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Abstract

In this paper, we first propose a stochastic smoking model driven by Brownian motion
based on a deterministic smoking model. We show that when the coefficients of the
noise are small, the smoking model is ergodic. We then estimate the drift coefficients
of stochastic smoking model by a least squares estimation and the ergodic theory on
the stationary distribution. Finally, we develop a new approach to estimating the
diffusion coefficients. Computer simulations will be used to illustrate our theory.
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1 Introduction

As we all know, smoking is not only harmful to human health, but it also does harm to a
smoker’s whole family. In the long run, smoking does harm to the whole society. According
to the World Health Organization website [1], statistics investigation shows the following
key facts:

e Tobacco kills up to half of its users.

e Tobacco kills around 6 million people each year. More than 5 million of those deaths
are the result of direct tobacco use while more than 600,000 are the result of
non-smokers being exposed to second-hand smoke.

e Nearly 80% of the world’s 1 billion smokers live in low- and middle-income countries.

In recent years, several researchers have proposed some mathematical models to charac-

terize smoking behavior. First, Castillo-Garsow et al. [2] presented a deterministic smok-
ing model, then Sharomi and Gumel [3] further developed the deterministic model. For
fixed time ¢ > 0, they separated the total population N(¢) into fours classes: potential
smokers P(t), current smokers S(¢), smokers who temporarily quit smoking Q,(t), smok-
ers not smoking at some stage, and smokers who have quit smoking permanently Q,(t).
Besides, their smoking model is based on the following assumptions (A):

(Al) The average number of contacts per unit time is c.

(A2) The birth rate of the total population is p.

(A3)

(A4) The current smokers try to quit smoking at the rate y.

(A5)

The death rate of the total population is .

The smokers temporarily quit smoking become current smokers again at the

rate «.
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(A6) The smokers temporarily quit smoking become smokers who have quit smoking
permanently at the rate o.

(A7) The total population N(t) = N* is a constant and N* is independent of time ¢.

According to assumption (A), cP(t) is the average number of visits to social gatherings of
the susceptible per unit of time. Out of those gatherings may come influence on potential
smokers, which is the presence of smokers given by the proportionality % Besides, they
assume that g is the probability of becoming a smoker for a member of potential smokers

POS(®)

after contact with a smoker. Therefore, the total average change rate of smokers is o

For notational simplicity, let

g cq «
= = A := uN(t) = uN*.
B NO N UN() =

Consequently, the smoking model can be written as

dP(t) =

—

A — uP(t) - BP(t)S(2)] dt,
—(u+y)S() + BP(£)S(2) + 2 Qu(1)] dt,
dQu(t) = [~(u + @)Qu(t) + ¥ (1 - 0)S(t)] dt,
dQy(t) = [-nQy(t) + yo S(t)] dt,

ds(t) =

—

where P(0) > 0, S(0) >0, Q;(0) >0, Q,(0)>0,0<0,u,B,y,a <1,and A > 0.

They proved local stability and global stability of this model according to a basic gen-
erator number. They have studied that the associated smoking-free equilibrium is glob-
ally asymptotically stable whenever a certain threshold, known as the smokers-generation
number, is less than unity, and unstable if this threshold is greater than unity.

It is reasonable to assume that the death of potential smokers P(t), current smokers S(t),
smokers who temporarily quit smoking Q,(t), and smokers who have quit smoking per-

manently Q,(¢) is p1, (b2, U3, fa, respectively. Therefore, we will get the following model:

dP(t) = [A — 11 P(t) - BP(£)S(t)] dt,

dS(t) = [-(ua + v)S(2) + BP()S(2) + 2 Qy(t)] dt,

dQu(t) = [-(u3 + ) Qu(t) + y (1 - 0)S(1)] dt,

dQy(t) = [~ Qp(t) + yo S(8)] dit.
Although deterministic smoking model can characterize the dynamical behavior of the
smoking population in some way, it assumes that parameters are deterministic irrespective
of environmental fluctuations, which imposes some limitations in mathematical modeling
of ecological systems. In the real world, many random factors (earthquakes, typhoons,

car accidents, and other unforeseen factors) can make the parameters u;, i = 1,2, 3,4 into
random variables, that is,

—ui —> —u; +error;, i=1,2,3,4,

where error; is a random term.
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According to the central limit theorem, the error;dt term can be approximated by a

normal distribution with mean 0 and variance o; dt. Consequently,

—Midt — —Midt +0;dB;(t), i=1,2,3,4, (2)
where o; > 0 and B;(t), i =1,...,4, are for standard Brownian motion. To better handle the
problem in mathematics, we assume that B;(¢), i = 1,2, 3, 4, are independent of each other.

Substituting (2) into equation (1), we get the following stochastic differential equation:

dP(t) =

—

A — uP(¢) - BP(t)S(t)] dt + o1 P(t) dBy (2),

—(u2 +¥)S@) + BP(£)S(2) + aQy(t) | dt + 025(¢) dBy(¢),
dQ(t) = [~(1u3 + ) Qu(8) + ¥ (1 - 0)S(£)] dt + 03Q,(t) dBs(2),
dQy(t) = [-11aQy(t) + yo S(t)] dt + 04Qp(t) dBa(2).

ds(t) =

—

3)

Recently, Lahrouz et al. [4] studied that a stochastic mathematical model of smoking has
stability under certain conditions. And many scholars have studied the effects of stochas-
tic noises on the biological model: Gard [5] pointed out that permanence in the corre-
sponding deterministic model is preserved in the stochastic model if the intensities of the
random fluctuations are not too large; Gray et al. [6] discussed the impacts of stochastic
noises on one-dimensional stochastic SIS model; Zhang and Chen [7] presented new suf-
ficient conditions for the existence and uniqueness of a stationary distribution of general
diffusion processes, which is efficient for the stochastic smoking model (3).

Moreover, parameter estimation for stochastic differential equations (for short SDEs)
has been a topic of interest in recent years. Many scholars have studied the parameter
estimation for SDEs, for example, Bishwal [8], Timmer [9] and Kristensen et al. [10]. Very
recently, Young et al. [11] reviewed parameter estimation methods for SDEs; Gray et al.
[12] estimated the parameters in the stochastic SIS epidemic model based on a pseudo-
maximum likelihood estimation and least squares estimation (for short LSE) by discrete
observations and so on.

In the paper, for convenience, we let

x(@)=P@),  x@)=S0),  x0)=Qt),  xa(t) =Qy(1).

Thus, (3) becomes the following stochastic differential equation (for short SDE):

dxi(2) A — px(8) — By (H)xa(2)
dxy(t) | _ | =(ra + y)xa(t) + ()2 (2) + cxs ()
dx3(t) (s + a)x3(t) + y (1 - 0)xa(2)
dxa(t) —axa(t) + y oxo(t)
alxl(t) 0 0 0 dBl(t)
0 ngz(t) 0 0 de(t)
+ . (4)
0 0 O'3x3(t) 0 ng(t)

0 0 0 04%4(t) dBy(t)
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Although the SDE (4) looks like the epidemic models, which have been extensively dis-
cussed in the present literature, the SDE (4) has essential differences. The first main dif-
ference from the susceptible-infectious-recovered (for short SIR) idea is that the SDE (4)
adds a term aQ,(¢), which makes the SDE (4) more difficult than SIR. The reader can see
that the emergence of the coefficient & makes the stochastic smoking model more diffi-
cult to deal with. Since one has the nonlinearity of the coefficients, one cannot obtain the
explicit expressions for the drift coefficients of the SDE (4) by LSE directly.

The second main difference that the equation of SIR is three-dimensional, while the SDE
(4) is four-dimensional. Consequently, the SDE (4) is worth considering. To the best of
our knowledge, this paper is the first to consider the stationary distribution and parameter
estimation of the SDE (4). When o = 0, the model will degenerate into the epidemic model,
the existence of a stationary distribution is an open question. Besides, this paper uses the
quadratic variation to estimate the diffusion coefficients of the SDE (4) being a new and
more simple approach than the classical regression analysis.

It is natural to ask the following questions:

(Q1) Does the SDE (4) have a unique global positive solution?

(Q2) Under which conditions does the SDE (4) have a unique stationary distribution?

(Q3) Can we estimate the parameters of the SDE (4) by LSE directly?

Compared to the present literature, our paper has made the following contributions:

+ We find a useful and efficient function to prove the existence of a stationary
distribution for the SDE (4) based on a result from Khasminskii [13].

+ Two new methods for parameter estimation are proposed. One method estimates the
drift coefficients of the SDE (4) by using the ergodic theory on the stationary
distribution and LSE; the other new method estimates diffusion coefficients of the
SDE (4) by quadratic variation of the logarithm of sample paths.

In this paper, we will answer the above three questions one by one. The organization
of this paper is as follows: In Section 2, by Lyapunov method, we show that the SDE (4)
has an existence and uniqueness positive solution. In Section 3, we show that when the
coefficients of the noise are small, the smoking model has a unique stationary distribution.
In Section 4, we estimate the parameters in the SDE (4) by LSE, the ergodic theory on the
stationary distribution, and quadratic variation.

2 Global positive solution

Throughout this paper, unless otherwise specified, we let (2, F, {F:}1>0, P) be a complete
probability space with a filtration { F;},~¢ satisfying the usual conditions (i.e. it is increasing
and right continuous while Fy contains all P-null sets). Let B;(¢),i = 1,2, 3, 4, be standard
Brownian motion defined on the probability space. Denote R, = (0,00) and R} = {x € R*:
x:>0,i=1,2,3,4}.

If A is a vector or matrix, its transpose is denoted by A”. If A is a matrix, its trace norm is
denoted by |A| = \/trace(AT A) while its operator norm is denoted by ||A|| = sup{|Ax]| : |x| =
1}. If A is a symmetric matrix, its smallest and largest eigenvalue are denoted by Apin(A)
and Aqax(A), respectively.

Theorem 2.1 For any initial value x(0) = (x1(0), x2(0),x3(0),x4(0))T € R%, the SDE (4) has
a unique global positive solution x(t) = (x1(£),x2(2),x3(2),x4(t))T € R for all t > 0 with
probability one, namely P{x(t) € R* for all t > 0} = 1.
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Proof Since the coefficients of the SDE (4) are locally Lipschitz continuous, it is well
known that, for any initial value x(0) € R?, there is a unique local solution x(¢) on £ € [0, 7,)
where 7, is the explosion time (see, e.g., pp. 154-155, Mao [14]).

To show this solution is global, we need to prove that 7, = co a.s. Let m > 0 be suffi-
ciently large for mio < x(0) < my. For each integer m > my, define the stopping time

1
T = inf{t € [0, t.)|xi(t) ¢ <—,m> for some i,i = 1,2,3,4},
m

where infJ = co (/ denotes the empty set). We have t,, < 7,. Incidently, if t,, = co a.s.,
then 7, = 0o a.s. and x(¢) € R* a.s. forall £ > 0.
Define V: Rt — R,:

1 1 1
V(x) = (0 %0 + %3 +X0)* + — + — + —.
X2 X3 X4

Let T > 0 be an arbitrary positive real number. By Itd’s formula, we get, for any 0 <t <
T AT and m > my,

dV(x(t)) = LV(x(t)) dt + Z(xl(t) +x2(8) + x3(8) + x4(t))01x1(t) dB (t)
4 (20610) + %2(8) + 230) + x4 (1)) 0222 (8) - i) dB(t)

x5(2)

x3(t)

Oy

x4(t)

+( 2(1(8) + 22(8) + x3(£) + x4(2) ) ouxa (2) —

(2
+ <2(x1(t) + 22 (£) + x3(2) + x4(2)) 03x3(2) — i) dBs(t)
( ( ) dBy(t), (5)

where LV: R — R is

LV (x) = 2(x1 + %2 + %3 + %4) (A — 1X1 — oo — U3X3 — (aXa)

2
X1 M2ty tO X3
+02x2+02x2+02x2+02x2—,3—+7Z—a—
1M oAy T O3X3 T 04Xy 2
X9 X2 X5
2 2

M3+ + 03 X2 M4 + 0y X2

+—— —y(l-0)—+—— -0y —

X3 X3 X4 X4

By
a+b>>2ab a,beR,

it follows that

2,2, 2.2, 22, 22
LV (%) < 2A (%1 + X2 + X3 + X4) + O] X] + 05 %5 + 03%5 + 04X

2 2 2
Ha2+Y + 0y M3t O+ 03 Mg + 0Oy
+ + +
X2 X3 X4

< A%+ (w0 + %0 + X3+ X0)? + 07X + 0Fas + ofak + olad

2 2 2
Ho+y +05 Uz+o+05 |4 +0,
+ + +

X2 X3 X4
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< A+ Ci(x1 + 29 + x3 +x4)2

2 2 2
Uo+yY +05 U3+a+03 g +0,
+ + +
) X3 X4

< A%+ CV(x)

< C(l + V(x)),
where C; = max{o? +1,07 +1,07 +1,07 +1}, Cy = max{Cy, o + y + 03, U3+ + 07, s + 0},
and C = max{C,, A%}.

Now, for any t € [0, T], we can integrate both sides of (5) from 0 to (z,, A t) and then
take the expectations to get

EV(x(t A 1)) = V(x(0)) + E /0 LV (x(s) ds
< V) +£ [ " e Vi) ds
< V(x(0)) + CT +E /0 " ov(ts)) ds
<V(x(0))+CT +C /0 tEV(x(rm As))ds.
By the Gronwall inequality, we have

EV(x(T Atw)) < (V(%(0)) + CT)e . (6)

Note that, for every w € {t,, < T}, %(7,,,) equals either m or %, and hence

V(x(tm)) > (3m2 + %) A (% + m)

It then follows from (6) that

(V(%(0)) + CT)e“" > E[I1g,,<r(@) V (x(ti))]

> (<3m2 + l) A (iz + m))P(rm <T). (7)
m m

Letting m — +00 on both sides of inequality (7), we obtain
P(to <T)=0.
Since T is arbitrary, we have P(t, = 00) = 1. The proof is complete. O

3 Stationary distribution
In this section, we will give some sufficient conditions which guarantee that the SDE (4)
has a unique stationary distribution.

To show the existence and uniqueness of stationary distribution of the SDE (4), we follow
the main ideas of Mao [15] and Tong et al. [16]. Let us first cite a well-known result from
Khasminskii [13] as a lemma.
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Lemma 3.1 (see Khasminskii [13] p. 107-109) The SDE (4) has a unique stationary distri-
bution if there is a bounded open subset G of R* with a regular (i.e. smooth) boundary such
that its closure G C R*, and
(i) infyeq Amin(diag(ey, %2, %3, %4)00 T diag(xy, %, %3,%4)) > 0, where o = (01,09, 03,04)T;
(i) sup,oyex—g E(tc) < 00 for every compact subset K of R} such that G C K, where
7¢ = inf{t > 0: x(¢) € G} and throughout this paper we set inf @) = co.

Theorem 3.1 If 2u1 > 0, 2uy > 07, 2143 > 0%, and 2pus > o hold, then the SDE (4) is

ergodic.

Proof Let M be a sufficiently large number. Set
1 _
G= {xe]Rf i <x,»<Mforalli=1,2,3,4} CGCR!

and G is the closure of G.

First, we verify condition (i) in Lemma 3.1. A, is defined by
A, = oniag(xl,xg,xg,m) forxeG.

Clearly, Amin(ATA,) > 0. If Amin(ALA,) = 0, then there is a vector & = (&, &), &3,84)T € R*
such that [£]| #0 and A& = 0.

This implies that §TATA,& = 0. By 0; > 0, i = 1,2,3,4, and the uniformly positive defi-
niteness for the matrix ATA, with respect to x € G, we obtain & = 0, but this contradicts
the fact that || # 0. Therefore, we must have Anyin(AIA,) > 0. Noting that Ayin(ATA,) isa
continuous function of x € G, we have

iggxmmc4§Ax)zlnq1xmeA§Ax)>o.

xeG

Therefore, we have verified condition (i) in Lemma 3.1. Next, we will verify condition
(ii) in Lemma 3.1.
Consider a function V; : R — R,

Vi(x) = (%1 + %o + x5 + x4)% — log(xy + % + X3 + X4). (8)

Applying Itd’s formula to (8) we can see that

dVl (x(t))
= LVi(x(2)) dt
+ (2(x1(t) +25(2) + x3(£) + x4 () — YRR i PABEPND) )01x1(t) dBi(t)
1
+ (2 (xl(t) + x5 (8) +x3(8) + x4(t)) T O B D T )ogxz(t) dB;(t)
1

+ (2(x1(t) + QCz(t) + xg(t) + x4(t)) - )O’gxg(t) dB3(t)

x1(2) + x2(2) + x3(£) + x4(2)
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1
x1(8) +x2(2) + x3(£) + x4(2)

+ (2(x1(t) + %2 (t) + x3(2) + x4(2)) — >o4x4(t) dB(t),

)
where LV; : R? — R, is defined by

LVi(x) = —(2u1 - olz)xf +2Ax — (2,LL2 - of)x% +2Ax,

- (2/,L3 - as.z)xg +2Ax3 — (2M4 - af)xi +2Axq

A L a1+ o) + JL3Xs + [lak
X1+ Xy + X3 + X4 X1+ X + X3 + X4
1
+ 5 (o247 + 055 + 0343 + 03%3). (10)
(%1 + %o + X3 +x4)

By (10), we get

LVi(x) < —(2/L1 - af)xf +2Ax; — (2;@ - af)xg +2Axy — (2u3 - a?,z)xg +2Ax3
A
2

- (2ua-0})at +2A0 - ———————— + 1+ 6
X1+ X2 + X3 + Xg

:—(2;“—012)(& %)2_(2,@—022)(9@ %)2

21 = of 22 — 05

| Ry RRTCHHP) (R

2u3 — 03 214 — 0y

5 1 1 1 1
+ A 5+ 5+ 5+ 5
2ur—o0f  2U2—0y 2U3-03 2U4-04
A
X1+ X2 + X3 + X4

A A

+Q+0,

where & = max{u1, (to, 3, 44} and 6 = max{o?,07,03,02}.
Under the conditions of 2u; > 07, 2uy > 03, 2143 > 04, and 24 > 07, it is not difficult to
see that, for a sufficiently large number M,

1 1 1 1
LVix)<-1, x€(0,—|x[0,—|x{0,—[x|0,—
M M M M
and
LVi(x) < -1, x€[M,00) x [M,o0) x [M,o0) x [M,o0).
Therefore,
LVi(x) <-1 forallxe R‘i -G. (11)
Let the initial value x(0) € R* — G be arbitrary and let 7 be the stopping time as defined
in Lemma 3.1.

By (9) and (11), it follows that

0 < Vi(%(0)) —E(t Atg), VE>0.
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Letting ¢t — oo we obtain
E(tg) < Vi(x(0)), Vx(0) e R} -G.

This immediately implies condition (ii) in Lemma 3.1. The assertion hence follows from
Lemma 3.1. The proof is complete. d

Next, we give an example to illustrate Theorem 3.1.

Example 3.1 We choose A =200, u; =0.1, uy = 0.2, u3 =0.15, uq = 0.1, B =0.01, @ =
0.15,y =0.3,0 =0.4,01 =0.2,05 = 0.2, 03 = 0.1, 04 = 0.1, x,(0) = 250, x,(0) = 700, x3(0) =
450, and x4(0) = 400 for the SDE (4).

We compute 241 — 0 = 0.16, 2145 — 07 = 0.36, 243 — 03 = 0.29, and 244 — 07 = 0.19.
It then follows from Theorem 3.1 that the SDE (4) has a unique stationary distribution.
We can apply the Euler-Maruyama (for short EM) method (see Mao [15]) to produce the
approximate distribution for the stationary distribution. In comparison, we will perform
a computer simulation of 1,000,000 iterations of the single path of (x;(£), x2(£), x3(¢), x4(£))
with initial value x;(0) = 250, x,(0) = 700, x3(0) = 450, and x4(0) = 400 for the SDE (4) and
its corresponding deterministic model (1), using the EM method with step size A = 0.001,
which is shown in Figure 1.

Moreover, sorting the 1,000,000 iterations of x;(¢) into sorted data from the smallest
to the largest one, the 25,000th and 975,000th value in the sorted data are 28.7396 and

a single path of x1(t) a single path of x2(t)

Stochastic
Deterministic 1000

Stochastic
Deterministic []

x2()
§ 8

[1lj

“\'\ At ”wyw gkt

a single path of x3(t) a single path of x4(t)

Stochastic

Stochastic
Deterministic |-

Deterministic

x3(t)
x4(t)

2 ,] | .Mﬂ i
A

L s L N L s L L " L n " " L s " " "
1 2 3 4 5 6 7 8 9 10 0 1 2 3 4 5 6 7 8 9 10
! x10° !

Figure 1 Computer simulation of the path (x; (t), x2(t), x3(t), x4(t)) with initial value x4 (0) = 250,
Xx2(0) =700, x3(0) = 450, x4(0) = 400 for the SDE (4) and its corresponding deterministic model (1),
using the EM method with step size A =0.001.




Zhang et al. Advances in Difference Equations (2016) 2016:274 Page 10 of 20

x10° Histogram of x1(t) x10* Histogram of x2(t)
T T T T T T T T

Frequency
o o - 4 4 4
o @ - N s o @ N
Frequency

04

0
100 200 300 400 500 600 700 800 900 1000 11
x10) x2(1)

x10° Histogram of x3(t) 10 Histogram of x4(t)

3

Frequency
Frequency

600

0
10 150 200 250 300 350 400
<) x4(1)

Figure 2 The histograms of the paths of x;(t), i = 1,..., 4, with initial value x4 (0) = 250, x5(0) = 700,
x3(0) = 450, x4(0) = 400.

64.0840 respectively. Approximately, these give the 95% confidence interval (28.7396,
64.0840) for x;(£) asymptotically, that is

P(28.7396 < x,(t) < 64.0840) ~ 95%,

for all sufficiently large numbers .

Similarly, one can obtain

P(285.0995 < x,(¢) < 698.2622) ~ 95%,
P(158.2328 < x3(t) < 423.3447) ~ 95%,

P(276.7638 < x4(t) < 873.3084) ~ 95%,

for all sufficiently large numbers ¢.
The histograms of the paths of x;(¢), i = 1,..., 4, are shown in Figure 2.

4 Parameter estimation

In this section, we estimate the parameters in the SDE (4). We find the normal equation
is a nonlinear equation when we estimate the drift coefficients of the SDE (4) by using
LSE directly. One cannot get the explicit expressions for LSE for the drift coefficients.
Therefore, we will develop a useful method to estimate the drift coefficients of the SDE (4).
Moreover, we will use a quadratic variation of the logarithm of sample paths to estimate
the diffusion coefficients of the SDE (4).
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Let v(-) be the stationary distribution of the SDE (4) and its solution x(¢) with initial
value x(0) € R%. Before we state our main results, we first cite the ergodic theory on the

stationary distribution from Khasminskii [13] as a lemma.

Lemma 4.1 (see Khasminskii [13] p. 110) Iff : R* — R is integrable with respect to the

measure v(-), then

1 t
lim —/ f(x(s)) ds :/ fO)(dy) as.
t—oo [ 0 Ri

for every initial value x(0) € R*%.

Besides, we also recall the definition and properties of a quadratic covariation.

Definition 4.1 (see Klebaner [17] p. 218) If X(¢) and Y (¢) are semimartingales on the com-
mon space, then the quadratic covariation process, also known as the square bracket pro-
cess and denoted [X, Y](¢), is defined, as usual, by

(X, Y1(t) = 1imi(X(t:”) ~X(e)) (Y (8) - Y (82)),

k=1

where the limit is taken over shrinking partitions {£",}”., of the interval [0,¢] with A¢ =

max, (¢ — t/* ;) — 0 as m — o0 and is in probability.
Lemma 4.2 (see Klebaner [17] p. 219) If X and Y are semimartingales, H, and H, are

predictable processes, then the quadratic covariation of stochastic integrals fot H,(s)dX(s)
and fot Hj(s) dY (s) has the following property:

[ / Hi(s) dX(5), / Hy(s) dY(s)}m _ f Hy()H () dLX, Y1(6).
0 0 0

Now, let us first give a theorem.

Theorem 4.1 If2u; > 0, 2y > 02, 213 > 02, and 2y > 0 hold, then there is a positive
constant C, which is independent of t, such that the solution x(t) of the SDE (4) has the
property that

lim supE|x(t)|2 <C.

t—00
Proof By Theorem 2.1, the unique solution x(¢) of the SDE (4) will remain in R*. Let
1
=g min{2u; — 07,212 — 05,213 — 05,24 — 04 }.

Let V :Rff — R,

Vo(x) = €™ (x1 + g + x5 + 24)°. (12)
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Applying Itd’s formula to (12) we can find that
AV (x(t)) = LV (x(2)) dt + 2" (x1(2) + x2(£) + x3(8) + x4(2)) o121 () dBy (£)
+2€" (x1(2) + %2(2) + x3(2) + x4(£)) 022 (2) dBo ()
+2€" (x1(2) + %2(2) + x3(2) + x4(£) ) 03%53(2) dBs(¢)

+ Ze”t(xl(t) +x2(8) +x3(8) + x4(t))o4x4(t) dBy(t), (13)
where LV, : R* — R, is defined by
LVy(x) = ne™ (x + %y + X3 +x4)% — e (21 - of)xf +2e" Ax;
— " 21y — 03 )x5 + 2€" Axy — €™ (213 — 03 )x3 + 2" Axxs
— " (2ua — 07 )x5 +2€" Axy.
Using the inequality

(a+b+c+d)? 52(a2+b2+02+d2), a,b,c,d eR,

we obtain
LVs(x) < 2ne" (a7 + x5 + x5 +x3) — " (21 — 07 )af + 2€7 Axy
—e"(2pr — 07 )x5 + 2" Axy — € (2113 — 05 )a3 + 2€" Axs
—€" (2 — 07) x5 + 2" Axy

= er]t ul (x)7

where

1 20\ 1 24 \?
Uix) = -—=2ui —o2) w1 - ——— ) = =(2ua—02) oy - ———
1(x) {2( M1 1)(1 2#1—012) 2( 2 2)(2 2#2—022>
1 24 \? 1 24 \?
—Z@uz—o)xs- ————) - =Qus—o)xs - ———

2( - 3)(3 2M3—032) 2( Ha 4)<4 2#4-@%)

1 1 1

1
+2A2 5 + 5+ 5+ 5 (-
2ur—of  2U2—0y 2U3-03 2U4-0

Note that the function U (x) is uniformly bounded, namely,

C:= sup Ui (x) < 00.

xeR%
We therefore have
LV, (x) < e™C.

Integrating on both sides of (13), we derive that

E(x1(8) + 22(8) + x3(8) + 24(0))” < (11(0) + 22(0) + x3(0) + x4(0))” + %(enf -1).
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This implies immediately that

KaEel!

lim supE(xl(t) +xo(8) + x3(8) + 964(13))2 <C:=

t—00

By
a2+b2+c2+d2§(a+b+c+d)2, a,b,c,d >0,
we obtain

\256.

limsup E |x(t)

t—00

The proof is complete. O

Theorem 4.2 If2u1 > 0, 22 > 02, 2143 > 07, and 2jiy > 0} hold, then

A — 1y + vz = (ug + y)y,
y(1—0)va — (u3 +a)vz =0, (14)
O')/\_)z = H"L‘_)%
where
1 t
(1, Uy, 3, 9a) T = lim = / x(s) ds = / yv(dy) a.s.
t—oo [ 0 Ri
Proof For any initial value x(0) € R, it follows directly from the SDE (4) that
t
10 =0)+ [ (A= ()~ (e ds + (o)
0
t
x2(£) = x2(0) + / (Bx1(s)xa(s) — (12 + ¥ )xa(s) + a3 (s)) ds + Yo (2),
> (15)
520) =3200) + [ (s + @) (1= 0)na) ds + Vat),
0

xa(t) = 24(0) + /0 (cptaas) + o yxs(s)) ds + Ya(d),

for ¢ > 0, where Y;(¢) = o; fotx,-(s) dB;(s),i=1,...,4.
The quadratic variation of Y;(¢), i =1,...,4, are given by

t
[n,n](t):af/ x2(s)ds, i=1,...,4.
0

According to Theorem 3.1, Lemma 4.1, and Theorem 4.1, it is easy to see that

f yiv(dy) < oo, / Pv(dy) < oo,
Rr* R

1 t
lim —/ xi(s)x;(s) ds:/ yiyv(dy) as,
t—>oo t 0 R%
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for every x(0) € R%, and i,j = 1,2,3, 4.
It then follows that, fori =1, ..., 4,

. [Y;, Yil(2)
imsup———= <00 as.
t—00 t

Therefore, by the strong law of large numbers of martingales, for all i = 1,2, 3, 4,

x1(¢
im 2@ _ A - vy — Bra,
t—>oo
X9 (L _ _
lim ) _ Bmy — (2 +y)vy + v,
t—>oo t
.oxs(t _ _
lim #) _ (s +a)vz +y (1 —0)vy,
t—oo
. xq(2) - -
lim —— = —puqVy + Yoy,
t—>o0

where
1 t
my = lim - / x1(8)xo(s) ds.
t—oo t 0

We will show that

. ox%i(t)
lim — =

t—oo

0, i=1,...,4, a.s.

Otherwise, it is positive. When it is positive, x;(¢), i = 1,...,4 tend to infinity which contra-

dicts Theorem 4.1, which implies the required assertion (14). The proof is complete. [

Next, we will obtain the estimators A, 1, (3, 4, /§, and & by applying the technique
used in [12]. Let (x1,0, %2,0,%3,0,%4,0) T, (¥1,1, %2,1,¥3,1,¥4,1) 7, - . ., (X1, X2, %3 1, %a,,) T be obser-
vations from the SDE (4). Given a step size At and setting x; = x;(0), i = 1,2, 3,4, the EM

scheme produces the following discretization over small intervals [k At, (k + 1) Af]:

K — X1 = (A — iX1e-1 — Brre1%2,0-1) AL + 01%1 181,01V AL,

KXo — X201 = (,Bxl,K—le,K—l = (k2 + y)xoe1 + leg,x—l)At + 02X 1821V AL,
(16)
X3, — 83,001 = (—(U3 + @)¥z,-1 + ¥ (1 — 0)X00-1) AL+ 03%3,0-163,.1 AL,

Kape — K1 = (—HaXaye_1 + Y OX 1) AL + 04Xy 184,01V AL,
where ¢;, (i =1,2,3,4) is an ii.d. N(0,1) sequence and &, := (61, 2,c, €34, €4, ). is inde-

pendent of {(x1,y, %25, X3, ¥4,5) T, p < k} for each k. Besides, when i #j, ¢;, is independent
of g, fori,j=1,2,3,4.
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In order to apply the least square estimation, (16) is rewritten as the following form:

Xk — Xli-1 A
- = = VAL = iV AE = Bxy 1V AL+ 016141,
X -1V At Klk-1

X2 — X2-1

X3,0-1
————— =B VAL = (U + YIV AL+ a— At + 02621,
xz,K-l\/E K 2¢2,k-1

X2,6-1
X X X 17)
3,k —A3k-1 2,k—1
= (s +a)VAt+y(l-o)—= At +0363,1,
X3 -1V At X301 ‘
Koo — Kdpe-1 X261
———— =—uV AL+ yo VAL + 04441
X4 -1V At Kge-1 g
We get from Theorem 4.2
A \_/1 1_)3 1_)3 ‘_)4-
Moty =—"—M1=——t0—, y(l-0)=—(us +a), oy =— M4 (18)
Vo Vo Vo Vo Va

We will consider a time interval of total length T; divided into # subintervals each of

length At so nAt = Ty. Hence as n — 0o and At — 0 with nA¢ = T3, one has

- 1 h
—_— X At — — x;(t)dt, i=1,2,3,4.
nm; TI/O 0

Hence

_ 1y
A w 1=1,2,3,4 (19)

k=1

Therefore, the objective function is given by

F(A; ,LL1, M?)y /JL4-; ,3’ Ol)

n 2
Ko — Xl po— A

=) [( be Z el «/At+u1«/At+/3x2,K1«/At)
Xl uc-1V At Xi-1

k=1

Koo — X o A % V3 X3 2
+<M+_—\/ At—M1;VAt—ﬂx1,K_1VAt+Ol<_—3— 3 1>VAt)
KXo -1V At V2

V2 V2 X1
X3, — X V3 & 2
s~ X3-1 3 X2,c-1
(Bt oA E2)
Xx3-1V At V2 X3c-1

- 2
Koy — Kape— VX
+< 4.k 4,K1+M4\/E<1—_4 2,k 1)) ]
KXa 1V At VoX4 -1
We have the following normal equations

9F 9F 9F dF dOF dF
0 =0 =0 - -0, —-=

2w B W’ W
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In other words,

an A + appy + af + aud + aisjus = by,

an +an +asf + aa + axsius = by,
az A +axnp +asf +azaa + assjus = bs,
an A + gy + g3 P + Agad + aysiis = by,

asi\ + asy iy + ass P + asa® + ass iz = bs,

and
n - 2 n -
M Z(l V4x2,/<—1) 1 Z|:x4,;< — X4p-1 <V4x2,;<—1 1>:|
4 - = — - - ’
py VoXa 1 At — X441 VoXq 1
where
n
1 1
ai5 = dos = d3s = ds) = dsy = ds3 = 0, ﬂu=§ -t
ol L¥e-1 V2
n - n
1 vy X2-1 K-l
ﬂ12=ﬂ21=—2 X + | 6113=6l31=—2 —x +—1_/ ,
1 1,c—1 12) =1 1,c—1 2
nor= =2
1 V3 x3,K,1 Vl
A =g = = - - , an=n|l+=|,
Vo i LV2 X2kl V2
n - - n -
1 1 X3,-1 V3
a3 =asy = E Xoc-1F VTxl,K—l ’ a4 = A4 = ‘_/— E x— - VT ’
oy 2 2 4T \X2k-1 2
n n -
2 2 X3,6-1 V3
asz = E [xz,,(,l + xl,,(,l], a3q = d43 = E x - \_)— Xlk-1|»
=1 =1 2,6—1 2
n - 2 - 2
V3X9,c-1 V3 X3-1
asy = E 1-——) +| = - ,
— VoX3 -1 Vo X2k-1
k=1
n - 2
V3X9,kc-1
ﬂ45=ﬂ54=ﬂ55=E I—T )
) 2%3,-1
n o
1 Xl = X1 1 Xope —X2,-1
bl =0 E B - )
At — L xl -1 Vo X2 k-1
k=1 ’
n - -
b 1 Ko =XK1 V1 Xl — x1,K1]
2= —— ’
At~ X1 V2 X1
k=1
n -
1 X0 = X241 X1 = Xl e-1
b3 = — —Xlk-1—" T X2k-1|»
At 1L X211 X1,6-1
k=1
n r - -
b 1 X3,c = X341 (USxZ,K—l 1) X2 = X201 (Vs X3 40-1 >:|
4‘ = — -_ - - __ - b
At~ X361 V2X3,c-1 X201 Vo X1
n - -
1 X3 — X301 [ V3X2,k-1
bs = — - -1)|.
At~ X3, V2X3 -1

k=1
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Thus, we have point estimators as

~ D ~ D ~ Ds . Dy . Ds
A=— M1 =— /3: ) o=—, M3 =—, (20)
D’ D D D D
and
n - 2
2 1 Z[M,K = X401 (V4xz,/< a1 >} /Z( VX - 1) (1)
4 = —— — ’
At —~ Xax-1 Va1 VoXac-1
where
by ay - ass ay - by as
by ay -+ ass az -+ by ass
Dl = s Di = )
bs asy -+ ass as -+ bs -+ ass
an aip -+ au b ap aip - - ais
as az -+ ax by a dzy - -+ ds
Ds=| . b D=
as) asy -+ asa bs ds) asy - -+ ass

Combining (18)-(21), we get the point estimator as

n A n
~ AZ_ 3, ~ Z:M, ~ M4Z:x4,
P=(is+d) ST 1 i S, ==,
ZKzl X2k ZK:I X2, Y 2 e=1%2x
. ; ., (22)
/’12 _ A N ZK:I X1,k + &ZK=1x3,K _ );/\

= M1
% D em1%24 D em1%2 PIRECP

We have estimated the drift coefficients of the SDE (4). Next, we estimate the diffusion
coefficients 01, 0, 03, and oy. If we estimate the drift coefficients of the smoking model,
then we can apply regression analysis approach to giving the unbiased estimators 61, 63,
3, and 64. However, for the auto-regression case, we will provide an efficient and simple
method. Our method relies heavily on the properties of quadratic variation, which are
independent of the drift coefficients.

By Itd’s formula, we find

dlogxl(t) = 9% ,sz(t) —0‘1 :| dt + o1 dBl(t)
[ 1 x3(¢)

dlogxy(£) =|-puy—y — = 2 + By (t) + a—— :| dt + o, dB,(t),
L 2 x(£)
i xz( )

1
dlogxs(t) = | —ps — =02 —
ogws(t)= | s~ 07 —a sy

[ x(t) 1
dlogx,(t) = s+ ”xiit; - Eaj] dt + 04dB4(t).

]dt+0’3d33( )
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Then, for V¢ > 0,

t A 1 t
log x1(t) = logx;(0) + / —— — 1 — Bxay(s) - 5012] ds + / 01dB(s),
0 0

| x1(s)

logxz(t):logx2(0)+/ —(,u2+y)—%cv2 +ﬂx1(s)+ozxz—8] ds+/ 09B5(s),
oL

o 1, xo(8) t
logx3(t) = logx3(0) + —U3— =03 —Q+Y ds+ | o3B3(s),
ol 2 x3(5) 0

X2 (S ) 1

tr t
log x4(t) = logx4(0) + / g+ Oy —— — —042] ds + / 04 dBy(s).
oL xa(s) 2 0

It is not difficult to see logx;(¢), i = 1,2, 3,4, are semimartingales. By the properties of the
quadratic variation, it follows that

[logx1, logx1](2)

= 2[/(9%() — 1 — Bxor(s) — %01 ) ds,/o'ol dBl(s)](t)
. [/0(9%(5) i1 - Baals) %of) ds,/o‘(%(s) ~ Brs(s) —ol)ds]( 0
' [ /0 0y dBy(s), fo o dBl(s)i|(t). (23)

Applying Lemma 4.2 to (23) we find

A
|:/ (m — Bxy(s) — —Ol)dt/ UldBl(S)](t)
/ <— — 1 — Baa(s) — %01 ) dl[s, B1](s)
0

0
[A.(%w_m ﬁxz(S)— )ds,/ (%—m ﬁxﬂs)—%af)ds}(t)
0

and

[ f o1 dBy(s), / o dBl(s)](t) - o2t
0 0

Consequently
[logxy,logx](¢) = oft, as.
Similarly, we have

llogx;,logxi](t) = 02t, i=2,3,4, as.

L
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It then follows that
21 .
of = E[logxi,logx,»](t), i=1,2,3,4, a.s.

According to Definition 4.1, when n — 0o, At — 0 with ¢ = nAt, we have

1 < 1
vy E (logx;c —logx;,c_1)* — E[logx,-,logxi](t) i=1,2,3,4, a.s.
n

k=1

Thus, we get the estimators

n
a1
O

P (logxi —logx;c_1)?, i=1,2,3,4. (24)
k=1

Applying Definition 4.1 again, we have the following corollary.

Corollary 4.1 Fori=1,2,3,4, the estimators 6; are strongly consistent, that is,

P( lim 67 = a,?) -1
t—

Proof Recall the well-known fact that [B, B](¢) = ¢ a.s. Then one can obtain the desired

strong consistence by the definition of the quadratic variation. O
An example is given to illustrate the efficiency of our methods.

Example 4.1 Now, we keep the system parameters the same as in Example 3.1. We
can perform a computer simulation of 1,000,000 iterations of the single path of x(¢) =
(x1(2), %2(2), %3 (), x4 (¢)) with initial value x;(0) = 250, x5 (0) = 700, x3(0) = 450, x4(0) = 400
for the SDE (4) using the EM method (see Mao [15]) with step size A = 0.001. Taking the
averages of 15 times of computing (20), (22), and (24), respectively, based on the random

numbers from model (17) we get

A =201.0341, 401 =01103, 5, =02079, i3 =0.148l,
£4=0.0976,  f=0.010, @&=01503, $=0.3019, & =0.3917,

61 =0.20009, 6 =0.2001, 63 =0.1001, 64 =0.0999.
We see the results of the above estimators are very close to the true values.
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