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Abstract

This paper studies higher-order nonlinear neutral delay difference equations of the
form

AT (AT G (A (Al + Paxn2)) 7)) - )Tm2))m )
= 1N, Xnzy, e Xn-z)-

Using Krasnoselskii's fixed point theorem, we obtain the existence of uncountably
many bounded positive solutions to the considered problem.

Keywords: nonlinear difference equation; neutral type; Krasnoselskii's fixed point
theorem

1 Introduction and preliminaries
In mathematical models in diverse areas such as economy, biology, computer science, dif-
ference equations appear in a natural way; see, for example, [1, 2]. In the past thirty years,
oscillation, nonoscillation, the asymptotic behavior and existence of bounded solutions to
many types of difference equation have been widely examined. For the second order, see,
for example, [3-9], and for higher orders, [10-15], and references therein.

Liu et al. [16] discussed the existence of uncountably many bounded positive solutions
to

A(r,,A(x,, +byxy o — c,,)) +f (mx(fi(n)),. ..,x(fk(n))) =d,

with respect (b,). Using techniques of the measures of noncompactness, Galewski et al.
[4] considered

A(rn (A(xn +pr1xn—r))y) + anz + anf(xnﬂ) =0.
Migda and Schmeidel [12] studied the following equation:

A A A1 Al + Punz)) -+ +)) = anf (n—o) + by

n n
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They established sufficient conditions under which for every real constant, there exists a
solution to the studied problem convergent to this constant.

In this paper, we study higher-order nonlinear neutral delay difference equations of the
form

AT AET (- (AC(AG + paxn) ) ) 2)) )

:f(n,xn—rlr oo ,xn—rs) (1)

under the following general settings:

(Hi1) m>2,y,...,Ym1 <1 are ratios of odd positive integers, t € N, 13,..., 7, € Z, (p,) C
R,r =) cR\{0}i=1,...,m-1,andf:N x R* > R.

Additional conditions will be added to obtain the existence of uncountably many positive
(nonoscillatory) solutions to equation (1). Krasnoselskii’s fixed point theorem will be used
to prove our results. To illustrate them, three examples are included.

Throughout this paper, we assume that A is the forward difference operator. By a so-
lution to equation (1) we mean a sequence x : N — R that satisfies (1) for every n > k for
some k > max{t, 1y,..., Ts}.

We consider the Banach space [*° of all real bounded sequences x : N — R equipped
with the standard supremum norm, that is, for x = (x,,) € [*°,

llxll = sup |x4].
neN

Definition 1 ([17]) A subset A of [*° is said to be uniformly Cauchy if for every ¢ > 0, there
exists n9 € N such that |x; — x| < € for any i,j > ny and x = (x,,) € A.

Theorem 1 ([17]) A bounded, uniformly Cauchy subset of I*° is relatively compact.
We shall use Krasnoselskii’s fixed point theorem in the following form.

Theorem 2 ([18], 11.B, p.501) Let X be a Banach space, B be a bounded closed convex
subset of X, and S, G : B— X be mappings such that Sx + Gy € B for any x,y € B. If Sis a
contraction and G is a compact, then the equation

Sx+Gx=x
has a solution in B.

2 Main results
For any nonnegative sequence y = (y,) and # € N, we use the notation

o0
Wi(m,y) =Y s

lLi=n

Wa(n,y) = Z(

1
m—1
ly=n rlZ

00 VYZ1_1 00 Wil y) y*ll
162, "=
)3 (E)

L=l lh=n |r12
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> W_ 17 yr:ll—kﬂ
Wk(n,y):Z<M) , k=2.,m.

m—k+1
lx=n |r'lk |

By [0, M]* we denote the set [0,M] x --- x [0,M] C R®.

Now we are in position to formulate and prove the main theorem.

Theorem 3 Suppose that (H;) is satisfied. Assume further that

(Ha) sup,ey lpnl =p* <1/4;
(Hs) there exists M > 0 such that for any n € N, the function f(n,-) is a Lipschitz function
on [0,2M]* with Lipschitz constant P(n, M) satisfying

1 q yfl 00 1 y51 00 1 Vr;il 00
>l X a2 am| 2P <os;
Lp=1""lm bpt=ly -1 L=l3' b L=l

(Ha) W,,(1, lf(’ Ogs)|) < 00.

Then, equation (1) possesses uncountably many bounded positive solutions lying in
[(M/2,2M].

Proof Let M > 0 be a constant fulfilling assumption (Hj). It is easy to see that (H3) implies

that
o0
> P, M) < 00 2)
h=1

and
i 1 Vo ks1 1 Vi1 2
ZW Zm Zp(ll,M)<OO, k:2,...,m—1. (3)
=1 Uk lh=l3 ) li=ly

From (H,) it is clear that
o0
Z[f(n, Ogs)| < 00, Wk(l, [f(-,ORs)’) <00, k=2,...,m. (4)
n=1

Now we claim that (H3) and (3) imply that
Wi(LP(,M)) <00, k=2,...,m. (5)

Indeed, from (2) we get that there exists #; such that for any n > n;, we have Zio:n P(l,

M) < 1; hence, since y,,_1 <1, we get that for any n > n;,

00 V,;,l,l 00
(ZP(A,M)) <> P(h,M).

lhi=n li=n
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Thus, for any # > n;, we have

[ Vri yl oo
m—1
Wa(m, P(,M)) = 3| ZP(ll,M) < Z > P(h,M).
ly=n 12 L=l lh=n li=ly

To prove that W5 (1, P(-, M)) < 0o, we use the classical inequality
(a+b)* <27t (zz"’ + b"‘) fora >1,a,b>0, (6)

which gives

np-1 -1
Wi (ly, P(-, M)) |1
WZ(LP(;M)) < WZ(”I’P('rM)) + Z 1( 2l"m_(1 ))
=1 b

< Wy (my, P(-, M))

-1 2Vm - np-1 yy:ql—l 00 y}’;ll—l
Py =IEs ((ZP(A,M)) + (Z P(ll,M)> ) <o0.

=1 | h=ly h=m

In an analogous way, we prove the remaining conditions in (5). We now claim that

Z( Wi(n,2M/sP(-, M) + V(-,ORS)D)y’”k 0o, Kk=l...m—1. @)

—k
n=1 |r”4n |
We give the proof of (7) for the case k = 2 and m = 3; the other cases are analogous and
are left to the reader. Indeed, using (6), we have

Z(% I3, 2M.JSP(-, M) + |f (-, ORs))) }

|V13|

- i 1 & Wi(ly, 2M/sP(-, M) Wi(ly, (-, Os)|) vyl vt
s, LN
< 205t i(ril(

I3=1 | I3 |

= Wil 102D\ )
+Z< 7] ) ))

ly=l3

Q0 e (i( Wals 2M¢EP(-,M>>)V1'

1
I3=1 |r13 |

+ i( W (ls, lfl(',ORS)D)yll)

I3=1 |r13 |

i (Wl(zz,zMﬁPc,M)))Vz '

Ih=l3 |r12 |

=202 0 T L (M5 W (1, P(, M)) + Wi (L, |£(-, Os)

)) <0
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Once the claim proved, observe that we may find 7y > max{z, 1y, ..., 7s} such that
1
W, (110, 2M/3P(-, M) + |f (-, Os) ) < ZM(Z —p*). (8)

We consider a subset of [* of the form
Ay = {x =(x,) €l®:x,=3M/2,n<ng A |x, —3M/2| <M/2,n> no}.

Observe that A, is a nonempty, bounded, convex, and closed subset of /*°.
Let us denote

o0
ui(n) = E f(LXiays. s %igy), %= (%)%, € [0,2M], n > max{Ty,..., Ts}.
I=n

The following takes care of showing that u} is well defined and bounded above. By (Hs),
for any x = (x1,...,%;) € [0,2M]° and for any # € N, we have

f (n,x)| < P(n, M)|x|rs + |f(1,0ps)| < 2M~/sP(n, M) + |f (n, Ogs)|, 9)
where || - ||gs denotes the Euclidean norm in R®. Thus, for any x = (x,,) € A,,, and n >
max{ty,..., T},

|uf(m)| < Wi (r, 2M/sP(-, M) + |f (-, Os)| ). (10)
Denote, for any x = (x,) € A,, and n > max{n;,..., 7},

00 -1
. (1) \ '
-3 (48) "
I=n l
Thus, for any x = (x,) € A, and n > max{ty,..., s},
|3 (n)| < Wi (1, 2M/sP(-, M) + |f (-, Ogs) ). (11)
In an analogous way, for any x = (x,,) € A, and #n > max{n,..., 7;}, we denote
i (1)) ke
uk(n):z<rm_k+1) , k=2,...,m.
I=n l
Thus, for any k =2,...,m, x = (x,) € A,y, and n > max{t,..., T},

()] < Wi(n, 2M/sP(, M) + | (-, Os) ). (12)

Define two mappings Ty, T : A,,, — [*° as follows:
0 forl <n<ng,
(Tlx)n = (13)

—Pn¥n—  form=>ny;

Page 5 of 9
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3M/2 for1 < n < ny,
(Tox), = (14)
3M/2 + (-1)"u},(n) form > ny.

Our next goal is to check the assumptions of Theorem 2 (Krasnoselskii’s fixed point the-
orem). Firstly, we show that Tix + Toy € A, for x,y € A,,. Let x,y € A,,. For n < no,
(T + Tay), = 3M/2. For n > ny, from assumption (Hy), (8), and (12) we get

(T1x + Toy)u — BM/2| < |punc| + |, (n)| < p*2M +2M(1/4 - p*) = M/2.
It is easy to see that

T — Tl <p’llx—yll - forx,y € Ay,

so that 77 is a contraction.
To prove the continuity of T5, notice that from (12) we get

|M;71(n)| = Wm—l(lr 2M\/EP(’M) + lf(: O]RS)

) =tdy

foranyx = (x,) € Ay, and n > max{zy,..., 7;}. From the Lipschitz continuity of the function
x> a2 on [0,d,,_1] with constant L,,, say, we have

0o Vl_l
[(Tox = Toy)u| <> T Ly [, (n) = 1), _,(n)]
lp=n""‘m

for any x,y € A,,, and n > ny. In an analogous way, by (12), for any k = 2,...,m, we get
-1
intervals [0, dx] on which the function x > %%« is Lipschitz continuous, say, with constant

L,, >0.Hence, for any x,y € A,,, and n > 1y, we have

o0 1 )/1—1 00 1 yr;£ il oo 1 Ver-l
S NETRRNAND SIS U o] EUS L, S/
ly=n'""M =l Ik Ih=I3 )

X Zlf(/cxk_q,...,xk_rJ —f K Yh—rys - o s Vi)

L=l

m-1 * 11 ks o0 1 Yl
<V Tl (X5 || P |-y,
j=1 bp=n'""M b=l 'k h=h

which, combined with (Hs), means that T; is continuous on A,,.
Now we show that T5(A4,,) is uniformly Cauchy. Let ¢ > 0. From (7) we get the existence
of n, € N such that n, > ny and

AW (11, 2M~/3P(-, M) + |f (-, Ops)|) < €.

From (12) we have, for k,n > n, > ng and for x = (x,,) € A,,,

’(TZx)n - (sz)k‘ = 2|an(n£)| =< ZWm(ns: 2M\/EP(¢M) + V('vORX) ) <é.
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Since T5(A,,) is uniformly Cauchy and bounded, by Theorem 1, T5(A4,,) is relatively com-
pact in [*°, which means that 7, is a compact operator.

From Theorem 2 we get that there exists a fixed point x = (x,,) of T1 + T» on A,,,. Hence,
Xy + Pukn_r = (=1)"1,, (n) + 3M/2

for n > ny. Applying the operator A to both sides of the last equation, raising to the power
1 (recalling that it is the ratio of odd positive integers), and multiplying by %, we get
1 (AGn + puxnr))” = (=10, (1)
for n > ny. Repeating this procedure m — 2 times, we get that x = (x,,) is a solution to
equation (1) for n > ny with x,, € [M,2M].
Now we prove the existence of uncountably many solutions to (1) lying in [M/2,2M].
Let M;, M, be such that M/2 < M; < M, < M. It is easy to see that the assumptions of the

theorem are fulfilled for M;, M. So there exist 13, n; > max{, 1y,..., s} and x' = (x.) and

x% = (x2), each a fixed point of the operator T} + T, in A, respectively, where

(Ti ) 0 forl <m<n;,
X =
) pte forn >y
(Ti ) 3M;/2 forl<mn<mn,
X)), =
" 3M;/2 + (-1)"u, (n) forn=> n;.

Thus, x' are solutions to (1) for n > max{nj, ny}. By (12) there exists n3 € N, nz >

max{ny, n,}, such that
’u’,‘;(n)| + |u’,‘j(n)| <3/4(My — M) forn> ns.
From this we get that, for n > n3,

|y, — 22+ pu(xh_, — x5, )| = 3/2(My — M) - (’u’,‘;(n)’ + |u’,‘j(n)|) >0,

which means that x! and x? are different solutions to (1) lying in [M/2,2M]. O

Remark1 Itisobvious that condition (H4) in Theorem 3 can be replaced by the condition
(H}) W, (1, |f(-,X)]) < oo for some X € [0,2M]°.

3 Examples

Now, we present examples of equations for which our method can be applied.

Example 1 Let us consider the second-order nonlinear neutral delay difference equation

x2

A(\/Eﬂ(xn +pnxn—r)) = m: (15)
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where t € N, 1y € Z, 1 =1, and (p,,) is any sequence of real numbers such that sup, . [Px| <
1/4. Moreover, r} = /n, and f (1, u) = m forneNand u e R.

Since f(n,-) € CY(R) for any € N, it follows that, for any # € N, f(n,-) is a locally Lips-
chitz function on R. Hence, for any n € N, f(n, -) is a Lipschitz function on [0, 2M] for any

i M
M > 0. It is easy to calculate that P(n, M) = or=erT) and
M - M
P(l;, M) = e B —)
,221 " IZI (0= Z Z (2h ~D)(2h +1) ; 2Vh(2h 1)

so that assumption (Hj) of Theorem 3 is satisfied. To see that assumption (Hy) of The-
orem 3 is fulfilled, notice that f(n,0) = 0, n € N. Hence, there exist uncountably many
solutions to (15) in any interval [M/2,2M] for any M > 0. On the other hand, Theorem 3.1
in [16] is inapplicable because

oo -1 =9}

M -1)
2: §:p(11, :}j Yy
=1 12 h=1 12:1 211 - 1) 211 + 1) =1 \/5(212 - 1)

Example 2 Consider the third-order nonlinear neutral delay difference equation

(e )T

. 2.6
(=1)"sin(xy—ry) — 1%, ’ (16)

(n5 +7m3 + 1) (x}_ o +a2_ ot 1)

where T €N, 11,7y € Z, y1 = 1/3, y» = 1/5. Moreover, p, = 2+(1—61)”’ rt=Vn+2,r:=n,and

fnu,v)= % forany n € Nand u,v e R.

Because f(n,-) € C}(R?) for any n € N, f(n,-) is a Lipschitz function on [0,2M]? for any

M > 0. It is easy to calculate that there exists D(M) > 0 such that P(n, M) < - 1;4)§+1 for

sufficiently large # and

oo

DM 1 DM
le+7l3+1 o 2;32; +7l3+1 o
and

;m Z 32; +7l3+1

Moreover, f(1,0,0) = 0, n € N. This means that the assumptions of Theorem 3 are satis-
fied. Hence, there exist uncountably many solutions to (16) in any interval [M/2,2M] for
any M > 0.

Example 3 Let us consider a nonlinear neutral delay difference equation of the form

x6

A((AC (A4 + D)) )y = Mo, 7)
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wheremeN, 7 €N, iy € Z,and y,..., Y1 are the ratios of odd positive integers. More-

over, (p)nen is any sequence of real numbers such that sup,,. |pu| < 1/4, 7% = --- =" =1,

and f(n,u) = Z—i forany n € Nand u € R.

In an analogous way to Example 1, we have to check only assumption (H4) of Theorem 3.
We have that f(n,-) € C(R) for any # € N, and it is easy to calculate that P(n, M) = 192M°

61

and

2 - >\ = 192M° 6\"
>y 3y e me(§) <

Im=11ly_1=lm Iy=l3 1=l

Hence, there exist uncountably many solutions to (17) in any interval [M/2,2M] for any
M>0.
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