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1 Introduction
The Genocchi polynomials are defined by the generating function (see [1, 2])
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When x = 0, G,, = G,(0) are called the Genocchi numbers. From (1) we see that
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We consider Changhee-Genocchi polynomials defined by the generating function
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When x = 0, CG,, = CG,(0) are called the Changhee-Genocchi numbers.
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The gamma and beta functions are defined by the following definite integrals:

o0
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0
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B(a, B) =f L1 -0 dt
0
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From (4) and (5) we have (see [3])
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(5)

(6)

We recall that the classical Stirling numbers of the first kind S;(n, k) and S,(#n, k) are

defined by the relations (see [4])
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respectively. Here (x),, = x(x — 1) - - - (x — n + 1) denotes the falling factorial polynomial of

order n. We also have
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In this paper, we introduce a new family of functions, which is called the Changhee-

Genocchi polynomials.

We study some properties of these polynomials, which are related to Genocchi polyno-

mials and Changhee polynomials. Also we represent Changhee-Genocchi polynomials by

gamma and beta functions.

We also study higher-order Changhee-Genocchi polynomials related to Changhee poly-

nomials and Daehee polynomials.

Most of the ideas in this paper come from Kim and Kim [5]. Specifically, equations (14),

(21), and (22) are related to the papers [5-8].

2 Changhee-Genocchi polynomials

First, we relate our newly defined Changhee-Genocchi polynomials to Genocchi polyno-

mials.
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Replacing ¢ by e’ — 1 in (3) and applying (7), we get
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The left-hand side of (8) is the generating function of the Genocchi polynomials.
Thus, by comparing the coefficients of (1) and (8) we have the following theorem.

Theorem 1 For any nonnegative integer k, we have
k
Gi(®) = ) CG,(®)Sa(k, ). )

n=0

On the other hand, if we replace ¢ by log(1 + £) in (1) and apply (7), then we get

2log(1 +¢t)
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where S; (k, n) are the Stirling numbers of the first kind.
By comparing the coefficients of both sides of (10), we get the following theorem.

Theorem 2 For any nonnegative integer k, we have
k
CGr(®) = Y Gul®)Sy(k, n). (11)

n=0

Remark When x = 0 in (11), we can see that Changhee-Genocchi numbers are integers.

We can consider equation (11) as the inversion formula for (9). From (3) we can consider
the following identity:
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Thus, by comparing the coefficients of both sides of (12) we have

CGulx) = (’;) CGi)t= Y (’;) Gt
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From (13) we can derive the following theorem.

Theorem 3 For any nonnegative integer n, we have

n n-l

1 n 1
CGu(x)dx = CGSi(n—1, . 14
[ cGuwrax ZZ(Z) Sin-m) L (14)
=0 m=0
In this paper, we define the A-Changhee-Genocchi polynomials by a generating function
as follows:
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We recall that the A-Changhee polynomials are defined in [9] by

2 I t"
m(ut)A - Z;Chm(x)a. (16)

When A =1, Changhee-Genocchi polynomials are well-known Changhee polynomials, cf.
[10-18]. In order to establish a reflexive symmetry on the Changhee-Genocchi polynomi-
als, we consider the following:
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By comparing the coefficients of (17) we have the following theorem.

Theorem 4 For n € N, we have

CG(1-x) = CG_1(%). (18)

Thus, from (3) and (18) we have
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By comparing the coefficients of (19) we have
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On the other hand, by (5), (6), and (20) we have
1
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Thus, by (18) and (21) we have the following identities, which relate the A-Changhee-
Genocchi polynomials, the Stirling numbers, and the beta and gamma polynomials:
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From (16) we consider
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By comparing the coefficients of (23) we have the following theorem.
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Theorem 5 For any nonnegative integer n, we have
CGH,)\(l - x) = CGn,,k(x). (24)
Remark If we take A =1 in Theorem 5, then we have the result in Theorem 4.

From the second line of (23) and from (16) we have

() o)

(G (D Clgaln) | 2
2(2 l Wn); (25)

=1

By comparing the coefficients of (23) and (25) we have the following theorem.

Theorem 6 For any positive integer n, we have

L (-1
CG(®) = Y ~——Chy 1 ()

n!
= l ’ (n=1)!

For r € N, we define the Changhee-Genocchi polynomials CGY (%) of order r by the
generating function

2log(1+¢
(T) Z CGY (x) : (26)

From (26) we have the following relation between the Changhee-Genocchi polynomials
of order r and the Changhee polynomials of order r:

ot oy (,2) o
(o)
Jo
(B Yo

0 n i -1 n+r
=X;<%: (7)52(1+r,r)< ;r> Chf;j,(x)) tn! . (27)

By comparing the coefficients of (26) and (27) we have the following theorem.

Theorem 7 For any nonnegative integer n, we have

n -1
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For d € N with d =1 (mod 2), we have the following identity:

1+(1+12)
Z( e e A 28)
So, for such d =1 (mod2), from (28), (3), and (15) we see that
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By comparing the coefficients in (29), for d =1 (mod 2), we have the following theorem.

Theorem 8 For any nonnegative integer n and d =1 (mod 2), we have

d-1

CGalw) = 3 (- 1)“CGM<“;">. (30)
a=0

We remark that, for d = 1 (mod 2), from (9) and (30) we have the inversion of Theorem 8.

Theorem 9 For any nonnegative integer n and d =1 (mod 2), we have

k
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From the generating function of the Changhee-Genocchi polynomials in (1), replacing
¢ by Alog(l + t), we get
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Thus, the left-hand side of (31) can be represented by the A-Changhee-Genocchi polyno-
mials as follows:

21 1log(1 + t)

T _AZCG“x)—. (32)

By comparing the coefficients of (31) and (32) we have the following theorem.

Theorem 10 For any nonnegative integer k, we have

k
CGra(®) = Y W Gu(®)Si(k, m).

n=0

From the generating function of the Changhee-Genocchi numbers in (3) we want to see
the recurrence relation for the Changhee-Genocchi numbers:

2log(1+1¢) = ZCG —(t+2)

n=0

o0 t” oo t”
= E nCGy1— +2 E CcG,—
n! n!

n=2 n=1
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n=2

On the other hand, from the left-hand side of (33) we have

2log(l+2) =Y (-1)"2(n- 1)!;—}:. (34)

n=1

By comparing the coefficients of (33) and (34) we have the following recurrence relation

for the Changhee-Genocchi numbers.

Theorem 11 We have

CGy =0,
nCG,_1 +2CG, =2(n-1)(-1)"" forn>1.

From the higher-order Changhee-Genocchi polynomials

2log(l+¢
(?) Z CGY (x) (35)

we can deduce

CGY ) = CGP() = - = CGY () = 0. o
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Thus, from (36) we can rewrite (35) as follows:

t}’l+r

2log(1+¢
_— CcG CrET 37
(220 v Sc i o
We recall that the Dahee polynomials are defined by the generating function (see [9, 19])
log(1 +¢t) t"
——— @1+t =) Dyx)—.
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When x =0, D,, = D,(0) are called the Dahee numbers.
For r € N, the higher-order Daehee numbers are given by the generating function (see
[9, 19, 20])

(log 1+¢) > ZD(r

From (28) we have

d-1
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Thus, from (38) we have the following theorem.

Theorem 12 For any nonnegative integer n and d =1 (mod 2), we have

d-1
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3 Changhee-Genocchi polynomials arising from differential equations
In this section, we give new identities on the Changhee-Genocchi numbers by using dif-
ferential equations. We use the idea recently developed by Kwon et al. [21].

By equation (3) we can write the generating function for the Changhee-Genocchi num-

bers as follows:

F(t) = %j:” -y cG, o (39)
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Let
2
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From (39) we have

v (AN L o e
F¥@0 =) F©)= CGnim—. (42)
m=0 :

By comparing the coefficients of (40), (41), and (42) we have new identities on the
Changhee-Genocchi numbers as follows.

Theorem 13 For any nonnegative integer s, we have

S—m

CGyn = ZO (;) X(;(—N +Kk)"S1(m, n) lX:(—k —1)!$1(s - m, 1)28%
m= n= =0

N

k
x Y (]/\([)(_1)N-1<%> KN = k =1).
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