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Abstract

Recently, Kim, Kwon, and Seo (J. Nonlinear Sci. Appl. 9:2380-2392, 2016) studied the
degenerate g-Changhee polynomials and numbers. In this paper, we consider the
Appell-type degenerate g-Changhee polynomials and give some new and explicit
identities related to these polynomials
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1 Introduction

Let p be a fixed odd prime number. In this paper, we denote the ring of p-adic integers and
the field of p-adic numbers by Z, and Q,, respectively. The p-adic norm | - |, is normalized
as |plp = 117. Let g be an indeterminate with [1-g], < p_P%l . We recall that UD(Z,) is the set
of uniformly differentiable functions on Z,. For each f € UD(Z,), the p-adic g-Volkenborn
integral on Z,, is defined by Kim to be

A
Lin- [ i gle) = fim 3 (L)

where [x], = % (see [1-4]). From (1.1), we have

n-1

q'Lq(f) + (1" Lg(f) = [21 ) (1) 'g'f () (1.2)

i=0

(see [5-7]). Kwon-Kim-Seo [8] derived some identities of the degenerate Changhee poly-

nomials which are given by the generating function

2

Ly = t"
——— (1+log(l1+At)*)" = Ch,, — 1.3
2k+log(1+kt)( +log(L+22) ) ; 'k(x)n! 13)
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(see [1, 3, 4, 7-14]). We note that if x = 0, then Ch,,; = Ch,,;(0) are called the degenerate

Changhee numbers. From (1.3), we note that
}in% Ch,,1(x) = Ch,(x) (2>0).

We recall that the gamma and beta functions are defined by the following definite integrals:
fora >0, 8>0,

F(ot):/ et dt (1.4)
0
and

1
B(a,ﬂ):f Y1 -0 dt
0

[e’e] toz—l
= ——dt 1.5
,/0 1+ r)xp 15

(see [5, 15, 16]). From (1.4) and (1.5), we show that

['(e)I'(B)
r 1) =al'(w), B(a,8) = ——. 1.6
(@ +1) =al(a) (e, B) Tt f) (1.6)
The Bell polynomials are defined by the generating function
o0 t”
ex(e‘—l) _ ZBeI”(x)E 1.7)
=0

(see [6]).
Recently, Kim, Kwon, and Seo [1] defined the degenerate g-Changhee polynomials, a
q-extension of (1.3), by

qAr + A
qlog(L+ At) + gh + A

(1+log( +2£)7 )" ZChm(x . (1.8)

We note that if x = 0, then Ch,,; ;, = Ch,,, ,(0) are called the degenerate g-Changhee num-
bers.
In this paper, we consider the Appell-type degenerate g-Changhee polynomials and give

some explicit and new formulas for these polynomials.

2 The Appell-type degenerate g-Changhee polynomials
In this section, we define the Appell-type degenerate g-Changhee polynomials which are
given by

o "

qAr + A
" — 2.1
qlog(l+At) + g + A Z M(x) @1)
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If x = 0, then (’Z\fln,x,q = (Alldln,,\,q(O) are called the Appell-type degenerate g-Changhee num-
bers. From (2.1), we note that

~ " n\ ~
Chn,A,q(x) = Z (m> Chm,A,q xn—m’ (22)

m=0
By (2.2), we obtain

d ~ ~
EChn,A,q(x) = nChn—l,)»,q(x) (I’l = 1) (23)

From (2.3), we show that

1 __ 1 1 d ~
/(; Chn,k,q(x)dx: m/o ECth+1,)\.,q(x)dx

1 ~ ~
= ——(Chy41,,4(1) — Chy,y . 2.4
n+l ( l,A,q( ) I,A,q) ( )

We observe that
I "\ 1
/ ¥"Chy,q(x +y)dy = Z <m) Chn-m,x,q(x)/ Yy dy
0 0

m=0

_ " (n aln—m,)»,q(x)
_Z<m) n+m+1 25)

m=0

On the other hand, we derive
1 ~
/ ¥"Chy, q(x + ) dy
0

- ~ 1
g3 (Z) G+ D" [ 05" dy

" (n P I'(n+1)C(m+1)
= Z (m) (—1) Chn,m,)h,q(x + l)m. (26)

m=0

Thus, by (2.5) and (2.6), we give the first result.

Theorem 1 For n € NU {0}, we have

Z (m)Ch,,_m,,\,q(x) ) Z (:q) (—l)m(f?\fln,m,x,q(x 1) T(n+1)T(m + 1)‘
m=0

— n+m+1 F'(n+m+2)

In particular, x = 0;

3 (2)Chyymg 3 ( ,’,: )(—l)’”ﬁflnm,x,q O L2+ DE(m+1)
=| m=0

n+m+1 F'n+m+2)
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We also observe that

1
[ Gt nds
0
a’lnxq(x+1) n /1 AT
= — - "**Ch,,- d
n+1 n+1 oy 1hq (% +y) dy
_ (fffl,,,,\,q(x +1) (fl\fln,l,;\,q(x +1) n
- n+l n+1 n+2

-1 1 ~
+ (—1)2% /0 Y'2Chy g q(x + ) dy

_ aln,k,q(x +1) naln—l,k,q(x +1) 2 n(n - l)aln—Z,A,q(x +1)
N n+1 - n+1)(n+2) = (n+1)(n+2)(n+3)
3 nn-1)(n-2) Vs
+ (1) n+1)(n+2)(n+3) /0 Y Chn35 (%4 ) dy.

Continuing this process consecutively yields

1
/ ¥"Chypq(x + ) dy
0

Ch, ) EAntn-1)--(n-m+2)(-1)"! ~
_Ghusglatd) Shnn-D - nmm DD

n+1 n+1)(n+2)---(n+m)

m=2
nn-1)(n-2)---2
n+1D)n+2)---2n-1) Jy

1
)t Y 1Chy 4 (x + y) dy

+ (-1

) Ch,y (% +1) 21: nm=1)-(n—m+2) (=" ~

Chy,p, 1
n+1 m+D)m+2) - (n+m) angx+1)

m=2
n! ~ 1
-1t Ch 1) -
+D (n+1)(n+2)~~-(2n—1)2n( (e +1) 2n+1)
n+l
(n)m— 11
= Z (Vl N 1>l (_l)m 1Chn—m+l,k,q(x + 1)’

m=1 m

where (n),,.1=n(n-1)---(n-m+2)and<n+1>,=(n+1)(n+2)---(n+ m).

Thus, by (2.5) and (2.8), we give the second result.

Theorem 2 For n € N with n > 3, we have

Z (m)Chn—m,)»,q(x) _ Z ( (I’l)m (_1)’”Chn7m,)hq(x + 1)'

- n+m+1 s n+1) 41

For n € N, we have

1
/ ¥"'Chyq(x +y)dy
0

_ é\ijlrﬁ—l,)\,q("‘: + 1) n

n+1 n+1

1
/ yn_ICthrl,A,q (x + J’) dy
0

(2.7)

(2.8)
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Chn+1kq(x 1) n Ak n 1 7 d
A E ( hn +1)(-1 1- n !
— 1 1 ~ +1— m)\q(x )( ) / ( y y
Ch,ﬁ x+1 n - n+l m 9
LA,q( ) E Chn+1 m,\q(x +1)(-1)"B(n,m +1). (2.9)
n+1 n+1 s m

Therefore, by (2.5) and (2.9), we obtain the third result.

Theorem 3 For n € N, we have

i (::1) éT’ln—;«n,)n,q (%)

n+m+1
m=0

n+1 n+1 m

é‘ﬁn 1 n+l 1\ ~
_ gl ) Z(’” )Chm_m,x,q(m1)(—1>’"B(n,m+1),

where B(n,m + 1) is a beta function.

Now, we observe that, for n € NU {0}, m € N,

1
Chyys 0,4 (0)Chyy 4 (%) dix

0
— 1
Z( )Ch, MZ( )Chk,m(l)(—l)’”_k /0 2711 = )"k dx

1=0

n m 7 m . .
=3 (1) <k)(—l)m‘kChk,,\,q(1)Chl,,\,qB(n ~l+1,m-k+1)
1=0 k=0

e kA ~ Tm-I1+)Tm-k+1)
_Z 0()( )( D™ Chiig (€1 Fn+m-1-k+2)

1=0
= — n m Chy,.,(1)Chy,,
k m—k g g
= _— 2.10
Z ”*ml ( D n+m—-I—-k+1 (210
1=0 k=0 \ n-I
On the other hand,

m c-j\ﬁm—k, " éTln—l, "

1=0 k=0

Thus, by (2.10) and (2.11), we give the fourth result.

Theorem 4 Forn e NU {0}, m € N, we have

S8 00 o Tt
(”*”“lk) n+m—-Il—-k+1

33 (7Y (7)) Sckia i
- 1)\ k k+l+1
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By replacing ¢ to 1 (e*' —1) in (2.1), we get

l+g oL @) _ ()
q(1+t)+1 (ZChmq )(ZB 1[(A>

o0 n " t”
= Z( )Chm,deln_m( )A” " (2.12)
—\om \m A n!

(see [6]). On the other hand,

& 11, m
; Chm,,\,q(x)% X_m (6 L 1)
o0 — 1 o0
- ZChm,A,q(x)/\—m > Syl m)n"—
m=0 n=m
o0 n — t”
=3 D Chn g (®)S2(m, )2 | =, (2.13)
n!

n=0 \m=0
where S, (1, m) is for the Stirling numbers of the second kind, given by

(¢ -1)" =m! isz(n, m)ﬂ.
n!

By (2.12) and (2.13), we give the fifth result.

Theorem 5 For n € NU {0}, we have

n — n n x
ZChm,,\,q(x)Sz(n,m))»_m = Z <m> Chy,q Bell<x>)\l.

m=0 m=0

3 Remarks
In this section, we derive an explicit identity related to the Appell-type degenerate
g-Changhee polynomials as follows. By (1.2), we get

oo n

A+ A
eylog(l+%log(1+lt))+xtd _ _ q § : x . 3.1
/Zp H-q0) qlog(1+kt)+qk+k Bl ) (81)

On the other hand,

eylog(1+% log(1+At))+xt d/Lq(y)
Zp

/ (1+1log(1+ M)%)ye’”f du_q(y)

1 k
f ( > (— log(1 + )»t)) e du_y(y)
., ]y

P k=0

-/ S 0h stl(m,k)— )

pkO m=k
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,

m m &2 s
Z(y)k)"m_ksl(m) k)% Xo:xsg dpl,_q(y)

k=0

1M 10

n m n tn
= ( )(J’)k)\Mksl(m,k)xnm—,dﬂq(y)
Zp =0 m=0 k=0 \" n
oo n m n
:Z Z( ))»"‘ kS, (m, k)" ()/)kdu )=
n=0 \m=0 k=0 m
o0 n m tn
= 12> (n>km‘k51(m,k)x”‘m Chey | =, (3.2)
n
[

N
Il
(=}

m=0 k=

where S;(m, k) is the Stirling numbers of the first kind which is given by

(log(1 + t))k = k! Z&(Wl’k)%

n=k

By (3.1) and (3.2), we give the final result.

Theorem 6 For n > 0, we have

Ch () = Z Z < )Am_kSl(m, K)x" " Chy,g .

m=0 k=0

4 Conclusions

We consider special numbers and polynomials such as Appell polynomials over the years:
Bernoulli, Euler, Genocchi polynomials, and also Changhee polynomials and numbers
have many applications in all most all branches of the mathematics and mathematical
physics.

In Theorems 1, 2, 3, and 4, by using p-adic g-Volkenborn integral and generating func-
tions, we derived many new and novel identities and relations related to the Appell-type
degenerate g-Changhee polynomials and also g-Changhee numbers. In Theorem 5, we
also gave some relations between g-Changhee type polynomials and the Stirling numbers
of the first kind and Changhee numbers.
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