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Abstract

Because of the non-local properties of fractional operators, obtaining the analytical
solutions of partial differential equations with fractional variable order is more
challenging. Efficiently solving these equations naturally becomes an urgent topic.
This paper reports an efficient numerical solution of the Rayleigh-Stokes (R-S)
problem with variable-order fractional derivative for a heated generalized second
grade fluid. The shifted Jacobi polynomials are employed as basis functions for the
approximate solution of the aforementioned problem in a bounded domain, and the
variable-order derivative is given by the means of Riemann-Liouville sense. The
proposed method is a combination of the shifted Jacobi-Gauss collocation (SJ-G-C)
approach for the spatial discretization and the shifted Jacobi-Gauss-Radau collocation
(SJ-GR-C) approach for temporal discretization. The aforementioned problem is then
reduced to a problem that consists in a system of easily solvable algebraic equations.
Finally, numerical problems are presented to show the effectiveness of the proposed
numerical method.

Keywords: variable-order fractional derivative; collocation method; Jacobi
polynomials; Gauss-Lobatto quadrature; two-dimensional Rayleigh-Stokes problem

1 Introduction
The study of fractional differential equations is an important area of research because of
their appearance in various fields of study such as fluid mechanics, physics, engineering,
and biology [1-11]. Particularly, it has been shown that fractional calculus is a powerful
tool for modeling various natural phenomena, because of the non-local nature and long-
range history dependence of fractional differential operators. Tan and Xu [12] proposed
the fractional derivative between two parallel plates for a class of unsteady flows of a gen-
eralized second grade fluid and obtained exact analytical solutions by using Laplace and
Fourier transformations. In addition, Shen et al. [13] presented the fractional-order R-S
problem for a heated generalized second grade fluid, and the solution of this problem is
obtained by the Fourier and fractional Laplace transforms. Stokes’ first problem has been
studied by Qi and Xu [14] for a viscoelastic fluid with the generalized Oldroyd-B model.
Several analytical methodologies are proposed and developed to provide the analyti-
cal solutions of the fractional differential equations depending on Laplace, Mellin, and

© 2016 Bhrawy et al. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, pro-
vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and
indicate if changes were made.


http://dx.doi.org/10.1186/s13662-016-0998-9
http://crossmark.crossref.org/dialog/?doi=10.1186/s13662-016-0998-9&domain=pdf
mailto:alibhrawy@yahoo.co.uk

Bhrawy et al. Advances in Difference Equations (2016) 2016:272 Page 2 of 17

Fourier transforms, by many authors; see [11, 13, 15-20]. These methods are employed
for linear fractional differential equations, and cannot be used for nonlinear equations.
Indeed, most of analytical solutions contain infinite series and special functions, and thus
are complicated and inconvenient for computational and numerical situations. Therefore,
for most cases, it is desirable to propose and develop numerical solutions for solving such
problems. Wu [21] proposed an implicit numerical approach for Stokes’ first problem of
fractional order. Chen et al. [15] proposed two numerical approaches for the same prob-
lem. Mohebbi et al. [22] proposed a combination of difference scheme and the radial basis
function with the Kansa approach for solving of the fractional-order R-S problem.

It is well known that the spectral methods have gained increasing popularity for sev-
eral decades, especially in solving differential equations and in the field of computational
fluid dynamics (see, e.g., [23—-25] and the references therein). Spectral methods have also
been applied to constant-order fractional differential equations when the exact solutions
are smooth; see, e.g., [26—29]. As in the traditional spectral methods for integer-order dif-
ferential equations, it is extremely important to choose an appropriate basis function for
the solution of constant-order fractional differential equations. Recently, spectral method
were developed to solve partial fractional differential equations in which the choice of the
basis function is given by means of Jacobi polynomials; see [30, 31].

Nowadays, numerical approximation theory for variable-order fractional differential
equations is attracting more and more attention from the research community [32-36].
Inspired by [37] and [38], this paper aims to numerically solve the variable-order R-S prob-
lem for a heated generalized second grade fluid subject to initial-boundary and non-local
conditions. The proposed method presents a novel coupling of the shifted Jacobi-Gauss
scheme for the spatial discretization and the shifted Jacobi-Gauss-Radau scheme for tem-
poral discretization. This treatment improves the accuracy of the scheme greatly. There-
fore, the aforementioned problem with its non-local conditions is reduced to a system of
linear algebraic equations. This method results in an accurate solution that is continuous
in the temporal and spatial domains and is computational efficient.

The paper is laid out as follows. The definitions of the fractional calculus and some prop-
erties of Jacobi polynomials are introduced in Section 2. The spectral collocation methods
for the variable-order R-S problem subject to boundary, non-local, and mixed conditions
are presented in Section 3 and then illustrated, with three examples in Section 4. The

conclusion is given in Section 5.

2 Preliminaries

We first recall some definitions and preliminaries of the variable-order fractional differen-
tial and integral operators and some knowledge of orthogonal shifted Jacobi polynomials
that are most relevant to spectral approximations.

Definition 2.1 The Riemann-Liouville and Caputo differential operators of constant or-
der y, when n—1 <y < n, of f(¢t) are given, respectively, by

PN S L O

Ofo(t)‘F(n—y)dt"/o (t=syrmt 7 (2.1)
t () |

So1s0) - o

Tr—y) Jo (E-syr—1™

where I'(-) represents the Euler gamma function.
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Definition 2.2 The left Riemann-Liouville variable-order fractional differential operator

of order y(¢) is given by

1 a ([
[(n-y(©) dtn o (t—s)y®-n+l

oD} f(t) = (2.2)

where 7 —1 < Ymin < V(t) < Ymax <1, n € Nforall £ € [0, T].
Definition 2.3 The Caputo variable-order fractional differential operator is given by [39]

1 LfG)
FA-y@®) Jo (t-s®

SDYOf () = ds, (2.3)

where 0 < y(¢) <1forall ¢ € [0, 7].

It is important to note here that the constant-order fractional derivative can be seen as
a special case of the variable-order fractional derivative. These two definitions are related

by the following relation:

n-1 (O)tky

+Spr@

oDy
k=0

The Jacobi polynomials, denoted by P]@’ﬁ)(x) (=0,1...);0 > -1, 9% > -1 and defined on
the interval [-1,1] are generated from the three-term recurrence relation:

0,9 0,9 0,9 60,9 0,9 0,0 .
PO @) = (@ = bV PO () - PV PO (), i>1,

i+l

1 1
PV () =1, p§9*”(x)=§(e+ﬂ+2)x+§(e—ﬁ),

where

00 QiI+0+9+1D)Q2i+0+0+2)

T T ) i+6+0+1)

) _ (2i+60 +v +1)(02-6?)
T2+ D)+ +0 +D)Ri+0+ )

©.9) Qi+0+9+2)i+0)i+1)
¢ = .
. G+D)E+0+9+1)Q2i+0+1)

’

The formula that relates Jacobi polynomials and their derivatives is

Fk+60+0+g+1) PO+ +a)

DDPE (x) = PV (x) = 271 25
@)= Fk+6+9+1) Phog” () @5)
The orthogonality condition is
1
(P87, P () 0 = / P @ P ow?) () dx = s, (26)
-1

0,9) _ 0 » 10,0) _ 20794 P (k46 +1)T (k+0+1)
where w®?) = (1-x)°(1 + x) = @k+0+ 9+ DR (k+0+9+1) °
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Let the shifted Jacobi polynomials P (6.9) (2" 1) be denoted by Pglfﬂ) (%), then they can be
obtained with the aid of the following recurrence formula:

2x 0, 0, 0,8) (0, .
PO () = ( “)(L -1) — b ’”)pg;”(x)-cg PPN ), ix1,

1
Piw =1, P = 7@ +0 42— (@ +1).

(2.7)

The analytic form of the shifted Jacobi polynomials Pﬁ?ﬂ)(x) of degree i is given by

90) Z( 1l+k i+ +)ri+k+6+9+1) & 2.8)
Fk++DCGE+0 +9 +1)(i — k)KILK
and the orthogonality condition is
t (0,9) (0,9) (0,9) 0,9)
/ PL; @)Pyp (yw " (x) doc =y S (2.9)
0

L0 (k40 + 1)L (k+9+1)
(2k+6+3+1)kIT (k+60+0+1)

The shifted Jacobi-Gauss quadrature is commonly used to evaluate the previous inte-

where wL N(x) = x° (L - x)° and hLekm

grals accurately. For any ¢ € Syn.41[0, L], we have

N

L
fo P ) dr =3 @l (0D,

Jj=0

where Sy [0, L] is the set of polynomials of degree less than or equal to N, x(gf]) (0<j<N)
and w((fi';) (0 <j < N) are used, as usual, the nodes and the corresponding Christoffel
numbers in the interval [0, L], respectively.

For the shifted Jacobi-Gauss (SJ-G) case, x(gf}) (0 <j < N) are the zeros of Pf}gil(x) and

the weights
(0,9)
C
@) - LN < (2.10)
DGLj = ©9 0.9 pO.D) SJ=N .
( GL1) GL][axPNJrl( GL])]2
where

09 LIPITIN+60+2)T(N+0 +2)
cY =
LN (N+DIT(N+0+0 +2)

’

while the nodes and the corresponding Christoffel numbers in the shifted Jacobi-Gauss-
Radau (SJ-GR) quadrature are given by xfyfié =0, ngj) (1 <j < N) are the zeros of

9 2 (%), and the weights

6o L@+ D@ + (N + DIN +60 +1)

“RLO = TN+9+2)T(N+6+0 +2) ’
o0+ 2.11)
@y = Li 1<j<N.

0,0 6,9) 0,0+1 6,9 ’
(L - o) g D20, PG (g )
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A function u(x), square integrable in [0, L], may be expressed in terms of shifted Jacobi

polynomials as
u(x) = Z C;Pf;l’)(x),
j=0

where the coefficients ¢; are given by

1 L
A / u@ P w" (x) dx,  j=0,1,2,.... (212)
Lj 70

The gth derivative of Pg?,’(ﬂ)(x) can be written as

_ T(@+k+0+0+1) gi004q
LiT(k+6 + 9 +1) bk

D1PEY (@) = P () ®). 213)

Accordingly, we can calculate the Caputo derivative of the shifted Jacobi polynomials
from
0.9
501 PL @)
_ Pfyg”'}’(t))(x)

" ()" TG +0 + )i+ k+6 +9 +1)
Ck+9 +DCGE+60 +9 + 1)@ —k)ILAT(k—y () +1

PGl (2.14)
k=1 )

3 Jacobi collocation method
This section introduces three numerical schemes that are based on the shifted Jacobi col-
location method to numerically solve the 2D variable-order fractional R-S problem with
different types of boundary conditions. In the following, it is important to mention here
that the shifted Jacobi-Gauss points are employed for the spatial approximation, however,
we employ the shifted Jacobi-Gauss-Radau points for the temporal approximation.

Now, we present the methodology of the shifted Jacobi collocation scheme for solving
the 2D variable-order fractional R-S problem with initial-boundary conditions.

3.1 R-S problem with Dirichlet boundary conditions
The main objective is to extend the Jacobi collocation method for handling the variable-

order fractional R-S problem:

au(x,y, t) _ OD}_y(x’y’t) ky Bzu(x,y, t) +k azu(x,y, t) + ks Bzu(x,y, t)
at 2 dy? Ox?
9%u(x,y, t
S B o ) e e [0,T), (3.1)

9y?

subject to

M(x:y:o) =g0(x7y)r (x;J’) € Qr (32)
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and the Dirichlet boundary conditions

u(0,5,t) =@, t), u(L,y,t) =g, t),

u(x,0,t) = g3(x, 1), u(x, L, t) = ga(, ),

(3.3)

where Q@ = {(x,9)|0 < x,y < L}, y(x,9,¢) satisfies 0 < Ymin < Y(*9,£) < Ymax < 1 and

L=y Goyl) u(x, u, t) is the variable-order

k1, ka, k3, ks > O are the diffusion coefficients. Here, oD,
Riemann-Liouville fractional partial derivative of order 1 — y (x, y, t).

By virtue of (2.4), we have

Dl—y(x,y,t)82u(x’y’ ) CDI y(xy.t) a u(xryr ) 82u(xryrt) ty(x,y,t)—l
0t x> 0 2 | Typt) 3.0
3.4
ODl—y(x,y,t)32u(x’y’ ) _ CDI y(xy.t) a u(xryr ) 32%(9%}%) ty(x,y,t)—l
‘ o> " 0y> 072 o Ty (xy,8)
Substituting (3.4) into (3.1), we have
u(x,y,t) & CDI Y Gt) ) 02u(x, y, t) hy CDl_y(x’yyt)am(x,y, t)
ot dx? 0t 9y2
2u(x,y, ¢t %ulx, y, t 2u(x,y,t gy @yi)-1
+ k3 u,y,1) + ky u,y,1) +k e .)
0x2 0y? 0x2 oo T (¥ (%, 9, 1))
%2u(x,y,t) gy @yt
rhp 22 +f(x,,1) (3.5)
ay g:oF(V(x,y, t))
subject to the conditions (3.2) and (3.3).
Let us expand the approximate solution in a doubly shifted Jacobi series,
N
uwy,t) = Y P @)PYR ()P (1)
i, k=0
N
N i k
= Z ui,j,kp(l)} (xyyyt)r (36)
k=0

where Pé’j (%, 9,t) = 91 ) (x )Pw2 2) (y)P(‘93 ’ﬂS)(t).
The approximation of the temporal partial derivative 2 (a 20 can easily be computed by

using (2.13) as follows:

du(x,y,t) N

e — ~ (6 ﬂ?) 92 U2) (63, 1931

Y = E U;jicP L,} Y(x)Py, )P Tk
ijk=0

N
~ ij,k
= Z Mi,j,kpll] (x;y; t)’ (37)

ijk=0

where Pf’j’k(x, ¥, t) = 91 1) (x)P(é,’l; 92) (y)P(Og ,93,1) 1
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Also, it is easy to approximate the spatial partial derivatives 2 (a 2) and 24 f’ as follows:
du(x, y,t) N
= D Py WP )P () = Z Py, (38)
i,j,k=0 i,j,k=0
du(x,y,t) al @, 191) 92 92,1) /1 ~ 1(63,03) al A ijik
— = D Pl WP OIPE O = D aPs @y, 0), (3.9)
Y i,k=0 ij,k=0
where

Py (3,0) = PEY )P 0)PT ()
and
Py, 0) = L 0P )P 0.

Identical steps can be implemented to the second spatial partial derivatives, to get

N N

3%u(x,y,t) N 01,91,2 05,9 93,9 . ik

—a = 2 WP PGP0 = 3 P ey, (310)
ijk=0 ik=0

3%u(x,y,1) al 61, 191 (02 92,2) (63,93) al A ik
—— = ) kP @R PP OIPE O = Y kP w0, (311)
Y i k=0 ij,k=0

where

P o) = PP WP )P 0
and

P, 8) = PV P2 )P o)

A straightforward calculation shows that the fractional derivative of variable order of
the approximate solution can be computed by

2 N
1y (eyt) 01X, 9, £) N 01,01, 02,0 (63,95.1-y (x.0))
D —— = = Y LY @P P P T Y ()

0x2
ij,k=0

N
~ ij.k
= Z uiJ,kP6} (x»y»t)» (3.12)

ijk=0

N
1oy (ot O U(%, 9, 2) N 01,0 02,9,2 03,03, 1—y (.t
CD y(xy,t) Z i, P(l 1)(x)P2f 2 )@)P(Tsk 3,1-y (%9, ))(t)

kL
92
y i,j,k=0

N
= Z I,’\li,j,kp‘;,}‘k(xryr t)r (3.13)

ijk=0
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where

k 8,172 919 (63,03,1— 3
,Pl] (9, 8) = Péll 1 2 2)0] 3 3,1=y (%, ))( 1),

ok : 02, (03,03,1- (1,9,
P (x,3,) = PL} "”(x)Pf,? " ”(y)PT?k sy,
Therefore, based on (3.6)-(3.13), we can write (3.5) in the form
N
A i, "k
Y wu Py ey 0)
ij,k=0

N N
A i,k A ij,k
=k Z u,-,,;kPé/ (x,y, t) + ko Z M[,,‘,k'P;l (x,y, t)

ijk=0 ijk=0

+ ks Z 1P (6,9,8) + ka Z 134 P5 (6,9,0)

ij,k=0 ij,k=0
N
R ik ty (ey,8)-1
+f(xt,y) + K ik Py (%,9,0) ———————
i;o S (y(x,1)
k=
N
) ik £y y)-1
+ k2 M',‘,kpl,], (x,y, 0) ) (3.14)
i'Xk—:O e Iy (x,,0)
K=
whereas the numerical treatment of initial and boundary conditions are
N
A ik
M(x:y:o) = Z ui,j,k,P(L)] (xd’, 0) =g0(xry):
ijk=0
u(0,,t) = Z i1k Py (0,9,8) = @1 ),
ij,k=0
N
. ik
u(l,y,t) = Y Py (L,y,t) = @, 8), (3.15)
i,k=0

N
~ irj,k
w(x,0,0) = Y juPy" (%,0,8) = g5(, 1),

ij,k=0

N
N ij k
u(x, L, t) = Z u,-,,;k”P(l)’ (%, L, £) = ga(x, 1).

ijk=0

In the proposed shifted Jacobi collocation method, the residual of (3.14) is set to be zero
at N x (N —1)? of collocation points. Moreover, the initial-boundary conditions in (3.15)
will be collocated at collocation points. First of all, we have N x (N —1)? algebraic equations

for (N +1)® unknowns of ;.

k (0,9) B) L(0,9)
Z Mllkpiijsr = GLwyGLs’ tRTr)

i,j,k=0
(3.16)
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where

k ik ¢ (0,9)  (0,9) ik o 0,9)  (0,9) ,(6,9)
F}i}sr Py (GLr’yGLs’tRTr)_kP (xGLr’yGLs’tRTr)

ijk ) ik ¢ (0,0) ) ,60,9)
- kyPy7 (xGLr’yGLs’tRTr) ks Py (xGLr’yGLs’tRTr)

©.9) (0,9) (6,9)
YOG LG LstR )

0
kP () 0 (90))_(% D

XGLrYGLs IR T, 6,9 _0,9) 6.9
F(V(xGLr’yGLs’tRTr))

x [kl’Pl]Y ( GLr’yGLs’ )+k P,], ( gfw)’éfﬁ»o)] (3.17)

Also we have (N +1)? algebraic equations produce due to the initial conditions

k ®,9 ®,9
§ 15 Py (00, 98D, 0) = go (x)),9&7)),  r=0,...,N;s=0,...,N. (3.18)
ij,k=0

Furthermore, using the boundary conditions, we have 4 x N? algebraic equations

N ik 9 0,9) £0.9)
Z i,k Py (0, yGLs’tRTr)_g (yGLs’ RTT)
k=0

P (1,00 00 ©.9) 6.9
Z Wik Py (Lygrotery) =& (0Veroters)

ij,k=0
(3.19)
vl' 0,) ) L(0,9)
Z Uij i P GLr’O tRTr) g(x GLr’tRTr)
ij,k=0
L]k 6,9) ©,9) ©,9) ,0,9)
Z Uik P GLr’L tRTr) =g4( GLr’tRTr)
ij,k=0
wherer=0,...,N-1;s=0,...,N-1;t=1,...,N.
This in turn produces (N + 1)3 algebraic equations
0,9) _(0.9) 0.0
Z;,ko"%kFrsr: (x(GLi,y(GLZ,tI(QT)r) r=1,...,.N-1;s=1,...,N-1;
t=1,...,N,
k. (0,9) (0,0 0,9) (0.9
3 keo Bk P (G Y610 0) = 8061096 1), 7= 0,0, Nis =0, N,
Lk (0,0) L0,9) ©.9) ,0.9) o
Zz)koullkp 0.6 trr) =806y trT, ) $=0,.., N-LT=1..,N, (3.20)
N k ) L (0,0) (6,9) (6,9)
Zl}k Oul}kpll (L yGLS’tRT'[) gZ(yGLs’tR ) §=0,....N-Lr=1...,N,
Wk (0,9) ©,9) (Gﬁ) (919)
k- 0 ik Pe (G 0,7 ) = GGty T=0, N =Lt =1,...,N,
k(0,0 0,9) 0,9) 0.9
Zz;k oullkP” GL;)"L t;?Tr) =ga(x (Gii’tRTi) r=0,....N-Lr=1...,N.

3.2 R-S problem with Neumann boundary conditions

Since many application problems in science and engineering involve Neumann boundary
conditions [28, 40], it is important to extend the result of the present section to account
for more general boundary conditions so that the shifted Jacobi collocation method can
be used efficiently to simulate these models.
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Let us consider the R-S problem (3.1) subject to (3.2) and Neumann boundary condi-

tions,
0u(0,y,t) ou(L,y,t)
7‘)} zgl(yyt)y 7)} =g2()/;t);
0x 0x
(3.21)
ou(x,0,t) ou(x,L,t)
Yy =g3(x, 1), ——=gq1).
Y dy
Depending on the information mentioned in the last subsection, we get
N
N ik ©.9) 0.9) 0.9
Z wijkFyor =f (xG,L,r’yG,L,s’ tR,T,r)’
i k=0
r=1,...N-1s=1,....M-1;t=1,...,N, (3.22)

where FVSI; is given in equation (3.17). In addition to the previous equation, we get the
following:

N
w(x,9,0)= Y i Py (%,9,0) = o),

i k=0
N
9u(0,y,t) N ik
HORD 57 i 0,90 =600,
i,j,k=0
N
du(L,y,t) . ik
HEEED - 3 P L) = ) (3.23)
ij,k=0
N
ou(x,0,¢t A i
% = > Py 0,0 = g 1),
y ijk=0
N
dulx,L,¢ N i
% = > Py L 1) = gl 0).
y ij,k=0

By collocating these equations at the collocation points, the approximate solution can be
obtained from solving the generated algebraic system:

Z%,k:o iti,,,kFijﬁ’yli :f(xg,ﬁl,ygﬁz, tgil?,)r)’ r=1,...,.N-1;s=1,...,N-1;
t=1,...,N,

Zﬁk:o ai,,,kpé"”‘(x(g"ﬁj,ygﬁz, 0) =g (x(g,ﬁ)r,ygﬁ), r=0,...,N;s=0,...,N,

Z%,k:o ﬁi,;,kpé”’k(o,y(é,ﬁl,tﬁf’?}) =aOe L ters), $=0,..,N-Lr=1...,N, (3.24)

Zﬁ,k:o iti,j,kPé’j’k(L,yg_zl,tl(fj?,),) :gz(ygﬂ,tg’j’?_l), s=0,...,N-1;r=1,...,N,

Y ko tigu Py (o), 0,8800) = g (G teE)), r=0,.. ,N=LT=1,.,N,

Y ko tigu Py (e Lt ) = galxar o typy), =0, ,N=LT=1,.,N.

3.3 R-S problem with mixed boundary conditions
This subsection focuses on developing the shifted Jacobi collocation method to numeri-
cally solve the R-S problem (3.1) subject to (3.2) and four non-local boundary conditions:

ou(0,y,t L
%:gl(y,t), / ulx,y,0)dx = g (1),
0
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ou(x,0,1t)

L
9 :gS(xr t)r / M(x,y, t) dy :g4(xy t)y (3.25)
Y 0

0<a1<a,<L,0<b <by<L,tel0,T].

Based on the previous initial and mixed boundary conditions, we get the following ap-

proximations:

N
u(x,3,0) = Y i Py (x,9,0) = go(x,9),

ij k=0
N
9u(0,y,t) . ik
ax Z ik Py (0,9,8) = @1 (9, 1),
ij,k=0
L N L
/ wwyde= Y g ( / PO (x) dx)P(L’jﬁ)(y)P(ﬁf (t)
0 ij, k=0 0
N
N ik
= Y w P 0,0 = 00,0), (3:26)
i k=0
ou(x,0,t) N N ik
87 = Z ui,j,kpél (x) 0, t) :g3(x¢ t)¢
y i k=0
L a 0,9) Lo ©0:9)
/ u(x,y,t)dx = Z UijiPp; (x)</ Py (.V)dy)PT,’k ()
0 ij,k=0 0
N
N ik
= Z Wik Py (%, £) = ga(x, 1),
ijk=0
where

P nt) = < / P () dx) PP ()PT(8),
0 (3.27)

P (x,8) = PED () ( / P 0) dy) P @),
0

According to this, the following system of (M + 1) algebraic equations is obtained:

Z?;{k:o I:tiJ,kFi:é',/; :f(xgﬁ;,y(gﬁz, tg'zl?,)r)’ r=1...,.N-Lis=1,...,N-1;
t=1,...,N,

Z?/[;k:o ﬁt,f,kPé"”((x(é,ﬁirygﬁi, 0) =g (xgz)r,ygﬁ), r=0,...,N;s=0,...,N,

ZZ,k:o iw,kpé”"k(o,y(é’fl; tor) =@ (VL tern), s=0,..,N-Lt=1...,N, (3.28)

Y ko i P G tetn) = e tyry),  $=0,..,N=L1=1..,N,

Yiikeo gk P5 GG 0, ) = @G bt ga)s T =00, N=LT =1, N,

S PG ) - L), r=0, N =TTl N

The above system may be solved by implementing the Mathematica package FindRoot.
The default method of this package is Newton’s method. In fact, if we start with a zero
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initial approximation for the solution, the package produces an accurate approximate so-
lution of the problem.

4 Numerical examples
This section reports several numerical examples to ensure the high accuracy and applica-
bility of the present scheme. The results obtained from the present method will be com-

pared with those mentioned in the recent literature.

Example 1 Consider the problem [32],

dulx,y, t) oyl (070, y,8)  0%u(x,3,8)\  0%ulx,y,t)
227 D, + +
ot dx? 9y? dx?
0%u(x,y,t
+ % Hfept) @0 €011 x 0,1] x [0,1], (4.1)
g

u(0,y,t) = &%, u(l,y,t) = &8,
u(x,0,t) =e't>,  ulx,1,t) ="', (vt €[0,1] x [0,1] x [0,1],

M(x:yxo) =0, (x¢y) € (0:1) X [0) 1];

where

PRI AP el
x,9,t) = 2e ).
Y 2+ yyt)

The exact solution is
u(x,y, t) = A2 (%, 9,t) € [0,1] x [0,1] x [0,1].

Chen et al. [32] develop implicit and explicit schemes to obtain numerical solutions of
the above problem with different choices of A; and A,, where A; and A, are time and
space step sizes, respectively. In Table 1, we contrast our results based on maximum ab-
solute errors (MAEs) obtained by the present method for the shifted Jacobi parameters
0; = v; = 0,i=1,2,3 with the corresponding results of the implicit scheme [32] and the ex-
plicit scheme [32] at y (x,y,t) = sin(xyt + 2?”). For different choices of y (x,y,t), the MAEs
with 0; = 9, =0, i = 1,2, 3, are listed in Table 2.

In addition, to ensure the convergence and high accuracy of the present algorithm, in
Figure 1, the logarithmic graph of MAEs (log,, Error) at y (x,y, ) = sin(xyz + 2?”) with dif-
ferent values of the shifted Jacobi parameters is presented. The conclusion is that the nu-
merical errors for all chosen shifted Jacobi parameters 6;, 9, i = 1,2, 3, decay rapidly as the

Table 1 Comparing MAEs of the present method at §; =; =0, i =1, 2,3, and the method in

[32] for Example 1

Implicit method [32] Ar=Al=1} Ar=AZ=L Ar=AZ=7 Ar=AZ=51
139 %1072 449 % 1073 118 %1073 3.06 x 107

Explicit method [32] A=, A2=] A=, A2=1 A= A2=1 A= A2=1
457 x 1072 278 x 1073 1.19 % 1073 498 x 107

Our method N=4 N=6 N=8 N=10

130 % 1074 239x 1077 208 x 10710 213 x 10713
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Table 2 MAEs of problem (4.1) at#; =1;=0,i=1,2,3

y(x,y,t) N=4 N=6 N=8 N=10

05 131x10%  240x 107  208x 1070 213x 107"
cosbyt+ 745) 448 x 107 712x 107 213x107° 182x 107"
W 448 x 10 235x 107 209x 1070 216x 107"
@ 13110 240x 107 208 x 107  210x 107"

Oy =99 = —-0.5 Oy =199=0 Oy =199 = —0.5

Figure 1 Convergence of problem (4.1) at y (x,y, t) = sin(xyt + ZT”) and various choices of §; = #;,
i=1,2,3.

parameter N increases. This confirms that the present method achieves a highly accurate

numerical solution for variable-order partial FDE.

Example 2 Consider the following problem:

8“(9@}’: t) _ ODi—y(x,y,t) azu(x:y, t) + 232u(x;)’; t) + 82u(xryy t)
at 9x? ay? dx?

2
+ % +f(x, t,y)» (x,y, t) € [Orl] X [0’1] X [0’ 1]’ (42)

where

37 ®rD-Lsin(x + y)
['(y(x,,1))

. 3! (I (y (x,9,1)) = T(y (%, 9, 1), 1)) sin(x + y)

['(y(x,1)

f(x,9,t) = 3e‘ sin(x + y) +

’

where I'(r, ¢) is the incomplete gamma function of £. The initial and Neumann boundary

conditions can be extracted from
u(x,y,t) = e sin(x + y).

In Table 3, we introduce the MAEs of u(x,y,t) of problem (4.2) at y(x,y,t) = 0.7,
3 2
y(x,y,t) = 20 —cos @l) - &) and 6 = O = —6, = —V, = —B3 = -3 = —1/2 with various choices



Bhrawy et al. Advances in Difference Equations (2016) 2016:272 Page 14 of 17

Table 3 MAEs at 61 = #1 = -0, = -1, = -03 = —1#3 = -1/2 with various values of y (x,y,t) and N
for Example 2

32
M V(X:y:t)=0-7 }'(X,y:t)= M

4 4527 x1073 1471 x 1073
5  1539x% 1073 1.566 x 1073
6 1.536x107 1.152 x 107
7 3.785x107° 2479 x 1070
8
9
0

2566 x 1078 7.188 x 1078
4964 x 107° 5689 x 1077
2420 x 1071 5576 x 1071

1 1—:052 (xt)
11 !

Figure 2 The space-time graphs of the error function at various values of t with y (x, y, t) =
N=10and§;=%;=0,i=1,2,3, for Example 2.

of N. From the results of this table, it is observed that the approximate solutions are very
accurate for few values of N. Figure 2 demonstrates that the errors are very small even for

the small number of collocation nodes taken.

Example 3 Finally, we consider the following problem with mixed boundary conditions:

ou(x,y,t) 1y (0 ulxp,t) 3% u(x,y,t) 0%u(x, y, t)
——— =oD; + +
ot x? dy? dx?

2u(x, y,t
. u(x,y,t)

9y +f(xpt), (xyt)€[0,1] x [0,1] x [0,1], (4.3)
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Table 4 Maximum absolute errors of Example 3

N 01=91=0 01=01=-1/2 01=01=-1/2 01=01=-1/2
02=19,=0 02=92=1/2 02=02=-1/2 60,=9¥,=0
03=93=0 03=093=1/2 O3=093=-1/2 603=93=0

4 1022x103 1951 x 1073 8773 x 1074 1.022 x 1073
6  3934x10° 1469 x 107° 8563 x 107/ 1184 x 107
8 2010x10° 2754x107° 1.180 x 107° 2010 x 1072
10 1.946x10712 2901 x 10712 1.034 x 10712 2.103 x 10712

with the initial and non-local boundary conditions

u(x,y,0) =0,
9u(0,y,t) ~
ox B
ou(x,0,t) B
ay -

1
0, / u(x,y,t) dx = £3 cos(x) sin(1), (4.4)
0

1
0, / u(x,y,t) dx = 3 cos(y) sin(1),
0

where

1262470 cos(x) cos(y)

_ (ag2 3
fy,8) = (3t% +2¢7) cos(x) cos(y) + L3 +y®,1)

and

11 — cos?(yt)

VO” t) = 1

The exact solution is
u(x, y,t) = £ cos(x) cos(y).

Table 4 lists the results obtained by the implementation of the proposed algorithm for
different values of 6;, ¥; and N. It is observed that an excellent approximation for the ex-
act solution is achieved for limited collocation nodes. Therefore, we have demonstrated
that the present method provides an accurate approximation for problems with non-local
conditions.

5 Conclusions

We presented a collocation method to achieve an accurate numerical solution for the
variable-order R-S problem for a heated generalized second grade fluid subject to initial-
boundary and non-local conditions. One of the most significant advantages of the present
technique is that a fully spectral method was implemented for the time and space variables
by using SJ-GR-C and SJ-G-C approximations, respectively. The problem with its condi-
tions was then reduced to an algebraic system. The greatest feature of the present scheme
is, adding a few terms of the SJ-G and SJ-GR collocation points, a full agreement between
the approximate and exact solution was achieved. Through the numerical examples and
specially a comparison between the obtained approximate solution and those obtained
by other approximations, we demonstrate the validity and high accuracy of the method
presented.



Bhrawy et al. Advances in Difference Equations (2016) 2016:272 Page 16 of 17

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
The authors have equal contributions to each part of this paper. All the authors read and approved the final manuscript.

Author details

'Department of Mathematics, Faculty of Science, Beni-Suef University, Beni-Suef, Egypt. 2Department of Applied
Mathematics, National Research Centre, Dokki, Giza, 12622, Egypt. >Department of Mathematics, Faculty of Science, King
Abdulaziz University, Jeddah, Saudi Arabia.

Acknowledgements
This article was funded by the Deanship of Scientific Research DSR, King Abdulaziz University, Jeddah. The authors,
therefore, acknowledge with thanks DSR technical and financial support.

Received: 2 April 2016 Accepted: 14 October 2016 Published online: 26 October 2016

References

1. Giona, M, Roman, HE: Fractional diffusion equation for transport phenomena in random media. Physica A 185, 87-97
(1992)

2. Magin, RL: Fractional Calculus in Bioengineering. Begell House Publishers, Danbury (2006)

3. Podlubny, I: Fractional Differential Equations. Mathematics in Science and Engineering, vol. 198. Academic Press, San
Diego (1999)

4. Kumar, D, Singh, J, Kumar, S: Numerical computation of nonlinear fractional Zakharov-Kuznetsov equation arising in
jon-acoustic waves. J. Egypt. Math. Soc. 22(3), 373-378 (2014)

5. Singh, J, Kumar, D, Kilicman, A: Homotopy perturbation method for fractional gas dynamics equation using Sumudu
transform. Abstr. Appl. Anal. 2013, Article ID 934060 (2013)

6. Liu, Y, Xin, B: Numerical solutions of a fractional predator-prey system. Adv. Differ. Equ. 2011, Article ID 190475 (2011).
doi:10.1155/2011/190475

7. Prakash, J, Kothandapani, M, Bharathi, V: Numerical approximations of nonlinear fractional differential difference
equations by using modified He-Laplace method. Alex. Eng. J. 55, 645-651 (2016)

8. Bhrawy, AH: A new spectral algorithm for a time-space fractional partial differential equations with subdiffusion and
superdiffusion. Proc. Rom. Acad.,, Ser. A 17, 39-46 (2016)

9. Bhrawy, AH, Zaky, MA, Baleanu, D: New numerical approximations for space-time fractional Burgers’ equations via a
Legendre spectral-collocation method. Rom. Rep. Phys. 67, 340-349 (2015)

10. Singh, J, Kumar, D, Kiligman, A: Numerical solutions of nonlinear fractional partial differential equations arising in
spatial diffusion of biological populations. Abstr. Appl. Anal. 2014, Article ID 535793 (2014)

11. Kumar, D, Singh, J, Kumar, S, Sushila, Singh, BP: Numerical computation of nonlinear shock wave equation of
fractional order. Ain Shams Eng. J. 6(2), 605-611 (2015)

12. Tan, WC, Xu, MY: Unsteady flows of a generalized second grade fluid with the fractional derivative model between
two parallel plates. Acta Mech. Sin. 20, 471-476 (2004)

13. Shen, F, Tan, WC, Zhao, Y, Masuoka, T: The Rayleigh-Stokes problem for a heated generalized second grade fluid with
fractional derivative model. Nonlinear Anal,, Real World Appl. 7, 1072-1080 (2006)

14. Qi, HT, Xu, MY: Stokes’ first problem for a viscoelastic fluid with the generalized Oldroyd-B model. Acta Mech. Sin. 23,
463-469 (2007)

15. Chen, C-M, Liu, F, Anh, V: A Fourier method an extrapolation technique for Stokes' first problem for a heated
generalized second grade fluid with fractional derivative. J. Comput. Appl. Math. 223, 777-789 (2009)

16. Zhao, C, Yang, C: Exact solutions for electro-osmotic flow of viscoelastic fluids in rectangular micro-channels. Appl.
Math. Comput. 211, 502-509 (2009)

17. Fetecau, C, Jamil, M, Vieru, D, Fetecau, C: The Rayleigh-Stokes problem for an edge in a generalized Oldroyd-B fluid.
Z. Angew. Math. Phys. 60, 921-933 (2009)

18. Khan, M: The Rayleigh-Stokes problem for an edge in a viscoelastic fluid with a fractional derivative model. Nonlinear
Anal, Real World Appl. 10,3190-3195 (2009)

19. Singh, J, Kumar, D, Kiligman, A: Numerical solutions of nonlinear fractional partial differential equations arising in
spatial diffusion of biological populations. Abstr. Appl. Anal. 2014, Article ID 535793 (2014)

20. Atangana, A, Baleanu, D, Alsaedi, A: Analysis of time-fractional Hunter-Saxton equation: a model of neumatic liquid
crystal. Open Phys. 14, 145-149 (2016)

21. Wu, C: Numerical solution for Stokes' first problem for a heated generalized second grade fluid with fractional
derivative. Appl. Numer. Math. 59, 2571-2583 (2009)

22. Mohebbi, A, Abbaszadeh, M, Dehghan, M: Compact finite difference scheme and RBF meshless approach for solving
2D Rayleigh-Stokes problem for a heated generalized second grade fluid with fractional derivatives. Comput.
Methods Appl. Mech. Eng. 264, 163-177 (2013)

23. Canuto, C, Hussaini, MY, Quarteroni, A, Zang, TA: Spectral Methods: Fundamentals in Single Domains. Springer, New
York (2006)

24. Heinrichs, W: Spectral methods with sparse matrices. Numer. Math. 56, 25-41 (1989)

25. Bhrawy, AH, Abdelkawy, MA, Mallawi, F: An accurate Chebyshev pseudospectral scheme for multi-dimensional
parabolic problems with time delays. Bound. Value Probl. 2015, 103 (2015)

26. Bhrawy, AH, Zaky, MA: A method based on the Jacobi tau approximation for solving multi term time-space fractional
partial differential equations. J. Comput. Phys. 281, 876-895 (2015)

27. Bhrawy, AH, Zaky, MA: Shifted fractional-order Jacobi orthogonal functions: application to a system of fractional
differential equations. Appl. Math. Model. 40, 832-845 (2016)

28. Bhrawy, AH, Zaky, MA, Van Gorder, RA: A space-time Legendre spectral tau method for the two-sided space-time
Caputo fractional diffusion-wave equation. Numer. Algorithms 71, 151-180 (2016)


http://dx.doi.org/10.1155/2011/190475

Bhrawy et al. Advances in Difference Equations (2016) 2016:272 Page 17 of 17

29.

30.

31

32.

33.

34.

35.

36.

37.

38.

39.
40.

Bhrawy, AH, Doha, EH, Ezz-Eldien, SS, Abdelkawy, MA: A numerical technique based on the shifted Legendre
polynomials for solving the time-fractional coupled KdV equation. Calcolo 53, 1-17 (2016)

Bhrawy, AH: A Jacobi spectral collocation method for solving multi-dimensional nonlinear fractional sub-diffusion
equations. Numer. Algorithms (2016). doi:10.1007/s11075-015-0087-2

Bhrawy, AH, Abdelkawy, MA, Ezz-Eldien, SS: Efficient spectral collocation algorithm for a two-sided space fractional
Boussinesq equation with non-local conditions. Mediterr. J. Math. (2016). doi:10.1007/500009-015-0635-y

Chen, CM, Liu, F, Burrage, K, Chen, Y: Numerical methods of the variable-order Rayleigh-Stokes problem for a heated
generalized second grade fluid with fractional derivative. IMA J. Appl. Math. 78, 924-944 (2012)

Fu, ZJ, Chen, W, Ling, L: Method of approximate particular solutions for constant- and variable-order fractional
diffusion models. Eng. Anal. Bound. Elem. 57, 37-46 (2015)

Shen, S, Liu, F, Chen, J, Turner, I, Anh, V: Numerical techniques for the variable order time fractional diffusion equation.
Appl. Math. Comput. 218, 10861-10870 (2012)

Zeng, F, Zhang, Z, Karniadakis, GE: A generalized spectral collocation method with tunable accuracy for
variable-order fractional differential equations. SIAM J. Sci. Comput. 37, A2710-A2732 (2015)

Zhuang, P, Liu, F, Anh, V, Turner, I: Numerical methods for the variable-order fractional advection-diffusion equation
with a nonlinear source term. SIAM J. Numer. Anal. 47, 1760-1781 (2009)

Bhrawy, AH, Zaky, MA: Numerical simulation for two-dimensional variable-order fractional nonlinear cable equation.
Nonlinear Dyn. 80, 101-116 (2015)

Abdelkawy, MA, Zaky, MA, Bhrawy, AH, Baleanu, D: Numerical simulation of time variable fractional order
mobile-immobile advection-dispersion model. Rom. Rep. Phys. 67, 1-19 (2015)

Coimbra, CFM: Mechanics with variable-order differential operators. Ann. Phys. 12, 692-703 (2003)

Vong, S, Wang, Z: A compact difference scheme for a two dimensional fractional Klein-Gordon equation with
Neumann boundary conditions. J. Comput. Phys. 274, 268-282 (2014)

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Immediate publication on acceptance

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com



http://dx.doi.org/10.1007/s11075-015-0087-2
http://dx.doi.org/10.1007/s00009-015-0635-y

	Two shifted Jacobi-Gauss collocation schemes for solving two-dimensional variable-order fractional Rayleigh-Stokes problem
	Abstract
	Keywords

	Introduction
	Preliminaries
	Jacobi collocation method
	R-S problem with Dirichlet boundary conditions
	R-S problem with Neumann boundary conditions
	R-S problem with mixed boundary conditions

	Numerical examples
	Conclusions
	Competing interests
	Authors' contributions
	Author details
	Acknowledgements
	References


