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Abstract

We investigate in this manuscript an optimal control problem for a fractional wave
equation involving the fractional Riemann-Liouville derivative and with missing initial
condition. For this purpose, we use the concept of no-regret and low-regret controls.
Assuming that the missing datum belongs to a certain space we show the existence
and the uniqueness of the low-regret control. Besides, its convergence to the
no-regret control is discussed together with the optimality system describing the
no-regret control.
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1 Introduction

Let us consider N € N* and 2 a bounded open subset of RN possessing the boundary 99
of class C2. When the time T > 0, we consider Q = 2x ]0, T[ and = = 2% ]0, T[ and we
discuss the fractional wave equation:

Dy y(x,t) = Ay(x, t) = v(x, ),
y(G,t)ZO, (U)t) € E»
Iy(x,0%) =y°, x€Q,
%12“"}1(96,0*) =g, x€9,

(1) € Q,
1)

such that 3/2 < a <2, )° € HX(Q) N H(), I**y(x,0*) = lim,,.o I*“y(x,£) and L1 "*y(x,
0*) = lim;_,¢ %12“")/(96, t) where the fractional integral I* of order « and the fractional
derivative D}; of order « are within the Riemann-Liouville sense. The function g is un-
known and belongs to L?(£2) and the control v € L2(Q).

Since the initial condition is unknown, the system (1) is a fractional wave equations with
missing data. Such equations are used to model pollution phenomena. In this system g
represents the pollution term.

According to the data, we know that system (1) admits a unique solution y(v,g) =
y(x, t;v,g) in L2((0, T); H3(R2)) C L*(Q) [1]. Hence, we can define the following functional:

J0,8) = [y0n@) = 2l 2y + NlIVIlE2(p )

where z; € L>(Q) and N > 0.
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In this manuscript, we discuss the optimal control problem, namely

inf J(v,g), VgeLz(Q). (3)

vel2(Q)

If the function g is given, namely g = gy € L*(R2), then system (1) is completely determined
and problem (3) becomes a classical optimal control problem [2]. Such a problem was
studied by Mophou and Joseph [1] with a cost function defined with a final observation.
Actually, the authors proved that one can approach the fractional integral of order 0 <
2 — a < 1/2 of the state at final time by a desired state by acting on a distributed control.
For more literature on fractional optimal control, we refer to [3—11] and the references
therein.

Since the function g is unknown, the optimal control problem (3) has no sense because
L%(Q) is of infinite dimension. So, to solve this problem, we proceed as Lions [12, 13] for
the control of partial differential equations with integer time derivatives and missing data.
This means that we use the notions of no-regret and low-regret controls. There are many
works using these concepts in the literature. In [14] for instance, Nakoulima et al. utilized
these concepts to control distributed linear systems possessing missing data. A generaliza-
tion of this approach can be found in [15] for some nonlinear distributed systems possess-
ing incomplete data. Jacob and Omrane used the notion of no-regret control to control
a linear population dynamics equation with missing initial data [16]. Recently, Mophou
[17] used these notions to control a fractional diffusion equation with unknown bound-
ary condition. For more literature on such control we refer to [18—23] and the references
therein.

In our paper, we show that the low-regret control problem associated to (1) admits a
unique solution which converges toward the no-regret control. We provide the singular
optimality system for the no-regret control.

Below we present the organization of our manuscript. In the following section, we show
briefly some results about fractional derivatives and preliminary results on the existence
and uniqueness of solution to fractional wave equations. In Section 3, we investigate the

no-regret and low-regret control problems corresponding to (1).
2 Preliminaries
Below, we give briefly some results about fractional calculus and some existence results

about fractional wave equations.

Definition 2.1 [24, 25] Iff: R, — R is a continuous function on R,, and « > 0, then the
expression of the Riemann-Liouville fractional integral of order « is

I°f(¢) = ﬁ/o (t—s)""f(s)ds, t>0.

Definition 2.2 [25, 26] The form of the left Riemann-Liouville fractional derivative of
order 0 <m-1<a<n neNoffisgiven by

o _ n-l-o
Dy f(t) = 7(’1 ) dt”/(t s) 'f(s)ds, t>0.
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Definition 2.3 [25, 26] The left Caputo fractional derivative of order 0 <n-1<a < n,
n e Noff is given by

DLf#) = / (6= sy s)ds, t>0. @

We mention that in the above two definitions we consider f : R, — R.

Definition 2.4 [25-27] Let f:R, - R, 0 <n-1<a < n, n € N. Then the right Caputo
fractional derivative of order « of f is

(T
I'n—a)

DEf(t) = (s—t)" 1 (s)ds, 0<t<T. (5)

In all above definitions we assume that the integrals exist.

Lemma 2.5 [1] Lety € C*(Q) and ¢ € C*(Q). Then we have
_/ (DR y(x, ) — Ay(x, 1))@, £) dx dt
Q

d d
=/ o(x, T)—I*"y(x, T)dx—/ ¢(x,0)—12_“y(x,0+)dx
o ot I ot

f]2 o (x,T) (x,T)dx+/I2 “« (x,O) (x,O)dx
/y(o s)— (o s)do dt — ‘/Q(O',S)(p(O',S)dOdt
b av

+ /Qy(x, 0)(Dg p(x,t) — Ap(x, 1)) dxdt. (6)

In the following we give some results that will be use to prove the existence of the low-
regret and no-regret controls.

Theorem 2.6 [1] Let3/2 <a <2,y° € H*(Q) NH(R), y* € L*(Q) and v € L*(Q). Then the
problem

D y(x, t) — Ay(x, t) =v(x, t), (%) € Q,
y(o,8)=0, (o,t)eX,

7
Iy(x,0%) =y°, xeQ, @
IIPy(x,0%) =y, x€Q
has a unique solution y € L*((0, T); Hy(R2)). Moreover, the following estimates hold:
20 mpmtian = AU e + 19 2y + 1VI2000): (8)
”12 o[y”C (0, TLHA(@) = (”y ”Hl Hyl ”LZ(Q) +1Vll2); )
0 o 0 1
5 200 b+ P L o) @0
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with
A c 2T2a—3 c Ta—l c 2T
= max ) b )
: 20-3) V(-1 "Val@-1)
3-a
H:sup(C«/E,CVZTz"‘,C (23T )>,
VB-«a

and
O = max(ﬁCT‘)"l, «/EC)

Consider the fractional wave equation involving the left Caputo fractional derivative of
order 3/2 <o < 2:

D(éy(x:t)_Ay(xrt) :fr (x,t)eQ,

y(o,8)=0, (o,t)eX,

0
11
0, x€4, 1)

where f € L2(Q).

Theorem 2.7 Letf € L*(Q). Then problem (11) has a unique solution y € C([0, T1; Hy(2)).
Moreover, % € C([0, T); L*(2)) and there exists C > 0 in such a way that

Ta—l
".y”C([(),T];H(l)(Q)) = CV w1 |lf||L2(Q) (12)

and
ay T2x-3
H —= =Cy If N2 (13)
3t llcqo ria2 @) 200-3
Proof Below we proceed as was mentioned in [28]. d

Corollary 2.8 Let3/2 <o <2 and ¢ € L*(Q). Consider the fractional wave equation:

Deyxt) - Ay t)=¢, (x1)eQ,
Y(o,6)=0, (o,t)eX,

vxT)=0, xeg,

%(x,T):O, x €L,

(14)

where D¢, is the right Caputo fractional derivative of order 1 < a < 2. Then (14) has a unique
solution ¥ € C([0, T]; Hy(S2)). Moreover, % € C([0, T); L*(R2)), and there exists C > 0 ful-

filling

To-1
1 o mamen < Cy -7 19120 (15)
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3
3 &2 (16)

Proof If we make the change of variable ¢ — T — ¢ in (14), then we conclude that I/Af(t) =
¥ (T — t) verifies

C([0,T;L2 (2

. 17)

W)=0 in®,

where (f)(t) = ¢(T —t) and D¢, is the left Caputo fractional derivative of order 3/2 <« < 2.
Because T —t € [0, T] when ¢ € [0, T, we say that ¢ € L*(Q) due to the fact that ¢ € L*(Q).
It then suffices to use Theorem 2.7 to conclude. O

We also need some trace results.

Lemma 2.9 [1] Letf € L*(Q) and y € L*(Q) such that D%y — Ay = f. Then:
(i) y‘ag and 2 = g €xist and belong to H72((0, T); HY2(3R)) and
H72((0, T); H32(3Q)) respectively.
(ii) 1**y e C([0, T); L*(2)).
(iii) 2%y e C([0, T, H ().

3 Existence and uniqueness of no-regret and low-regret controls
Below, we show the existence and the uniqueness of the no-regret control and the low-
regret control problem for system (1).

Lemma 3.1 Letv € L%(Q) and g € L*(Q). Then we have

](V¢g) = ](O:g) +](V: O) _](Or 0)
2 /Q [%(0,g) — ¥(0,0)][y(v,0) — ¥(0,0)] dt dx. (18)

Here ] denotes the functional given by (2) and y(v,g) = y(x,t;v,g) € L*(0, T; Hy(Q)) C L*(Q)
is the solution of (1).

Proof Let us consider y(v,0) = y(x,£v,0), ¥(0,2) = y(x,£0,g), and ¥(0,0) = y(x,£0,0) be
the solutions of

Dy y(v,0) — Ay(v,0) =v inQ,
y=0 onk,

I>y(0;v,0)=9° inQ,

3 12-0(0;%,0)= 0 inQ,

(19)

Dg;y(0,8) — Ay(0,) =0 inQ,
y=0 onk,

I*y(0;0,2) =»° in€,
21"y(0;0,9) =g in <,

(20)
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and

D% ¥(0,0) — Ay(0,0)=0 inQ,

y=0 onX, (1)
I*%9(0;0,0) =»° in Q,

2 79(0;0,0)=0 ing,

where I>y(0;v,g) = lim;_o+ I**y(x, t;v,g) and 21> *y(0;v,) = lim,_o+ 21> y(x,5v,g).
Sincev € L*(Q),)° € H{(Q)NH?*(2) and g € L*(R2), we see from Theorem 2.6 that y(v,0),
(0, ¢) and (0, 0) belong to L2((0, T); Hy(2)).

Observing that
J,0) = /Q [59,0) - z4][p40) - z4] ddx + NlIvIE o (222)
J(0,8) - /Q [50.9) - 24][5(0,8) - 2] de i, (22b)
J(0,0) = /Q [%(0,0) — z4][(0,0) — z4] dt dx, (22¢)
and using the fact that

y(V,g) :J’(V» 0) +J’(0,g) —J’(O; 0)»

we have
J,9) = [y(,8) = 24|12y + NlIVIEa g,
= [5(1,0) +7(0,8) = 5(0,0) ~ za 2 ) + NlIvliZa
=J(v,0) +2 fQ [y(v,0) — z4][(0,2) — ¥(0,0)] dt dx
+9(0.9) = 50,0~ za}2 g,
=J(v,0) +2 /Q [(v,0) = ¥(0,0)][7(0,g) - ¥(0,0)] dt dx
+2 /Q [(0,0) — z4][7(0, g) — %(0,0)] dt dx + | (0, g) - 5(0,0) — z4 ||§2(Q).
Using
[%(0,8) = 9(0,0) 24 [ 2, = /(0.8) +7(0,0)
2 fQ [5(0,0) - 24][3(0,2) - (0,0)] d dx - 2J(0,0),
we conclude that
J(v,g) =J(0,g) +J(v,0) - J(0,0)

T
+2 / f [y(v,0) - 5(0,0)][¥(0,8) - 5(0,0)] dt dx.
QJO
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Lemma 3.2 Let v e L2(Q) and g € L*(S2). Then we have
J(v,8) =J(0,8) +J(v,0) - J(0,0) + Z/QgK (%, 0;v) dx, (23)
where £ (v) = ¢ (%, t;v) € C([0, T); HL(S2)) be solution of
D¢ g(v) - Ag(v) =y(v,0) - ¥(0,0) inQ,
=0 ony,

L, T;v)=0 inS,
L@ T;v)=0 inQ.

(24)

Proof Since y(v,0) — (0,0) € L*(Q), from Proposition 2.8, we know that the system (24)
admits a unique solution ¢ (v) € C([0, T1; H}(R2)). Also, there exists C > 0 such that

Tot—l
”f(") ”C([O,T];Hé(Q)) = C\/ w-1 ||y(v,0) -(0,0) ”LZ(Q) (25)

< 7 15,00~ 5(0,0)] (26)
= )’ v, - y ) 2 .
C(10,T1L2(9) 200 -3 FQ

Set z = y(g,0) — ¥(0,0). Then z verifies

and

¢
[0

DRiz—Az=0 inQ,
z=0 on?X,
I>“z(0)=0 in,
212(0)=g inQ.

(27)

Since g € L*(R), it follows from Theorem 2.6 that z € L?((0, T); Hy(R2)), I>™*z € C([0, T},
H}(R)), and 21>z € C([0, T],L*(R2)). So, if we multiply the first equation of (24) by z
utilizing the fractional integration by parts provided by Lemma 2.5, we conclude

/(y(V,O) -y(0, 0))zdtdx
Q
= fQ(Dég(V) - A{(V))zdtdx
= / ¢(x,0; v)ilz“”z(o) dx. (28)
Q at
Thus, replacing z by (y(0,g) — y(0,0)), we obtain
/ [5(v,0) - ¥(0,0)][5(0,g) — y(0,0)] dtdx = / ¢ (x,0;v)g dx,
Q Q

and (18) becomes

Jm@—ﬂa@:ﬂum—ﬂam+2/;umwm¢n g
Q
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Now we consider the no-regret control problem:

inf  sup (](V,g)—](O,g)). (29)
VELZ(Q)geLZ(Q)

From (23), this problem is equivalent to the following one:

inf  sup [](V,O)—](0,0)+2f;(x,O;v)gdx]. (30)
Q

VELz(Q)geLZ(Q)

As the space L?(R) is a vector space, the no-regret control exists only if

sup (‘/Q ¢ (x, O;V)gdx) =0. (31)

geLX(Q)

This implies that the no-regret control belongs to U/ defined by

U= {VGLZ(Q)K/ ;(x,O;v)gdx) = O,VgeLz(Q)}.
Q

As a result such control should be carefully investigated. So, we proceed by penalization.
For all y > 0, we discuss the low-regret control problem:

inf sup (J(1,g) —J(0,8) — ¥ lgl*s . )- (32)
veLz(Q)geLZ(Q)( LZ(Q))

According to (23), the problem (32) is equivalent to the following problem:

inf [](V,O)—](O,O)+2 sup (/ {(x,O;v)gdx—gllg“iz(m)].
Q

veL2(Q) geL?(Q)

Using the Legendre-Fenchel transform, we conclude

! ly 1 ,
W (/ S8 0vigdx -~ gl ) =— ¢, 0v) :
ger2@\JaV y 2 12(Q) v ” ||Lz(Q)

and problem (32) becomes: For any y > 0, find u” € L*(Q) such that

]y (uy) = velLI%fQ)]y (V)’ (33)
where
1
1) =J,0) - J(0,0) + 1£C,0) |2y (34)

Proposition 3.3 Lety > 0. Then (33) has a unique solution u” , called a low-regret control.

Proof We recall that

1, (1) = J(%,0) ~ J(0,0) + %H;(-, 052y = ~1(0,0).
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Thus, we can say that inf,.;2 () J;, exists. Let (v,) € L?(Q) be a minimizing sequence such
that

lim J,(v,) = VeiLgl(cQ) J, (). (35)

n—+00

Then y, = y(x,t;v,,0) is a solution of (19) and y,, satisfies

Dy yn(®,t) = Ayu(x,t) = vu(x,£)  in Q, (36a)

Yn(x,£)=0 on X, (36b)
Py,(x,0)=3° inQ, (36¢)
3

Eﬂ‘“yn(x,o) =0 inQ. (36d)

It follows from (35) that there exists C(y) > 0 independent of # such that
1
0=/ 0)+ = 1205w 2y = C) +7(0,0) = Cly).

From the definition of J(v,, 0) we obtain

Vil 2 < Cy), (37a)

|£¢ 0500 12y = VP CW) (37b)

Therefore, from Theorem 2.6, we know that there exists a constant C independent of #n

such that
”yn”LZ((o,T);Hé(Q)) <C(y), (38a)
2
||I Dlyn ||L2((O,T);H(1)(Q)) = C()’), (38b)
0 2—a
—Iy, < C(y). (38¢)
at L2((0,THLA(@)

Moreover, from (36a) and (37a), we have
| DRy = Al 2y < C)- (39)

Consequently, there exist u” € L2(Q), y* € L*((0, T); Hy(R)), § € L*(Q), n € L*((0, T);
H}(2)), 0 € L*((0, T); L*(R2)) and we can extract subsequences of (v,,) and (y,) (still called
(vy) and (y,)) such that:

v, —u’  weakly in L*(Q), (40a)

D%y, — Ay, — 8 weakly in L*(Q), (40Db)

yn—y" weaklyin L*((0, T); Hy(R)), (40c¢)

Py, —n  weakly in L*([0, T], Hy(S2)), (40d)
a

—I*%y,—~ 6 weaklyin L? ((0, T);LZ(Q))‘ (40e)

at
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The remaining part of the proof contains three steps.

Step 1: We show that (1, y") fulfills (19).

Set D(Q), the set of C* function on Q with compact support and denote by D'(Q) its
dual. Multiplying (36a) by ¢ € D(Q) and using Lemma 2.5, (40a), and (40c), we prove as
n [1] that

Dy yn — Ay — D " — Ay”  weakly in D'(Q).

From (40b) and the uniqueness of the limit, we conclude

Dyy” - Ay” =8 e LX(Q). (41)
Hence,
DR yn — Ay, — DRy — Ay’ weakly in L*(Q). (42)

Then passing to the limit in (36a) and using (41) and (40a), we obtain
D y” (x,8) — AyY (x,8) = u¥ (x,8),  (x,8) € Q. (43)

On the other hand, we have

/ Iy, (%, t)p(x, t) dt dx
Q

r 1 ’ l-a
_/Q/o y,,(x,s)(m/; (t-s) <p(x,t)dt>dsdx, VYo € D(Q).

Thus using (40c) and (40d), while passing to the limit, we get

fnwx,t)dtdx // (x,5 ( /(t s (x,t)dt)dsdx

= fQﬂ"‘yV (x, Do(x, t)dtdx, Yo e D(Q).
This implies that
Iy’ (x,t)=n inQ.
Thus, (40d) becomes
Iy, =~ I**y’  weakly in L*([0, T, Hy(R)). (44)

In view of (44), we have

) a
&12"“3/,, — &12"“)11’ weakly in D'(Q),
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and as we have (40e), we obtain

d ad
512"“3/” — 512_“3/” =6 weaklyin L*(Q). (45)

Since y” € L*(Q) and D§; y” — Ay” € L*(Q), in view of Lemma 2.9, we know that y/;, and
aay—,,ng exist and belong to H2((0, T); H~2(32)) and H~2((0, T); H~*2(3R)), respectively.
Moreover, we have I*"*y” € C([0, T}; L*(2)) and >1*~*y" € C([0, T|; H}(R)).

Now multiplying (36a) by a function ¢ € C®(Q) such that ¢pe =0 and @, T) =

%—‘f(x, T) =0 in €, and integrating by parts over Q, we obtain

/w,(x, Do(x, t)dxdt:/(D‘f‘{Ly,,(x, t) — Ayu(x, 1)) p(x, t) dx dt
Q Q
_ 009
—/Qy E(x,O)dx
+ / In(%,8)(DE @(x, 1) — Ag(x, 1)) dx dt
Q

because we have (36¢) and (36d). Thus, using (40a) and (40c) while passing to the limit
in the latter identity, we get

d
/u”(x,t)q)(x,t)dxdtz/yo—(p(x,O)dx

+ / ¥y (%, £) (Dé o(x, t) — Ap(x, t)) dxdt,
Q

Yo € C*°(Q) such that pe=0,0(T) = %—‘f(T) =0 in 2, which, according to Lemma 2.5,
can be rewritten as

/ u? (x; t)(p(x, t) dxdt = /. y() 3_(P(x’ 0) dx
Q o Ot
+ / (DﬁLJ’y (x,8) — Ay” (%, t))go(x, t)dxdt
Q

d
+ <‘/’ (xr O)r _Iz_ayy (x’ 0)>
ot HY(@)H(®)

—/ E(x,O),IZ_"yV(x,O)dx
Q

—<J’y(0»t)» a_(p(a:t)> ’
av

H=2((0,T);H-12(39)),H3((0,T);HY2 (3<2))

Yo € C*(Q) such that g3 =0, o(T) = %—f(T) =0in Q.
Using (43), we obtain

dp
0= 02 (x,0)d
/Qy 5, (0 0)dx

+ <<p(x, 0), %12‘“)1” (x, O)>

HY(Q),H1(Q)
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"o, t)

3_(p 2—a
—/Q 8t(x’0)1 ¥y (x,0) dx
< ) (46)

(0 t)>
H=2((0,T):H2(09)),HZ ((0,T):HY2(3%2))

Yo € C*°(Q) such that g3 = 0, p(T) = z;—‘f(T) =0in Q.
Choosing successively in (46) ¢ such that ¢(x,0) = %—‘f(x,O) =0 and ¢(x,0) = 0, we de-

duce that
¥ (xt)=0, (xt)eX, (47)
Iy’ (x,0)=9°, xeQ, (48)
and then
9,
51 %y’ (x,0)=0, x€Q. (49)

In view of (43), (47), (48), and (49), we see that y" = y" (x,t; 4", 0) is a solution of (19).
Step 2: We show ¢, = ¢ (x, t;v,) converges to ¢V = ¢ (x, L;u”).
In view of (24), ¢, = ¢ (x, t; v,) verifies

D%Cn—A§n=)’(VmO)—J’(0:O) in Q¢
=0 onX,

(T)=0 in €,

2r(T)=0 inQ.

Set z,, = y(v,,,0) — (0, 0). In view of (19) and (21), z, verifies
DRizn— Az, =v, inQ,
z,=0 onZ,
I*%z,(0)=0 in<,
2172,(0)=0 inQ.
It follows, from Theorem 2.6 and (37a), that

”ZVI||L2 ()T)[-[1 ”yn(VmO) y 0 0 ”LZ OT)HI( Q) — =< C(V)

Hence, from Corollary 2.8, we deduce that

”é'n”C ([0, T);HA (%) < C(V): (51)

<C(y). (52)
C([0,THL2(R))

H_é-n

Since the embedding of C([0, T]; Hy(2)) into L*((0, T); Hi(2)) and the embedding of
C([0, T};L*(R)) into L*(Q) are continuous, we can conclude that there exists {7 €
L2((0, T); H3(2)) such that

¢ — 7 weakly in L*((0, T); Hy(2)). (53)
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Therefore,

a

a
— Y i /
at(,, at; weakly in D'(Q)

and, consequently,
0 9 eakly in L2(Q) (54)
oz Cn ot ¢ weaklyin .

Since ¢ € L*((0, T); H}(R2)) and ¢ € L*(Q), we see that ¢7(0) and ¢”(T) belongs to
L%(Q). In view of (50)3, we have

"(T)=0 inQ (55)
and in view of (50),4 and (52), we set
(=0 inQ (56)
T - ‘
From (37b), we deduce that there exists p € L?(R2) such that
¢(-,0;v,) = p  weakly in L2(D). (57)

Multiplying the first equation of (50) by ¢ € D(Q) then, using the integration by parts
given by Lemma 2.5, we obtain

/Q(y(x, 5V, 0) — y(x, 50, O))qb(x, t)dtdx
= /Q[D‘I)‘{Lq')(x, t)— Ap(x, t)]{,,(x, t)dtdx.
Hence, using (40c) and (53) while passing to the limit in the latter identity, we have
/Q(y(x, tu’,0) - y(x,£0,0)) ¢ (x, ) dt dx
= /Q(D‘I"{L(;S(x, 1) — A%, 1)) 7 (x,t)dtdx, V¢ € D(Q), (58)
which by using again Lemma 2.5 gives
/Q(y(x, tu’, 0) —y(x,t;0, O))¢(x, t)dtdx
_ fQ (D27 (0) — ALY (6, 0)plw D) dedx, Ve € D(Q).
This implies that

DLy - ALY =y(u”,0) - y(0,0) inQ. (59)
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Now, if we multiply the first equation of (50) by ¢ € C>(Q) with ®),, = 0and I>~¢(0)
in Q and integrating by parts over Q, we obtain

/Q (yu(x,2) = 90, £50,0))(x, £) dt dx
= /Q (D £u(x,8) = ALy(x, 1)), 1) dit dix
= fQ (DR, ) — Ad(x, 1)) (s, ) dit dix + /Q ¢(x,0, Vn)%ﬂ*“qb(omx.
Using (40c), (53), and (57) while passing the latter identity to the limit, we obtain
/Q (" (x,8) — y(x,80,0)) ¢ (x, ) dt dx

=f(D§L¢(x,t)—A¢(x,t))§y(x,t)dtdx+/ pilz_“¢>(0)dx,
Q q Ot

Page 14 of 20

=0

V¢ € C*(Q) such that ¢;,, = 0,/**¢(0) =0in Q, (60)

which by using again Lemma 2.5, (55), (56), and (59) gives

—/ ai (o,t){y(o,t)dadt+/p(x)ilz_“q)(O)dx
s OV Q ot

ad
- [ o5 rs0d
Q dt
V¢ € C*(Q) such that ¢}, = 0,/ *¢(0) = 0 in Q.
Hence, choosing ¢ € C*(Q), such that ¢}, = 0, I>"*¢(0) = Z1>%¢(0) = 0, we get
¥=0 ong,
and then
’(0)=p inQ.
In view of (55), (56), (59), and (61), we see that ¢¥ = ¢ (4") is a solution of
Dgé‘y_Aé-y:y(uy;O)_y(Oio) in Q!
t¥=0 onx,
’(T)=0 inQ
acY .
%(T) =0 inQ.
Moreover, using (62), equation (57) becomes
(-, 0;v,) — 7(0) = g“(~, O;M”) weakly in L*(R).

Step 3: The function v — J, (v) being lower semi-continuous, we have

Iy (u}’) <liminfJ, (v,),

n— 00

(61)

(62)

(63)

(64)
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which in view of (35) implies that

I, (u?) = inLI%fQ) J, ().

The uniqueness of #” comes from the fact that the functional J,, is strictly convex. [

Theorem 3.4 For any y > 0, let u” be the low-regret control. Then there exist q" €
L2((0, T); H) () and p” € C([0, T]; Hy(Q)) such that (u”,y” = y"(u”,0),q",p") satisfies
the following optimality system:

DRy’ — Ay’ =u¥  inQ,
yW=0 onk, (65)
Iy (0)=y° inQ,
2Py (0)=0 inQ,
Dy g’ —Aq" =0 inQ,
q"=0 onZX, (66)
Pg7(0)=0 inQ,
2I7q7 (0) = ¢ (03) inQ,
Dep’ - Ap" =y ~za+ 5q" inQ,
p'=0 onk, (67)
p'(T)=0 inQ,
ap” .
L(T)=0 in%Q,
and
Nu’ +p” =0 inQ. (68)

Proof Equations (43), (47), (48), and (49) give (65). To characterize the low-regret control
u", we use the Euler-Lagrange optimality conditions:

dik]y (W +k(v-u"))|,, =0, Yvel’(Q. (69)

After some calculations, we obtain
f (y(u”, 0) - zd) (y(v,0) —y(uy, O)) dtdx + f Nu/ (v - uy) dtdx
Q Q

+%/(§(x,0;uy)’§(x,0;v—”y))dx:0’ wel’(Q), 70
Q

where from (24), {(v—u”) = {(x, ;v —u”) € C([0, T]; Hy(2)) is a solution of

D% (v-u')- At (v—-u’)=y(v,0) -y (”,0) inQ,
v—u")=0 onXZ,

(T;v—u’)=0 ing,

%(T;v—uy):o in Q.

(71)
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Let z(v—u”) = y(x, £;v,0) —y" (x, £; u”, 0) be the state associated to (v — ") € L>(Q). Then
in view of (19), z = z(v — u”) € L*((0, T); H(R2)) is a solution of

DY z—Az=v-u" inQ,
z=0 onX,

I’z(0)=0 in%,
2172(0)=0 inQ.

(72)

To interpret (70), we introduce q” = ¢”(u”,0) as a solution of equation (66). As
%{(-,O;thl’) € L%(R), according to Theorem 2.6, g” is unique and belongs to L%((0, T);
H{(2)). Moreover,

C
”qy ||L2((0,T);Hé(9)) = ﬁ ||§(0;”y) HLZ(Q)' (73)

where C > 0 is a positive constant independent of y.

Multiplying the first equation of (71) by %q" and using Lemma 2.5, we obtain

1 1
—¢(x%,0;v—u” ,0;u”) d. :/ (v,0) —y(u”,0)) —¢q" dt dx,
/Qy;‘(x vV—u ){(x u) X Q(yv y(u ))ﬁq X

which combining with (70) gives

/Q[J’(V, 0) - y(u",0)] [(y(uy, 0)—z4+ %q}’)} dtdx

+ / Nu”(v—uy)dtdx: 0, Yvel*(Q). (74)
Q

Now, let p” verify (67). Then, in view of Corollary 2.8, p” € C([0, T]; Hy(R2)), and %pl’ €
C([0, T]; L%(R2)) since ¥ —z; + %qy e L*(Q).

Thus, multiplying the first equation of (72) by p?, a solution of (67), then, utilizing the
fractional integration by parts provided by Lemma 2.5, we conclude

/z(v—u”)(DépV—Ap”)dxdt:/(v—uy)py dxdt.
Q Q

Replacing in the latter identity z(v — u”) by y(x, £; v,0) — " (x, £;u”, 0), which is a solution
of (72), we obtain

f(v—uy)p” dxdt
Q
1
= (x, v,0) —y" (x,t;u”,0 |:( Y (u”,0) —zg+ — V):Idtdx,
[t -y s 0))| (7 (,0) 20+ g

which combining with (74) gives

/(NMV +p")(v-u)dxdt=0, VveIl*(Q).

Q

Consequently Nu” + p¥ =01in Q. d
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Proposition 3.5 Forany y >0, let u” be the low-regret control. Then u¥ converges to u, a

solution of the no-regret problem (30).
Proof As u” is a solution of (33), we have
]y (u}/) = ]y(o) =0,

because in view of (24), £(0) = {(x,£0) = 0 in Q. It then follows from the definition of J,
given by (34) that

1
|y (", 0) _Zd”;(o) + N ||12,2(Q) + Y l¢(-05u”) ”;(Q)

<J(0,0) = [[%(0,0) ~ 24| 12

Therefore, we deduce that

(", 0) | 12y = 5(0,0) = za g (75a)
1

””y ||L2(Q) = N ”3’(0»0) - Zd”Lz(Q), (75b)

[£(50567)] o) = V7 [9(0,0) = 24 2 (75¢)

Hence from (75b) and (65);, we have

1
”D%LJ’(MV’ 0) - Ay(“y’ 0) ”LZ(Q) = N Hy(O, 0) - z4 HLZ(Q)‘ (76)

Since y(u",0) is solution of (65), we see from Theorem 2.6 that there exists a constant

C independent of y such that

C
(. 0) “LZ((o,T);Hé(sz)) =N [5(0,0) - z4] L2(Q)" @7)

Thus there exist u € L*(Q), y € L2((0, T); H)(R2)), § € L*(Q), and subsequences extracted
of (#”) and (") (still called (#") and (y”)) such that

u’ —u weakly in L*(Q), (78a)
y' —y weaklyin L2 ((O, T);Hé(Q)), (78b)
D& y¥ — AyY —§ weakly in L*(Q). (78¢c)

If we proceed as in pp.10 to 14, using (78a)-(78c), we show that y = y(x, £; 4, 0) is such that

Dy y-Ay=u inQ,
y=0 onZ%,
I>y(x,0)=»° in<,
21y(x,0)=0 in,

(79)
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and ¢ = ¢(x,t;u) € C([0, T]; Hy(R2)) is a solution of

D¢ — A¢ =y(u,0) —y(0,0) inQ,
=0 onkZ%,

Z(T)=0 inQ,

ac _ .

5(T)=0 inQ.

Moreover, in view of (75c¢), we have

§(~,0; uV) — ¢(-,0;u) =0 strongly in L*().

Consequently, [, g¢ (x,0;u)dx = 0.

This implies that u is solution of the no-regret control problem (30).
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(81)

d

Theorem 3.6 Let us consider u =1lim,_,o u” be the no-regret control corresponding to the
state y(u,0). Then there exist q € L*((0, T); Hy(R)) and p € C([0, T]; Hy(2)) in such a way

that (u,y = y(u,0), q, p) fulfills the following optimality system:

Dry—-Ay=u inQ,
y=0 onk,
2y0)=9° inQ,
IrPy(0)=0 inQ,

Drag—-Agq=0 inQ,
q=0 onkx,
I’%q(0)=0 inQ,
IPg0)=7 inQ,

DEp-Ap=yu,0)—zs+ 10 inQ,
p=0 onk,

p(T)=0 inQ,

®(T)=0 inQ,

and
Nu+p=0 inQ.

Proof We have (82) (see system (79)).
From (75c), we get

H —¢ (05" =< [5(0,0) =24 2

1
e(ow)

Consequently, equation (73) becomes

12()

”‘IV ||L2((0,T);Hé(ﬂ)) = C”J’(O’O) _Zd||L2(Q)'

Thus, there exist 7; € L*(R) and g € L*(0, T; H}(2)) such that

1
—¢(0;u”) =~ 1 weakly in L*(Q),
i) =m

(83)

(84)

(85)

(86)
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q’ —q weaklyin L* ((O, T);Hé(Q)). (88)

Using (87) and (88) while passing to the limit in (66), we show as for the convergence of
Y =YV, 0) (see pp.10 to 12) that g satisfies (83).
From (68) and (75b), we have

lp” ”LZ(Q) < |»0,0) _Zd||L2(Q)'
Therefore there exists p € L?(Q) such that

p’ —p weaklyin L*(Q). (89)
In view of (67) and (75a), we know that there exist 7, € L2(Q) such that

1
—¢q" — 1, weaklyin L*(Q). (90)
14

N

Then we prove as for the convergence of , = { (x,t;v,,) (see pp.12 to 14) that p is solution
of (84). Using (75b) and (89) while passing to the limit in (68), we conclude (85). O

4 Conclusions

We study an optimal control problem associated to a fractional wave equation involving
Riemann-Liouville fractional derivative and with incomplete data. Actually, the initial con-
dition is missing. In order to solve the problem, we assume that the missing data belongs
to an infinite dimensional space. Using the notions of no-regret and low-regret controls,
we show that when 3/2 < o < 2, such a control exists and is unique. Then we give the
singular optimality system that characterizes the control.
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