.) has a unique mild
solution (u(m)(·, τ ,ω,uτ ,vτ ),v(m)(·, τ ,ω,uτ ,vτ )) ∈ C([τ , +∞), l × l) ∩ C((τ , +∞), l × l)
satisfying (.). Taking the inner product of (.) withu(m)(t) andv(m)(t), respectively, in lρ ,
we have

d
dt

�
�
�u(m)��

ρ
+


σ

�
�v(m)��

ρ

�

= 


Bm(t,ω)u(m),u(m)�

ρ
+ 



f


u(m) + cz(θtω)

�
,u(m)�

ρ
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+ c


Bm(t,ω)z(θtω),u(m)�

ρ
+ 



g(t),u(m)�

ρ
– cλ



z(θtω),u(m)�

ρ

– c


y(θtω),u(m)�

ρ
–
δ
σ

�
�v(m)�� +


σ



h(t),v(m)�

ρ

+ c


z(θtω),v(m)�

ρ
+
c(μ – δ)

σ



y(θtω),v(m)�

ρ
. (.)

Note that




g(t),u(m)�

ρ
≤ 

α

�
�g(t)

�
�

ρ
+

α


�
�u(m)��

ρ
, (.)

–cλ


z(θtω),u(m)�

ρ
≤ cλ

α

�
�z(θtω)

�
�

ρ
+

α


�
�u(m)��

ρ
, (.)

–c


y(θtω),u(m)�

ρ
≤ c

α

�
�y(θtω)

�
�

ρ
+

α


�
�u(m)��

ρ
, (.)


σ



h(t),v(m)�

ρ
≤ 

δσ

�
�h(t)

�
�

ρ
+

δ

σ
�
�v(m)��

ρ
, (.)

c


z(θtω),v(m)�

ρ
≤ cσ

δ

�
�z(θtω)

�
�

ρ
+

δ

σ

�
�v(m)��

ρ
, (.)

c(μ – δ)
σ



y(θtω),v(m)�

ρ
≤ c(μ – δ)

δσ

�
�y(θtω)

�
�

ρ
+

δ

σ

�
�v(m)��

ρ
. (.)

By (.), we get




Bm(t,ω)u(m),u(m)�

ρ
= 

�

i∈Z

�

ρiu
(m)
i ·

q�

j=–q

η
(m)
i,j (t,ω)u(m)

i+j

�

≤ β(θtω)
�

i∈Z

�

ρi
�
�u(m)

i

�
� ·

q�

j=–q

�
�u(m)

i+j

�
�

�

≤ ( + q +q)β(θtω)
�
�u(m)��

ρ
, (.)

c


Bm(t,ω)z(θtω),u(m)�

ρ
= c

�

i∈Z

�

ρiu
(m)
i

q�

j=–q

η
(m)
i,j (t,ω)zi+j(θtω)

�

≤ α


�
�u(m)��

ρ
+
c( + q)( + q)β(θtω)

α

�
�z(θtω)

�
�

ρ
, (.)

whereq =
�q

k= c
k
. By (A), we have




f


u(m) + cz(θtω)

�
,u(m)�

ρ

= 
�

i∈Z
ρifi



u(m)
i + czi(θtω)

� ·u(m)
i

= 
�

i∈Z
ρifi



u(m)
i + czi(θtω)

� · 

u(m)
i + czi(θtω)

�

– 
�

i∈Z
ρifi



u(m)
i + czi(θtω)

� · czi(θtω)

≤ 
�

i∈Z
ρi



–α



u(m)
i + czi(θtω)

� + β
�
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+ 
�

i∈Z
ρiκ

�
�u(m)

i + czi(θtω)
�
� · �

�czi(θtω)
�
�

≤ –α
�
�u(m)��

ρ
– αc

�
�z(θtω)

�
�

ρ
+ α

�

i∈Z
ρi

�
�u(m)

i

�
� · �

�czi(θtω)
�
� + β

�

i∈Z
ρi

+ κ
�

i∈Z
ρi

�
�u(m)

i

�
� · �

�czi(θtω)
�
� + κc

�
�z(θtω)

�
�

ρ
(.)

≤ –α
�
�u(m)��

ρ
– αc

�
�z(θtω)

�
�

ρ
+ α

�

i∈Z
ρi

�
�u(m)

i

�
� · �

�czi(θtω)
�
� + β

�

i∈Z
ρi

+ κ
�

i∈Z
ρi

�
�u(m)

i

�
� · �

�czi(θtω)
�
� + κc

�
�z(θtω)

�
�

ρ
(.)

≤ –α
�
�u(m)��

ρ
– αc

�
�z(θtω)

�
�

ρ
+

α


�
�u(m)��

ρ
+ αc

�
�z(θtω)

�
�

ρ
+ β

�

i∈Z
ρi

+
α


�
�u(m)��

ρ
+
κc

α

�
�z(θtω)

�
�

ρ
+ κc

�
�z(θtω)

�
�

ρ
(.)

≤ –
α


�
�u(m)��

ρ
+ c

�

α +
κ
α

+ κ
�

�
�z(θtω)

�
�

ρ
+ β

�

i∈Z
ρi. (.)

From (.)-(.), we obtain, for t > ,

d
dt

�
�
�u(m)��

ρ
+


σ

�
�v(m)��

ρ

�

+
α


�
�u(m)��

ρ

≤
�

( + q +q)β(θtω) –
α



�
�
�u(m)��

ρ
–

δ

σ

�
�v(m)��

ρ
+

α

�
�g(t)

�
�

ρ
+


δσ

�
�h(t)

�
�

ρ

+ c
�
λ

α
+
σ

δ
+ α +

κ
α

+ κ +
( + q)( + q)β(θtω)

α

�
�
�z(θtω)

�
�

ρ

+ c
�

α
+
(μ – δ)

δσ

�
�
�y(θtω)

�
�

ρ
+ β

�

i∈Z
ρi. (.)

Recalling that λ = min{ α
 , δ}, then we have

d
dt

�
�
�u(m)��

ρ
+


σ

�
�v(m)��

ρ

�

+
α


�
�u(m)��

ρ

≤ 

–λ + ( + q +q)β(θtω)

�
�

�
�u(m)��

ρ
+


σ

�
�v(m)��

ρ

�

+

α

�
�g(t)

�
�

ρ
+


δσ

�
�h(t)

�
�

ρ

+


c + cβ

(θtω)
��
�z(θtω)

�
�

ρ
+ c

�
�y(θtω)

�
�

ρ
+ β

�

i∈Z
ρi, (.)

where c = c( λ

α
+ σ

δ
+ α + κ

α
+ κ), c = c(+q)(+q)

α
and c = c( 

α
+ (μ–δ)

δσ
). Then

we obtain, for t > ,

�
�u(m)(τ , τ – t,ω,uτ–t ,vτ–t)

�
�

ρ
+


σ

�
�v(m)(τ , τ – t,ω,uτ–t ,vτ–t)

�
�

ρ

+
α



� τ

τ–t
e

� τ
s (–λ+(+q+q)β(θrω))dr

�
�u(m)(s, τ – t,ω,uτ–t ,vτ–t)

�
�

ρ
ds
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≤ e
� τ
τ–t (–λ+(+q+q)β(θrω))dr

�

‖uτ–t‖ρ +

σ

‖vτ–t‖ρ
�

+
� τ

τ–t
e

� τ
s (–λ+(+q+q)β(θrω))dr

�

α

�
�g(s)

�
�

ρ
+


δσ

�
�h(s)

�
�

ρ

�

ds

+
� τ

τ–t
e

� τ
s (–λ+(+q+q)β(θrω))dr




c + cβ

(θsω)
��
�z(θsω)

�
�

ρ
+ c

�
�y(θsω)

�
�

ρ

�
ds

+ β
�

i∈Z
ρi

� τ

τ–t
e

� τ
s (–λ+(+q+q)β(θrω))dr ds. (.)

From (.) and by replacing ω by θ–τω, we have

�
�u(m)(τ , τ – t, θ–τω,uτ–t ,vτ–t)

�
�

ρ
+


σ

�
�v(m)(τ , τ – t, θ–τω,uτ–t ,vτ–t)

�
�

ρ

+
α



� τ

τ–t
e

� τ
s (–λ+(+q+q)β(θr–τ ω))dr��u(m)(s, τ – t, θ–τω,uτ–t ,vτ–t)

�
�

ρ
ds

≤ e
� 
–t (–λ+(+q+q)β(θrω))dr

�

‖uτ–t‖ρ +

σ

‖vτ–t‖ρ
�

+
� 

–t
e

� 
s (–λ+(+q+q)β(θrω))dr

�

α

�
�g(s + τ )

�
�

ρ
+


δσ

�
�h(s + τ )

�
�

ρ

�

ds

+
� 

–t
e

� 
s (–λ+(+q+q)β(θrω))dr




c + cβ

(θsω)
��
�z(θsω)

�
�

ρ
+ c

�
�y(θsω)

�
�

ρ

�
ds

+ β
�

i∈Z
ρi

� 

–t
e

� 
s (–λ+(+q+q)β(θrω))dr ds. (.)

Note that (.) holds with u(m)(τ , τ – t,ω,uτ–t ,vτ–t) andv(m)(τ , τ – t,ω,uτ–t ,vτ–t) being
replaced byu(τ , τ – t,ω,uτ–t ,vτ–t) andv(τ , τ – t,ω,uτ–t ,vτ–t), then we have

�
�u(τ , τ – t, θ–τω,uτ–t ,vτ–t)

�
�

ρ
+


σ

�
�v(τ , τ – t, θ–τω,uτ–t ,vτ–t)

�
�

ρ

+
α



� τ

τ–t
e

� τ
s (–λ+(+q+q)β(θr–τ ω))dr��u(s, τ – t, θ–τω,uτ–t ,vτ–t)

�
�

ρ
ds

≤ e
� 
–t (–λ+(+q+q)β(θrω))dr

�

‖uτ–t‖ρ +

σ

‖vτ–t‖ρ
�

+
� 

–t
e

� 
s (–λ+(+q+q)β(θrω))dr

�

α

�
�g(s + τ )

�
�

ρ
+


δσ

�
�h(s + τ )

�
�

ρ

�

ds

+
� 

–t
e

� 
s (–λ+(+q+q)β(θrω))dr




c + cβ

(θsω)
��
�z(θsω)

�
�

ρ
+ c

�
�y(θsω)

�
�

ρ

�
ds

+ β
�

i∈Z
ρi

� 

–t
e

� 
s (–λ+(+q+q)β(θrω))dr ds. (.)

By (.), we find that there exists T = T(ω) >  such that, for t > T,

� 

–t
β(θsω)ds ≤ λ

( + q +q)
t.
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By (A) and (uτ–t ,vτ–t) ∈ B(τ – t, θ–tω) ∈D(lρ × lρ), we have

lim
t→+∞ e

� 
–t (–λ+(+q+q)β(θrω))dr

�

‖uτ–t‖ρ +

σ

‖vτ–t‖ρ
�

≤ lim sup
t→+∞

e
–λt


�
�B(τ – t, θ–tω)

�
�

ρ

≤ . (.)

Therefore, there exists T = T(τ ,ω,B, c) >  such that, for all t ≥ T,

e
� 
–t (–λ+(+q+q)β(θrω))dr

�

‖uτ–t‖ρ +

σ

‖vτ–t‖ρ
�

≤ . (.)

Note that z(θtω), y(θtω) andβ(θtω) are tempered. Then by (A), we can verify the following
integrals are convergent:

� 

–t
e

� 
s (–λ+(+q+q)β(θrω))dr

�

α

�
�g(s + τ )

�
�

ρ
+


δσ

�
�h(s + τ )

�
�

ρ

�

ds

+
� 

–t
e

� 
s (–λ+(+q+q)β(θrω))dr




c + cβ

(θsω)
��
�z(θsω)

�
�

ρ
+ c

�
�y(θsω)

�
�

ρ

�
ds

+ β
�

i∈Z
ρi

� 

–t
e

� 
s (–λ+(+q+q)β(θrω))dr ds

< ∞. (.)

Thus the theorem follows from (.), (.), and (.). �

Theorem . Assume that (A)-(A) hold.Then the continuous cocycle�c associatedwith
(.) has a unique random attractor Ac = {Ac(τ ,ω) : τ ∈R,ω ∈ 	} ∈D(lρ × lρ).

Proof By Theorem ., it suffices to prove that, for every ε > , c > , τ ∈ R, ω ∈ 	 and
for any B = {B(τ ,ω) : τ ∈ R,ω ∈ 	} ∈ D(lρ × lρ), there exist T = T(τ ,ω,B, c, ε) >  and
R = R(τ ,ω, c, ε) >  such that, for all t ≥ T and (uτ–t ,vτ–t) ∈ B(τ – t, θ–tω), the solution
(u,v) of (.) satisfies

�

|i|>R
ρi


�
�ui(τ , τ – t, θ–τω,uτ–t ,vτ–t)

�
�+

�
�vi(τ , τ – t, θ–τω,uτ–t ,vτ–t)

�
�

� ≤ ε. (.)

Choose a smooth increasing function χ : R+ → [, ] such that

χ (s) =

⎧
⎨

⎩

,  ≤ s ≤ ,

, s ≥ ,
(.)

and there exists a positive constant cχ such that |χ ′(s)| ≤ cχ for s ∈ R
+.

Let (u(τ , τ – t,ω,uτ–t ,vτ–t),v(τ , τ – t,ω,uτ–t ,vτ–t)) be a mild solution of (.) with
(uτ–t ,vτ–t) ∈ lρ × lρ . For any given N >  define QN : lρ × lρ → l × l, (u,v) = (ui,
vi)i∈Z 
→QN (u,v) = ((QNu)i, (QNv)i)i∈Z by ((QNu)j, (QNv)j) = (uj,vj) if |j| ≤ N and ((QNu)j,
(QNv)j) = (, ) otherwise.
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For any n ≥ , let (u(m),v(m)) = (u(m)(τ , τ – t,ω,Qnuτ–t ,Qnvτ–t),v(m)(τ , τ – t,ω,Qnuτ–t ,
Qnvτ–t)) = (u(m)

i ,v(m)
i )i∈Z be the solution of (.). Then taking the inner product (�χ (r)u(m),

�χ (r)v(m)) = (χ ( |i|
r )u

(m)
i ,χ ( |i|

r )v
(m)
i )i∈Z of (.) in lρ × lρ , we obtain

d
dt

�

i∈Z
ρiχ

� |i|
r

��
�
�u(m)

i

�
� +


σ

�
�v(m)

i

�
�

�

= 


Bm(t,ω)u(m),�χ (r)u(m)�

ρ
+ 



f


u(m) + cz(θtω)

�
,�χ (r)u(m)�

ρ

+ 


cBm(t,ω)z(θtω),�χ (r)v(m)�

ρ

+ 


g(t),�χ (r)u(m)�

ρ
– 



cλz(θtω),�χ (r)u(m)�

ρ

– 


cy(θtω),�χ (r)u(m)�

ρ
–
δ
σ

�

i∈Z
ρiχ

� |i|
r

�


v(m)
i

�

+

σ



h(t),�χ (r)v(m)�

ρ
+ 



cz(θtω),�χ (r)v(m)�

ρ

+

σ



c(μ – δ)y(θtω),�χ (r)v(m)�

ρ
. (.)

For each term of (.), it has been checked that




Bm(t,ω)u(m),�χ (r)u(m)�

ρ

= 
�

i∈Z

�

ρiχ

� |i|
r

�

u(m)
i

q�

j=–q

η
(m)
i,j (t,ω)u(m)

i+j

�

≤ β(θtω)
�

i∈Z
ρiχ

� |i|
r

��

( + q)
�
�u(m)

i

�
� +

q�

j=–q

�
�u(m)

i+j

�
�

�

≤ β(θtω)
�

i∈Z

�

ρi

q�

j=–q

��

χ

� |i|
r

�

– χ

� |i + j|
r

��
�
�u(m)

i+j

�
� + χ

� |i + j|
r

�
�
�u(m)

i+j

�
�

��

+ ( + q)β(θtω)
�

i∈Z
ρiχ

� |i|
r

�
�
�u(m)

i

�
�

≤ cχq( + q)β(θtω)
r

�
�u(m)��

ρ
+ ( + q +q)β(θtω)

�

i∈Z
ρiχ

� |i|
r

�
�
�u(m)

i

�
�, (.)




f


u(m) + cz(θtω)

�
,�χ (r)u(m)�

ρ

= 
�

i∈Z
ρiχ

� |i|
r

�

fi


u(m)
i + czi(θtω)

� · 

u(m)
i + czi(θtω)

�

– 
�

i∈Z
ρiχ

� |i|
r

�

fi


u(m)
i + czi(θtω)

� · czi(θtω)

≤ 
�

i∈Z
ρiχ

� |i|
r

�


–α



u(m)
i + czi(θtω)

� + β
�

+ 
�

i∈Z
ρiχ

� |i|
r

�

κ
�
�u(m)

i + czi(θtω)
�
� · �

�czi(θtω)
�
�



Wang and Zhou Advances in Difference Equations  (2016) 2016:310 Page 12 of 20

≤ –α
�

i∈Z
ρiχ

� |i|
r

�
�
�u(m)

i

�
� + β

�

i∈Z
ρiχ

� |i|
r

�

+ α
�

i∈Z
ρiχ

� |i|
r

�
�
�u(m)

i

�
� · �

�czi(θtω)
�
�

+ α
�

i∈Z
ρiχ

� |i|
r

�
�
�czi(θtω)

�
�

+ 
�

i∈Z
ρiχ

� |i|
r

�

κ
�
�u(m)

i

�
� · �

�czi(θtω)
�
� + 

�

i∈Z
ρiχ

� |i|
r

�

κ
�
�czi(θtω)

�
�

≤ –α
�

i∈Z
ρiχ

� |i|
r

�
�
�u(m)

i

�
� + β

�

i∈Z
ρiχ

� |i|
r

�

+ (α + κ)
�

i∈Z
ρiχ

� |i|
r

�
�
�u(m)

i

�
� · �

�czi(θtω)
�
�

+ (α + κ)
�

i∈Z
ρiχ

� |i|
r

�
�
�czi(θtω)

�
�

≤ –
α


�

i∈Z
ρiχ

� |i|
r

�
�
�u(m)

i

�
� + β

�

i∈Z
ρiχ

� |i|
r

�

+
�
(α + κ)

α
+ (α + κ)

�

c
�

i∈Z
ρiχ

� |i|
r

�
�
�zi(θtω)

�
�, (.)




cBm(t,ω)z(θtω),�χ (r)u(m)�

ρ

= c
�

i∈Z

�

ρiχ

� |i|
r

�

u(m)
i

q�

j=–q

η
(m)
i,j (t,ω)zi+j(θtω)

�

≤
�

i∈Z
ρiχ

� |i|
r

��
α


�
�u(m)

i

�
� +

c

α
( + q)β(θtω)

q�

j=–q

�
�zi+j(θtω)

�
�

�

≤ c

α
( + q)β(θtω)

�

i∈Z
ρi

q�

j=–q

��

χ

� |i|
r

�

– χ

� |i + j|
r

��
�
�zi+j(θtω)

�
�

+ χ

� |i + j|
r

�
�
�zi+j(θtω)

�
�

�

+
α



�

i∈Z
ρiχ

� |i|
r

�
�
�u(m)

i

�
�

≤ c

α
( + q)( + q)β(θtω)

�
cχq
r

�
�z(θtω)

�
�

ρ
+

�

i∈Z
ρiχ

� |i|
r

�
�
�zi(θtω)

�
�

�

+
α



�

i∈Z
ρiχ

� |i|
r

�
�
�u(m)

i

�
�, (.)




g(t),�χ (r)u(m)�

ρ
≤ 

α

�

i∈Z
ρiχ

� |i|
r

�
�
�gi(t)

�
� +

α



�

i∈Z
ρiχ

� |i|
r

�
�
�u(m)

i

�
�, (.)

–


cλz(θtω),�χ (r)u(m)�

ρ

≤ cλ

α

�

i∈Z
ρiχ

� |i|
r

�
�
�zi(θtω)

�
� +

α



�

i∈Z
ρiχ

� |i|
r

�
�
�u(m)

i

�
�, (.)
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–


cy(θtω),�χ (r)u(m)�

ρ
≤ c

α

�

i∈Z
ρiχ

� |i|
r

�
�
�yi(θtω)

�
� +

α



�

i∈Z
ρiχ

� |i|
r

�
�
�u(m)

i

�
�, (.)


σ



h(t),�χ(r)v(m)�

ρ
≤ 

δσ

�

i∈Z
ρiχ

� |i|
r

�
�
�hi(t)

�
� +

δ

σ

�

i∈Z
ρiχ

� |i|
r

�
�
�v(m)

i

�
�, (.)




cz(θtω),�χ (r)v(m)�

ρ

≤ cσ
δ

�

i∈Z
ρiχ

� |i|
r

�
�
�zi(θtω)

�
� +

δ

σ

�

i∈Z
ρiχ

� |i|
r

�
�
�v(m)

i

�
�, (.)


σ



c(μ – δ)y(θtω),�χ (r)v(m)�

ρ

≤ c(μ – δ)

δσ

�

i∈Z
ρiχ

� |i|
r

�
�
�yi(θtω)

�
� +

δ

σ

�

i∈Z
ρiχ

� |i|
r

�
�
�v(m)

i

�
�. (.)

By putting (.)-(.) into (.), we have

d
dt

�

i∈Z
ρiχ

� |i|
r

��
�
�u(m)

i

�
� +


σ

�
�v(m)

i

�
�

�

≤ 

( + q +q)β(θtω) – α

� �

i∈Z
ρiχ

� |i|
r

�
�
�u(m)

i

�
� –

δ

σ

�

i∈Z
ρiχ

� |i|
r

�
�
�v(m)

i

�
�

+
cχq( + q)β(θtω)

r
�
�u(m)��

ρ
+

α

�

i∈Z
ρiχ

� |i|
r

�
�
�gi(t)

�
� +


δσ

�

i∈Z
ρiχ

� |i|
r

�
�
�hi(t)

�
�

+ β
�

i∈Z
ρiχ

� |i|
r

�

+
ccχq( + q)( + q)

αr
β(θtω)

�
�z(θtω)

�
�

ρ

+ c
�
σ

δ
+
λ

α
+
(α + κ)

α
+ (α + κ)

+
( + q)( + q)

α
β(θtω)

� �

i∈Z
ρiχ

� |i|
r

�
�
�zi(θtω)

�
�

+
�
c(μ – δ)

δσ
+
c

α

��

i∈Z
ρiχ

� |i|
r

�
�
�yi(θtω)

�
�. (.)

Recalling λ = min{ α
 , δ},multiplying (.) by e

� t
((+q+q)β(θrω)–λ)dr and then integrating over

[τ – t, τ ] with t > , we get

�

i∈Z
ρiχ

� |i|
r

��
�
�u(m)

i (τ , τ – t,ω,Qnuτ–t ,Qnvτ–t)
�
�

+

σ

�
�v(m)

i (τ , τ – t,ω,Qnuτ–t ,Qnvτ–t)
�
�

�

≤ e
� τ
τ–t ((+q+q)β(θrω)–λ)dr

�

‖Qnuτ–t‖ρ +

σ

‖Qnvτ–t‖ρ
�

+
cχq( + q)

r

� τ

τ–t
e

� τ
s ((+q+q)β(θrω)–λ)dr

× β(θsω)
�
�u(m)(s, τ – t,ω,Qnuτ–t ,Qnvτ–t)

�
�

ρ
ds



Wang and Zhou Advances in Difference Equations  (2016) 2016:310 Page 14 of 20

+
�

i∈Z
ρiχ

� |i|
r

�� τ

τ–t
e

� τ
s ((+q+q)β(θrω)–λ)dr

�

α

�
�gi(s)

�
� +


δσ

�
�hi(s)

�
� + β

�

ds

+ c

� τ

τ–t
e

� τ
s ((+q+q)β(θrω)–λ)drβ(θsω)

�
�z(θsω)

�
�

ρ
ds

+
� τ

τ–t
e

� τ
s ((+q+q)β(θrω)–λ)dr

�

i∈Z
ρiχ

� |i|
r

�



c + cβ

(θsω)
��
�zi(θsω)

�
�

+ c
�
�yi(θsω)

�
�
�
ds, (.)

where c =
ccχ q(+q)(+q)

αr , c = c( σ
δ
+ λ

α
+ (α+κ)

α
+ (α + κ)), c = c(+q)(+q)

α
, and

c = c(μ–δ)
δσ

+ c
α
. Replacing ω and m in (.) by θ–τω and mk , respectively, and letting

k → ∞, then we obtain

�

i∈Z
ρiχ

� |i|
r

��
�
�ui(τ , τ – t, θ–τω,Qnuτ–t ,Qnvτ–t)

�
�

+

σ

�
�vi(τ , τ – t, θ–τω,Qnuτ–t ,Qnvτ–t)

�
�

�

≤ e
� 
–t ((+q+q)β(θrω)–λ)dr

�

‖Qnuτ–t‖ρ +

σ

‖Qnvτ–t‖ρ
�

+
cχq( + q)

r

� 

–t
e

� 
s ((+q+q)β(θrω)–λ)dr

× β(θsω)
�
�u(s + τ , τ – t, θ–τω,Qnuτ–t ,Qnvτ–t)

�
�

ρ
ds

+
�

i∈Z
ρiχ

� |i|
r

�� 

–t
e

� 
s ((+q+q)β(θrω)–λ)dr

�

α

�
�gi(s + τ )

�
� +


δσ

�
�hi(s + τ )

�
� + β

�

ds

+ c

� 

–t
e

� 
s ((+q+q)β(θrω)–λ)drβ(θsω)

�
�z(θsω)

�
�

ρ
ds

+
� 

–t
e

� 
s ((+q+q)β(θrω)–λ)dr

×
�

i∈Z
ρiχ

� |i|
r

�



c + cβ

(θsω)
��
�zi(θsω)

�
� + c

�
�yi(θsω)

�
�
�
ds. (.)

We now estimate each term on the right-hand side of (.). For the first term on the
right-hand side of (.), since (Qnuτ–t ,Qnvτ–t) ∈ B(τ – t, θ–tω), and B is tempered, then
there exists T = T(τ , ε,ω,B) >  such that if t > T, then

e
� 
–t ((+q+q)β(θrω)–λ)dr

�

‖Qnuτ–t‖ρ +

σ

‖Qnvτ–t‖ρ
�

< ε. (.)

For the second term on the right-hand side of (.), by (A) and Theorem ., there exist
T = T(τ , ε,ω,B) >  and R = R(ε,ω) >  such that, for all t > T and r > R,

cχq( + q)
r

� 

–t
e

� 
s ((+q+q)β(θrω)–λ)dr

× β(θsω)
�
�u(s + τ , τ – t, θ–τω,Qnuτ–t ,Qnvτ–t)

�
�

ρ
ds < ε. (.)
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For the third term on the right-hand side of (.), by (A), there exist R = R(ε,ω) > 
and T = T(ε,ω) > , such that if r > R and t > T, then

�

i∈Z
ρiχ

� |i|
r

�� 

–t
e

� 
s ((+q+q)β(θrω)–λ)dr

×
�

α

�
�gi(s + τ )

�
� +


δσ

�
�hi(s + τ )

�
� + β

�

ds < ε. (.)

For the fourth and fifth terms on the right-hand side of (.), since z(θtω), y(θtω) and
β(θtω) are tempered, then there exist R = R(ε,ω) >  and T = T(ε,ω) > , such that if
r > R and t > T, then

c

� 

–t
e

� 
s ((+q+q)β(θrω)–λ)drβ(θsω)

�
�z(θsω)

�
�

ρ
ds

+
� 

–t
e

� 
s ((+q+q)β(θrω)–λ)dr

×
�

i∈Z
ρiχ

� |i|
r

�



c + cβ

(θsω)
��
�zi(θsω)

�
� + c

�
�yi(θsω)

�
�
�
ds

< ε. (.)

Let T = max{T,T,T,T} and R = max{R,R,R}. By (.)-(.), we have, for all
t > T and r > R,

�

|i|>R
ρi

�
�
�ui(τ , τ – t, θ–τω,Qnuτ–t ,Qnvτ–t)

�
�

+

σ

�
�vi(τ , τ – t, θ–τω,Qnuτ–t ,Qnvτ–t)

�
�

�

< ε, (.)

for any n≥ . Let n → ∞, we see that (.) holds. The proof is completed. �

4 Upper semicontinuity of random attractors
In this section, we first present a criterion concerning upper semicontinuity of non-
autonomous random attractors with respect to a parameter in []. Similar results can
be found in [, ] for deterministic equations and in [, ] for autonomous stochastic
equations.

Theorem . Let �c be a continuous cocycle on X over R and (	,F ,P , {θt}t∈R). Suppose
that

(i) �c has a closed measurable random absorbing set Kc = {Kc(τ ,ω) : τ ∈R,ω ∈ 	} in
D(X) and a unique random attractor Ac = {Ac(τ ,ω) : τ ∈R,ω ∈ 	} in D(X).

(ii) For each τ ∈R and ω ∈ 	, K(τ ,ω) = {u ∈ X : ‖u‖X ≤ r(τ ,ω)} and

lim sup
c→

�
�Kc(τ ,ω)

�
�
X = lim sup

c→
sup

x∈Kc(τ ,ω)
‖x‖X ≤ r(τ ,ω), (.)

where r(τ ,ω) is a positive valued tempered random variable.
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(iii) There exists ε >  such that, for every τ ∈R and ω ∈ 	,
�

|c|≤ε Ac(τ ,ω) is
precompact in X .

(iv) For t > , τ ∈R, ω ∈ 	, cn →  when n→ ∞, and xn,x ∈ X with xn → x when
n→ ∞, we have

lim
n→∞�cn (t, τ ,ω,xn) = �(t, τ ,ω,x). (.)

Then, for τ ∈R and ω ∈ 	,

dH


Ac(τ ,ω),A(τ ,ω)

�
= sup

u∈Ac(τ ,ω)
inf

v∈A(τ ,ω)
‖u – v‖X →  as c→ . (.)

Next, we use Theorem . to prove an upper semicontinuity of random attractors
Ac(τ ,ω) to A(τ ,ω) as c → .
To indicate the dependence of solutions on c, we will write the solution of (.) as ϕ(c) =

(u(c),v(c)). When c = , the system (.) reduces to the limiting system:

⎧
⎪⎨

⎪⎩

du = (B(θtω)u – v + f (u) + g(t))dt,
dv = (σu – δv + h(t))dt,
u(τ ) = uτ , v(τ ) = vτ .

(.)

Let ϕ = (u, v) be a mild solution of (.) with initial data (uτ , vτ ).

Theorem . Assume that (A)-(A) hold. Then, for every τ ∈R and ω ∈ 	, we have

dH


Ac(τ ,ω),A(τ ,ω)

�

= sup
(u(c),v(c))∈Ac(τ ,ω)

inf
(u,v)∈A(τ ,ω)


�
�u(c) – u

�
�

ρ
+

�
�v(c) – v

�
�

ρ

� 
 →  as c→ . (.)

Proof Let I(c, τ ,ω) be as in Theorem .. (i) By Theorems . and ., �c has a closed
measurable random absorbing set Bc = {Bc(τ ,ω) : τ ∈ R,ω ∈ 	} ∈ D(lρ × lρ), where
Bc(τ ,ω) = {(u(c),v(c)) ∈ lρ × lρ : ‖u(c)‖ρ +‖v(c)‖ρ ≤ I(c, τ ,ω)}, and a unique random attractor
Ac = {Ac(τ ,ω) : τ ∈R,ω ∈ 	} inD(lρ × lρ), for each τ ∈ R and ω ∈ 	,Ac(τ ,ω)⊆ Bc(τ ,ω).
(ii) Given |c| < . By (.), we have

I(c, τ ,ω) ≤ I(, τ ,ω) < ∞ (.)

and

lim sup
c→

I(c, τ ,ω) ≤ I(, τ ,ω). (.)

So, for every τ ∈R and ω ∈ 	,

lim sup
c→

�
�Bc(τ ,ω)

�
�

ρ
= lim sup

c→
sup

x∈Bc(τ ,ω)
‖x‖lρ×lρ ≤ I


 (, τ ,ω). (.)
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Moreover,B(τ ,ω) = {(u, v) ∈ lρ ×lρ : ‖u‖ρ +‖v‖ρ ≤ I(, τ ,ω)} is a closed tempered random
absorbing set for the continuous cocycle � associated with the limiting system (.), and

�

|c|≤

Ac(τ ,ω) ⊆
�

|c|≤

Bc(τ ,ω) ⊆ B(τ ,ω). (.)

(iii) Given |c| < . Let us prove the precompactness of
�

|c|≤Ac(τ ,ω) for every τ ∈ R

and ω ∈ 	. For one thing, by Theorem ., for every ε > , c > , τ ∈ R, ω ∈ 	, there exist
T = T(τ ,ω,B, c, ε) >  and R = R(τ ,ω, c, ε) >  such that, for all t ≥ T and (u(c)τ–t ,v

(c)
τ–t) ∈

B(τ – t, θ–tω), the solution (u(c),v(c)) of (.) satisfies

�

|i|>R
ρi


�
�u(c)i



τ , τ – t, θ–τω,u

(c)
τ–t ,v

(c)
τ–t

��
� +

�
�v(c)i



τ , τ – t, θ–τω,u

(c)
τ–t ,v

(c)
τ–t

��
�

� ≤ ε, (.)

which, along with (.) and the invariance of Ac(τ ,ω), we have, for every τ ∈ R, ω ∈ 	,
t ≥ T ,

sup
(u(c),v(c))∈�

|c|≤Ac(τ ,ω)

�

|i|>R
ρi


�
�u(c)i

�
� +

�
�v(c)i

�
�

� ≤ ε.

By (.) we find that the set {(u(c)i ,v(c)i )|i|≤R : (u(c),v(c)) ∈ �
|c|≤Ac(τ ,ω)} is bounded in a

finite-dimensional space and hence
�

|c|≤Ac(τ ,ω) is precompact in lρ × lρ .
(iv) Let U =u(c) – u, V =v(c) – v, (U ,V ) = ϕ(c) – ϕ. Let (u(c,m)(t, τ ,ω,u(c)τ ,v(c)τ ),v(c,m)(t, τ ,ω,

u(c)τ ,v(c)τ )) and (u(m)(t, τ ,ω,uτ , vτ ), v(m)(t, τ ,ω,uτ , vτ )) be the solutions of the following ran-
dom differential equations with initial data:

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

du(c,m)

dt = Bm(t,ω)u(c,m) –v(c,m) + f (u(c,m) + cz(θtω))
+ cBm(t,ω)z(θtω) + g(t) – cλz(θtω) – cy(θtω),

dv(c,m)

dt = σu(c,m) – δv(c,m) + h(t) + σ cz(θtω) + c(μ – δ)y(θtω),
u(c,m)(τ ) =uτ , v(c,m)(τ ) =vτ ,

(.)

and

⎧
⎪⎨

⎪⎩

du(m)

dt = Bm(t,ω)u(m) – v(m) + f (u(m)) + g(t),
dv(m)

dt = σu(m) – δv(m) + h(t),
u(m)(τ ) = uτ , v(m)(τ ) = vτ ,

(.)

respectively. Then ϕ(c,m)(·, τ ,ω,u(c)τ ,v(c)τ ), ϕ(m)(·, τ ,ω,uτ , vτ ) ∈ C([τ , +∞), lρ × lρ) and sat-
isfy the differential equations (.) and (.), respectively. Moreover, ϕ(c)(t, τ ,ω,u(c)τ ,v(c)τ )
and ϕ(t, τ ,ω,uτ , vτ ) are limit functions of subsequences of {ϕ(c,m)(t, τ ,ω,u(c)τ ,v(c)τ )} and
{ϕ(m)(t, τ ,ω,uτ , vτ )} ∈ lρ × lρ . So ϕ(c)(t, τ ,ω,u(c)τ ,v(c)τ ) – ϕ(t, τ ,ω,uτ , vτ ) is a limit func-
tion of a subsequence of {ϕ(c,m)(t, τ ,ω,u(c)τ ,v(c)τ ) – ϕ(m)(t, τ ,ω,uτ , vτ )} in lρ × lρ , and
(U (m)(t, τ ,ω,u(c)τ ,v(c)τ ,uτ , vτ ),V (m)(t, τ ,ω,u(c)τ ,v(c)τ ,uτ , vτ )) satisfies

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

dU(m)

dt = Bm(t,ω)U (m) –V (m) + f (u(c,m) + cz(θtω)) – f (u(m))
+ cBm(t,ω)z(θtω) – cλz(θtω) – cy(θtω),

dV (m)

dt = σU (m) – δV (m) + σ cz(θtω) + c(μ – δ)y(θtω),
U (m)(τ ) =u(c)τ – uτ , V (m)(τ ) =v(c)τ – vτ .

(.)
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By taking the inner product of (.) with (U (m),V (m)) in lρ × lρ , we get



d
dt

�
�
�U (m)��

ρ
+


σ

�
�V (m)��

ρ

�

=


Bm(t,ω)U (m),U (m)�

ρ
+



f


u(c,m) + cz(θtω)

�
– f



u(m)�,U (m)�

ρ

+


cBm(t,ω)z(θtω),U (m)�

ρ
– c



λz(θtω) + y(θtω),U (m)�

ρ

–
δ

σ

�
�V (m)��

ρ
+

�

cz(θtω) +
c(μ – δ)

σ
y(θtω),V (m)

�

ρ

. (.)

Now let us estimate the terms in (.):



Bm(t,ω)U (m),U (m)�

ρ
≤ ( + q +q)β(θtω)

�
�U (m)��

ρ
, (.)



f


u(c,m) + cz(θtω)

�
– f



u(m)�,U (m)�

ρ

=
�

i∈Z
ρi



fi


u(c,m)
i + czi(θtω)

�
– fi



u(m)
i + czi(θtω)

�� ·U (m)
i

+
�

i∈Z
ρi



fi


u(m)
i + czi(θtω)

�
– fi



u(m)
i

�� ·U (m)
i

≤ κ
�

i∈Z
ρi

�
�u(c,m)

i – u(m)
i

�
� · �

�U (m)
i

�
� + κ

�

i∈Z
ρi

�
�czi(θtω)

�
� · �

�U (m)
i

�
�

≤ κ


�
�U (m)��

ρ
+ κc

�
�z(θtω)

�
�

ρ
, (.)



cBm(t,ω)z(θtω),U (m)�

ρ

≤ κ


�
�U (m)��

ρ
+
c( + q)( + q)β(θtω)

κ

�
�z(θtω)

�
�

ρ
, (.)

–c


λz(θtω) + y(θtω),U (m)�

ρ

≤ cλ

κ

�
�z(θtω)

�
�

ρ
+
c

κ

�
�y(θtω)

�
�

ρ
+

κ


�
�U (m)��

ρ
, (.)

�

cz(θtω) +
c(μ – δ)

σ
y(θtω),V (m)

�

ρ

≤ σ c

δ
�
�z(θtω)

�
�

ρ
+
c(μ – δ)

δσ
�
�y(θtω)

�
�

ρ
+

δ

σ

�
�V (m)��

ρ
. (.)

It follows from (.)-(.) that

d
dt

�
�
�U (m)��

ρ
+


σ

�
�V (m)��

ρ

�

≤ 

( + q +q)β(θtω) + κ

��
�U (m)��

ρ

+ c
�
( + q)( + q)β(θtω)

κ
+

σ

δ
+ κ

�
�
�z(θtω)

�
�

ρ

+
c(μ – δ)

δσ
�
�y(θtω)

�
�

ρ
. (.)
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Applying the Gronwall inequality to (.) from τ to t + τ , we have

�
�U (m)
t + τ , τ ,ω,u(c)τ ,v(c)τ ,uτ , vτ

��
�

ρ
+

σ

�
�V (m)
t + τ , τ ,ω,u(c)τ ,v(c)τ ,uτ , vτ

��
�

ρ

≤ e
� t+τ
τ ((+q+q)β(θrω)+κ)dr

�
�
�u(c)τ – uτ

�
�

ρ
+


σ

�
�v(c)τ – vτ

�
�

ρ

�

+
� t+τ

τ

e
� t+τ
s ((+q+q)β(θrω)+κ)dr




c + cβ

(θsω)
��
�z(θsω)

�
�

ρ
+ c

�
�y(θsω)

�
�

ρ

�
ds,

(.)

where c = σ c
δ + κc, c = c(+q)(+q)

κ
and c = c(μ–δ)

δσ . Replacing ω in the above by θ–τω,
we have

�
�U (m)
t + τ , τ , θ–τω,u(c)τ ,v(c)τ ,uτ , vτ

��
�

ρ
+


σ

�
�V (m)
t + τ , τ , θ–τω,u(c)τ ,v(c)τ ,uτ , vτ

��
�

ρ

≤ e
� t
((+q+q)β(θrω)+κ)dr

�
�
�u(c)τ – uτ

�
�

ρ
+


σ

�
�v(c)τ – vτ

�
�

ρ

�

+
� t


e

� t
s ((+q+q)β(θrω)+κ)dr




c + cβ

(θsω)
��
�z(θsω)

�
�

ρ
+ c

�
�y(θsω)

�
�

ρ

�
ds. (.)

From (.), we find that, for τ ∈ R, t ∈ R
+, ω ∈ 	, c →  and (u(c)τ ,v(c)τ ), (uτ , vτ ) ∈ lρ × lρ

with (u(c)τ ,v(c)τ )→ (uτ , vτ ),

lim
c→

ϕ(c,m)
t + τ , τ , θ–τω,u(c)τ ,v(c)τ

�
= ϕ(m)(t + τ , τ , θ–τω,uτ , vτ ) in lρ × lρ . (.)

Let {cn} ⊂ [–, ] be a sequence of numbers with cn →  when n → +∞. Then ϕ(c)(t +
τ , τ , θ–τω,u(c)τ ,v(c)τ ) and ϕ(t + τ , τ , θ–τω,uτ , vτ ) being limit functions of subsequences of
{ϕ(c,m)(t + τ , τ , θ–τω,u(c)τ ,v(c)τ )} and {ϕ(m)(t + τ , τ , θ–τω,uτ , vτ )} in lρ × lρ implies that, for
τ ∈ R, t ∈ R

+, ω ∈ 	, cn →  and (u(cn)τ ,v(cn)τ ), (uτ , vτ ) ∈ lρ × lρ with (u(cn)τ ,v(cn)τ ) → (uτ , vτ ),
the following holds:

lim
n→∞ ϕ(cn)



t + τ , τ , θ–τω,u(cn)τ ,v(cn)τ

�
= ϕ(t + τ , τ , θ–τω,uτ , vτ ) in lρ × lρ . (.)

We completed the proof. �
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