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Periodicity and stability of an impulsive
nonlinear competition model with infinitely
distributed delays and feedback controls
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acnﬁfslsify’\g?;‘hf;igCasm’(?ongbei This paper is concerned with a periodic nonlinear competition model governed by
Economics, Dalian, Liaoning impulsive differential equation with infinitely distributed delays and feedback

116025, PR. China controls. By means of coincidence degree theory and Lyapunov functional, a set of

sufficient criteria are obtained to guarantee the existence and globally asymptotic
stability of a unique positive periodic solution of the model. Furthermore, applying
our main results to some important competition models which have been well
studied in the literature, we establish some new criteria to supplement and generalize
some well-known results.
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1 Introduction
Lotka [1] and Volterra [2] proposed the following famous two-species model:

%1(8) = 21 () [r1 — a1 () — bixa ()],

(1.1)
®(t) = xz(t)[”z — ayx (t) - bzxz(t)]-

It is a classical Lotka-Volterra competition model when b, > 0, a; > 0. Here, x;(£), x5(£)
denote the population density of two competing species. r;, r, represent the intrinsic
growth rate of the two competing species; a;, b, are the rate of intra-specific competi-
tion, b1, a, are the rate of inter-specific competition, respectively. The well-known model
(1.1) and a lot of its generalized forms have been investigated widely (see [3-27] and the
references cited therein).

In 1996, Chattopadhyay [5] introduced the effect of toxic substances into the competi-
tion model,

x1(8) = %1 ()11 — arx1(£) — baxa () — 11 (D)% (8)], 12)
%y(t) = %2(8)[ 2 — a2x1(2) — baxa(£) — com1 (D)2 (8) ] ‘

where c1x3(£)x,(£) and cpx; (£)x5(¢) describe the effect of toxic. Tineo [28] and He [6] stud-
ied the above autonomous or non-autonomous model and established some good results.
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Furthermore, according to the experiments results, Ayala et al. [7] established the fol-

lowing competition model:

6; n )
x;(t) = rix;(t) [1 _ (leit)) - Z ai}.x’?@} i=1,2,...,n, (1.3)
! j=Lj#i /

where x;(¢) are the population density of competing species X; at time ¢, r; represent the in-
trinsic exponential growth rate of competing species X;, K; denote the environment carry-
ing capacity of competing species X; in the absence of competition, 6; provide a nonlinear
measure of intra-specific interference, and a;; (i #j) measure the strength of inter-specific
competition. For more excellent work on the system (1.3), see [8—14].

In some real life situations, one wishes to change the position of the existing peri-
odic solution (or almost periodic solution) but to keep its stability. So, it is important
to control the ecological balance of the system. One of the approaches for the realiza-
tion of it is to introduce some feedback control variables so as to get a population sta-
bility at another periodic solution (or another almost periodic solution). For example,
the implementation of the feedback control mechanism can be introduced by some bi-
ological control scheme or by the harvesting procedure. Recently, the feedback control
method of the ecological system has been widely applied to control the ecological bal-
ance in theory and in practice; see [3, 4, 12, 13, 20, 21, 23, 29]. In [11], Chen proposed a
periodic n-species Lotka-Volterra competition system with infinite delays and feedback

controls,
xi(t) = xi(t) |:ri(t) - ﬂ“ z Zﬂu f I<z] Q)x](t 9) do

b0 / mm(e)ui(t—eme}, (14)
0
in(6) = —ci(u(t) + di) / T ROW(E-0)do, i=1,2,...m
0

here u;(¢) denote the control variables. They obtained sufficient conditions for the global
asymptotic stability of the system (1.4).

As we know, impulsive differential equations are more appropriate for characterizing
ecological evolutionary process (for example, seasonal births of some wild animals). Many
excellent results can be found in [14, 26, 30—33] and the references therein. In [14], Wang
et al. studied the following generalized n-species Gilpin-Ayala impulsive competition sys-
tem:

N
&i(t) = x,(2) [n(t)—Za,«,'(t) (t) - Zbu (- ()

j=1

N
- Zci,-(t)x?‘”(t)xf”(t)} t7 4 (L5)

j1

Axi(tr) :xi(t,i) —xi(t,:) :pixi(t;), i=12,...,N,keN.
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In the real world, time delay is common, because the process of a reproduction of the
species is not instantaneous or the entire history of the species affects the present birth
rate. So, time delay is introduced into the population models, which is a more realistic
method to understand the population dynamics. For the effect of these kinds of delays on
the asymptotic behavior of populations, we can refer to [10, 15-19, 23-27, 34—41].

Motivated by the above excellent work, in this paper, we investigated the following im-
pulsive nonlinear competition model with infinitely distributed delays and feedback con-
trols:

wit) = :Olrie) = Y ag(0)%" (6) = Y by (¢ - 7(0)

3 [ cit0)x(©)do - Y1 d,,(t)xf‘” (t)xj‘"(t)

— [L S 0m0)dO),  tH b, (1.6)
ii(t) = —;i(Oui(t) + [ gi(t,0)x;7(0)do, t>0,
Axi = xi(8) —xi(6) = puxi(t), i=1,2,...,mkeN,

where x;(¢) are the density of the competing species X;, u;(¢) denote the control vari-
ables. The terms b;(t)x; Pi (t — 7;(¢)) and f cii(t, Q)xy” (8) d6 describe the negative feed-
back crowding and the effect of all the past life history of the species on its present birth
rate, respectively. pyx;(£) represent the population x;(¢) at £x annual birth pulse. x;(;) and
x;(¢;) are the right and the left limit of x; at #, respectively. The model (1.6) incorporates
many important competition models which have been extensively studied in the literature
[12, 16, 20~27].
In this paper, for the system (1.6) we always assume that:

(H1) ri(®), ay(t), by(t), dij(t), a;(t) are all nonnegative and continuous w-periodic functions
for all t € R*; ajj, Byj, y;; are all positive constants;

(Hy) c;(t + w,5 + w) = cii(t, s), fi(t + w,5 + 0) = fi(t, 5), gi(t + , 5 + w) = gi(¢, 5), f cij(t,s) ds,
ffoof;(t,s) ds, ffoo &i(t,s) ds are continuous with respect to t; ¢;;(t +5, t), fi(t +s, ), gi(t +
s,t) are integrable with respect to s on [0, +00); and fowo f_os cij(u + s,u) duds < +00,
I fifi(u +s,u)duds < +o0, [ f_osgl-(u +8,u)duds < +00;

(H3) t;(¢) is continuously differentiable for £ > 0 such that 7;(¢ + ) = 7;5(¢t) > 0, and 1 -
Ti(t) >0 0on 0 < < +00;

(Ha) 4 satisfies & < try1 and limy_, o0 tx = 00. pix > —1, and there exists a positive integer g
such that .4 = tx + ®, Pikeq) = Pik = 0.

Without loss of generality, we always assume that £ # 0 and [0,w] Nt = {t1, L2, ..., t )
then g = m.
For the sake of convenience, we shall use some notations:

ff=min &), M= maxf(t), f= 1 / ’ f)dt,
te[0,0] w Jo

te[0,0]

where f(¢) is a continuous w-periodic function, and

B 1 9 t
Cij= — / / Cl‘/‘(t, S) det,
w Jo -0

1 m
= § ]n(1+pik)7
w
k=1
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+00
M = max / ci(t +s,0)ds,
0

Y telow)

+00
= max]/ gi(t+s,t)ds,
0

P+ A Ve - - -
M; = (%) exp{[Rl-+7,»+A,»]a)+ |A,~|w},
aii + bii + i
?’+A’ 1/aji _ B _
Ai= < L l) exp{[R; + 7 + Ao + | Ao},
Aij

;i + A,‘ UBii - _ - -
Bi: = exp{[Ri+r,-+Ai]a)+|Ai|w},

ii

o+ A\ - - .
C = ( ! l) exp{[R; + 7 + Ao + | Ao},
Cii

(")yxm is an # X m matrix,

oy 1(¢) is the inverse function of ¢ — 7;(t).

The system (1.6) describes the multi species population dynamics. The existence and
global asymptotic stability of positive periodic solutions of the ecological system are ba-
sic and important questions in the theory of mathematical ecology. Therefore, the main
purpose of this paper is to obtain a set of sufficient conditions which guarantee the exis-
tence and globally asymptotic stability of a unique positive periodic solution of the system
(1.6). To do this, the approach in this paper is based on coincidence degree theory and
constructing a proper Lyapunov functional. Our results generalize and supplement those
given by Chen [11], Yang and Xu [16], Xu et al. [18, 25], Gopalsamy [19], Weng [21], Fan et
al. [22, 23], Zhao [24], Stamova [26], Li et al. [27].

The paper is organized as follows: In Section 2, with the help of Gaines and Mawhin’s
continuation theorem, some sufficient conditions are established, which guarantee the
existence of positive periodic solutions of the system (1.6). In Section 3, by constructing a
proper Lyapunov functional, some sufficient conditions are derived for the existence of a
unique globally stable periodic solution of the system (1.6). In Section 4, some examples
are given to show the feasibility and the effectiveness of the obtained results.

2 Existence of positive periodic solutions
With respect to some basic concepts of coincidence degree theory, one can refer to Gaines
and Mawhin [42], and so, here we shall not restate these concepts, only we give some

lemmas Gaines and Mawhin [42], which would be necessary for this section.

Lemma 2.1 ([42]) Set L be a Fredholm mapping of index zero and N be L-compact on Q.
Suppose:
(i) foreach A €(0,1), x € 92 NDomL, Lx # AN (x, 1);
(i) QN(x) #0 foreach x € 9Q NKerL;
(iii) deg{/QN(x), 2 NKerL,0} #O0.
Then the equation Lx = Nx has at least one solution in Dom L N Q.

Theorem 2.1 In addition to (H1)-(Ha), assume further that:
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(Hs) the system of algebraic equations

PR no= 7 B - Vi 5wy @y 7
r,»+A,»—Zi=1(a,7uj +b,7uj + Cyl; +d,7ui”uj )—fv;j =0,

_ — oy
Vi — gild; " =0,

has finite solutions u* = (uf,...,u’,vi,...,vi)T € R*" with uf >0, v} > 0 and
Zu* Sgn]g(u*) 70;
(He) of >0, aii = Bis = yiis
(Hy) 7ot By > Y0 @yt + byM)” +euM)7) + Y0 dgMo M.
Then the system (1.6) has at least one positive w-periodic solution, say x* = (x§,...,x5,uf,
...,uj;)T, and there exist positive constants x;, W; such that x; < xf(t), ui(t) < p; i =
1L2,...,n.

Proof Let
x;(t) = exp{yi(t)}, i=12,...,n.
On substituting the above equality into (1.6), we have

Jile) = ri(0) = 307 ay(t) explayy;(t)y = 307, by(e) exp{Byy;(t — 7;(1))}

=Y [t it 0) explyy(0)) dO — YU, dij(e) expleiyi(®) + o;(£)}

— [ St 0ui6)ds, tH#t, @.1)
i:(t) = —a;(Oui(®) + [ gi(t,0) expleyyi(0)}d6, £>0,
Ay =y (t0) —yi(€) =In(l + pi), i=1,2,...,mkeN.

Set

¥(©) = (@, 200, yu@),  w(t) = (wi(8), ua (@), ..., s (@),

X ={Uu® = ()7, u®)")" e PC[R,R*"||U(t + w) = U(1)},

b

IUlx = sup {|y@)|}+ sup {]u(®)
te[0,0] te[0,w]

here | - || is any norm in R”, and
Z=X xR, lizllz = I1Ulx + llvil, z=(U,v)eZ,
where | - | is any given norm of R*", lJ € X, v € R>". Then X and Z are both Banach

spaces. Define
DomL = {U(t) = (x(&)",u(®))" € X N PC'[R,R*]},

L:DomL—Z,  U— (U, AU®),..., AU(t,)),
N:X—Z,  NU=(®(),Cy...,Cp),

where

AU - (x(t;) —x(t@) ’

0
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(1) = ($1(8)s- ., PulD), @1 (B, ..., 0u(D) T,

Ci = (In(L + p1y),...,In(1 +pni);0:~~;0)T eRY™, i=1,2,...,q,

$it) =ri(t) = Y ay(t)explagy ()} = Y bi(t) exp{ By (t - 5(0)) }

Jj=1 Jj=1

-3 / cii(t,0) exp{y(0)} d6 = > " dyj(t) exp{aiyi(t) + yy;(8))
j=1 V7% j=1

. f T

t

0i(6) = —as(Oui(e) + / 2(6,0) explai(0)) db,

—00

then

KerL = {U|U € X,U =h,h e R*"},
w q

ImL = {z’z: (f,Cl,...,Cq)eZ:/ f(s)ds+ZCk=0},
0 k=1

and dimKer L = codimIm L. Since Im L is closed in Z, L is a Fredholm mapping of index
zero. Define

1 w
Px:—f u@)de, UelX,
w Jo

® q
Qz=Q(f,C1,Cy,...,Cp) = (%[/O f(s)ds+ZCk},0,0,...,O).
k=1

It is easy to show that P, Q are continuous projectors such that ImP = KerZ, KerQ =
ImL =Im(I - Q).If z=(f,Cy,Cy,...,C,;) € ImL, then there exists U(t) € X satisfying
U =ft), t#tkeN,

x(5) = #(5) = G

Namely,

u) = /O @) ds+ > Ci+ U(0).

>ty

Since U(t) € Ker P, we have f(;u U(s)ds = 0. By the above equation, we have

/ow/()tf(s)dsdt+/OwZdet+wL[(0):O,

>ty
SO
t 1 o pt 1 1
L[(t):/of(s)ds+ZC —;fo /Of(s)dsdt—;;:(w—tk)ck.

oty k=
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It follows that the generalized inverse (to L) Kp : ImL — Ker ? N Dom L is given by

t o pt q
sz:/Of(s)ds+ZCk— é/o /Of(s)dsdt—$2(w—tk)ck.
k=1

>ty

Obviously, QN and Kp(I — Q)N are continuous. It follows from the Ascoli-Arzela theo-
rem that Kp(I — Q)N () is compact for any open bounded 2 C X, thus, N is L-compact
on . Now consider the operator equation LU = ANU, X € (0,1), that is,

Ji(t) = Adi(t), tHtx,
u(t) = rpi(t), t=0, (2.2)
Ay; :yl-(t,:r) —yi(t,:) = )\]n(l +pik), i=12,...,m,keN.

Integrating on both sides of (2.2) over the interval [0, ], we obtain

/o [Z ag(t)explayy @) + > by(t) exp{ By (t - (1)) }
j=1 J=1

+> / cii(t,0) exp{y(0)} d6 + > " dyj(t) expleayi(t) + iy (®))
j=1 v

j=1

+ /t Sit,0)u;(0) d0:| dt = lr; + A, (2.3)

/wai(t)ui(t) dt = fw ft gi(t,G) exp{aiiyi(e)}dé? dt. (24)
0 0 —00

Since U(t) € X, there exist &, n;,&,7; € [0,], i =1,2,...,n such that

yi(&:) = tg[lg’ILIU] {y:(®}, yi(n:) = max {yi(®},

) 2.5)
wi(&;) = tg[lolg]{ui(t)}, ui(7;) = trer[lgi]{ui(t)}'
It follows from (2.3) that
/ [ﬂii(t) exp{aiyi(t)} + bi(t) exp{ Biyi (¢ — a(2)) }
0
t -
+ / ci(t,0) exp{yiyi(0)} d9:| dt <olri + A,
which implies that
1 7’,‘ + A,‘
yi6i) < — 111{ — } (2.6)
ii aj; + bii + Cjj

By (2.2) and (2.3), we have

‘/w|yl(t)| dt < [Rl +7;+ A,]a) (2.7)
0
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So, according to (2.6) and (2.7), we obtain
70 <)+ [ 150 de + Bl
0

< —1In

1 { ;i + Ai
T b

aii + by + Cii

From (2.4), it follows that

w 1 [} t
/ ui(t)dt < — exp{aiiyi(m)}/ / &i(t,0)do dt
0 0 —00

o;

1

<
— L
i

exp{aiyi(n:) |giw,

|

w w t
/ o (8)ui(8) dt < M:™ / / g(t,0)dodt < Mg,
0 0 —00

that is,

(@) < M L / li(0)| dt < 2M% g,
i 0

1

thus

wit) < ui(&) + fw|ﬂt(t)| dt SM?”[Q + 2§iw] =L;.
0 /

of
On the other hand, from (2.3), (2.6), and (2.9), we have

M n

wlri+ 0] < |:6_lii +bii + G +]2_Lgii|wexp{aiiyi(ﬂi)} + Z (aj exp{oy;(n))}

j=Lji
+ by exp{Biyi(m)} + ¢y explyiyi(n)}) e
+ Z &_1;'/ eXp{aﬂyi(m) + Olijyj(ﬁj)}a),

j-1

then

R /i
@i+ b +cy+ as exp{aiyi(n) }
i
. 8
o e - B -
> [I"l‘ + Ai] — Z (aiij / + b,'ij / + Ci/M;/I)
joLi

n
e
—§ dM; " M;” = P,
j=1

that is,
P;

1
yi(ni) = . In g
© @i+ bii+ i + G

} + [R, + ;‘l‘ + Al]u) + |A,|a) = lnMi.

Page 8 of 24

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)
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This together with (2.7), leads to

20 = yiln) - /0 15400 dt = 1Al

P; S i
> —1In i —[Ri + 7 + Aj]w — | Aj|w := Inm;.
o - 7 - M
© G+ by + Ci + 7L &
1

It follows from (2.4) that

o= [ aOu)de= mi*go
then

ui(n:) > %m;}tii,

which, together with (2.11), leads to

() > (i) - f lis(0)| dt < m 8 oM g = 1.
0 .

@
From (2.8), (2.12), (2.14), and (2.16), it follows that

Inm; < y;(t) <InM;, L <u(t) <L

Page 9 of 24

(2.14)

(2.15)

(2.16)

clearly, m;, M;, l;, L; are independent of L. We take D = {U € X|||U| < H}, H =

maxi<;<,{|Inm;| + | InM;| + |I;| + |L;|} + Ho, Hp is taken sufficiently large.

Now we check the conditions of Lemma 2.1. From (2.8), (2.12), (2.14), and (2.16), it is
easily derive that, for each 1 € (0,1), U € 9D NDom L, LU # ANU. This satisfies condition

(i) of Lemma 2.1.

Next let us consider the algebraic equations

PR no= @7 B o v 5oy & Z
VL'+AL'—Z}-=](diij +bijuj +c,7uj +dijui”uj )—/Lf;’VjZO,

_ _
oV —gil; " =0,

(2.17)

for U € R?", 14 € [0,1]. Similar to the argument of (2.8), (2.12), (2.14), and (2.16), we can

derive
m; < u;(t) <M, i <vi(t) < Li.
When U € 3D N KerL, U is a constant vector in R?” with ||U|| = H. Then
i+ A — Z;’:l(izlﬂ;i’ + Z),yuf’j + Eiju])-/’j

QNU: ( +6_ll‘l‘u‘:iiu7i/) —_ﬁ'V]‘ >n><1 107-~~10 #07

(@ivi — gitt:

(2.18)
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it follows from (2.18) that &/ € D N KerL, QNU # 0. This proves that condition (ii) of
Lemma 2.1 is satisfied. Define

H(M! u) ://LQNU‘F(I—M)G(U), ne [0’1]1
(F, + A — Z/ 1 al}u 74 bl}u '+ c,,u;/j>
+ dl]uauu 1) fV] ux1l |

(alvl g; i ii)nxl

GU) =

from U € dD N KerL and u € [0,1], it follows that H(u, i) # 0. Moreover, we take J = I.
According to Theorem 2.1, one has

deg(JQN(U),D NKerL,0) = deg(H(U),D NKerL,0) #0.

Now we have to prove that D satisfy all the conditions of Lemma 2.1. Therefore, we
know that the system (2.1) has at least one w-periodic solution (y;(¢),...,¥:(t), u;(¢),...,
w:(1))T € D.Byx!(t) = 9, then we know that (x}(£), x5(t), ..., x%(t), i (£), w5 (2), ..., u(£))T
is a positive w-periodic solution of the system (1.6). The proof of Theorem 2.1 is com-
pleted. d

Theorem 2.2 In addition to (H;)-(Ha), assume further that:

(Hs) the system of algebraic equations

Fi+ A — lea,,u +b,}u +c,,u +dl,u“” N —fv; =

j
Qv —giu i 0,

has finite solutions u* = (uf,...,u},v},...,vi)T € R*" with uf >0, v} > 0 and
> seno(u?) #0;

(He) af>0;

(Hy) if one of the following conditions is satisfied:

n
[TEUNES Z (a,,A + b,]A '+ CijA; y” Zd,,Aa”Al ,
J=Lj#i
n
Fit Ap> Z (al,B + bl]Bﬁ" +&;B; y” Zdl,Ba”B
J=Lj#i
n
Fit Ap> Z (al,C +bl,C +cl, y” Zdl,CO’”C
j=Lii

Then the system (1.6) has at least one positive w-periodic solution (x},...,x:,uf,...,u%)T.

Proof The proofis the same as that of Theorem 2.1 with only slight changes, that is, (2.6) in
the proof of Theorem 2.1 can be replaced by one of the following inequalities, respectively:

ii

yz(éz)< a_ln{rl;—A }’ J’z(&)< _ln{rl+A }r J’;(E;)< _ln{

P+ A }
i ’
ii ii ,Bu b” ii

so, the details of the following proof are omitted here. O
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Remark 2.1 After the above proof of Theorem 2.1 and Theorem 2.2, we note that the
criteria for the existence of positive periodic solutions of the system (1.6) are independent
of the delays. Furthermore, it is not necessary for 7;;(t) to remain nonnegative. Namely,
the results of Theorem 2.1 and Theorem 2.2 are still valid for both advanced type systems

and mixed type systems.

3 Global asymptotic stability
The aim of this section is to establish a set of sufficient conditions on the global asymp-
totic stability of a unique positive periodic solution of the system (1.6). We say a positive
periodic solution (x} (£), x5 (), ..., x5 (), i (), s (2), ..., ul(t))T of the system (1.6) is globally
asymptotically stable if it attracts any other positive solution of the system (1.6). In addi-
tion, if the positive periodic solution (x7(£),x5(¢), ..., x5 (£), ui (t), u3(t),..., u’;(t))T is glob-
ally asymptotically stable, then it is unique.

The following lemma, borrowed from [43], would be basic to establish the main results.

Lemma 3.1 Let h be a real number and f be a nonnegative function defined on [h; +00)
such that f is integrable on [h;+00) and is uniformly continuous on [h;+00), then

1imt—>+oof(t) =0.

From Theorem 2.1 (or Theorem 2.2) we know that the system (1.6) has at least one pos-
itive periodic solution (x} (£), x5 (2), ..., x%(£), uj (£), us(2), ..., u(¢))T and there exist positive
constants y;, ; such that y; <xf(t), uf(t) < i, i =1,2,...,n. So, we take a positive con-

stant A which satisfies 0 < A < min{y;}. Let
zi(t) =x; ()X, i=1,2,...,n, (3.1)
then the system (1.6) can be written as

zi(t) = zi(¢) [Vi(t)t_ Z;il Aai’ﬂij(i)zfy(t) - Z}il )\ﬂi’bi/(t)zfi/(t - Tij(?)

= Y [ W ey(t,0)77(0)do - Yk 2 dy(0)z (1)) (¢)

— [f ft0u0)do), tHt, (3.2)
i(t) = —ai(Oui(t) + 1% 1 gi(t,0)21%(0)do, t>0,

Az; = Zi(t;) — Zi(t/:) :Pikzi(t/:)r i=1,2,...,n,keN.

It is clear that z*(¢) = (2] (£), 25(2), ..., 25(8), u} (£), w3 (2), ..., ul ()T is the periodic solution
of the system (3.2). And if the periodic solution of the system (3.2) is globally asymptot-
ically stable, then the periodic solution of the system (1.6) is also globally asymptotically
stable.

Theorem 3.1 In addition to the conditions in Theorem 2.1 (or in Theorem 2.2), assume
further that:

(Hg) o > {oi, Bio, vji}, 1 < joi < m

(Ho) if there exist constants p; > 0, 8; > 0 such that

inf {®;(t), ¥i(t)} >0, i=12,...,n

te[0,+00)
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where

n +00
@) = piaule) + 3 pii M dy) -5 [ gt +6,00ds
= 0

Y bji(a;; (1))
- Z Pir }ﬂjl(t) Zp})‘-aﬂ ”djl(t) Z /)‘ﬁ - 1 PR P
- f/z( ji (t))

j=lj#i

+00

- Z p]’)\kﬂ /0 le‘(t +0, t) d@,
j=1

(t) 80‘1 / ft+9t

Then the system (1.6) has a unique globally asymptotically stable positive periodic solu-
tion (x5 (), x5(8),..., x5 (2), ui (£), us(8), ..., ul ().

Proof For any positive solution (z;(t),z2(t), ..., 2,(t), us(t), us(£), ..., u,(¢))T and positive

periodic solution (2 (£),25(t), ..., z5(t), ul (£), us(2), ..., u(t))T of the system (3.2). Now we
construct a Lyapunov functional,

V(e) = Vi(2) + Va(t) + Va(8) + Va(e) + V5(2) + Ve (2), (3.3)

where

n
= Zpi|lnzi(t) — lnzzk(t) ’
i=1

Va(t) = 8iluit) - u; (1)),

i=1

(o‘ ()

5(6) = ;p Z 0 1= 50T |, (5) -z (s)|ds
ZP;ZAA’J‘/ / ci(s+0,s |z A”(s)‘dsdé’,
i=1 =
n +00 pt

t):Zpif /f,»(s+6,s)‘ui(s)—ul’.‘(s)’dsde,

P} 0 -0
n +00  pt

Ve(2) =25i)»°’”/ / gils +0,5)|2(s) — z;“(s)| dsdb.
P} 0 -0

Calculating the upper right derivative of V/(¢) along the solution of (3.2), it follows that,
for t # ty,

D=3 fsentatn -z (0) (20 - £0)

i=1

- Z pi{sgn(zi(t) - z;‘(t) |: Zkamtl(t) ”(t) z*a”(t))

i=1 j=1
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‘Z’\B”b O (t-15(0) -2 (¢ - 75(0)))

j=1
_ Z/ Wiey(t,0)(z” (0) - 7" (6)) db
j=L e
_ Zka,ﬁa,’jdﬁ(t) (Z;x” ) oij (t) *om( )Z;km/(t))

. f ﬁ(t,e)(uiw)—u;‘(e))de”

n
<- Z pidia(t) |2 () — 27" (¢)|

i=1
n n
oii ojj *Oi
+ Zm{ > 2%iay(t)z " (8) -z ()|
i=1 j=1j#i

+ Zxﬁvbl,(tﬂz (£~ 15(0) 2" (£ - 5(0)]

j=1

n t
+Z/ Ayifci,»(t,é)
j=1 e

7'(0)-z"(0)|do

Oti]'

n
P i Qi *
+ E A% dy(t)z! (t)|zj '(t) -z
1

)]

_ Z)‘aiﬁaijdlj(t)z;mij (t)|Z?’ii () - Z?aii(t)|

j=1

+ / fi(6,0)|ui(6) — u; (6)| do }

D*Vy(t) = Zai{-ai(t)|u,»(t) —uf ()] + A% / gi(t,0)|2/%(0) — z;*"(9)| do }

i=1
)) Bi *ﬁ
+ = A Bii iy _ P
D'V3(0) = lez T U‘l(ts))| OEFAMG]
Y S by 0] -7y 0) £ - 1y0)
i=1 j=1

D+v4(t)_zp,2x u/ ci(t+6, t){z i) -2 ()] d6
i=1 =

oo

—Zp,-ZWf ci(t,t - eyz"t 0) - "t 0)| 4o,
=1 j=1 0

D*Vs(t):Zpi/O St +6,0)|ui(t) - ui(t)| do
i=1

o[ A0t -0)- e -6)] ds,
i=1 0

Page 13 of 24
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n +00
D*V(t) = Z 82 / gt +60,0)|z" () — 2 (¢)| do
— 0
n +00
=) s f gi(t, 6= 0)|2/"(t - 0) — 2/ (t - 0)| db.
i=1 0
Substituting the above results into (3.3), and by easily computing, for ¢ # x, we have

D'VE) <Y pi { —N%iay(t)| 2 (8) — 2, (1)

i=1

*Olll

+ Z A a(t) ‘z () -

j=1j#i

- by (U (1) "
/3 y Bij _ *Bij
LM e 075 )

@)

+00

n
o [ o005 ol
j=1

Y a0 Ol - 2|
j=1
_ Z }\,ull+a”d (t)z*“t/

j=1

®)|2(8) — 2" (1)|

+ /+ooﬁ(t+ G,t)’u,'(t) - u;k(t)’ d@}
0

. ai{_ai(mui(t) (o)
i=1
s /+wgi(t 10, t)|Z?ii(t) _ Z;“aii(t)} d@}
0
i=1

n
=3 i —pidia(t) |2 () — 2, (¢)|

0(11

+ Z p])\"‘m,,(t)|z ") -z,

j=Lj#i

@

b]l (t)) | ﬁﬂ *ﬁﬂ

Bji
+Z o ey O

@

+00

n
£ o / Gt + 6,027 () -2 (0)| do
j-1 0
n
v ajj aj; *atjj
+ Z ,Oj)\,allJra/’djl‘(t)Zj Y (t) |Zi/ (t) - Zi / (t)|
j=1

n
i+ *Otj ii i
— oY A dy(e)z Y (0)]2(0) - 2 ()
j=1
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v [ A0l - i (”'”’9}

R ai{—ai(t)lui(t) - uf(®)

s /-+oogi(t 10, t)|Z?ii(t) _ Z;“aii([)} d@}
0

i { - |:pi)\aﬁ“ii(t) + i P )»a”Ma”dt/(t)

i=1 j=1

IA

+00
— 5\ / gi(t+0,8)do ||z (t) — 2, (¢)]
0

[Z piA%ia(t) + Z A% a”d,,(t):| |27 () -2, (t)|
J=

1,j#i j=1
2O g e
+ZP/ W| ﬁ] (1) - ﬁ (t)|

*Aji

+ Y gt / it +96, t)d9|zk”(t) z; "(¢)| do
j=1

- [&ai(t) - i /+ooﬁ(t +0,t) de] |ui(e) - u; (2)| }
0

From (3.1) we know zj(¢) > 1. Since y = |a* — b*| is an increasing function when g > 1

and x > 0. By a;; > {aji, Bji> i}, 1 < j,i < n, we have

| alt (t) z, < |Z;1u‘(t) _ Z;Wii

*(Y]L |

Vo) -2 0] < |20 -

|z;

| (0) -z 0)] < |2 (6) - 2"

so, for t # ¢, we get

D* V(t) =<- Z{ |:pi)uai"d”‘(t) + Z ,Ol‘)»aiiM;tijd,j(t) - (Sl')uaii / g,'(t +0, t) do
0

i=1 j=1

o;, 0‘/] Bji ll(al;l(t))
_ Z ,0])» lla]l(t) Zp]}\ M d/’(t) ij}h —‘L'],( _1(t))

J=Lj#i

n
=D /
j-1 0

+ I:S,»ai(t) - pi /moﬁ(t +0,t) d9:| ’ui(t) - u;‘(t)‘ }
0

<= ) {20z () - 2" ()| + Wile) |ui(0) - (1)}
i=1

+00

Gi(t+0,t) de} |27 (2) — 2 (1)
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By the assumption (Hg), there exist enough small positive constants « such that

@i(t) = «, ¢i(t) > k.

Therefore,
D'V(t) < —« Z(’zﬁ”(t) - z;‘a” (t)| + |ui(t) — u;‘(t)|). (3.4)
i=1

On the other hand, for ¢ =, k € N,

V() -V(g) = Z[|ln(1 +pi) (zi(£)) = In@ + pad) (zi = (£)) |

i=1

- [In(zi(#)) — In(z} (£)) 1] = 0.

Integrating both sides of (3.4) on interval [0, £],

V() + K/O Z(|z7” () = 2, (s)| + |ui(s) — 1} (s)]) ds < V(0). (3.5)

i=1

It follows from (3.5) that

<+00, fort>0,

/tZ(|z?”(s) —Z70(s)| + ui(s) — uf(s)]) ds < V()
0 i (3.6)

0 < V() < V(0),

which implies that

> (|2(s) = 2 (s)| + |ui(s) — 5 (s)]) € L'[0, +00).

i=1

By Theorem 2.1, (3.1), and (3.6), it is easy to derive that z;(¢), u;(¢), i = 1,2,...,n are
uniformly bounded on [0, +00). This together with (3.2) leads to z;(¢), 2} (), i (t), i} (),
i=1,2,...,n,being also uniformly bounded on [0, +00). Thus, we know that > (|2 (¢) —
Z;5(£)| + |u;(£) —u} (t)]) are uniformly continuous on [0, +00). According to Lemma 3.1, one
has

n

tganoo 2 (|21@) - 2 (@)] + |wi(®) i (0)]) =0, i=12,...,n
iz

Therefore
lim |zi(t) —zi(t)| =0, lim |ui(t) - u}"(t)| =0, i=12,...,n
t—>+00 t—>+00

This completes the proof of Theorem 3.1. g
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Corollary 3.1 In addition to the conditions in Theorem 2.1 (or in Theorem 2.2), assume
further that:

(H7)" ai > oy, Bji» vjih, L < joi < m;
(Hg)' if there exist constants p; > 0, 8; > 0 such that

n
aji L aii g% gL
piria; + E pir M dl.j

j=1
i 1 l ®jj M
> §;a%igM 4 Z p,k“la +Zpk"‘1 M dj
Jj=1j#i
I
ll j=1
ik > pfM.

Then the system (1.6) has a unique globally asymptotically stable positive periodic solu-
tion (x5 (), x5(8), ..., x5 (2), ui (£), s (), ..., u (@),

4 Applications

In order to show the feasibility and the effectiveness of the results obtained, we will give
some important competition models which have been well studied in the literature, and
apply our main results to those examples, and we establish some new criteria to supple-
ment and generalize some well-known results.

Example 4.1 Consider the following impulsive competition system with delays and feed-
back controls:

xi(2) = x,()[ri () - Z}il a;(£)x;(t) — 27:1 by(t)x(t — (1))
Sy cie) [1o Kt — 0)x;(0) do
—ni(8) [* o Hilt = 0)ui(0) d6], ¢ 71, (4.1)
i:(t) =~ (Oui(t) + Bi®) [* o Li(t — 0)xi(0) df, £ >0,
Ax; =2, (8) — x:(8) = paxi(ty), i=1,2,...,mk €N,

where ri(t), a;(t), by(t), c;(t), ai(t), Bi(t), ni(t) are all nonnegative and continuous -
periodic functions; 7;(¢) is continuously differentiable such that 7;;(t + w) = 7;(¢) > 0, and
1-1;(¢) > 0. There exists a positive integer g such that fz,, = & + @, Pik+q) = pix = 0; Kij, H;,
L; are integrable, w-periodic and are normalized such that f e K;j(0)de = f Li(0)d6 =
Jo T H(0)do =1and [, 0K;(0)db < oo, [y OLi(6)d6 < oo, f+009H (0)db < oo.

It is clear that the system (4.1) is a special case of the system (1.6), and by Theorem 2.1
and Theorem 3.1, we have the following results.

Theorem 4.1 Assume that wL >0 and

all+b,1+c,1

@) 7+A4; >Z/ Wy (7 + A)) exp{[R; + 75 + Aj]w + | Aj|w}.

Then the system (4.1) has at least one positive w-periodic solutions. Moreover, if there
exist constants p; >0, 8; > 0 such that
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(b) infiefo,+00){ Pi(2), ¥i(£)} > 0,i=1,2,...,n, where

() = pualt / Bt + O)LiO) db
" b 0)

— Z pja(t Z 11_‘[”(0_1(7:))

j=Lii
n +00
—ZP;/ cji(t + 0)K;i(0) do,
[EEERS
Wi(t) = Si0t) — / ni(t + O)H,(0) db;
0

or
(b)" if there exist constants p; >0, 8; >0,i=1,2,...,n such that

piah > 8B + Z pid] +Zp,

j=1j#i 1

+Zpl ji ?

Siaf > pmfw.

Then the system (4.1) has a unique globally asymptotically stable positive periodic solu-
tion (x5 (), x5(8), ..., x5 (@2), ui (£), s (), ..., u (@),

Remark 4.1 If 7;(t) = 7y, the system (4.1) is the system (1) in [16], our criteria on the
existence of positive periodic solution are different from those in [16], which generalize

one of the main results in [16].

Example 4.2 Consider the following n-species Lotka-Volterra competition system of in-

tegro differential equations:

x;i(t) = x;(2) |:Vi(t) - Zﬂi/(t)xj(t) - Zbij(t)/ Ki(t - 9)xj(9)d9:|: (4.2)
j=1 j=1 o

where r;(¢), a;(t), b;(t), i =1,2,..., n, are all nonnegative and continuous w-periodic func-
tions; Kj; are integrable, w- per10d1c and normalized functions such that [; K i(0)do =1
and [~ 0K;(0) db < oc.

According to Theorem 2.1 and Theorem 3.1, we have the following results.
Theorem 4.2 Assume that:

- a;, +
(@ 7> 1"11# ul’w’rjexp{(k + 7)ol

(b) there exist constants 0i>0,i=1,2,...,n such that

n +00
inf | pia(t Z pjai(t) — ij/ bji(t + 0)Kj;(0 )de}
e 00

te[0,+00)
j=1j#i

or

Page 18 of 24
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(b)" if there exist constants p; >0,i=1,2,...,n such that

,O,ﬂu > Z 101 Zpl Ji *

j=Lj#i

Then the system (4.2) has a unique globally asymptotically stable positive periodic solu-
tion (x5 (2),x5(2), ..., x:(2)T.

Remark 4.2 If a;(¢) = 0 (i #/), then the system (4.2) is the system (1.1) considered by Xu
et al. [18]. Xu et al. [18] studied the global asymptotic stability of the positive solution of
the system. Obviously, our criteria on global asymptotic stability of the system are weaker
than those in [18], which improve the main results in [18].

In particular, when b;;(£) = 0, the system (4.2) reduced to the following system:

xi(t) = xl(t)[n(t) aii()xi(t) - Zbu(t)/ Kt - 9)x,(9)d9] (4.3)

j=1j#i

Gopalsamy [19] also studied the existence of globally stable periodic solution of the
above model and proved the following results.
(a) The delay kernels Kj; (it = j) are piecewise (locally) continuous such that the series
Y oo Kij(u + rw) converges uniformly with respect to u on [0, w].
(b) rL>Oandbfj>0.

M
© ri>> 0 ”‘rM.

(d) There exists a posmve constant m > 0 such that a, > Z} Vi bM + m.

Then the system (4.3) has a unique globally asymptotlcally stable positive w-periodic
solution.

It is clear that our conditions on the global asymptotic stability of the system (4.3) are
different and are weaker than those in [19], as criterion (d) implies with p; = 1. So Theo-
rem 4.2 supplements and generalizes Theorem 2.1 and Theorem 3.1 obtained by [19].

Example 4.3 Consider the n-species non-autonomous Lotka-Volterra competition sys-
tem with infinite delays and feedback controls

&i(t) = xi(O[ri(t) — a()xi(8) = 37 ay(t) I Kyt —0)x;(0) do
t) 1. Hi(t — 0)u;(0) dd), (4.4)
i(t) = —ci(O)ui(t) + di(t) [* Ri(t - 0)x:(0) db),

where 7,(2), a;(t), bi(t), ay(t), ¢;(t), di(t), i = 1,2,...,n, are all nonnegative and continu-

ous w-periodic functions; Kj;, H;, R; are integrable, w-periodic, and normalized such that

Jo K (0)do = [T Ri(0)do = [ H;i(0)d6 =1and [, 0K;(0)do < o0, [, OR;(0)d <
“OH,(0)db < cc.

Theorem 4.3 Assume that cL >0 and

(@) 7> r] exp{(R + 7w}

1 Lj#i aj+ay;

Then the system (4.4) has at least one positive w-periodic solutions. Moreover, if there
exist constants p; >0, 8; > 0 such that
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(b) infiefo,+00){ Pi(2), ¥i(£)} > 0,i=1,2,...,n, where

D,(t) = pia;(t) - 5j/+oo di(t + O)R;(0) db
0
- i i 0)K;:(0) db,
;f’lfo aji(t + 0)K;i(0)

W;(2) = 8ici(t) — p; /‘*°° bi(t + 0)H;(0) db;
0

or
(b) if there exist constants p; >0,8;>0,i=1,2,...,n such that

n
piar > 8:dM + Z pja]]-‘f, Sick > pibM.
j=1

Then the system (4.4) has a unique globally asymptotically stable positive periodic solu-
tion (x5 (2),x5(2), ..., x5(8), i (£), (), ..., us(£)T.

Remark 4.3 Chen [20] investigated the global asymptotic stability of the model (4.4). It
is easy to see our results supplement those in [20].

Furthermore, when a;;(t) = 0, Weng [21] also considered the existence and global stabil-
ity of a positive periodic solution of a special model. If p; = 1, §; = 1, then the conditions
(b) are equivalent to conditions (3.2) of [21]. Hence, Theorem 4.3 is more up to date, it
generalizes the main results in [21].

Example 4.4 Consider the following Lotka-Volterra competition system with several de-
viating arguments:

xi(2) = x,(2) |:Vi(t) - Zﬂi/(t)xj(t) - Z by()x (£ - Ti/(t))]: (4.5)
1 1

where r;(£), a;(t), b;(t), i =1,2,..., n, are all nonnegative and continuous w-periodic func-
tions; 7;;(¢) are continuously differentiable such that 7;;(f + @) = 7;;(¢) > 0, and 1 — 7;(¢) > 0.

By Theorem 2.1 and Theorem 3.1, we have the following results.

Theorem 4.4 Assume that:

= n a,/+hll
@) 7> =171 aj+by

(b) there exist consmnts 0i > 0 such that

7 exp{(R + 7wk

- bﬂ((fl(t))
inf t t ]l O’ ’:112”--7 ’
te[{)r,lﬂ)o piaii(t) 1%;[ p]“}z( ) - Z }1 ( ) > l n

or
(b)" if there exist constants p; >0,i=1,2,...,n such that

Z p/“n + ZPII

j=lj#i
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Then the system (4.5) has an w-periodic solution, which is globally asymptotically stable.

Remark 4.4 When 7(t) = 7, the system (4.5) was investigated by Fan et al. [22, 23]. The
conditions on global asymptotic stability in [22, 23] should be set with p; = 1.

Remark 4.5 When b;(t) = 0, Zhao [24] studied the existence and global attractivity of
a positive periodic solution of the model. Our results are more easily verified and more
general than those in [24]. In particular, when # = 1, the special model reduced to the

classical logistic equation. Our results generalize some well-known results.

Example 4.5 Consider the following Lotka-Volterra competition system with infinite de-
lays:

xi(£) = xi(¢) |:Vi(t) — a;(t)xi(t) - Zﬂij(t)xj(t - 7;4(2))

j-1

_Zbu(t) / Kj(t - 9)x,(9)d0:| (4.6)

j=1

where 7,(2), a;(t), a;(t), by(t), i=1,2,...,n, are all nonnegative and continuous w-periodic
functions; 7;(t) is continuously differentiable such that 7;(t + w) = 7;;(t) > 0, and 1 -
7;(t) > 0; Kj; are integrable, w-periodic, and normalized such that f+°O K;j(0)dé =1 and
Jo 7 0K(0) db < oo.

Theorem 4.5 Assume that:

_ a;i+b; -
(@ 7> ]"1#1 a,:;,jb,, 7;exp{(R; + 7))w};

(b) there exist constants p; >0,i=1,2,...,n, such that

. ai(0;(t))
te[t)r}foo pii(t) = Z P 1 —]T/z ]z_l(t)) Z & / bﬂ(t ’ Q)K/l(e) de] >0

or

(b)" if there exist constants p; >0,i=1,2,...,n such that

piat > Z fi

j=1j#i &'

+Z,o,

Then the system (4.6) has an w-periodic solution, which is globally asymptotically stable.

Remark 4.6 Xu et al. [25] studied the global asymptotic stability of the system (4.6). Ob-
viously, our criteria are more easily verifiable than those in [25].

Example 4.6 Consider the following n-species delay impulsive Lotka-Volterra competi-
tion system:

&i(8) = xi(Ori(t) — au(Oxi() = 3L a(Ox;(t = 7(2)),  tF b

4.7)
Ax; = xi(t;) - x,'(t,:) = b,-kx,'(t,:), i=1,2,...,n,keN,



Lu Advances in Difference Equations (2016) 2016:282 Page 22 of 24

where r;(t), a;;(t), a;(t) are all nonnegative and continuous w-periodic functions; 7;(¢) is
continuously differentiable such that 7;(t + w) = 7;;(¢) > 0, and 1 — 7;5(£) > 0. There exists a
positive integer g such that ., = tx + @, bik+q) = b = 0.

Theorem 4.6 Assume that:

(@) Fi+A;> Z;‘il,j;zi Z—Z(?j + A,)exp{[l_%j +7+ A/]a) + |Aj|a)};

(b) there exist constants p; >0,i=1,2,...,n such that

" a;i(0;1(2))
inf 1§ pia;(t) - Z pjﬂ.Jill >0, i=12,...,m
te[0,+00) =y 1- 'l'/'i(U/lT (t))

or
(b)" if there exist constants p; >0,i=1,2,...,n such that

Ly
pid; > biT_7m
j=Lii i

Then the system (4.7) has a unique globally asymptotically stable positive periodic solu-
tion.

Remark 4.7 Stamova [26] explored the existence and global asymptotic stability of pos-
itive periodic solutions of the model (4.7). Our results are different from those in [26].
The case r;(t) < 0 is considered by Li et al. [27]. Therefore, our results supplement some
well-known results in [27].

5 Concluding remarks

In this paper, we study an impulsive nonlinear periodic competition model with delays
and feedback controls. In mathematical ecology, the system (1.6) describes a system of
the dynamics of an n-species model in which each individual competes with all the others
of the model for a common resource, and the intra-species competition involves deviat-
ing arguments 7;(¢) such that 0 < 7;(¢) < t where 7 is a constant and time delays extend
over the entire past as denoted by Kj;, H;, R; in (1.6). By means of coincidence degree the-
ory, a set of sufficient conditions for the global existence of positive periodic solution of
the system (1.6) are established, and constructing the suitable Lyapunov functional, some
easily verifiable weaker sufficient conditions for the global asymptotic stability of positive
periodic solution of the system (1.6) are obtained. Our results supplement and generalize
some well-known results which have been well studied in the literature.
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