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Abstract

A two species non-autonomous competitive phytoplankton system with nonlinear
inter-inhibition terms and one toxin producing phytoplankton is studied in this paper.
Sufficient conditions which guarantee the extinction of a species and the global
attractivity of the other one are obtained. Some parallel results corresponding to Yue
(Adv. Differ. Equ. 2016:1, 2016, doi:10.1007/511590-013-0708-4) are established.
Numeric simulations are carried out to show the feasibility of our results.
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1 Introduction

Given a function g(z), let g, and gy denote inf_no ;00 g(¢) and sup_._,. . g(£), respectively.
The aim of this paper is to investigate the extinction property of the following two

species non-autonomous competitive phytoplankton system with nonlinear inter-inhi-

bition terms and one toxin producing phytoplankton:

() = x () [rl(t) ~ (O () - % - Cl(t)xl(f)xz(t)]y
- 2 (L.1)
Ko (t) = 2x2(2) |:'”2(f) - 12(7961( - ﬂz(t)xz(t)],
+x1(2)

where r;(£), a;(¢), b;(t), i = 1,2, ¢;(¢) are assumed to be continuous and bounded above and
below by positive constants, and x;(¢), x2 () are population density of species x; and x, at
time ¢, respectively. r;(¢), i = 1,2 are the intrinsic growth rates of species; a; (i = 1,2) are the
rates of intraspecific competition of the first and second species, respectively; b; (i =1,2)
are the rates of interspecific competition of the first and second species, respectively. The
second species could produce a toxic, while the first one has a non-toxic product.

The traditional two species Lotka-Volterra competition model takes the form:

%1(8) = 21 (8)[ 11 — a1 (£) — axx (2) ),
% (2) = xz(t)[”z = bixy() - bzx2(t)]-

© 2016 Xie et al. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, pro-
vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and
indicate if changes were made.

(1.2)


http://dx.doi.org/10.1186/s13662-016-0974-4
http://crossmark.crossref.org/dialog/?doi=10.1186/s13662-016-0974-4&domain=pdf
mailto:latexfzu@126.com
http://doi.org/10.1007/s11590-013-0708-4

Xie et al. Advances in Difference Equations (2016) 2016:258 Page 2 of 13

Chattopadhyay [2] studied a two species competition model, each species produces a

substance toxic to the other only when the other is present. The model takes the form

1(0) = x1()[ 11 — a1 (£) — axxa (£) — daxr (£)x2(2) ], L3)

%y(t) = 22(8)[r2 — brxa (£) — bya(£) — doxy (D)% (8)].

He investigated the local stability and global stability of the equilibrium. Obviously, system
(1.3) is more realistic than that of (1.2). After the work of Chattopadhyay [2], the compet-
itive system with toxic substance became one of the most important topic in the study of
population dynamics, see [1-22] and the references cited therein. Li and Chen [4] stud-
ied the non-autonomous case of system (1.2), a set of sufficient conditions which guar-
antee the extinction of the second species and the globally attractive of the first species
are obtained. Li and Chen [3] studied the extinction property of the following two species

discrete competitive system:

w1 (n+1) = x1(n) CXP[H(”) — an (n)x1(n) — ar(n)xa(n)
= bi(n)x1 (n)xy ()],
%2 (n + 1) = x5(n) exp[ ra (1) — an (m)x1 (1) — @z (m)xa (1)

— bay(m)x1 (n)xa(n) ).

(1.4)

Recently, Solé et al. [17] and Bandyopadhyay [15] considered a Lotka-Volterra type of
model for two interacting phytoplankton species, where one species could produce toxic,

while the other one has a non-toxic product. The model takes the form

x1(2) = xl(t)[ﬁ —ax1(t) — axxa(t) - dlxl(t)xZ(t)]: L5)

%y(8) = %2(t)[r2 — b1%a(£) — b (1)].

Corresponding to system (1.5), Chen et al. [8] proposed the following two species discrete

competition system:

x1(n + 1) = x1(n) exp[r1(n) — an (n)x1(n) — ara(n)xa ()
= by(m)x1(n)x2(n)], (1.6)

%3 (n + 1) = x3(n) exp[r2(n) — az (n)x1 (1) — az (n)xa(n) ).

They investigated the extinction property of the system.
Some scholars argued that the more appropriate competition model should with non-
linear inter-inhibition terms. Indeed, Wang et al. [23] proposed the following two species

competition model:

x1(t) = x1(2) |:7‘1(t) —ay(H)x1(2) - %}
ba (O (¢ 2 (1.7)
Bzl [“(t) mon ﬂ2(t)xz(t)}.
+x1(2)
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By using a differential inequality, the module containment theorem, and the Lyapunov
function, the authors obtained sufficient conditions which ensure the existence and global
asymptotic stability of positive almost periodic solutions.

Again, corresponding to system (1.7), several scholars [24, 25] investigated the dy-
namic behaviors of the discrete type two species competition system with nonlinear inter-

inhibition terms,

alk )=o) - atn o - O |
(1.8)
Ky (k + 1) = xp (k) exp{m(k) - M B a2(k)x2(k)}'
+x1(k)

Wang and Liu [24] studied the almost periodic solution of the system (1.8). Yu [25] fur-
ther incorporated the feedback control variables to the system (1.8) and investigated the
persistent property of the system.

During the lase decade, many scholars [3-5, 8, 12—14, 26—33] investigated the extinction
property of the competition system. Maybe stimulating by this fact, Yue [1] proposed the
following two species discrete competitive phytoplankton system with nonlinear inter-
inhibition terms and one toxin producing phytoplankton:

x1(k +1) = x1(k) exp{rl(k) — aq (k)xy (k) — %9:2((:))
- (k)xl(k)xZ(k)}: (1.9)
ok +1) = 2> (K) exp{rz(k) - M - az(k)xz(k)}.
+x1(k)

By further developing the analysis technique of Chen et al. [8], the author obtained some
sufficient conditions which guarantee the extinction of one of the components and the
global attractivity of the other one.

It is well known that if the amount of the species is large enough, the continuous model is
more appropriate, and this motivated us to propose the system (1.1). The aim of this paper
is, by developing the analysis technique of [1, 8, 9], to investigate the extinction property
of the system (1.1). The remaining part of this paper is organized as follows. In Section 2,
we study the extinction of some species and the stability property of the rest of the species.
Some examples together with their numerical simulations are presented in Section 3 to
show the feasibility of our results. We give a brief discussion in the last section.

2 Main results
Following Lemma 2.1 is a direct corollary of Lemma 2.2 of Chen [10].

Lemma 2.1 Ifa>0,b>0,and x > x(b - ax), when t > 0 and x(0) > 0, we have

Q>

liminfx(z) >
t—>+00

Ifa>0,b>0,and x <x(b-ax), when t > 0 and x(0) > 0, we have

limsupx(f) <

t—+00

Q|
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Lemma 2.2 Let x(£) = (x,(2),%2(t))” be any solution of system (1.1) with x;(ty) >0, i=1,2,
then x;(t) > 0, t > ty and there exists a positive constant My such that

limsupw;(t) <My, i=1,2,

t—+00

i.e., any positive solution of system (1.1) are ultimately bounded above by some positive

constant.

Proof Let x(t) = (x1(£),x2(t))T be any solution of system (1.1) with x;(to) > 0, i = 1,2, then

x(t) = xl(to)exp{/ <r1(s) —ay(s)x1(s) — %
_ C1(s)x1(s)x2(s)) ds} >0, 21
x(t) = xz(to)eXp{ /t(rz(s) - Do) —tlz(s)xz(s)) ds} o
to +x1(8)

From the first equation of system (1.1), we have
%1() <2 (0)[r1(8) - a (Ox1(2) ] < %10 [rian — anx (8)]. (2.2)

By applying Lemma 2.1 to differential inequality (2.2), it follows that

r
limsupwx; () < M dngl. (2.3)

t— +00 air

Similarly to the analysis of (2.2) and (2.3), from the second equation of system (1.1), we

have

lim supxy(£) < EURS M. (2.4)
axL

t—+00

Set My = max{Mj, M}, then the conclusion of Lemma 2.2 follows. This ends the proof of
Lemma 2.2. O

Lemma 2.3 (Fluctuation lemma [34]) Let x(¢) be a bounded differentiable function on

(o, 00), then there exist sequences t,, — 00, 0,, — 00 such that

(@) x(t,) >0 and x(r,)— limsupx(t) =% asn— oo,
t—00
(b) x(c,)— 0 and x(o,) — litminfx(t) =X asn— 0.
—00
For the logistic equation

&1 () = %1 (8) (r.(8) — an ()% (2)). (2.5)

From Lemma 2.1 of Zhao and Chen [35], we have the following.
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Lemma 2.4 Suppose that ri(t) and a,(t) are continuous functions bounded above and
below by positive constants, then any positive solutions of equation (2.5) are defined on
[0, +00), bounded above and below by positive constants and globally attractive.

Our main results are Theorems 2.1-2.5.

Theorem 2.1 Assume that

byt
1+ M1

g > roMaim, riLasr > ravbiy (2.6)

hold, further assume that the inequality

1

1412

(2.7)

Cpm <

am bim }

Yous T — ——F
by ML T

min { L —
1+M;

holds, then the species x, will be driven to extinction, that is, for any positive solution
(x1(2), %2(£))T of system (1.1), x5(t) — 0 as t — +00.

Proof 1t follows from (2.7) that one could choose a small enough positive constant &; > 0
such that

am < 1 min{r v oM, I ber } (2.8)
M L= WHTIL — ——TaM (- .
(M + &1)(M; + &1) vy asy
Equation (2.8) is equivalent to
S (M + £1)(My + &1)
byp ’
L+(My+e1) oM (2.9)
b - am(My + 1) (M, + &1)
ary, rom
Therefore, there exist two constants «, 8 such that
am B - (M + e1)(M; + &1)
bor ’
L+(My+e1) « raM (2.10)
bim y B - cm(My + e1)(My + &1)
ax, o rom ’
That is,
b
ady — _ Pou <0, abiy — Bayr <0,
1+ (M +&1) (2.11)

—ory + ,BY'ZM + O[ClM(Ml + 81)(M2 + 81) dif —51 <0.

Let x(£) = (x1(£),%2(£))” be a solution of system (1.1) with x;(0) > 0, i = 1,2. For the above
&1 > 0, from Lemma 2.2 there exists a large enough 77 such that

x1(t) < My + &1, x(t) <My +e&; forallt > T. (2.12)

Page 5 of 13
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From (1.1) we have

bo b (O%(0)

- m —c1(B)x (B (2),

) b (O () o
2\L)X1
%0 =ry(t) - m — ay(£)xy(t).

Let
V(t) =57 (6)5 (8).

From (2.11), (2.12), and (2.13), for ¢ > T3, it follows that

V() - [ (n () - ar (B (6) - ”1(”’“;(“))—cl(t)xl(t)xz(t))

. ﬁ<rz( ) ﬂ ﬂz(t)xz(t)>]

V(t)[ —an(t) + Bra(0)) + (am(t)— %(?)) ()

N (O( - bi(2) _ ﬂaz(t)>x2(t) + aCl(t)xl(t)xZ(t)]
+x2(t)

< V(t)|:(—0”'1L + Brom) + (Olﬂw - %)xl(t)

+ (abiy — Baop)xa(t) + acip(My + &1)(My + 81):|

<-5V@F), t=T.

Integrating this inequality from T to ¢ (> T7), it follows that

V(t) < V(Ty) exp(=8:(t — T1)). (2.14)
By Lemma 2.2 we know that there exists M > M, > 0 such that

x;(t)<M foralli=1,2and t> T;. (2.15)
Therefore, (2.14) implies that

x5 () < Cexp (—%(t - T1)>, (2.16)
where

C = M (,(T1)) ™ P xo(T1) > 0. (2.17)

Consequently, we have x,(f) — 0 exponentially as t — +oo. O
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Theorem 2.2 In addition to (2.6), further assume that the inequality

1 (g by
— | — — 2.18
CIM<M2(7'2M<1+M1 i ( )

holds, then the species x, will be driven to extinction, that is, for any positive solution
(x1(8), %2(£))T of system (1.1), x2(t) — 0 as t — +00.

Proof Equation (2.18) is equivalent to

L by
amMs + ajpp < — . 2.19
MM M Yont <1 A M1> ( )

It follows from (2.19) that one could choose a small enough ¢, > 0 such that

rL by
amMy + &) +apy< — | ———— ). 2.20
w(Ma + €3) 1M Yont (1 T M+ 82)> ( )

It follows from (2.20) and (2.6) that there exist two constants «, 8 such that

amMy + &) +awy B T
Y o rom
1+(My+€2) (221)

bim B L
—<—x<

’

ay, @ Iy

That is,
b
odi — L +aciy(My + &) <0,
1+ (M + &) (2.22)
OlblM - ,BﬂzL < O, —ry + ,BFQM déf —52 <0.

Let x(¢) = (x1(¢), %2(£))T be a solution of system (1.1) with x;(0) > 0, i = 1,2. For the above
&9 > 0, from Lemma 2.2 there exists a large enough T, such that

%2(t) <My + 89 forallt> T,. (2.23)
Let
V(£) = x7% ()5 ().

From (2.22) and (2.23), for ¢ > T, it follows that

V() V(t)[(—amt) + Bra(0)) + (aal(t) L) )xl(t)

1+x(2)
+ (106191(t) — ,Baz(t))xg(t) + acl(t)xl(t)xz(t)]
+x(2)
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+acpu(Ms + 82))x1(t) + (abiy — ﬁazL)xz(t)]

=-&V@E), t=T).
Integrating this inequality from T to ¢ (> T5), it follows that
V(¢) < V(T») exp(=62(t - T>)). (2.24)

From (2.24), similarly to the analysis of (2.15)-(2.16), we can draw the conclusion that
x,(t) — 0 exponentially as £ — +o0. O

Theorem 2.3 In addition to (2.6), further assume that the inequality

1 (g )
am< — | —ay -b (2.25)
< (Vzm 2L — O1M

holds, then the species x, will be driven to extinction, that is, for any positive solution
(x1(2), %2(£))T of system (1.1), x5(t) — 0 as t — +00.

Proof Equation (2.25) is equivalent to

M; b
ami | oM L (2.26)
ary ax, Tm

It follows from (2.26) that one could choose a small enough &3 such that

cim(Mi + €3) + biy § nr

(2.27)
ary ram
It follows from (2.6) and (2.27) that there exist two constants «, 8 such that
ClM(M1+83)+b1M < é < Vl
ayy, o  ry 28
ay B ru (2.28)
baL < ; < r—
m 2M
That is,
OlblM — ,BLZzL + OlClM(Ml + 83) < 0,
Bbyy def (2.29)
oAy — — <0, —017‘1L+,37‘2M = —83<0.
1+ M1 + &3

Let x(¢) = (x1(2), %2(£))” be a solution of system (1.1) with x;(0) > 0, i = 1,2. For the above
&3 >0, from Lemma 2.2 there exists a large enough 73 such that

x1(t) <My +¢e3 forallt > Ts. (2.30)
Let

V(t) = 27 ()4 (2).
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From (2.29) and (2.30), for ¢ > T3, it follows that

V(t)

V(t)[(—arl(m + Bra(t) + (am(t) Pba(t) )xl(t)

1 +x1(2)
( ab(t)
+

L+ap(t) ﬁ“2(t)>x2(t) + acl(t)xl(t)xz(t)]

IA

V(t)|:(—0lV1L + Broa) + (OmlM - %)xl(ﬂ

+ (abiy — Baor + aciy (M + 83))x2(t)i|

IA

—03 V(t), t>Ts.
Integrating this inequality from T3 to ¢ (> T3), it follows that
V() < V(T3)exp(-85(¢ — T3)). (2.31)

From (2.31), similarly to the analysis of (2.15)-(2.16), we can draw the conclusion that
x,(t) — 0 exponentially as t — +o0. O

Lemma 2.5 Under the assumption of Theorem 2.1 or 2.2 or 2.3, let x(t) = (x1(t), x2(£))T be
any positive solution of system (1.1), then there exists a positive constant mq such that

liminfx; (t) > my,
t—>+00

where myg is a constant independent of any positive solution of system (1.1), i.e., the first

species x,(t) of system (1.1) is permanent.

Proof The proof of Lemma 2.5 is similar to that of Lemma 3.5 in [4], we omit the details
here. O

Theorem 2.4 Assume that the conditions of Theorem 2.1 or 2.2 or 2.3 hold, let x(t) =
(x1(8), %2(£))T be any positive solution of system (1.1), then the species x, will be driven to
extinction, that is, x,(t) — 0 as t — +00, and x,(t) — x{(t) as t — +00, where x(t) is any
positive solution of system (2.5).

Proof By applying Lemmas 2.3 and 2.4, the proof of Theorem 2.4 is similar to that of the
proof of Theorem in [4]. We omit the details here. O

Another interesting thing is to investigate the extinction property of species x; in system
(1.1). For this case, we have the following.

Theorem 2.5 Assume that

by
1+ M2

rimbay < rorang, rimdam < 1ar (2.32)
hold, then the species x1 will be driven to extinction, that is, for any positive solution
(x1(2), %2 ()T of system (1.1), x1(t) — 0 as t — +00 and x,(t) — x5(t) as t — +0o, where
x3(£) is any positive solution of system x;(t) = x5 (£)(r2(£) — ba(£)x2(2)).
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Proof Condition (2.32) implies that there exist two constants «, 8, and a small enough

positive constant &4, such that

bip
M B 1+Mo +&4
<—< —

rn, o arm (2.33)

aby
Bbom — aai, <0, Bay - —— <0,
1+ M+ ey (2.34)
arp — ,BFZL dgf —34 <0.
For the above g4 > 0, from Lemma 2.2 there exists a large enough 77 such that
x5(t) <My + &4 forallt> Ty (2.35)
Let

Vi(t) = 2% (6)x," ().

It follows from (2.34) that

Vi(t) = Vi(t) |:Ol (’ﬁ(t) —ai(B)x1(t) - M - Cl(t)xl(t)xz(t))
+ x5 ()
by(t)x:(2)
-B (Vz(t) im0 ﬂz(’-‘)@(ﬂ)}

b
vl(t)[(an(t)—ﬂrz(t))+(—aal(m pha) )xl(t)

1+ x:(2)
( ab(t)
* 1 +x5(t)

+ ﬂag(t)>x2(t) - acl(t)xl(t)xz(t)]
< Vl(f)[(arlM = Brap) + (—aanr, + Bbay)x: (£)
+ (—% + ﬂﬂZM)xz(t)]
< =84 V1 (2).
Integrating this inequality from T4 to ¢ (> T4), it follows that
Vi(8) < Vi(Ta) exp(=8a(t — Ta)). (2.36)
From this, similarly to the analysis of (2.15)-(2.16), we have x;(£) — 0 exponentially as

t — +00. The rest of the proof of Theorem 2.5 is similar to that of the proof of Theorem
in [4]. We omit the details here. (N
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3 Numeric example

Now let us consider the following example.

Example 1
0.5
i(t) = x<10 — (1.5 +0.55in(106))x - _yl - O.ny),
¥+
(3.1)
s = (2 11x 9
r=y 1+x )
Corresponding to system (1.1), one has
ri(t) = 10, ai(t) = 1.5 + 0.5sin(10%),
bl(t) =0.5, Cl(t) =0.2,
ra(t) =2, ax(t) =2, by(t) = 11.
And so,
M ="M _10, My=M_q, (3.2)
aiL asr
16
14
12 ‘
10 ‘
x(n) ¢ {\
AANANANNAN
77
2
0 1 2 3 4
t
Figure 1 Dynamic behavior of the first component x(t) of the solution (x(t), y(t)) of system (3.1) with
the initial condition (x(0), y(0)) = (1, 1), (2, 2), (3, 3),(4,4), (5,5),(10,4),and (16, 3), respectively.

51
44\
\
o\
0 \\\
24\
AN
T \§\
~
=~ ~
0 0.2 0.4 0.6 0.8 1
t
Figure 2 Dynamic behavior of the second component y(t) of the solution (x(t), y(t)) of system (3.1)
with the initial condition (x(0),y(0)) = (1, 1),(2, 2), (3, 3), (4,4), (5, 5),(10, 4),and (16, 3), respectively.
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Consequently
2L =10 1 =10>2x2=
T = X = > X =TMaAM,

riLazr = 10x2>2x05= rszlM

hold. Also,
ri — %7’2}\4:10—4:6,
1+M; (3 4)
bim
rp — ——ro =9.5,
azy
and so
0.2 - {6,9.5}
cm = 0.2 < — min{6, 9.
M 10
1 . am bim
= M1M2 mm{rlL — WVZM’VIL — 77'21\/1 . (35)
1+M;

It follows from Theorem 2.1 that the first species of the system (3.1) is globally attractive,
and the second species will be driven to extinction; numeric simulations (Figures 1 and 2)
also support these finds.

4 Conclusion
Stimulated by the work of Yue [1], in this paper, a two species non-autonomous competi-
tive system with nonlinear inter-inhibition terms and one toxin producing phytoplankton
is proposed and studied. Series conditions which ensure the extinction of one species and
the global attractivity of the other species are established.

We mention here that in system (1.1), we did not consider the influence of delay, we leave
this for future investigation.
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