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Abstract

In this paper, with the aid of functional analysis, for almost sectorial operators and
some fixed point theorems, we study the existence and uniqueness of mild solutions
to fractional neutral evolution equations with almost sectorial operators. We also
show that mild solutions can become strong and classical solutions under
appropriate assumptions. Finally, we present an example to illustrate the applicability
of our results.
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1 Introduction
Throughout this paper, by (X, || - ||) we denote a Banach space. As usual, for a linear oper-
ator A, D(A), R(A), and o (A) stand for the domain, range, and spectrum of A, respectively.
Moreover, L(X) denotes the space of all bounded linear operators on X.

A sectorial operator is a linear operator A in a Banach space whose spectrum lies in a
closed sector S, = {z € C\{0} | |argz| < u} U {0} for some 0 < w < w and whose resolvent

(z — A)7! satisfies the estimate
[z=A)"| <Mlzl" forallz ¢S, (1.1)

Several elliptic differential operators considered in the spaces of continuous functions or
Lebesgue spaces belong to the class of sectorial operators. Therefore, many PDEs with
elliptic operators can be transformed into evolution equations with sectorial operators in
a Banach space; for example, see [1-3].

In 1972, Wahl [4] first pointed out that the resolvent estimates of elliptic differential
operators considered in spaces of regular functions, such as the spaces of Holder continu-
ous functions, do not satisfy estimate (1.1). However, such operators satisfy the following

estimate for some -1 <y <0:
[z=A)"| <Mlz|” forallz ¢S,.

Now we recall the following definition [4-8].
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Definition 1.1 Let -1 <y <0 and 0 < w < 7. By ©},(X) we denote the set of all closed
linear operators A : D(A) € X — X such that
(i) the spectral set o (A) of A is in the sector S, = {z € C\{0} | |argz| < u} U {0}, that is,
o(A) S S,
(ii) for every w < u <, there exists a constant C,, > 0 such that

”(z —A)*! || <C,lz|" forallz¢sS§,.

A linear operator is called an almost sectorial operator on X if it belongs to ®,(X). Con-
cerning the relationship between sectorial and almost sectorial operators, it has been
found that a sectorial operator is an almost sectorial operator, but the converse is not true

[4, 5, 7-10]. Some recent results on almost sectorial operators can be found in [5, 7-15].

The use of fractional calculus in the mathematical modeling of engineering and physi-
cal problems has become increasingly popular in recent years. Examples include material
sciences, mechanics, wave propagation, signal processing, system identification, and so
on. In consequence, the topic of fractional (ordinary, partial, functional) differential equa-
tions has developed into a hot research area; for example, see [16—42]. Wang et al. [6]
studied a fractional-order Cauchy problem with almost sectorial operators. In [43], the
author discussed mild solutions for abstract fractional differential equations with almost
sectorial operators and infinite delay. More recently, in [14], the authors investigated frac-
tional Cauchy problems with almost sectorial operators. Fractional functional differential
equations are used to describe anomalous diffusion processes with memory or hereditary
properties. For details and some recent results on functional fractional differential equa-
tions, we refer the reader to a series of papers [25-28, 30, 31, 34, 36, 39, 44, 45]. To the
best of our knowledge, the study of fractional neutral evolution equations (FNEEs) with
almost sectorial operators is yet to be initiated. The aim of this paper is to investigate the
existence and uniqueness of solutions of FNEEs.

The rest of the paper is organized as follows. In Section 2, we introduce some notation,
definitions, and basic properties about fractional derivatives and functional analysis asso-
ciated with almost sectorial operators. In Section 3, we prove the existence and uniqueness
of mild solutions to FNEEs with almost sectorial operators. Under some suitable assump-
tions, we also show that mild solutions correspond to strong and classical solutions. Sec-
tion 4 contains an example for illustration of our results, and we conclude our work in

Section 5.

2 Preliminaries
Here, we recall some preliminary material related to our work [16, 19-21].

2.1 Fractional integrals and derivatives
In this subsection, we give some basic definitions and properties of the fractional integral
and derivatives.

Definition 2.1 The Riemann-Liouville integral ,/7x and the Riemann-Liouville fractional
derivative ,D{x are respectively defined as

(d7%)(2) = ﬁ /at(t 1) W%(t)dr, t>a,
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and

1 dm+1
F'm+1-a)dem+l

(D) (0) = (D™l ) () = / -0 s)dr, o

provided that the right-hand side is pointwise defined on [4,00). Here, I' denotes the
gamma function, and m € N.

Definition 2.2 The Caputo fractional derivative {D%x is defined via the Riemann-
Liouville derivative as

($DYx)(2) = oD x(t)—ix(k)(a)(t—a)k t>am<a<m+l,meN
a—t a=t — k‘ ) ) = ) .

Note that if x¥(a) = 0,k = 0,1,...,m, then ($D%x)(t) coincides with (,D%x)(£).
Now we enlist some properties of the Riemann-Liouville fractional integral and the Ca-
puto derivative (see [16,19-21]).

Proposition 2.1 Let o, 8 > 0. Then the following properties hold.:
() L2l %)) = (I} P 2)(2) for all x € LNa, b);
(i) (oL (x %)) = (L) * y)(2) for all x,y € L'(a,b), where * denotes convolution;
(ili) The Caputo derivative SD? is a left inverse of ,I%, that is, (D% ,1%x)(t) = x(t) for all
x € LXa, b); in general, it is not a right inverse. In fact, form <a <m+1, m € N, and
x € C"™1([a, b]), we have (J*CDEx)(E) = x(t) - YI o @) (¢ — a)k.

2.2 Special functions
Here we present some basic definitions and properties of two special functions that we
need in the sequel (see [16, 19, 20, 29]).

Definition 2.3 The two-parameter Mittag-Leffler function is defined by

o k

Eqp(2) = ZF(ka ok o,8>0,zeC.

In particular, if 8 =1, then E, g coincides with the one-parameter Mittag-Leffler func-
tion E,(z), that is, Ey1(2) = E4(2). If « = B =1, then E};(z) = €.

Definition 2.4 The Wright-type function is defined by

k
D, (2) = Z (l(( Z)l)!l"(kot)sin(knoz), O<ac<l,zeC.

The following properties of the Wright-type function (cf. [29]) are useful in establishing
the definition of mild solutions to FNEEs with almost sectorial operators.

Proposition 2.2 Let —1 < v < 00, A > 0. Then the following properties hold:
(i) Du(t) > Ofor all t > 0;
(i) fy° 2 ® eMdt=e";
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(iii) fooo d, ()" dt = rr((lz"v)); in particular, fooo d, () dt =1,
(iv) fooo ®, (e dt =E,(-z), z€ C;

V) o7 at®y (e dt = Eyo(-2), z € C.

2.3 Complex powers
In this subsection, we give the definition and properties of complex powers of almost sec-
torial operators, which will be used in the next section. For more details, see [5, 6].

We define the path Yy := {R, e} U{R,e™} (0 < 6 < 7r) oriented so that S lies to the left
of Y. In the forthcoming analysis, we write ®), instead of ®},(X). Let 8 € C and A € O,
with =1 <y <0 and 0 < @ < 7r/2. Then the complex power A? of A is defined by

AP =P (A) Pz-A)ldz, zeC\(-00,0].

Now we list some properties of A? (see [5]).

Proposition 2.3 Let A € ®), with -1 <y <0 and 0 < w < 70/2. Then, for all a, 8 € C, the
following statements hold.
(i) The operator AP is closed.
(i) AYAP C A¥*P. Moreover, if AP is bounded, then A*AP = A**F,
(iii) AP is injective, and (AP)™ = AP,
(iv) A"=A---AforallneNand A° =1.
N

n times

(v) IfRe(B) >1+y, then AP is bounded.
Based on Proposition 2.3, we now prove a lemma, which will be used in the next section.

Lemma 2.1 Let A € O, with -1 <y <0 and 0 < w < 7/2, and let Re(B8) > 1+ y. Then
AlPAP = APAYP = A,

Proof Since Re(8) > 1 + y, by Proposition 2.3(ii), (v) we get APTAP = A1, On the other
hand, by Proposition 2.3(iii) we can verify that (A#"2A~#)1 = AP A1, Therefore, we have
APA-P = A, and the proof is completed. O

It is worth noting that Proposition 2.3(v) implies that the operator A~# belongs to £(X)
whenever Re(B8) > 1 + . So, in this situation, the linear space X? := D(A#) (Re(B) >1 + y)
is a Banach space with the graph norm ||x||s = |A?x||, x € X. Of particular interest is that
these spaces X# will provide the basic topology for analyzing the solutions of FNEEs with
almost sectorial operators.

2.4 Properties of the operators S, (t) and Py (t)
We introduce families of operators {T(t)}tesg,z,w’ {S“(t)}teSg,z,w’ and {P"‘(t)}teS?,/z,w asso-
ciated with the operator A as follows:

1
T(t):=e(A) = — / e (z-A)"dz, teS, , zeC\(~0,0],
2ri Jvy,

Su(t) := Ey(-2t*)(A) = ﬁ /T Eq(-2t*)(z-A) " dz,

teS, ., zeC\(-00,0], (2.1)
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Palt) i= Eua(~2t*)(4) = Zim /T Eua(-2t) (e~ A) dz,

teS?, . zeC\(~00,0].

These operators appear in representations of solutions for FNEEs with almost sectorial
operators. Further details about these operators can be found in [5, 6].

Notice that the operator family {T(t)}tesg/%w is a semigroup in view of the semigroup
property: T(s + t) = T(s)T(t) for all 5, € S°

2o Also, the operator T'(¢) can characterize

the resolvent (z + A)™! of —A as
oo
(z+A) ! = / e “T(t)dt, zeC,Re(z)>0. (2.2)
0

From (2.1) and (2.2) it follows that there is a one-to-one correspondence between A and
the semigroup T'(¢). By Proposition 2.2(iv), (v) and definition (2.1) we can obtain the third
property, that is, the operators S, (t) and P, (£) can be represented by T'(¢) as

S (B)x = /oo ¢a(s)T(st“)x ds, te Sg/z_w,x € D(Sa(t)), (2.3)
0

Pu(t)x = /00 ozsCDa(s)T(st”‘)x ds, te Sg/sz,x € D(Pa(t)). (2.4)
0

For the reader’s convenience, we recall some more properties of the operator 7 in the

following proposition.

Proposition 2.4 Let A € ®), with -1 <y <0 and 0 < < 7w/2. Then the following proper-
ties hold.
() T(t) is analytic in $2,,_,, and “EO = (~AY'T(t),t €S2, neN.
(ii) There is a constant Co = Co(y) such that | T(£)|| < Cot 7L, t> 0.
(ili) The range R(T(¢)) of T(¢), t € Sg,sz, is contained in D(A™). In particular,
R(T(t)) € D(AP) for all B € C with Re(B) >0, APT(t)x = ﬁ fm ZPe(z-A)dz
for all x € X, and there exists a constant C* = C*(8,y) > 0 such that
AP T®)|| < C*t7RB-1 forall t > 0.
(iv) If B>1+y,then D(AP) C 27 = {x € X|lim;_ o+ T(£)x = x}.

In the following, we describe the properties of the operators S, (¢) and P, () [5, 6].

Proposition 2.5 Let A € ®), with -1 <y <0 and 0 < < /2. The following statements
hold.

(i) Foreach fixedt e Sg 12w Sa(t) and Py (t) are linear and bounded operators on X.
Moreover, there exist constants Cs = C(at, ) > 0 and C, = C(a, y) > 0 such that for
all t >0, ||S, ()|l < Ct™*™) and || Py (¢)|| < Cpt*1+7),

(i) Fort>0,S,(t) and P,(t) are continuous in the uniform operator topology.
Moreover, for every r > 0, the continuity is uniform on [r, 00).

(iii) For each fixed t € Sg/z-w and all x € D(A), (Sy(t) —x = fot —s* AP, (s)xds.
(iv) Forallx € D(A) and t > 0, CD‘;‘S(,t(t)x =—-AS, (¢)x.

(v) Forall t >0, S,(t) = oI (t* 1Py (2)).

(vi) Let B >1+y. Forall x € D(AP), lim,_, o+ Sy (t)x = x.
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Proposition 2.6 Let A € ®L with-1<y <0and0<w<n/2,andlet0< B <1-y. Then
(i) the range R(Py(2)) of Pu(t) for t > 0 is contained in D(AP);
(ii) S.(t)x = —t*LAP,(t)x, and S, (t)x for x € D(A) is locally integrable on (0, 00);
(iii) for all x € D(A) and t > 0, |AS,()x| < Ct*UP)||Ax||, where C is a constant
depending on y,a.

Lemma 2.2 Let A € O}, with -1<y <0and 0 <w <7 /2, and let 0 < B <1—y. Then, for
each fixed t € Sg 2 P.(t) is a bounded linear operator on XP. Moreover, there exists a

positive constant Cy such that for all t > 0,

ri-y-
U= =P _patrpny,

B LA A
[4%Pu0] = aCorq =22y

Proof By relation (2.4), Proposition 2.2(iii), and Proposition 2.4(iii) we get

|APS, (0] < /0 s W (5) | AP T(s2) | x|

o0
< 6 Gyt V84D / 57U (s) ds ]|
0

- ra-y-4) ~a(y+p+1)
ST ey

The proof is completed. g

3 Main results
Consider a problem of fractional neutral evolution equations (FNEEs) with almost secto-

rial operator given by

gD‘t"(x(t) —g(t, %) + Ax(t) =f(t, %), O<a<1l,te[0,T], 31)
x(6) =), tel-h0]
where /1, T > 0, A is an almost sectorial operator, that is, A € ®}, (-1 <y <0, 0 < w < 7/2),
ft,x), glt, %) : [0, T] x C([-h,0],X) — X are given functions, ¢(t) : [-/4,0] — X is an
initial function, and x; is defined by x,(s) = x(¢ + s) for s € [-/,0].
To study problem (3.1), we need the following assumption.
(H) x(t) € C([-h, T),X), x(t) € D(A) for all t € [0, T], Ax € L}((0, T), X),
f(t,x;) € L}(0, T), X), and there exists a constant 8 such that 8 >1+y and
APg(t,x;) € LX(0, T), X).

To define a mild solution of (3.1), we prove the following lemma.

Lemma 3.1 Assume that condition (H) holds and x(t) satisfies problem (3.1). Then, for
every ¢(t) € C([~h,0], XP), x(t) satisfies the integral equation

Sa()(@(0) - g(0,x0)) + gt %) — [ (¢ = $)* LAP (£ - 5)g(s,x,) ds
x(t) = + [t =) Pult - s)f (s,x)ds, te[0,T],
o(t), tel-h,0l.
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Proof Inview of condition (H), we know that (Theorem 3.1 in [16]) problem (3.1) is equiv-
alent to the fractional integral equation

X(£) = 9(0) — g(0,%0) + g(t, %)) ~ iy [t ) Ax(s) ds
+ ﬁ fot(t—s)"“lf(s,xs)ds, te[0,T],
x(t) = ¢(t), te[-h0].
Applying the Laplace transform to this integral equation, we get
X(s)=s""(s" + A)_1 (¢(0) — g(0,x0)) +s* (s* + A)_IG(s) +(s*+ A)_lF(s), (3.2)
where
X(s) = /oooe‘“x(t) dt, G(s) = /000 eg(t, ;) dt, F(s) = /000 e f (t,xs) dt.
Using (2.2), integration by parts, and Proposition 2.4(i), we have
s (s* + A)_IG(S)

. / / ST (e " g(t, ;) dt dt
0 0

o0 oo o
=s"‘/ / e T(A) e g(r, % )ar " dhdr
o Jo

o0 o0
:f (/ —T()»“)e”g(r,xddr)de(”\)a
0 0
o0 o0
= <e(s")a/ —T()»“)e”g(r,xf)dr)
0

o0 o0 o
—/ / ar® AT (1) e M e g(1, ;) dv d
o Jo

A=0

=/ e_”g(f,xr)df—/ / a)»“_lAT(k“)e_(“)ae‘"g(r,x,)dr dh. (3.3)
0 o Jo

Furthermore, by using Proposition 2.2(ii) and relation (2.4) the right-hand side of (3.3) can
be written as

f e*Tg(t,x;)dt —/ / aka—lAT(Aa)e—(sk)“e—srg(r,xt)dr da
0 0 0

o0 o0 oo oo o
:/ e‘”g(t,x,)dt—/ / / a)* AT (1)
0 o Jo Jo g+t

1
x W, <—)e‘swe‘“g(f,x,) do dt dx

90{
:/ et g(t,x;)dt
0
[e9) o0 0 a-1 o
w-T w-T o
L) (55 )
o J: Jo 0 0 oo+

1
x W, <9—a)e‘5“’g(t,x,) db dwdt
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= /Oooe_”g(t,xt)df - /Ooo/jo/oooa(w—r)"‘_luAT(u(a)—T)u)

x Wy (w)e™*g(t,x,) dudw dr

=/ e Tg(t,x,;)dr —/ / (0—-1)" AP (0 - 1) g(7,%,) dw dt
0 0 T

= f e g(t,x.)dr ~ / e (/ (@ = 7)* APy (0 - T)g(T, %:) dr) do. (3.4)
0 0 0
By a similar argument we get
5% (s + A) 7 (p(0) — g(0,x0)) + (s + A) " F(s)

:/0 e S, (t)(¢(0) — g(0,x0)) dt

* —st ! _ a1 _
+/0 e (/o (t—T1) Pyt r)f(t,x,)dt)dt. (3.5)

Finally, combining (3.2)-(3.5), we conclude
x(t) = Su(£)(0(0) — g(0,%0)) + g(t,x,) — fo (t - 8)* AP, (¢ - 5)g(s, %) ds

t
+ / (t —5)* 1Py (t — 5)f (s, %) ds.
0
The proof is completed. d

By Lemma 3.1 we define a mild solution to problem (3.1) as follows.

Definition 3.1 By a mild solution to problem (3.1) on the interval [/, T] we mean a func-
tion x(t) € C([-h, T], X) satisfying

Sa(O)(@(0) - g(0,x0)) + gt %) — [ (¢ = 5)*LAP (¢ — 8)g(s,x,) ds
x(t) = + [yt =) Pt - s)f (s, %) ds, te[0,T],
o(t), te[-h0].

In the sequel, we use [w|o = max,e[_j,0] [|W(s)|l, where || - || is an arbitrary norm in X.
To study the existence and uniqueness of a mild solution to problem (3.1), we require
the following assumptions.

(H;) The resolvent (Al + A)™! of —A is compact for every A > 0.

(H,) The function g(¢,x;) : [0, T] x C([~h,0],X) — D(AP) is a continuous function with
respect to t € [0, T], and there exists a positive constant M, such that for any x; €
C([-h,0],X), APg(t,x,) is strongly measurable and satisfies the inequality

|A%g(t, %) || < Mg (1 + |xclo),

and there exist positive constants Ly and 6; with 6; > (1 + ) such that for any ¢,s €
[0, T] and x;, 55 € C([-h, 0], X), APg(t,x,) satisfies the Lipschitz condition

|APg(t,x:) — APg(s,55) | < Lg(1E—sI™ + e — y51o).

Page 8 of 25
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(Hs) Foralmostall¢ € [0, T, the functionf(¢, ;) : [0, T] x C([-h, 0], X) — X is continuous;
for each x; € C([-h,0],X), f(¢,x;) is strongly measurable; and there exists a function
m(t) € LP((0,T),R*) with p > —i such that ||f(¢,x:)|| < m(¢) for all ¢t € [0,T] and
x; € C([-h,0],X).

We now show the existence of a mild solution to problem (3.1) via Krasnoselskii’s fixed

point theorem.

Theorem 3.1 Let A € ®), with 1<y <0 and 0 < w < /2, and ¢(t) € C([~h,0], XP) for
B > 1+ y. Assume that conditions (Hy)-(H3) hold. Then there exists Ty such that problem
(3.1) has a mild solution on the interval [-h, Ty].

Proof For any fixed r > 0, we set
B= {x(t) € C([-h, T, X) : x(t) = (t), t € [—h,O];tg[ISD;] %) = 0(0)|| < r}.

Obviously, B is a closed convex subset of C([-/, T], X). Choose T € (0, T] such that

ar CoMT(B-y) 7,20 +1P
Fl-a(y +1-8) -aly +1-p)

Tl—q(h—ay) %
+C Bl m Hn<r
p<1_q(1+ay)> lm2ll e (0, 1) R*) <

K+ r*Mg|A”3| +

and

aCoL T (B - y) T, +1h)

-8 )
S Vs ) R ey 30
with g =p/(p - 1) and
r =1+max{r+ ||(p(0) ,t;n[j’),%]ugz)(t)‘ },
(3.7)

K= Syt 0) —g(0, —@0)|.
tEn[}fl;%]ll (®)(¢(0) — g(0,x0)) — 9(0) ||
Now we consider two operators F; and F, on C([-k, T], X):

Su(8)(p(0) - g(0,x0)) + g(t, %)
(Fix)(2) = + [yt =) AP (t - s)g(s,x,)ds, €0, T],
q)(t)) te [_h7 0]1

and

t
(t - S)a—lpa (t - S) (S) xs) dS, te [Ov T];
)0 = {0 /
0, te[-h0].
Obviously, x(¢) is a mild solution to equation (3.1) if and only if the operator equation
Fix + Fox = x has a solution x € B. Therefore, the existence of a mild solution is equivalent
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to the existence of a function x € B such that Fix + Fox = x. To prove the latter, we divide
the proof into four steps.

Step 1. The operators F; and F, map the set B into C([-4, T], X), respectively. First, we
show that for any fixed x(¢) € B, (Fix)(t) is continuous for all ¢ € [-4, T]. It is clear that

(F1x)(¢) is continuous for ¢ € [-/,0). For the case ¢ = 0, we have

|(F0)(®) = (Fi)(0) | < [[(Se®) = 1)p(0) | + [ g(t,x:) — S (£)g(0, %0) |

+ /t(t —8)*LAP, (t — 5)g(s,x,) ds||.
0

Noting that ¢(0),g(t,x;) € X?, by Proposition 2.5(vi), we get ||(Sq(t) — )¢(0)|| — 0 and
llg(t, ) — Sa(t)g(0,%0)|l — O as £ — 0%, respectively. On the other hand, by Lemmas 2.1

and 2.2 we obtain

/t(t — )" LAP, (t - 5)g(s,x,) ds
0

t
<rM, / (6 - 51| AP (¢ - )] ds
0

- ar*CoM,I"(B - y)
T Id-aly +1-8)
ar*CoM,T(B—y) =D

T(-a(y+1-B) -aly-B+1)

t
/ (t—5)* (= 5) 2B g
0

This shows that fot(t —5)* AP, (t — 5)g(s,x5) ds — 0 as t — 0*. So, (F1x)(¢) is continuous

at £ = 0. For the case 0 < t; < t, < T, we have

|(F) (1) — (Fio) (@) | < | (Sa(t1) — Salt2)) (%(0) — g(0,x0)) || + ||g(t1, %) — glt2, %5, |

+

5]
/ (= 8)* AP, (8 — 5)g(s,x5) ds
0

=11+12 +13,

2
_ / (b — )" APu(ts — s)g(s, ) ds
0

where

I = ||(Sa(t1) — Sa(t2)) (%(0) — g(0,%0)) |, I = |g(t, %) — g(t2, %4,)

’

L=

151 2
/ (b1 — 51" APy (11 — 5)g(s, ) ds — / (s — )" APa (13 - s)g(s,x) ds
0 0

By condition (H;) and Proposition 2.5(vi) we have I; — 0 and I, — 0 as t; — £,. Now it
remains to show that, in this case, I3 — 0 as {; — £,. Using condition (H;) and Lemmas 2.1

and 2.2, we have

I =

t 2
/ 2 1AP, (s)g(ts — 8,%4_5) ds — / s*7TAP, (s)g(ty — 8, %1y_5) dis
0 0

=

5]
/ AP (5) (gt1 = 5,5 5) — gt = 5,51,0)) ds
0
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t2
+ / s"‘_lAPo,(s)g(tz—s,xtz,s)ds

5

IA

51
f s AP, (s) ||| AP g(ts = s, %0, —) = APg(ts — 5, %4,—5) || dis
0

t
[ ARt 50
n

aCOLgF(ﬁ -v) h
T TA-aly +1-8)) Jo
ar*CoMT'(B—y) [*
+
Fl-a(y+1-8)) Jy
aCoL L(B-y) """
T IA-aly+1-8)) —aly-B+1)
. otr*CoMgF(,B _ y) . tga()’—ﬂ*'l) _ t;“(l"ﬂ*'l)
Fl-a(y +1-p)) —a(y -p+1)

- —a-l 0
sTovrabo (1t1 = &1 + oy —s — %1,—5l0) dis

—ay+af-a-1 ds

[
(161 = a1 + max Jx s =)
s€[0,t1]

Moreover, since x(¢) is continuous and 8 > 1 + y, we have I3 — 0 as t; — £,. It follows
that (Fix)(¢) is continuous for all ¢ € (0, T']. Hence, the operator F; maps the set B into
C([=h, T],X).

Next, we show that for any fixed x(¢) € B, (F,x)(¢) is continuous for all ¢ € [-4, T]. Obvi-
ously, (Fox)(2) is continuous for any ¢ € [/, 0). For the case ¢ = 0, by the Holder inequality

we get

|(F22)(2) - (Fax)(0) || < (E=5)7|Pult-9)])" ds ! 17l o0, 7),8 %)
0

tl—q(1+a)/)

<—  |m N
< 1—q(1+ay)” lz2 (0, 7),R*)

l+ay
follows that the function (F,x)(z) is continuous at £ = 0. For 0 < t; < £, < T, we have

with 0 < g = 1% < —L_. This shows that ||(F2x)(¢) — (Fx)(0)|| — 0 as ¢ — 0*. Thus, it

|(F22)(t1) = (Fax)(82) || =

/tl (t1 = 8)* 1Pyt — s)f (s, %) ds
0

- / 2(t2 —8)*¥ P, (¢ — s)f (s,x5) ds
0

< / (61— 5 (Palty — 5) - Palty — 5))f(5,%,) ds
0
+ /0 l((151 = 8)* "~ (ta =) ) Pults - s)f (s, %) ds
+ /tz (82 — ) 1Py (82 — S)f(s,x)ds| =L + I, + I3,

where

11 = ‘ / l(tl —S)a_l(Pa(tl _S) - Pot(tZ —s))f(s,xs)ds ’
0
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L= / 1 ((tr =97 = (t2 = )7 ) Pulta = )f (s,25) ds ),
0
L= f tZ(tz = 5)* Py (ty = s)f (s,x,) ds .

For 1, we choose a small § > 0 and get
-8
B [ = Puti =9 Patta -9 [0 ds
0

. / L (0= 9 Pty =) = Palts - )| [ f(5,)| ds

-8

-8 %1
< max |Pulti=5) = Palts=9)| ( / (tl—s)q“'-”ds) Il 0,0
0

s€[0,t1—

t
+ / 1 (t —5)*? (Cp(tl — ) Co(t —s)’““”’)) Hf(s,xs) || ds
51

-8

t1—6 %
< max_|Pu(ti —5) = Pulta —9)| (/ (- )1 ds) 7|27 (0, 7),8 %)
0

<
s€[0,t1-6]
151 %
+ 2Cp (/ (tl - S)_q(ayﬂ) dS) ||m||Lp((0,T),R+)
-6
th(01—1)+1 _ gale-1)+1 %
= seﬁ)l?l)iﬁ] ||Pa(t1 —5) = Pyta —S)” (W) l772] 220, 1), R )
81—q(0¢y+1) %
+2Cp (m) ll72]| o (0,17, )-

This, together with Proposition 2.5(ii), leads to ; - 0 as t; — £, and § — 0.
For I, by the Holder inequality we have

i 1 14 1 7
L =<C, </ |t =9 = (ta -9 (t2 - s)7a+y) ds) e 0, 7).R+)
0

t1 q
<G </ ((tl —s)7a0er) (¢, — S)_q(lmy)) ds) 1772l e (0,7),R+)
0

) (t}q(lwy) _ t;q(lﬂw) (ty — tl)l—q(lmy)
p

1
q
+ +).
I—qvay) = 1-ql+ay) ) o ni)

1
1+ay

For I3, by the same reasoning we have

Moreover, since 0 < g = ;%1 < ,wegetl, — 0ast; — t.

Ly 1
L < (/ ((t2 = 97| Pulta - ) ”)qu) ! |7l Lo (0,78 %)
5]

ty—t 1-q(1+ay)
< p<(2 1)

1
q

m +).

1—ql+ay) ) l772]| 22 (0,7, R +)

This gives I3 — 0 as f; — t,. It follows that (F;x)(¢) is continuous for any ¢ € (0, T']. Hence,
F, maps the set B into C([-4, T], X).
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Step 2. We show that Fix + Fpy € B for every pair x, y € B. By the definitions of the oper-
ators F; and F, we have

Sa(8)(@(0) - g(0,%0)) +g(t, %) = [ (£ — ) LAP (¢ - 5)g(s, %) dis
(Fix)(t) + (Fay)(t) = + [y (=8 Pt =) (s,95)ds, te[0,T),
p(t), tel[-h,0],

so we only need to verify that max;e[o,77 [|F1% + F2y — ¢(0)|| < r. According to assumptions
(H2)-(Hs3) and Lemmas 2.1 and 2.2, we get

|Eix + Exy — 9(0) | < || Su(®)(0(0) — g(0,x0)) — (0)|| + | gt x0) |

+

/t(t —8)*LAP, (t — 5)g(s, %) ds
0

+

/t(t — )7 IP (t — s)f (s, y5) ds
0

arCoMD(B—y)  T*0 7

Tl-aly +1-8) —a(y +1-p)

Té—qﬂmy) :
C,| ——— m +
p(l_q(1+ay)) l721l o (0,7, R )

<K +r*M|A™P| +

<r.

Therefore, Fix + Fpy € B for every pair x,y € B.
Step 3. The mapping F; is contractive. For any x,y € B, by Lemmas 2.1 and 2.2 we have

| (Fio) (@) = (Fiy)(@) |

/(; (t - S)ailAlPa(t -5) (g(S: xs) — g(s,ys)) ds

. GLI(B-y) i) ) i
S(Lg|A e 1) e aiop)

< |lgt,x:) - g(& 30| +

which, together with (3.6), shows that the mapping F; is contractive on B.
Step 4. The operator F, is compact. First, we show that F, is continuous. Let {x"} C B
with * — x on B. Then, by assumption (H3) and the fact that x} — x, for t € [0, T] we get

ft.x)) = ft,x), ae,te[0,T], asn— oo.

On the other hand, by assumption (Hs) and Proposition 2.5(i) we have

—ay

<G, Il e 0, 7).R*)-

/t(t —8)* Po(t = s)f (s,47) ds
0

This implies that (£ —s)* P (£ — s)f (s, ") € L'((0, ), X). Thus, by the Lebesgue dominated

convergence theorem we get

— 0 asn— oo.

”/t(t —8)* P, (t - s)(f(s,xg’) —f(s,xs)) ds
0
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Hence, F, is continuous. It remains to show that F,(B) is relatively compact. According to
assumption (H;) and Theorem 3.5 in [6], the family of functions {F;x : x € B} is uniformly
bounded. From Step 1 we observe that {F>x : x € B} is a family of equicontinuous functions.
So, by the known Ascoli-Arzela theorem, the family {F,x : x € B} is relatively compact.
Hence, F; is compact.

Therefore, by Krasnoselskii’s fixed point theorem, we deduce that problem (3.1) has a
mild solution on the interval [-}, Tj]. The proof is completed. d

Next, we discuss the uniqueness of mild solutions to problem (3.1). For that, we need an
additional condition.

(H4) There exists a constant Ly > 0 such that for all £ € [0, T] and x;, y, € C([-4,0], X), the
function f satisfies the Lipschitz condition

Hf(t,x:) ~-f(t,y0) ” = Lrlxe = ytlo-
The uniqueness result is based on the Banach contraction principle.

Theorem 3.2 Let A € O, with -1 <y <0 and 0 < w < /2, and ¢(t) € C([-h, 0], X?) for
B >1+ y. Assume that conditions (Hy)-(Hy) hold. Then there exists Ty € (0, T such that

problem (3.1) has a unique mild solution on the interval [-h, Ty].

Proof For any fixed r > 0, we set
B={xeC(I-hT),X) :2(0) = p(0),t € [-h,0]; max [x() - p(0)]| =r].
te[0,T]
Obviously, B is a closed convex subset of C([-4, T], X). Choose T € (0, T] such that

ar*CoMT(B-y) 7,20 +1P
Fl-a(y +1-8) —aly +1-p)

K+ r*Mg|A_ﬁ‘ +

Tl—q(1+ay) %I
C, -0 n <
p(l—q(lﬂxy)) o0, 1) r) < T
and
aCoL T(B-y) TP CLTy™
Le|A™P| + )

Fd-a(y+1-8) —aly+1-B) —ay

where r* and K are the constants defined by (3.7). Now we consider the operator F defined
by

Su () (¢(0) — g(0,x0)) + g(&, ) — fot (t—8)* AP, (¢ - 5)g(s, x5) ds
Ex)(t) =1+ [t -5 Polt - s)f(s,x)ds, te€[0,T],
o(t), tel[-h,0].

Similarly to the proof of Theorem 3.1, we can show that F maps the subset B into itself.
Moreover, for any x(¢), y(¢) € B, we have
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|(E)@) - (Ey)@)

<|gt,x) - glt.y0)| +

/0 (t — )" APy (£ - 5)(g(s,%5) — g(s,5)) dis

+

/0 (£ = )" Pyt = ) (%) — £(5,32)) s

aCoL, L' (B -y) tor+1-p) C,Let™
¢ 2" x -yl

-B .
= (Lg|A e 1) b e1-p) "

So the mapping F is contractive. It follows from the Banach contractive principle that
problem (3.1) has a unique mild solution on the interval [-/, Ty]. (I

In particular, if g(¢,x;) = ¢ (c is a constant), then we have the following corollary.

Corollary 3.1 Let A € ®), with 1<y <0 and 0 < w < /2, and ¢(t) € C([~h,0],XP) for
B > 1+ y. Assume that conditions (Hy)-(Hs) hold. Then there exists Ty € (0, T such that

the abstract fractional functional equation

(gD‘;‘x)(t) +Ax(t) =f(t,x), O<a<l,te[0,T],

(3.8)
x(t) = o(t), te[-h0]

has a unique mild solution on the interval [-h, Ty)].

In particular, when 8 = 1, then we have 1 >1 + ¥ (-1 <y <0). So X! = D(A) is a Banach
space with the graph norm ||x||; = ||Ax||, where x € D(A). In this case, condition (H;) can

be written as follows:

(H3) The function g(¢,%;) : [0, T] x C([-h,0],X) — D(A) is a continuous function with
respect to t € [0,T]; there exists a positive constant M, such that for any x; €
C([-h,0],X), Ag(t, ;) is strongly measurable and satisfies the inequality

”Ag(trxt) || =< Mg(l + |xt|0);

and there exist positive constants L, and 6; with 6; > «(1 + y) such that for any ¢,s €
[0, T] and %y, y5 € C([-h,0], X), Ag(t, x;) satisfies the Lipschitz condition

”Ag(t:xt) —Ag(S,ys)” =< Lg(|t_5|9l + |xt _ys|0)-

Consequently, we arrive at the following corollary, which is a particular case of Theo-
rem 3.2.

Corollary 3.2 Let A € ®}, with -1 <y <0 and 0 < w < /2, and ¢(t) € C([-h, 0], X1).
Assume that conditions (H3), (Hs), and (Ha) hold. Then there exists Ty € (0, T] such that
problem (3.1) has a unique mild solution on the interval [-h, Ty).

Now we turn our attention to further conditions on f and g so that the mild solution be-
comes a strong solution and a classical solution. We first give the definitions of the strong
solution and the classical solution to problem (3.1).
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Definition 3.2 A function x(¢) : [-/, T] — X is said to be a strong solution to problem
(3.1) if

(i) w(t) is continuous on [/, T], and (OCD‘;‘x)(t) e L((0,T),X); and

(ii) x(¢) takes values in D(A) and satisfies problem (3.1).

Definition 3.3 A function x(¢) : [-/, T] — X is said to be a classical solution to problem
(3.1) if

(i) w(t) is continuous on [/, T], and (OCD?x)(t) € C([0,T],X); and

(ii) x(¢) takes values in D(A) and satisfies problem (3.1).

In the following, we prove that a mild solution can become a strong solution to problem
(3.1) under some assumptions. To do this, we require stronger conditions than conditions
(Hz) and (Hy):

(Hj) For almost all £ € [0, T'], the function f(¢,,) : [0, T] x C([-h,0],X) — X is continu-
ous; for each x, € C([-h, 0], X), f(¢, ;) is strongly measurable; and there exists a func-
tion m(t) € LP((0, T), R*) with p > Z{z}aj such that ||[f (¢,;)|| < m(¢) for all ¢ € [0, T]
and x; € C([-h,0],X).

(H}) There exist constants Ly > 0 and 6, with 6, > a(1 + y) such that for all £,s € [0, T] and
x¢,¥s € C([-h, 0], X), the function f satisfies the Lipschitz condition

f (& xe) = f(s,9) | < Le(1E =1 + | = yilo).

Theorem 3.3 Let A € O}, with -1<y < —% and 0 < w < /2, and ¢(t) € C([-h,0],X1).
Suppose that conditions (H3)-(H}) hold. In addition, suppose that the following conditions
are satisfied:

(H,) For almost all t € [0, T] and x, € C([~h,0],X), § D*g(t,x,) € L'([0, T], X).

(Hp) In condition (HY), 0 < Ly < 1.

(Hc) For almost all t € [0,T) and x, € C([-h,0],X), Ag(t,x,) € L*((0, T),X*) and A%g(t,
x,) € L*((0,T),X).

(Hy) For almost all t € [0, T] and x; € C([—h,0],X), f(t, %) € L}((0, T), X') and Af(t,x;) €
L>®((0,T),X).

Then the mild solution x is the unique strong solution to problem (3.1), provided that
A(p(0) - g(0,x0)) € L*((0, T), X).

Proof Using the assumption -1 < y < —%, we have

Zz’z;‘:; > —%. Hence, the conclusion of
Theorem 3.2 is also true if we replace conditions (Hy)-(Ha) by (H3)-(Hj). Now, we will fol-
low the argument of Wang et al. in (see [6], Theorem 4.1) to prove that the mild solution x
is a strong solution to problem (3.1).

First, we show that x(¢) is Holder continuous with an exponent ¢ with ¢ > «(1 + ) on

the interval [/, To]. For any ¢ € [0, Ty], taking At > 0 such that £ + At < T, we have

||x(t + At) —x(t) ||
< 1(Salt + AL) = Su () (9(0) — g(0,x0)) | + | gt + At,xesar) —g(t,x)) |

t+At
+ / (t+ At —s)*TAP,(t + At —s)g(s,x;) ds
0
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- /t(t —8)* AP, (t - 5)g(s,xs) ds
0

+

t+At t
/ (t+ At —s)* Py (t + At —5)f (s,x5) ds — / (t —5)* Pyt — s)f (5, %5) ds
0 0

211 +12 +13 +I4.
For I, by Proposition 2.5(i), (iii) we get
5 = || (Sa(t + AL) = Sa(0)) (¢(0) ~ g(0,%0)) |
t+At
f 5" AP (9)(9(0) - g(0,x0)) ds
t

-y _ 4oay
< Cp% |A(¢(0) - g(0,x0)) .

For I3, using Lemma 2.1, condition (H}), and Proposition 2.5(i), we get

t+At
I3 = ‘ / (t+ At —s)*TAP,(t + At —5)g(s, %) ds
0

_ / (6= AP (¢ 5)g(s, %) ds
0

<

/t(t —5)* AP, (t - ) (g(s + At xgoar) — (S, xs)) ds
0

At

(t+ At —9)*TAP, (¢ + At — 5)g(s,x5) ds
0

+

t
<L, / (= 9| Palt = )| (A + 5000 — 5510) ds
0

At
+7"M, (t+ At —s5)*! HPa(t+ At —s) || ds
0
7 t £+ AT — Y
< CyL, O (A + CpLgf (£ = 8)™ " Y agrnr — Xslo ds + r*Mg#.
—-ay 0 -ay

Similarly to I3, we have

t+At t
L= ‘ / (t+ At —s)* VP, (t + At —s)f(s,x;) ds — / (t = 8)*Palt - s)f (s,x5) ds
0 0
(t + At)l—q(lﬂxy) _ tl—q(l+ay) LprT(;ay 5
m + + —— (Af)”?
<G, g ray) 171l o 0,19, R%) "oy (Ar)

t
+ Lpr / (t - 5)_0”/_1 |xs+At - xs|0 ds.
0
Asa consequence, we get

”x(t + At) — x(t) H

£+ AE)TY — Y
= Cp% |A(¢(0) - g(0,%0)) | + Lg(AD™ + Lglxene = x¢o
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C,L,T,"" t
+ 220 (A" + C L, / (t =)™ Vg, ar — Xslo ds
—oy 0
(t + At)—ay _ @y (t + At)l—q(lwty) _ tl—q(l+ay)
+7r*M, + C, m +
g “ay % 1—q0+ay) 772l 22 (0,7, R +)

LC, T %
+ f~pto

t
(A% +Lpr/ (8= 8) %"V agr ar — %o ds.
ay 0

Using the inequality b —a® < (b—a)° (0 <a < b, 0 <c< 1), we have

”x(t + At) — x(t) H

_ GpllAp(0) — g(0, %))l + r*My
< oy

CpL Ty

(AL + (Lg + )(At)(’l

Cpollmllrr0,7),r+

—ay
Lfcp TO (At)ez + ) (At)l—q(lﬂxy)

+ L,|x —X¢lo +
g| t+At t|0 —ay 1—q(1+0l)/)

t
+Cy(Lg + Ly) / (£ = 8)" " Yagpnr — x5l0 ds. (3.9)
0
Putting

# =min{-ay,01,60,,1 - gl +ay)} >aly +1),

_ GlA@©) -gO@xo)l +7r*My  CpL Ty LG Ty
-y ¢ -ay —ay

M

1-gQ+ay)

we can rewrite (3.9) in the form

|t + AL) —x(8) | < M(AL)” + Lglxeear — %elo

t
+Cp(Lg + Lf)/ (£ = 8) " Y agoar — %slo ds.
0
Then it follows from the definition of | - |o that the inequality
t
[eene —xelo < M(AL)” + Lglxeiar —x¢lo + Cyp(Lg + Lf)/ (t =9 Magrar — xslo ds
0

holds. Then, in view of condition (Hj), we have

C,(Ly+Ls) [ e
00" P [ N xlods 610

[%erar = %elo <
Applying the generalized Gronwall inequality [24] to (3.10), we get the estimate
xerae —%elo < Q(AL)” (3.11)

with

Q- M ay(Cp(Lg+Lf)
g

_ Clean) T2 ). 3.12
— L (awo) (3.12)

Page 18 of 25
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It follows from (3.11) that x(¢) is Holder continuous with an exponent ¢ > «(1 + y) on
[_h» TO]'
Next, we show that x(¢) satisfies problem (3.1). To do this, let

t
u(t) = / (t—5)"LAP, (t — 5)g(s,x,) dis. (3.13)
0
By the assumption A2g(¢,x,) € L°((0, T), X) and Proposition 2.5(i), we have

t o i
lAul < /O (t—s)"" ”Pa(t )] H dS”Azg”LOO((O,T),X) = Cp@ ||A2g||L°°((o,T),x)'

This implies that u(¢) € D(A) for all ¢ € [0, T]. Note that #(0) = 0. So by Proposition 2.1(ii)

and Proposition 2.5(v) we get

(550 = (6D )(0) = (o1 u) 1)

d
= (T APL0(E) * ()

d
- = (AS, (1) * g(t, 1))

Now we need to calculate the first derivative of v(£) := AS,(¢) * g(¢,x;). Let At > 0 and
t + At < Ty. Then, by Proposition 2.6(ii) we obtain

g(s,x5)ds

vt + At) —v(t) PAS,(t+ At—5)—AS,(t—3)
At _/0 At

t+At

+ A t ASy(t+ At —s)g(s, %) ds

t
=-A / (t —5)* LAP, (t — 5)g(s, x,) ds
0
1 t+At
y—
At ),
= —Au(t) +1,

AS,(t+ At —s)g(s,x5) ds

where

1 t+At

=X t ASy(t + At —8)g(s,x5) ds

At

1
= E o ASa(T)g(t + At - T:xt+At—r) dr

At

1
= E ASa(T)(g(t+ At_T’xt+At—r)_g(t_Trxt—r)) dr
0

1 At 1 At
+ E/o AS,(7)(g(t — 7,2 0) — g(t, %)) dT + E/o ASy(T)g(t, ) dt

=11 +[2+[3.
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For I, combining Proposition 2.5(i) and relation (3.9), we have

1 At
Ar ‘ / ASa(t)(g(t + A= T, X pr0) — gt - r,xt_,)) dt
0
At
=57 | 18] Age+ At =700 - Aglt - 1,20) | de
0
CSL At
<=7 / T ((AD" + iar—r ~%iclo) dT
t Jo
Ap)fi—aly+1) Ap)?-alr+D)
< CSLfL + CSLfQL.
1-a(y +1) 1-a(y +1)

Moreover, since ¢ > a(y +1) and 1 —a(y +1) >0, we get I; — 0 as At — 0.
Similarly, we can show that I, — 0 as At — 0. For I3, by Proposition 2.5(vi) we have
lima; 0 I3 = Ag(t,x;). Hence, we get v/ () = —Au(t) + Ag(¢, x;). It follows that

(§D%u)(t) = —Au(t) + Ag(t, x,). (3.14)

Analogously, taking

w(t) = /t(t — )Py (t — 5)f (s, ) dt, (3.15)
0
we can show that
(§Dw)(2) = —Aw(t) +f(t, x,). (3.16)

Combining Proposition 2.5(iv), (3.14), and (3.16), we obtain that the mild solution x(t)
satisfies problem (3.1).
To complete the proof, it remains to show that ({D%x)(£) € L'((0, To), X). In other words,
we need to prove that fOTO |(gD‘j‘x)(t)| dt < 00. As before, we have
“ gD(txx”Ll((O,To),X)
To
<05l amyn * [ 1S00] debA(00) 80, 50) |m o

To t
e[ [ e Pt 9 | dsde Al oy + 1€ 000

To t
+ / / (t =) | Palt = 5)| dsdtllAf Nl 2o 0,70)00 + IF 210, 7). x1)
o Jo

1-a(1+y)
= ”ngtxg”Ll((O,To),X) + CS#IH/) ||A(¢(O) —g(O,xo)) ”LO‘J((O,TO),X)
C, T
m(nﬁg”w&%)x) + 1A oo, 700.)) + 1A 110,700, x1)

+ | 20,71

which shows that (§ D%x)(¢) € L1((0, To), X). Hence, the mild solution x(¢) is a strong solu-
tion to problem (3.1). The proof is completed. d
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Corollary 3.3 Let A € O, with -1 <y < -3 and 0 < ® < 70/2, and ¢(t) € C([-h,0],X").
Suppose that conditions (H3), (H}), and (Hy) hold. Then the mild solution x to equation
(3.8) is its unique strong solution, provided that Ap(0) € L*°((0, T), X).

Finally, under suitable conditions, we show that the mild solution becomes a classical
solution to problem (3.1).

Theorem 3.4 Let A € O, with -1 <y < —% and 0 < w < /2, and ¢(t) € C([-h,0],X1).
Suppose that conditions (H3)-(H}) hold. In addition, suppose that the following conditions
hold:

(H,) Forallte[0,T] and x; € C([-h,0],X), OCD‘;‘g(t,xt) € C([0, T, X).

(Hp) In condition (HY), 0 <Ly < 1.

(H,) For almost all t € [0,T] and x; € C([-h,0],X), Ag(t,x;) € L((0, T),X") and A’g(t,
x;) € L*((0,T),X).

(Hy) For almost all t € [0, T) and x; € C([—h,0],X), f(t, %) € L}((0, T), X") and Af(t,x;) €
L*((0,T),X).

Then the mild solution is a classical solution to problem (3.1), provided that A(¢(0) —
(0,x0)) e DAP) with B>1+y.

Proof To establish the conclusion, we observe from the proof of Theorem 3.3 that it is
sufficient to establish that (gD‘;‘x)(t) € C([0, Tp], X).

We now define u(t) and w(t) as in (3.13) and (3.15). We first prove that (OCD‘;‘u)(t) €
C([0, To], X). By (3.14) we only need to prove that —Au(t) + Ag(t,x,) € C([0, To], X). Ac-
cording to the assumption, Ag(z, x;) is continuous for all ¢ € [0, Ty] and x; € C([-4, 0], X).
So, it remains to prove that I(¢£) = —Au(¢) is continuous for all ¢ € [0, Ty]. For that, we ex-
press I(t) as I(t) = L(t) + I,(¢), where

t
L(t)=-A / (= 5 AP (¢ - 5)(gls, %) — gty x2)) s,
0
t
L) =A / (t —s)* LAP, (t — 5)g(t,x,) dis.
0
Using Proposition 2.5(iii), we get I(£) = —(S, (¢) — I)Ag(t, x;). So, by Proposition 2.5(v) and

condition (H,.) we have that I5(¢) is continuous for ¢ € [0, Ty]. Next, we prove that [;(¢) is
continuous for ¢ € [0, Ty]. Let At > 0 be such that ¢t + At < T. Then

|5t + At) - L) |

< HA /t((t + At—8)*TAP,(t + At —s) — (t— )%
0

x APy (t - 5))(g(s, %) — g(t,x,)) ds

+

t
A / (t + At —5)" AP (¢ + At - 5)(g(t, %) — g(t + Aty xpear)) ds
0

t+At
+|A / (t + At —5)* AP (¢ + At - 5)(g(s,%5) — gt + At X ar)) ds
t

= (8) + hy(t) + hs(t).
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For /1,(t), on the one hand, we have

”A /t(t + At =) T AP, (t + At —5)(g(s, x5) — g(t,x,)) ds
0

té)l—(x(lﬂ/) tl?—(x(lﬂ/)
<L, ——— +L,Q——.
0 —al+y) ngS‘—oz(1+y)

Moreover, since 8, > a(l1 + y) and ¥ > a(l + y), we get A(t + At — s)* AP, (¢t + At —
5)(g(s,xs) — g(t,x:)) € L1((0,£), X). On the other hand, by Proposition 2.5(v) we have

Al}goA(t + At =) T AP, (t + At —5)(g(s,%5) — g(t,x,))
= A(t - 5)" AP, (t - 5)(g(s,x5) — g(t,x0)),

so that by the Lebesgue dominated convergence theorem we get /;(t) — 0 as At — 0.
For /1,(t), we have the estimate

t
hy(f) < HA/ (t+ At —5)* AP, (¢ + At —5)(g(t, %) — gt + Aty xp.00)) ds
0

<L,C, /Ot(t + At - s)""’“"”l((Al,‘)e1 + Q(At)'?) ds

(At)_a<l+y) _ (t + At)—ot(l+)/)

=L,C
&=p —a(l+y)

(A" + Q(AL)”).

Moreover, since 6; > (1 + ) and ¥ > a(1 + y), we get hip(t) — 0 as At — 0.
For h3(t), by Proposition 2.5(i) and condition (H]) we have the estimate

h3(t) < ||A2gHL°°((O,To),X)’

2(Ar)™YY

—ay
which implies that h3(¢) — 0 as At — 0. Hence, —Au(t) + Ag(t,x,) is continuous for all
te [O, T()]

By the argument used earlier we have that (OCD‘;‘W)(L‘) is continuous for all ¢ € [0, Ty].
Combining Proposition 2.5(v) and the assumption A(p(0) — g(0,x0)) € D(A#) with B >
1+ y, it follows that (§D%x)(¢) is continuous for all ¢ € [0, T], and the proof is completed.
O

Corollary 3.4 Let A € O, with -1 <y < -1 and 0 < w < /2, and ¢(t) € C([-h,0],X").
Suppose that conditions (H3), (H}), and (Hy) hold. Then the mild solution x to equation
(3.8) is its unique classical solution, provided that Ap(0) € D(AP) with B>1+y.

4 Application
In this section, we demonstrate the applicability of the obtained results to the following
problem:

S0 (u(t,y) - %e‘t sin(y(t — h))) = 8y2u(t,y) + ff_h x (s —t)ul(s,y)ds,
tel0,T],ye[0,m],

u(t,0) = u(t,7)=0, tel0,T],

u(t,y) = (p(®)»), t€l-h0]ye[0,n],

(4.1)
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in the space of Holder continuous functions X := C*([0,7],R) (0 </ < 1), where gaf‘ is the
Caputo fractional partial derivative of order 0 < « < 1 with respect to ¢, that is,

1 a [t
(§0ru)(t,y) = ) (a /0 (t—8)"u(s,y)ds — t“u(O,y)).

We now introduce the operator
A=-92,  D(@A)={ueC?([0,7]):ult0) = ult,7) =0},

in the space C*([0, 7], R) (0 < < 1) of Holder continuous functions. It follows from [4] that

~ L_
there exist v,e >0 such that A + v € @21_16 (X).
2
To represent this system in the abstract form (3.1), we introduce the function f : [0, T] x
C([-h,0],X) — X given by

0
£ 900 = [ 20 ds
If x € L}([0, T],R), then f € C([0, T], X), and it follows that there exists a function m(¢) €
LY([0, T],R) such that

lf &) < m(@).

It follows from Theorem 3.2 that there exists T such that equation (4.1) has a unique mild
solution on [/, Ty].

5 Conclusions

The research on almost sectorial operators has been of significant interest during the past
years. However, it has been found that there is no published material addressing the exis-
tence and uniqueness of solutions for fractional neutral evolution equations with almost
sectorial operators. To enrich the literature on the topic, we have investigated the existence
and uniqueness of mild solutions to fractional neutral evolution equations with almost
sectorial operators in this article. Our study relies on some fixed point theorems. Under
some suitable assumptions, we have shown that a mild solution can become a strong solu-
tion and a classical solution. As an illustration of our work, we have discussed the existence
and uniqueness of a mild solution for a fractional partial differential equation.
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