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1 Introduction and main results
The discrete nonlinear Schrodinger equation is one of the most important discrete mod-
els, which plays an important role in many fields; for example, in biomolecular chains [1],
nonlinear optics [2], Bose-Einstein condensates [3], and so on. In recent decades, a lot
of results have been achieved in the study of homoclinic solutions for periodic discrete
nonlinear Schrédinger equations; see [4—14], and so on. But we notice that there are only
a few results of non-periodic discrete nonlinear Schrédinger equations, such as [15-23].
The authors of [16, 17, 19, 22] studied the case in infinite one dimensional lattices (i.e.,
n € Z), but the authors of [15, 18, 20, 21, 23] studied the case in infinite m dimensional
lattices (i.e., n € Z™).

Inspired by the above results, we will study homoclinic solutions of the following non-
periodic discrete nonlinear equation in infinite m dimensional lattices by more general
conditions than some existing results:

—Auy + Vylty — 0y = fr(u,), neZ”, (1.1)
where
Aty = Uiny 41,mg,mm) + Wy g 4denm) T F Wiy g,y +1) — 208y 1)
T Uy ~Lneny) T Wnyng=1,.onim) t Uinyng,..nm=1)

is the discrete Laplace operator in m dimensional space, w € R, V' = {v,,},,czm, and {u,} yezm
are sequences of real numbers, and the nonlinearities f, satisfy the condition:

ﬂ(eiws) = e“f,(s), VYweRV(ns)eZ™ xR
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As usual, homoclinic solutions of equation (1.1) satisfy the following boundary condition:

u, =0. (1.2)

[nl=|n1|+mg|+- -+ | =00

Here we are interested in the existence of infinitely many nontrivial homoclinic solutions
for (1.1) (‘u is nontrivial’ means u,, # 0). The problem (1.1) comes from the study of stand-
ing waves for the discrete nonlinear Schrodinger equation

Yy = =AY, + vy _fn(’s”n)! neZ". (1.3)

By the definition of standing waves (v, = u,e” with (1.2)), we see that (1.3) becomes
(1.1). Therefore, the problem of the existence of standing waves of (1.3) has been reduced
to that on the existence of homoclinic solutions of (1.1).

In order to overcome the difficulties caused by the unboundedness of Z” and the lack
of periodic conditions, we make some suitable assumptions and get the following result.

Theorem 1.1 The problem (1.1) has infinitely many nontrivial homoclinic solutions if
fu(=5) = =fu(s) for all (n,s) € Z" x R and the following conditions hold:

(V1) V = {Vn}uezm is bounded from below and satisfies

lim v, = +00. (1.4)

|n|—+00
(F1) fu€ C(RR),f,(s) =o(s) as s — 0, and there exist a; > 0 and v > 2 such that
)| <ar(L+1s]"™?), V(1,5)€Z” xR

(Fy) limjg— 400 Fl';—‘(zs) = +00, Vi € Z™, where F,(s) := [, fu(£) dt, (n,s) € Z™ x R.
(F3) There exist two positive constants b and ¢ > max{1,v — 2} such that
p

liminf 288 = 2E4()

>b, VmeZ™.
|s|—+00 |s|@
(Fy) %f,,(s)s > F,u(s) ifs#0, F,(s) > 0,V(n,s) € 2" x R, and

lim inffni(s)s ~ 25,(s)

min ST >ay forsomeay>0andie([l,v],YneZ™.
s|— S

To explain the rationality of the assumptions for the nonlinear terms f,, we give the
following example. It is easy to check that the functions given in the following example
satisfy our assumptions.

Example 1.1 Let
Eu(s) = an(Isl” + (p = 2)Isl* sin*(Is|°/e)), s€R,
wherea, > C>0forallme Z”, p>2,and 0 < ¢ < p — 2. Note that

fu(s)s = 2F,(s) = (p — 2)61,,[([) —2—¢)|s|P~¢ sinz(lslg/s) + (1 + sin(2|s|5/8))|s|1’].
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Remark 1.1 Our result extends some results [15, 18, 20, 21, 23] in infinite 7 dimensional
lattices.
(1) The results [15, 18, 20, 21] are all about the positive definite case
(w <info(—A + V)), but the temporal frequency w € R in our paper.
(2) The authors of [15, 18, 20, 21] all used the conditions (V7), (F1), and (F,). Besides, the
authors of [15, 18] also used the following monotony condition:

Ja(s)
S

—— is increasing for s > 0 and decreasing for s < 0. (1.5)

The authors [20, 21] also used the following Ambrosetti-Rabinowitz superlinear
condition: there exists v > 2 such that

0 < VF,(s) <fuls)s, VseR\{0}. (1.6)

But we use local conditions (F3) and (F4) to replace the conditions (1.5) and (1.6).
The functions of Example 1.1 satisfy our conditions (F)-(Fs), but they do not satisfy
(1.5) and (1.6), which shows that our conditions are weaker than the above
conditions.

(3) The results in [23] also rely on the monotony condition (1.5).

In Section 2, we establish the variational framework of (1.1) and give some preliminary
lemmas. In Section 3, we give the detailed proof of our main result.

2 Preliminary lemmas
Let

1/p
WEW@%:{M:WAMGZ@%ERJWW:<2:mﬂ) <w}

nezZm

p €L +00),
be real sequence spaces. Clearly, the following elementary embedding relations hold:

Pl Aule <llully, 1<p=q=oo, where [ullpe := max fu,|.
ne.

Let L:= —A + V be defined by Lu,, := —Au, + v,u, for u € 2. Let E be the form domain
of L, i.e., E := D(L"?) (the domain of L?). Under our assumptions, the operator L is an
unbounded self-adjoint operator in /2. Since the operator —A is bounded in 2, it is easy to
see that E = {u € I*: VY2y € I?}, where VV?u is defined by V2u,, := v!?u, for u € I*. We

define, respectively, on E the inner product and norm by
(,V)g = (u,v)p + (LPu, L"), and  lullp = (u,w)>,

where (i, v)p is the inner product in /2. Then E is a Hilbert space.

Lemma 2.1 ([21]) If(1.4) holds, then we have:
(1) The embedding maps from E into IP are compact, Vp € [2,00].
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(2) The spectrum o (L) is discrete and consists of simple eigenvalues accumulating to
+00.

By Lemma 2.1(2), we can assume that
M-—W<A—0< <A —wW< -+ —> +00
are all eigenvalues of L — @ and e is the associated normalized eigenfunction with the

eigenvalue Ay —w foreach k, i.e., (L —w)ex = (A\x—w)ex and |lex|lp =1,k =1,2,.... Moreover,
{ex:k=1,2,...} is an orthonormal basis of /2. Let #(D) denote the number i with i € D. Let

ky:=g({i: A — 0 <0}), ko :=t({i: i —w=0}), ky :=ko + ki, (2.1)
and

E~ :=spanfey,...,ex}, E° := span{eg 11, ..., €} E*:=span{ejy1, ...},
where the closure is taken with respect to the norm | - ||z. Then one has the orthogonal
decomposition

E=E ®E°@E*

with respect to the inner product (-, -) . Now, we introduce, respectively, on E the following

inner product and norm:

(,v) = (u°,0°) 5 + (L%u,L%V)ﬂ, lull = ()2,

where u,ve E=E-®E°@®Etwithu=u"+u’+u*andv=v"+1°

+v*. Clearly, the norms
| | and || - ||z are equivalent, and the decomposition E = E~ @ E° @ E* is also orthogonal
with respect to both inner products (-, -) and (-, ).

From the above arguments, we consider the functional ® on E defined by

@) = L (L huu)p ~ 3 Fylw)
nezZm
1 1
)

where I(u) := )", .om Fu(t,). Under our assumptions, I, d € CY(E,R), and the derivatives

are given by

(dD’(u), v) = (u*,v+) - (u‘,v‘) - (F(u), v), <1/(u),v) = an(un)v,,,

nezZm

where u,ve E=E- ®E° @ E* with u =u~ +u® + u* and v =v~ +1° + v*. The standard
argument shows that nonzero critical points of ® are nontrivial solutions of (1.1). We shall

use the following critical point theorem to prove our main result.
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Lemma 2.2 ([24]) LetE = GB/OZOI X; (dimX; < 00,Vj € N) be a Banach space with the norm
I, Yi = @LX;, and Zy = @]Oka, Let the functional ®; = A(u) — AB(u) € C': E — R,
A € [1,2]. Assume that ©; satisfies

(F1) @, maps bounded sets to bounded sets for A € [1,2], and ®,(-u) = O, (1), V(A u) €
[1,2] x E.

(F) B(u)>0,YVu € E, A(u) — oo or B(u) — o0 as ||u]| — oo.

(F3) There exist ri > pr > 0 such that

ar(A):=  in D, (u) > Br(A):= max D, (u), Virell,2]
uEZp ||ull=pi u€Yp,llull=rr

Then

ak(A) = ¢(2) = inf max @, (y (), VAre[L,2],
yelx ueBy
where By :={u € Yy : |lull <ry} and Ty :={y € C(B,E)|y is odd, y|sp, = id}. Moreover, for
a.e. ) € [1,2], there exists a sequence {u*" (L)}, such that

sup | (W) | < oo, L (" (1) =0 and @, (" () > &(A) asm— oco.

Note that dimE® and dim E~ are finite, we choose an orthonormal basis {ej}]l-il1 of E-,
an orthonormal basis {«9,-}]].2,<1 4 of E®, and an orthonormal basis {ej}fsz .1 of E*, where &y
and k, are defined in (2.1). Then {ej};’fl is an orthonormal basis of E. Let X; := Re;, then
Yi = @];:1 X = span{ey, ..., ex} and Zy = m = span{ey,...} for all k € N. In order to

apply Lemma 2.2 to prove our main result, we define the functionals A, B, and ®; on E by

2

Au) = %”u* ,  B)-= %||Lf||2 + > Fu(uy)

nezZ

and

D; (1) = A(u) — AB(u) = %”u+ ”2 —A(% ||u’ ||2 + Z F,,(u,,)), Yu € E,¥YA € [1,2].

nezZ
Clearly, ®; € CY(E,R), VA € [1,2].
Lemma 2.3 If (Fy) holds, then (F,) in Lemma 2.2 holds.

Proof Obviously, B(x) > 0 for all u € E by (F,) and the definition of B(x). From the Fact 1
in the Appendix, we see that there is a constant € > 0 such that

t({n ez |us = €llull}) =1, Vue H\{0}, (2.2)

for any finite-dimensional subspace H C E. Let A, := {n € Z" : |u,| > €||u||}, Yu € H\{0}.
Then by (2.2),

#(Ay) >1, VYue H\{0}. (2.3)
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(F,) implies that there are Ry, R, > 0 such that

F,(s) > Ri|s|?>, V(n,s) € Z™ x Rwith |s| > R,. (2.4)
For any u € H with ||u|| > R,/€, we have

|, >Ry, Vne A, (2.5)

Note that F,,(s) > 0 for all (r,s) € Z™ x R, it follows from (2.3)-(2.5) and the definitions of
B(u) and A, that, for any u € H with |u| > Ry/e,

Bu) - %”u’ I+ 3 Fuun)

nezZ

> Z Fy(u,)

nelhy

> Riluyl
nehy
> Rie?|lull® - 8(Ay) > Rie?||ul®.
It implies

B(u) - oo as ||lul| > coon E- @ E°,

which is due to E~ @ E° being of finite dimension. It follows from the fact E = E- @ E° @ E*
and the definitions of A and B that we have

A(u) - o0 or B(u)— oo as|u| — oo,YueE.

The proof is completed. g
Lemma 2.4 [fthe assumptions in Theorem 1.1 are satisfied, then (Fs) in Lemma 2.2 holds.

Proof (a) Note that (F;) implies that for any ¢ > 0 there exists C, such that
|Eu(9)| < elsl* + Celsl”,  V(ns)€Z" xR

It follows from the definition of &, that

()= Sl =2 3 Eyan)

nezZm
> %Ilull2 - 2n§n(5\un|2+cg|u,,|“), Y(hu) € [1,2] x E*. (2.6)
Let
LK) = lele =y e e . 2.7)

uezp\oy Izl uez\foy llull
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Note that
Lk)—0, I,(k)—>0 ask— oo, (2.8)

which will be proved in the appendix. Obviously, Zy C E* for all k > ky +1 (ky +1 is defined
above Lemma 2.3), thus it follows from (2.6)-(2.7) that for any k > k; + 1 we have

@ () > %IIMH2 = 2el5(R) ull® = 2CL () lull”,  Y(hu) € [1,2] x Zk. (2.9)
Let

o= (1-1662(K)) (16C. 1 (K)) 2. (2.10)
By (2.8), there exists a large enough ks > ky + 1 such that

0< 1681%(/() <1, Vk>ks. (2.11)
By (2.8), (2.10), (2.11), and v > 2, we have

o — 00 ask — oo. (2.12)
By (2.9)-(2.11), we have

() = MEZki,I“l;‘zpk @, (u) > pil4>0, Vk>ks.

(b) Note that Y% is of finite dimension, thus (2.2) implies that for any k € N there exists
a constant €; > 0 such that

t({n € Z”  |unl = ellull}) =1,  Vu € Yi\{0}. (2.13)

By (F), for any k € N, there exists a constant Si > 0 such that

2
F,(s) > %, Y(n,s) € Z” x R with |s| > S. (2.14)
€k

For any k € N and u € Yy with ||u|| > Si/€x, by (2.13), (2.14), and the fact F, (s) > 0, we have

1
®100) < 2 [l * = 3 Fuluws)

nezm
1 2 |un|2
< 2 llull® - > ;
ne(nezZm:|uy|>elull) K
1 €2|ull?
< —lul® - 25— -g({n e 2™ : lu,| > ellull})
2 €5
1 1
55llu||2—||u||2=—§||u||2, Vi e [1,2]. (2.15)
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Now for any k € N, if we choose
rr > max{pk, Sk/€x},
then (2.15) implies that

Br(A):=  max <I>A(u)§—r,%/2<0, Vk e N.

u€Yy, lull=rx
Therefore, the proof is finished. g
3 Proof of the main result
Proof of Theorem 1.1 ltis easy to check that (F;) of Lemma 2.2 holds. Besides, (F;) and (F3)

hold for all k > k3 by Lemmas 2.3 and 2.4. Thus Lemma 2.2 implies that for any k > k3 and
a.e. A € [1,2] there exists a sequence {uf(k)}}’fl C E such that

sqp”uf-‘()u)” < 00, o}y (u;‘()n)) =0 and o, (uf(k)) — &(A) asi— oo, (3.1)
where
oK) = y'grfk max ®;(y(w), VrelL2],

with By := {u € Yy : |ull <} and Ty := {y € C(B, E)|y is odd, y |sp, = id}. Furthermore, it
follows from the proof of Lemma 2.4 that

é—k()‘) € [a_kxgk]: vk = ka (32)

where ¢ := max,ep, P1(u) and oy := p,§/4 — 00 as k — oo by (2.12). By (3.1), for each
k > ks, there exist 1; — 1 as j — oo and {uX (%)}, C E such that

squ M?()\.j)” < 00, @;}_ (uf(kj)) =0 and & (uf(ki)) — G(n)
asi—> oo. (3.3)
Claim 1 {uf(k,')}ffl in (3.3) has a strong convergent subsequence.

Proof Note that sup; ||uf (M)l < oo for each k > k3, without loss of generality, we may as-

sume

(uf(kj))_ — (ullf)_, (uf(kj))o — (u]/f)o and (uf-‘()»,'))+ — (u]k)+

asi— oo,VjeN,

(3.4)

for some u]k = (u}’-‘)‘ + (u]}“)0 + (M}]-()Jr € E=E +E° + E* since dim(E~ @ E°) < oo. By virtue

of the Riesz representation theorem, <I>j\/, :E— E*and I’ : E — E* can be viewed as <I>ﬁ\i :
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E — Eand I’ : E — E, respectively, where E* is the dual space of E. Note that (3.3) implies
that for each k > k3

0= @} ((4))) = (1 (3)" =4[ (i A))” +T'(wi(1))], VijeN,
that is,

(i 0)" = [(wG) +1 (iG], VijeN. (3:5)
By the standard argument (see [25, 26]), we know I’ : E — E* is compact. Therefore, I :

E — E is also compact. It follows from (3.4) and (3.5) that the right-hand side of (3.5)

converges strongly in E. Combining this with (3.4), we have

lim u (%) =u} €E, VjeNandk=> ks. (3.6)
11— 00
So Claim 1 is true. O

By (3.2), (3.3), and (3.6), we have
@) (4;)=0 and &, (u)€[@,ix], ¥jeNandk>ks. (3.7)

In fact, we can see {ujlf }%1 is bounded in E, which will be proved in the appendix. Besides,
by a similar proof to Claim 1, we can also see that {u]’.‘ }i51 possesses a strong convergent
subsequence in E for all k > k3. Without loss of generality, we may assume

u}k —uF asj — o0o,Vk > k.

For each k > k3, by (3.7), the limit X is just a critical point of ® = ®; with ®(u*) € [ax, £} ).
Since @y — o0 as k — o0 in (3.2), we get infinitely many nontrivial critical points of ®.
Therefore, we see that problem (1.1) possesses infinitely many nontrivial homoclinic so-
lutions. The proof of Theorem 1.1 is completed. d

Appendix
Fact1 The result (2.2) holds.

Proof If not, for any j € N, there exists #/ € H\{0} such that

t(lne 2 u| = [) <o

Let v := ”7’” € H, then ||V/|| =1 and

t(lnez”: V| =1/j})=0, VjeN. (A1)

Note that since H is finite dimensional, passing to a subsequence if necessary, we may
assume v/ — v in E for some v € H. Evidently, ||v|| = 1. Note that any two norms on H are
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equivalent, thus by Lemma 2.1(1), we have

||1/—v||l22= Z‘V;—V,,F—)O asj — oo. (A.2)

neZm

The fact that ||v|| = 1 implies ||v||;c = max,ezm |v,| > 0. By the definition of the norm || - || o0,

there exists a constant §g > 0 such that

t({nez”:val = 80}) = 1. (A3)
Foranyje N, let

Aji={nez":|V,|<1/j} and Af:=Z"\Aj={neZ":|V| =1/}
Set Ag:={ne€Z™:|v,| = 8}. Then for j large enough, by (A.1) and (A.3), we have

8(A; N Ag) > £(Ag) - #(Af) =1-0=1.

It follows from the definitions of A; and A, that for j large enough we have

S -nfz Y -wf

nezZm neAjNAg

> > al(lval —2],))

neAjNAg

> 80(80 —2/) - #1(A; N Ag)

>83/2>0.
This is in contradiction to (A.2). Therefore, (2.2) holds. O
Fact 2 The result (2.8) holds.
Proof It is clear that 0 < [, (k + 1) <, (k), so that [, (k) — /> 0 as k — oo. For every k > 0,
there exists u* € Z; such that [|#*|| =1 and ||uX||» > 1,(k)/2. By the definition of Z;, u¥ — 0
in E, then u* — 0 in [” dues to Lemma 2.1(1). Therefore, we have [ = 0, that is, I,(k) — 0.
Similarly, /;(k) — 0. Therefore, (2.8) holds. O

Fact 3 {u]’.‘ }jojl is bounded in E.

Proof Note that (F3) implies that there exists a constant Ly > 0 such that

1 b
Ef,,(s)s —F,(s) > E|s|9, V(n,s) € Z™ x R with |s| > L. (A.4)
For notational simplicity, we will set

u,::ullf, Vje N and k > k3
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throughout this paragraph. Note that (F,) implies % -f,(s)s — F,(s) > 0 for all (n,s) € Z” x R,
it follows from (3.7), (A.4), and the definition of ®; that

(1) = B3 (1) — (], (1), ]

2
1
=Aj Z I:Efn(uj,n)uj,n - Fn(uj,n)]
neZm
1
> Z Efn(uj,n)uj,n - Fn(”j,n)
VIEH/'
b
> 2D lwal®s VieN, (A5)
HGH]'

where I := {n € Z" : |u;,,| > Lyo}. It follows from (3.7) that

Y lwul° <Dy, VjeN, (A.6)

nEl'lj

for some D; > 0. Note that (F4) implies that there exists a constant L; € (0, L) such that
1
Sh9)s = Fi(5) = %sv, V(n,5) € Z" x R with |s| < L;. (A7)

Similar to (A.5), by (A.7), (F1), and the fact %fn(s)s —F,(s) >0 if s #0 (see (F4)), we get

D () =2 Y Bfn(unn)”/,n -k n(”i’n)]

nezZm

> ¥ Bﬂ(u,»,n)u,,n—a(u,,n)}

neZm\Il;

= Z [%ﬁl(u/}n)uj,n - Fn(uj,n)]

{neZM:|uju] <L1)

Py Bﬂ(u,-,,»u,;n—a(u,ﬂ)}

{neZ:L1<|ujul<Lo}

ay
> ) Ly X Dalwl

{neZ:uj | <L1} {neZ":L1 <|ujl<Lo}
L L .
= E D3|uj,n| = E D3|M1‘,,,| ’ VJGN’
{neZ:|uj,|<Lo} neZ"\Il;

for some D», D5 > 0. It follows from (3.7) that

Y Il <Ds VjeN, (A.8)

neZm\II
for some Dy > 0. For any j € N, let x;: Z™ — R be the indicator of IT}, that is,

1, dn e H]‘,

VjeN.
O, n é H/’

Xjn *=
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Then by (A.6) and the definitions of IT; and x;, we have

1= x)ujl| o <Lo and | xull}, = Z |tn|® <Dy, VjeN.

nell;

It follows from the equivalence of any two norms on the finite-dimensional space E° & E-
and Holder’s inequality that

o6 + [ = (a7 + ),

= (u]’ + u}(-), 1- )(,')u,»)l2 + (u; + ”1(')’ )(,»u,-)l2

< Q=) o - 155 + 110 + xjugillie - N5 + 24| 0

< Loarlluj + 1|5 + Dy cal|ug; + ]| o

= (Loci + DY) |5 + 4| o, V€N,

for some ¢, ¢; > 0, where ¢’ := -%-. Consequently, we get

o
o-1

||u1’ + ”1(') ”12 < Locy + Di/gcz, VjeN.

By the equivalence of norms || - ||2 and || - | on E® @ E-, we know there exists c3 > 0 such
that

”u]_ + u](.’ ” <c3, VjeN. (A9)
Therefore,

|lu| <es, VjeN. (A.10)

By the definition of ® A We have

laf |* = 205, ) + A5 |* + 225 > Fulwy), Vi eN. (A1)

nezZ

Note that (F;) implies that for any € > 0 there exists C, such that
|Fu(s)| <els)* + Celsl]*,  V(ms)€Z™ xR. (A12)

Therefore, by (3.7), (A.8)-(A.12), and the Sobolev embedding theorem we have
I”? ik

o+ + |

llut; + [uf

= ||u]‘ + u](») ||2 + 2d>;\/,(uj) + Aj||u]7 ||2 +2A Z F(u,)

nezZm

<c4+ 2)\‘]‘ Z (8|u,,,,|2+Cg|uj,n|U)

neZm

= ca + 206 || + 2x,.cg( DD |M1.,n|U>

neZ"\TIl; nell;
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<cateselwl® +eely™ Y il + 6 Y 14yl

neZ"\Il; nellj

<ca+eselwl® +cely Da+ce Y lwinl', VjEN, (A.13)

nell;

for some ¢y, ¢5,c6 > 0, where t < vis definedin (Fy).If v—p > 0,by (A.6) and Lemma 2.1(1),

we have
V= —_ .
D il < Ml Y 14l® < Dics "8, VjeN, (A.14)
nEl_l/* }’lEl_[j

for some ¢; > 0. If v — g < 0, by (A.6) and the definition of IT;, we have

|41 1 ,
> gl = Z#—LQ Y 1y ol = To=r VjEN. (A.15)
J,n

nell; nell; nell;

Note that v — ¢ < 2 (see (F3)) and ¢ > 0 is arbitrary, thus it follows from (A.13)-(A.15) that
{uj} is bounded in E. O
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