Li et al. Advances in Difference Equations (2016) 2016:249 ® Advances in Difference Equations
DOI 10.1186/513662-016-0955-7 a SpringerOpen Journal

RESEARCH Open Access

Dynamical analysis of a competition @
model in the turbidostat with discrete delay

Zuxiong Li"?", Yong Yao?, Hailing Wang? and Zhijun Liu?

"Correspondence:
lizx0427@126.com Abstract
'School of Mathematics and

Statistics, Huazhong University of In this paper, the dynamic behaviors of a competition model in the turbidostat with

Science and Technology, Wuhan, discrete delay are investigated. The stability of the positive equilibrium and the

Hubei 430074, PR. China existence of a Hopf bifurcation are discussed by choosing the delay of digestion as a
2Department of Mathematics, . ) ) ; . "

Hubei University for Nationalities bifurcation parameter. Furthermore, we determine the direction and stability of the
Enshi, Hubei 445000, PR. China bifurcating periodic solutions by the normal form and the center manifold theorem.

Moreover, some examples are given to illustrate our main results.

Keywords: turbidostat; bifurcating periodic solutions; digestion delay; stability;
competition

1 Introduction

Chemostat models have been fruitful as a source of mathematical problems (see [1-11]).
Generally, chemostat models lead to competitive exclusion results, which means that only
one organism can survive in the competition at last. The phenomenon of coexistence of
the organisms is a common thing in reality [3, 4, 12—14]. In a sense, coexistence reflects
the ecological balance. The turbidostat as well as the chemostat is an important laboratory
set for continuous cultivation of microorganisms, and also a very important medium be-
tween principle and application. Turbidostat model is one of the most important models
in mathematical biology. Figure 1 [15] is the schematic diagram of the competition in the
turbidostat. However, little work has been done in the study of mathematical models on
the turbidostat, and the existing main studies can be listed as follows. Flegr [16] showed
the coexistence of two organisms in the turbidostat by numerical analysis, De Leenheer
and Smith [17] also verified Flegr’s results by theoretical analysis. Li [18] and Cammarota
and Miccio [19], respectively, established a mathematical model of competition in a tur-
bidostat for an inhibitory nutrient, and one obtained sufficient conditions for coexistence
solutions. Recently, to ensure the coexistence of the species, some scholars have consid-
ered turbidostat models by controlling the dilution rate of the turbidostat (see [20-22]).

De Leenheer and Smith [17] have considered the following system:

B = D(x(®))(S° = S(1) - ZLE£(S(8) — 2L£(S(2)),
O -y, ()[/(S(2) - D (t))], (1.1)
20 - 5, () [/H(S() - D(E))].
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Figure 1 The schematic diagram of competition in the turbidostat.
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Here S(¢) is the nutrient concentration and x;(£) (i = 1,2) is the density of the ith organism
at time ¢, respectively. S° > 0 represents the input concentration of the nutrient. y; > 0
(i =1,2) stands for the yield constant. f;(S(z)) = Zii((?) (m; >0, a; >0, i=1,2) are uptakes
functions. D(x(t)) = d + kix1(¢) + kaxo(£) (d > 0, k; > 0, i = 1, 2) is the dilution of the turbido-
stat. k; is the gain of the ith organism. System (1.1) is called ‘turbidostat’ by Li [18].

It was shown in [17] that a turbidostat with two organisms can be made coexistent if the

dilution rate depends on the concentrations of two competing organisms. The authors
showed that system (1.1) possessed a unique coexistence equilibrium under the specific
conditions, and it is globally asymptotically stable. Yet people have recognized that time
delay have a complex impact on the dynamics of a system in reality (see [23-25] and [26]).
Yuan et al. [27] considered the effect of delay on the dilution rate D(x(¢)) of system (1.1).
The authors have investigated the stability of the positive equilibrium, the existence, and
the stability of Hopf bifurcation. Further we note that the chemostat models with discrete
delay due to the possibility that the organism digests (stores) the nutrient are natural and
reasonable (see Bush and Cook [28], Freedman et al. [14] and Zhao [29]). Generally, dif-
ferent microorganisms have the different delays of digestion, but a single time delay is
common in reality (see Lin et al. [30], Bender et al. [31] and Kharitonov [32]), so we as-
sume that the two competitive microorganisms are homogeneous species and they have
the same delay of digestion. Based on motivation from the work of Bush and Cook [28],
Freedman et al. [14] and Zhao [29], in this study we focus on the dynamics of a turbidostat

model with time delay of digestion which follows:

B = D((£))(S° - S(8)) - LL£(S@)) - ZLA(S(2)),
00 o (1) [A(S(E - 7)) - Dx(2), 12)
420 _ 0 (O)[f5(S(¢ - 7)) - Dx(2)].

Here S(¢), x1(£), x2(¢), D(x(t)), fi(S(t — T)) (i = 1,2) and the parameters play similar roles to
system (1.1), T > 0 is the time delay of digestion.

The organization of this paper is as follows. We investigate the local stability and Hopf
bifurcation of the positive equilibrium of system (1.2) in the next section. In Section 3,
by using the normal form method and the center manifold theory introduced by Hassard
et al. [33], we analyze the direction of Hopf bifurcation and the stability of bifurcating

periodic solutions. In Section 4, some examples are given to illustrate our results.
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2 Local stability and Hopf bifurcation
In the section, we focus on investigating the local stability of the positive equilibrium and
the existence of local Hopf bifurcations for system (1.2).

For the sake of simplicity, we let

o S()

30 = o x;(t)

%S0’

v k=S, E() = F(3@) =£(30S°), i=1,2.

The bars dropped, system (1.2) becomes

B — (d + ki (£) + koxa (£)) (1 = S(£)) — %1 (O (S(2)) — 22 (£)f5(S(8)),
dw = OIS - 1)) = (d + ki (B) + ks (1)), 21)
d"z D = o (O (S(E = 1)) = (d + kyxy (£) + koo (£))].

As in [17], we introduce the same hypothesis:
(H) The graphs of the functions f; and f, intersect once at S*:

S(87) =A(87) = D7,

where S$* € (0,1) and f](S*) #£5(S).
Assume that d € (0, D*) and

* *

D d
(Hl) k1< 1_g* <k2 or k2< 1_g <k1,

then system (2.1) has a unique positive equilibrium E* = (§*,%},%3), where

mody — miay

S* =

my — my
. D' —k(1-5-d
M= -k
x*_kl(l—S*)—D*+d
2 ki — ko

In the following, we will investigate the local stability of E* and the existence of Hopf
bifurcations induced by the time delay.
Set y1(¢) = S(£) = S*, y2(£) = x1(t) — 7, y5(¢) = %2(2) — x5. Then system (2.1) can be written

as
dyl(t ﬂyl( )+ (ky — k S* —D*)yz(t) + (ky — ko S* _D*)y3(t)
+ (=t by — 5b32)y2(8) + (=ky — br)y1 (O)y2(8) + (=K — bay)y1 (D)3 (©)
~ by (Oy2(t) - by} (t)ys(t) (=braxi — basa)yi () + -+
dya (¢

L = —kqxiya(6) - kaxiys(t) + xibun (- 7) — ki3 (8) - kaya (£)ys (2)
+ X byt (t— 1) + bllyl(t = 1T)y2(£) + broyi (t — 7)y2 () 2.2)
+ b13x1y1 t-—1)+-

D = —kyxgya(t) kzxzys(t) +a3bouy(t - 7) - kay3(0) - kuya (D)3 (0)

+x3b20y7 (t = T) + by yr (¢ — T)y3(8) + baoyi(t — 1)y3(¢)

+ hogxsyi(t—T) + - -
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Here

a =d + kix{ + koxy + bux] + bnx;
=D*+ bnxi< + bmx;,

() [ ox
V(S

by =T 1m0,
J:

So the linearized system of (2.1) at E* is

DO — _ay, () + (ki — kaS* = D*)y(2) + (k — kaS* = D*)y3(2),

D20 - _axgya(t) - ko ys(£) + x5 by ( — ), (2.3)

D) sty () — ko (8) + by (£ - 7).

We obtain the characteristic equation from (2.3)
AMBaprlegrh+rie? ke =0, (2.4)
where

p = koxy + kixi + a,
q= a(kng + kle),
r= D*x§b21 + D*xikbu — (xi‘ + xﬁ) (buklxi‘ + bzlkzxg),
k = x{x5D* (ky — ky)(b11 — bay).
In order to study the distribution of the roots of (2.4), we consider the following two

cases: T =0and 7 > 0.

For 7 =0, (2.4) becomes
AMapr?+(q+r)r+k=0. (2.5)

It is obvious that p > 0. According to the Routh-Hurwitz criterion, we immediately have
the following lemma.

Lemma 2.1 If (Hy) k> 0, p(g + r) > k, then all roots of (2.5) have negative real parts.

For t > 0, Beretta and Kuang [34] have studied the general characteristic equation with
delay dependent parameters:

Py(A7) + Q(;7)e™*T =0,

where P, and Q,, are, respectively, n-degree and m-degree polynomials in A, with # >
m and with delay dependent polynomial coefficients. In (2.4), the parameters are delay
independent, so the stability switch of the (2.4) can be obtained as a particular case of the
results in [34].
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We set
P(L) = P,(A;T) = A% + pA® + g, Q) = Qu(hs1) =rA + k. (2.6)

We assume that P,(%; t) and Q,,(A; ) cannot have imaginary roots. That is, for any real

number w,

Pu(iw, T) + Qu(iw, 7) #0.
We have

Fw) = |[Pw;7)[* = [Quws )" = w® + (p* = 2q)w" + (% = ) w? — K. (2.7)
Hence, F(w) = 0 implies

we + (p* —2q)w* + (¢ - *)w* - k> = 0. (2.8)

Set v = w?, then (2.8) becomes

vVt (p*=29)V* + (¢ -r*)v-Kk* = 0. (2.9)
Denote
fw)=v*+ (p2 - 2q)v2 + (q2 - r2)v - k2. (2.10)

Since f(0) = —k% < 0, lim,_, ,oof (v) = +00, it is obvious that (2.9) has at least one positive
root. By (2.10), we get

f(v)=3v"+ 2(p2 - Zq)v +q*—rt (2.11)

Denote A = 4(p? — 2q)* — 12(g*> — r?). If A < 0, then the function f(v) is monotone in-
creasing in v € [0,00). Thus, (2.9) has only a positive real root; on the other hand, when

2
A > 0, the equation 3v? + 2(p? — 2q)v + g% — r? = 0 has two real roots v; = M and

Vy = M. Since p? — 2¢q > 0, one can get v, < 0. We immediately know that f(v) has
only a positive real root too, and f(v) is monotone increasing in v € (v1,00). Thus, (2.9)
has only a positive root denoted by v,. Furthermore, we have the fact that vy > v; is true
when A > 0. Then (2.8) has unique positive root wy = /vq.

Furthermore, P(iwy, ) = —pw3, Pr(iwg, T) = —w3 + qwo, Qr(iwo, T) = k, Qs(iwo, T) = rwy.
Hence, we have

—Pr(iwo, T)Qr(iwo, T) + Pr(iwg, T)Qr(iwo, T)
|Q(iW0’T)|2

) prw + (-wi + q)kwo

)
K2+ r2wj

sinf =

2.12)
Pr(iwg, T)Qr(iwo, T) + Pr(iwg, T)Qs(iwo, T)

|Q(iW07T)|2

_ —pkwi + (—wg + q)rwg

k2 + 2w}

cosf = —
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We denote the corresponding critical value of time delay that is satisfied t*,

Su(t*) =1* —14(t*) =0, neN,. (2.13)
Thus,
N 0 +2nm
=1, = , neNp. (2.14)
Wo

From (2.7), we have
F,(w) = 2w(3w4 + 2(p2 - 2q)w2 +q° - r2) =2wf' (v). (2.15)

Differentiating (2.4) with respect to 7, we have

(dk)l 322+ 2pA + g r T

ZaN _T 21
dr WP —pr2—qn) A+ kA A (2.16)

Hence, a direct calculation shows that

A\ 322+ 2ph+q r
Rel( — =Re\| —5—>5—+— +Req| ———
at ) i, M=23=pA? —q}) /i, (ra+ KA S i

3w+ (—4q + 2pP)w + ¢ r? @.17)
T (W gwp)? + (pwd)? (rwo)? + k2° ’

Also we have
(w3 +qwo)” + (pwd)” = (rwo)? + 2. (2.18)
Hence,

5(2°) - sion] ((4REN) ~aenlre(®)
s el

3w + (—4q + 2p*)W3 + ¢ — 1
(rwp)? + k2

= sign

SR
= s1gn 7(}”W0)2 N kZ }

= sign{f’(w%)}. (2.19)

We conclude that the sign of (d(l;:’\) )iziw, is determined by that of f"(w3).

According to the above discussion, we know f’(vg) > 0. Thus, §(z*) > 0.

From Theorem 2.2 in [34], we have the following result.

Lemma 2.2 The characteristic equation (2.4) has a pair of simple and conjugate pure
imaginary roots . = £iwg at t* if S,(t*) = t* — 7,(v*) = 0 for some n € Ny. Since §(t*) > 0,
this pair of simple conjugate pure imaginary roots crosses the imaginary axis from left to
right.
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From Lemmas 2.1 and 2.2, we have the following lemma.

Lemma 2.3 If(H,) holds, then (2.4) has a pair of simple imaginary roots iwo when t = t,,
n € Ny. Furthermore, when t € [0,1), all roots of (2.4) have negative real parts; when
T = 19, all roots of (2.4) except Liwy have negative real parts; when t € (t,, Ty11], (2.4) has
2(n + 1) roots with positive real parts.

Thus, from Lemmas 2.1-2.3 and Theorem 6.1 in [25], we have the following theorem.

Theorem 2.1 Forsystem (2.1), assume that (Hy) and (Hy) hold, there exists a positive num-
ber vy such that the positive equilibrium E* is asymptotically stable when t € [0, 1) and
unstable when t > 1. Furthermore, system (2.1) undergoes a Hopf bifurcation at E* when

T =Tp.

3 Direction and stability of the bifurcating periodic solutions
In Section 2, we have obtained the conditions under which system (2.1) undergoes Hopf
bifurcation when t = ty. In this section, by using the normal form and the center manifold
theory that introduced by Hassard et al. [33], we will consider the direction of the Hopf
bifurcation and the stability of bifurcating periodic solutions of system (2.1).

Set y;(t) = yi(tt), T = 1o + i, where 19 is defined by (2.11), and drop the bars for conve-
nience, then system (2.1) can be written as a FDE in C = C([-1,0], R?),

_)/(t) ZLM(yt)"'h(Mryt)’ (31)

where y(t) = (51(£),y2(£),3(t))T € R®,and L, : C — R3, h: R x C — R® are, respectively,

given by
—a kl - le* - D* k2 — kZS* - D* (%] (0)
Lyp=(to+u)| 0 —kyx} —koxy ©2(0)
0 ~kyx —kox; #3(0)
0 0 0\ [en(-1)
+(to+w) | afbn 0 O | ¢2(-1) (3.2)
xX3by 0 0 @3(-1)
and
hy
h(w, @) =(to+ ) | ha | - (3.3)
h3
Here

Iy = (=12 = %5b22) @1 (0) + (=ky — b11)g1(0)92(0) + (=ka — ba1)e1(0)¢3(0)
— b12¢7(0)92(0) — b7 (0)93(0) + (=bi3x} — bazx) 9P (0) + -+ -,
hy = —ki193(0) — k2¢2(0)3(0) + x5 brogy (—1) + b1 (~1)2(0) + brog7 (—1)2(0)

+bixiep(=1) + -+,
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h3 = —ky93(0) — kig2(0)@3(0) + x5 b22¢07 (<1) + o191 (~1)3(0) + baa 7 (~1)p3(0)
+bosxy P (<) + -+,
and ¢ = (¢1,¢2,¢3)" € C.

By the Riesz representation theorem, there exists a function (6, ) of bounded variation
for 6 € [-1,0] such that

0
L.g= / dn(0, w)e(0), for¢ e C. (3.4)
-1

In fact, we can choose

—a k1 - le* - D* k2 - /(25* - D*

n@,u)=(ro+un)| 0 —kyxt —koxt 5(0)
0 —k1x§ —k2x§
0 0 0
—(vo+w) | xbn 0 0)8(0+1), (3.5)
x;bgl 0 0

where § is the Dirac delta function.
For ¢ € C}([-1, 0], R®), we define the operators A and R as

di’—(:)’ S [_1: O)r
A(we =1 % (3.6)
f,l d?](@,ﬂ)(ﬂ(e), 0=0,
and
0, 0 €[-1,0),
R()ep = (3.7)
[ h(i, ), 6=0.
Then system (3.1) becomes
Ve = A()ye + R()ys, (3.8)

where y,(0) = y(¢ + 0) for 6 € [-1,0].

Asin [35], the bifurcating periodic solutions y(¢, i) of system (3.1) are indexed by a small
parameter ¢. The solution y(t, u(¢)) has an amplitude O(¢), a nonzero Floquet exponent
B(e) with (0) = 0 and a period T'(¢). Under the assumptions, u, T, and 8 have expansions

o= pog? + pagt + -,
T =221+ Toe+ Tye* +--), (3.9)

B =Poe® + Past + -

Here u, determines the directions of the bifurcation: if u; < 0 (> 0), then the Hopf bifur-
cation is subcritical (supercritical); 8, determines the stability of the bifurcating periodic
solutions: the bifurcating periodic solutions are stable (unstable) if 8, < 0 (> 0); and the
period of the bifurcating periodic solutions is determined by T5: if T, > 0 (< 0), the period
increases (decreases).
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Next, we only need to compute the coefficients w5, T5, B, in the above expansions.
For v € CY([0,1], (R®)*), we define the adjoint operator A* of A as

[ =, s€(0,1],
A =1 o (3.10)
S dn"(6,0)y(-t), s=0.
Meanwhile, we define a bilinear inner product as follows:
W600) =700 - [ [ 576 -0dno)ee ds 1)

where n(0) = 1(6,0).

From the discussion in Section 2, we know that +iw,t, are eigenvalues of A(0). Thus,
they are also eigenvalues of A*, we first need to calculate the eigenvectors of A(0) and A*
corresponding to iwg Ty and —iwg T, respectively.

Assume that g(9) = (1, a3, B;)Te™0™? is the eigenvector of A(0) corresponding to iwyo,
then A(0)g(0) = iwgTog(0). By the definition of A(0) and (3.2), (3.4), and (3.5), we obtain

iwg +a ki + ki S* + D*  —ky + ko S* + D* 1
7o | —x}bye o™ iwg + kix} koot o | =0,
* —i * . *
—x5bye7"oT0 kix; iwg + kox B1
which yields

€™M0 [koxixh (b — b)) + iwox}bi
ay = .
w3 + iwo (kux} + ko) ’

| (3.12)
e~ T [fxiah by — bn) + iwoxiba]

pr=

w3 + iwo (kixt + ko)

Similarly, set g*(s) = D(1, ay, Bo)e™0™ is the eigenvector of A* corresponding to —iwgy. It
follows from the definition of A* and (3.2), (3.4), and (3.5) that

iwo —a x5 b11™0T0  xh by oo 1
To k1 — le* - D* iWo - kle —quj Oy | = 0,
kz — sz* - D* —kzxik iWQ - k2x§ ,32

we can easily obtain

_ (ﬂkl - l’W()kl)efl’WorO + (D* + le* - kl)b21
xfkl(bu — by1) + iwoby

8, - (aky — iwgks)e™™0%0 4 (D* + kyS* — ky)bpy
- .

(2%

’

(3.13)

xzkz(bm —bu) + iwobn

From (3.11), we have

(q*(s)r q(0)> = D(L 5[27 ,8_2)(1! o1, ﬁl)T

0 6
- / D(1,@, Bo)e ™00 dn(0)(1,an, )" 0%
-1 Jg=0
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0

D{l +011612 +,61,l§2 —/

-1

(L &27 BZ)eeiQWOTO d’?(e)(L o1, IBI)T }
= D{l + 0110_52 + /31,32 + T (&zxfbu + sz;bm)e_iwom }
Since (g*(s), q(#)) =1, we have

1

Cltaa + BrBa + o (02x b1y + Boxsbyy)eroto '

(3.14)

In the following, we follow the ideas in Hassard et al. and use the same notations to
compute the coordinates describing the center manifold Cy at i = 0. Set y; be the solution
of (3.1) when u = 0. Define

2(0) = (q"(5),9:(0)), W (£,0) = y:(0) — 2Re{2(1)q(6) }. (3.15)

On the center manifold Cj, we have

2 52
W(t,0) = W (z(£), 2(£),0) = Wzo(é))% + Wn(0)2z + WOZ(G)% P (3.16)

where z and z are local coordinates for center manifold Cy in the direction of g* and g*.
Note that W is real if y, is real. We consider only real solutions. For the solution y, € Cy
of (3.8), since u = 0, we have

z(t

~

= iwoToz +(7°(0),h(0, W(2,2,6) + 2Re{zq(0)}))
= iwyToz + é*(O)h(O, W(z,z,0) +2 Re{zq(O)})

= iwgtoz + 7" (0)o(2,2). (317)
We rewrite the equation as
z(t) = iwoTo2(t) + g(2,2), (3.18)
where

8(z,2) = q°(0)ho(2,2)
= i + 812z + 2 + ﬁ + (3.19)
=805 8L, 8 . .

The expressions of (i, T3, and B, include the coefficients gao, g1, go2, and ga1. Next, we
need to compute go, g1, £o2, and go1.
By (3.15), we have y,(6) = (1:(0),724(6),3:(0))" = W (2,6) + 2q(6) + 2q(6), and then

71:0) = Wig (0)5 + Wi (0)zz + W5 (0)5 +z+2+ O((2,2)%),

2
72:(0) = W2 (0)5 + WP(0)2z + W2 (0)5 + auz + @iz + O(I(z,2) ),
73:(0) = Wi (005 + WP (0022 + WR(0)5 + prz + fiz + O|(2,D)P), (3.20)

y1:(-1) = Wig (<15 + WD (-1)2z + Wi (-1)5 + ze ™07 4 zeio%o

+0(I(z.2)1%).
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From (3.19), we obtain

2(z,2) = 7*(0)ho(2,2) = 19D, @y, B2) (hy, ha, h3)T = 1oD(hy + @yhty + Pohiz)
= 10D[(=xbra - 5b2)92(0) + (=i — b)) (0)(0)
+ (=k = b21)@1(0)93(0) — b1a g7 (0)2(0) — bagpf (0)3(0)
+ (=b13x} — oz )@ (0) + - - + @ (—k103(0) — ka2 (0)3(0)
+ %5129 (<1) + b (—1)92(0) + b1a @7 (~1)2(0)
+ bisxi@p (<1) + - ) + Bo(~k2903 (0) — k12 (0)g3(0) + X3 2o o (1)

+ by1g1 (-1)@3(0) + baag7 (~1)@3(0) + basxsy (<1) + -+ ) |. (3.21)
By substituting (3.20) into (3.21) and comparing the coefficients with (3.19), we obtain

820 = 2TOD[(—be12 —x5b2) + a1 (—ky — bn) + Pi(—ka — ba1)
+ &y (—kia? — koo By + xfbype 200 4 by e 00)
+ Ba(—ka B — ko By + K3 byae 2070 4 by Brem070)],
gi1 = ToD[2(=x} b1y — x5b22) + (—ki — b)) (o + &) + (ko — ba1) (B1 + Br)
+ @ (—2k01 81 — ka (1 Br + @1 B1) + 245 b1 + by (€070 + Gy~ ™0™))
+ Ba(=2ka 11 — k(B + @1 Br) + 2x5bag + by (17070 + Bre=0™0))],
802 = 2T0D[(=x} b1y — x3b22) + &1 (—ki — bur) + Bi(—ka — by)
+ Qo (ki@ — ko@y Py + X% b12€¥070 1 by &y e™07)
+ Ba(—ka B — ky@1 Pr + x5b22 €070 + byy Bre™0™)],
@1 = 270 Dl(=x{bra — x5b22) W41 (0) + Wi (0)) + (=ki — b ) (W (0)
+ 1W0) + LW (0)@ + WY (0)au) + (ks — b)) (W1 (0)
+ W30 (0) + 3W (0081 + W (0)B1) = bia(2en + &) - bna(2B1 + By)
+3(=bi3x} — by3x3) + & (—ki (200 W7 (0) + &1 Wig (0)) — koo W (0)
+ 36 W33(0) + 3 W50 (0)A1 + WP (0)B1) + #{ bua 2 W (D00
+ Wag (=1)e™0™) + byy (o Wi (1) + 2 W (-1)a + 1 Wiig (0)eom0
+ Wl(lz )(0)e=™070) 4 byy (20 + e 2070 &) + 3bizx}emomo)
+ Ba(=ka 2B W17 (0) + W3 (0)B1) - k(o W (0) + 3 W33 (0)
+ 3BT (0) + BLWLD(0)) + by (ByWAY (-1) + 3.1 Wi (-1)
+ LW (0)eom + WP (0)e ™070) + x5y (W, (—1)e 0%

+ Wég(—l)eiw‘ﬂo) + by (2B) + Br1e72"070) 4 3bhyzxe ™0T0)],

(3.22)

In order to determine gy;, we still need to compute Wao(6) and W1;(0). From (3.8) and
(3.17), we get

W = Ve —2q - 26_1
| AW —2Re{7*(0)ho (2, 2)q(0)}, 6 € [-1,0),
~ | AW = 2Re{7*(0)h0(2,2)q(0)} + ho(2,2), 6 =0

AW + H(z,2,0), (3.23)

where

Z2 z? Z3
H(z,fz,@) :Hgo(e)g +H11(9)ZE+H02(9)E +H20(9)€ o (324)
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By comparing the coefficients (3.23), we get

(A = 2iwoTol) Wao(6) = —Ha(0),

(3.25)
AW (0) = —Hn(0),....

From (3.23), we know that, for 6 € [-1,0),

H(z,2,60) = -7"(0)ho(2,2)9(0) — ¢*(0)ho(2,2)3(0)

= —g(Z, E)q(e) _g(zr 2)4(9)

= —% (gzoq(e) +g0251(9))z2 - (guq(é’) +§1lé(9))22 toeee (3.26)

By comparing the coefficients with (3.24), we have

(3.27)

Hy(0) = —g204(0) — 80249(0),
Hn(0) = —gug(®) — g2ugq(d).

It follows from (3.25), (3.27), and the definition of A that
W20 () = 2iwoto Wao(6) + 2204(0) + §024(6).
Notice g(0) = (1, ay, B1) T 0707 then

Woo(0) =

;}g2: q(o)eiworOQ + Sljoi q(o)e—iwor(ﬂ +e2iw0t00El’ (328)
0to 0to

where E; = (Ej1,E12, E13)T € R® is a constant vector.
Similarly, from (3.25) and (3.27), it follows that

81 oyt 4 B g g)eimrat (3.29)
WoTo WoTo

Wu(6) =

where Ey = (Ea1, Ex, Ex3)T € R3 is also a constant vector.
Next, we will search E; and E,. From (3.25) and the definition of A, we can obtain

{ f,ol dn(0) Wao(6) = 2iwoto Wap(0) — Hao(0), (3.30)

1 dn(6)Wn(6) = —Hn(0),

where n(0) = n(0,0).
Noting that () is the eigenvector of A(0) and from (3.28) and the definition of A(0),
we have

0 . 0 .= 0 0
f_ dn(O)Wao(6) = 52 f AnO)a(6) + 5o f An6)(6) + / o)

070 J-1

. 0
- B (iwoT0q(0)) + %o (—iwo70g(0)) +/ dn()E,e*™om’
WoTo 3W0‘L’0 -1

- 0
= ~g04(0) + £23(0) + / dn(0)Eymoro?, (3.31)
-1
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and
, 2802 - ,
2lW()'[0 Wzo(O) = —Zgz()q(()) — TQ(O) + 2ZWO‘C()E1.

Hence, the first equation of (3.30) becomes

0
Hy,(0) = —g204(0) — g024(0) + (2iW0T0 —/ dTI(Q)ez’WO’O‘Q)El.
1

Similarly, from (3.29), it follows that

0 0
/ dn(6)Wia(6) = gug(0) + §ud(0) + / dn(O)E».
-1 -1

Thus, the second equation of (3.30) becomes

Hy;1(0) = —gug(0) - gng(0) — [f dn(0)E;.
From (3.23), it follows that
H)0(0) = —g204(0) — §02(0) + 270 (w1, wa, w3) ",
where
w1 = =X b1y —x3bas + o1 (—ki — bu) + Bi(—ka — b)),
Wy = —kjaf — kyoy By + xFbpe B0 4 by e 00,

w3 = —ky B} — ki By + K3bype 070 + by, Brem 0%,

Also

Hi1(0) = —g119(0) — §14(0) — 270 (v1, v2, v3) 7,
where

V1 = x{b1a + X3by; + Re{(ky + by + (ka + b ) B},
vy = ko + ko Re{alﬁl} — xi"bu - by Re{aleiworo},
V3 = k2131/§1 + kl Re{algl} - x§b22 — b21 Re{ﬂleiworo }

From (3.33) and (3.36), we have

0
(2iWoT0 —/ d”l(e)eziwome)ﬁ =270 (w1, wa, w3) ",
a1

which leads to

2iwg +a ki +kiS* + D*  —ky + kyS* + D* wy
—xi‘bue‘”w‘”o 2iwg + kle kzxiﬁ E1=21w
—x§b21e‘2i‘”0’0 k1x§ 2iwg + k29C§ w3

Page 13 of 20

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)
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Thus, we have

2iwg +a —ki + ki S* + D*  —ky + ko S* + D* w1
Ei=2 —xikblle_ZiWOTO 2iwg + klxik k2xf wy | . (338)
~x3byre”2moTo kyxh 2iwg + ko W

Similarly, from (3.35) and (3.37), we have

—a /(1 — qu* - D* k2 — sz* - D* V1
xfbu —kle —kgxf Ez =2 V2
x;bgl —kpC; —kng V3

Then we have

-1
—-a kl - /(15* - D* kz - sz* - D* V1

Ey=2 | x{bn —kix} —kox§ v |- (3.39)
x;bzl —k1x§ —/(2963 V3

Hence, we can determine Wao(0) and W1;(6) from (3.28) and (3.29). Furthermore, g»; can

be expressed explicitly. Next, we can compute the following values:

€1(0) = b @ngoo — 2lgn P~ Jlgoal’) + 5,

_ ~Re(e,(0)
M2 = Re(iito) ’ a0
B2 = 2Re(c1(0)),

T, = _ Imc(0)+up Im(2'(z0))
2 woTQ ‘

It follows that Re(A'(79)) > 0 from Lemma 2.3. Thus, Re(c;(0)) determines the signs of 1,
and B,. We have the following theorem.

Theorem 3.1 IfRe(c1(0)) < O (> 0), then the direction of the Hopf bifurcation of the system
(2.1) at the positive equilibrium E*(S*,x*) when t = vy is supercritical (subcritical) and the

bifurcating periodic solutions are stable (unstable).

4 Numerical simulation and discussion
It was shown in [17] that the coexistence of two organisms was achieved in the turbidostat.
While it was also shown in [27] that the coexistence was achieved if we consider system
(1.1) with the delay on the dilution rate. In this paper, system (1.1) with the time delay
of digestion was investigated. By choosing the time delay as the bifurcation parameter
and analyzing the characteristic equation, we obtained sufficient conditions for the local
stability of the positive equilibrium and the existence of a Hopf bifurcation. The direction,
stability, and the other properties of the bifurcating periodic solutions were determined
by the normal form theory and the center manifold theorem. These results show that it is
possible to make the two organisms in the turbidostat coexist.

We next take an example to illustrate our main results. Setting a; = 0.25, a; = 0.8,

my =3, my =5,k =22, ky =1.05, and d = 1.4, we consider the following example of sys-
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Figure 2 The positive equilibrium E* = (0.5750,0.2127,0.2123) of (4.1) is asymptotically stable when
T =29.3 < T = 29.85. Here (5(0),x7 (0),x2(0)) = (0.5,0.2,0.3).

tem (2.1):
= (14 +2.221(£) + 105x, (1)) (1 - S(1)) — 2950 _ 50080
dxﬂt = x1(8) [ aonstls — 14 — 2.2:1(£) — 1.05x,(1)], (4.1)
%_x (t)[ogigtfr) 1.4 — 2.2x,(£) — 1.05x,(2)].

It is easy to verify that the conditions (H;) and (H;) hold, and then we can obtain the
positive equilibrium E* = (§*,x],x3) = (0.5750,0.2127,0.2123). By a simple calculation, we
have wy = 0.0670, 7o = 29.85, and (“B2) _ = 9.8772 x 10~* > 0. By Theorem 2.1, the

positive equilibrium E* is asymptotically stable when t = 29.3 (or 29.6) < 7 (see Figure 2

and Figure 3). The positive equilibrium E* is unstable and a Hopf bifurcation occurs, i.e.,
a bifurcating periodic solution occurs from E* when t = 29.9 (or 31) > 7y (see Figure 4 and
Figure 5).

According to (3.22), we can compute

@20 = —11.3349 — 0.5847i,
g1 = 4.8196 +1.4763i,
go2 = 121356 + 8.7657i,

g2 = —119.4956 + 102.3496..
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Figure 3 The positive equilibrium E* = (0.5750,0.2127,0.2123) of (4.1) is also asymptotically stable
when T =29.6 < T = 29.85. Here (5(0),x; (0),x2(0)) = (04,0.3,0.3).
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Figure 4 The positive equilibrium E* = (0.5750,0.2127,0.2123) of (4.1) is unstable and a bifurcating
periodic solution occurs from E* when T =29.9 > 1o = 29.85. Here (5(0), 1 (0),x2(0)) = (0.4,0.3,0.2).
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Figure 7 Matlab simulations of system (4.1) when 7 = 130 € (17, T2). Here (5(0), x; (0), x2(0)) = (0.5,0.2,0.3).
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Figure 8 Matlab simulations of system (4.1) when 7 =300 € (13, 73). Here (5(0),x; (0), x2(0)) = (0.5,0.2,0.3).
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Hence, from (3.40), we can obtain

¢1(0) = —54.8623 + 6.3751i,
o = 55544.4951 > 0,
B = ~109.7245 < 0,

Ty =59.2812 > 0.

Therefore, when t = 29.9 (or 31) € (19, 71), 42 > 0, and B, < 0, then the Hopf bifurcation
for system (4.1) is supercritical, and the stable bifurcating periodic solutions can occur
from the positive equilibrium E£*(0.5750,0.2127,0.2123). From Figure 3 and Figure 4, we
can find that the dynamics of system (4.1) changes when 7 is located near 7y. Comparing
Figure 2 and Figure 3, we can see that the size of 7 affects the dynamical behaviors of the
turbidostat model. These are also shown by Figure 6. By Figures 7 and 8, we see that the
bifurcating periodic solutions increase.
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