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Abstract

In this paper, new generalized g-Taylor formulas involving both Riemann-Liouville and
Caputo g-difference operators are constructed. Some applications with solutions of
fractional g-difference equations are also given.
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1 Introduction

A g-analogue of Taylor series was introduced by Jackson [1]:

o (1-g)"
Sfx) = Dif(a)[x — al,, (11)
XO: (4 9)n 2

where 0 < g <1, D, is the g-derivative, and
x-al,=(x-a)x—qa)---(x—q""a), n=1[x-alo:=1
Al-Salam and Verma [2] introduced the following g-interpolation series:

f@) = Z(—l)”q‘”(”‘““((IC;—S)DZf(aq‘") [x - al,. 12)
n=0 »1/n

Al-Salam and Verma gave only formal proofs for (1.2); see [1, 2]. Analytic proofs of (1.1)
and (1.2) were given in [3].

Results of generalized Taylor formulas involving the classical fractional derivative may
be found in [4, 5]. In [5], a generalized Taylor formula involving the classical Riemann-
Liouville fractional derivative of order « is deduced, whereas the generalized Taylor for-
mula in [4] contains Caputo fractional derivative of order o, where 0 < < 1.

In [6], a g-Taylor formula in terms of Riemann-Liouville fractional g-derivative Dy, of
order « is obtained. This result can be stated as follows.
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Theorem A ([6]) Let f be a function defined on (0,b) and o € (0,1). Then f can be ex-
panded in the form

-1 oz+/<
Z DN e

a+k+1

1 (a-1) ( N
e f (x - D (DEf)(0) dyt

- K(@)(x - o)™V + (155" Daf) (%), 1.3)
where 0 < a < ¢ <x < b, and K(a) does not depend on x.

Also, in [7], a generalized g-Taylor formula in fractional g-calculus is established and
used in deriving certain g-generating functions for the basic hyper-geometric functions.

In this paper, we give generalized Taylor formulas involving Riemann-Liouville frac-
tional g-derivatives of order o and Caputo fractional g-derivatives of order «; see (4.3)
and (4.4). We also give sufficient conditions that guarantee that the remainders of these
formulas vanish to get infinite expansions.

In the following section, we give a brief account of the g-notations and notions that will
be used throughout this paper. In Section 3, we give g-analogues of mean value theorems
on [0,a]. In Section 4, we give generalized g-Taylor formulas involving both Riemann-
Liouville fractional g-derivative and Caputo fractional g-derivative. Then conditions for
infinite expansion for some functions are given. In the last section, we apply the obtained

results in solving certain g-difference equations.

2 Notation and preliminaries

In the following, g is a positive number, g < 1. We follow [8] for the definition of the
g-shifted factorial, Jackson g-integral, g-derivative, g-gamma function I';(z), and g-beta
function B, («, 8). Also, we follow [9] for the definition of the g-derivative at zero and the
g-regular at zero functions.

The following g-integral is useful and will be used in the sequel:

X
f (qt/x; q)ﬂ_lt"‘_l dgt =x"By(e, B), «,B,%>0; (2.1)
0

it can be proved by setting & = ¢/x.

By L}I(O, a), a > 0, we mean the Banach space of all functions defined on (0, 4] such that

If1l == /0 [f ()] dyt < o0, (2.2)

where two functions in L}I(O,a) are considered to be the same function if they have the
same values at the sequence {aq"}>°,

Let E;(O, a) denote the space of all functions f defined on (0, 4] such that f € L}I(O,x) for
all x € (ga, a]. The space AC,[0, a] is the space of all functions f defined on [0, ] such that
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f is g-regular at zero and

> If(td) —f(tg™)| <00, te(qa,al. (2.3)
j=0

A characterization of the space AC,[0, 4] is given as follows (see [9]).

Theorem B Let f be a function defined on [0,a). Then f € AC,4[0,al if and only if there
exist a constant c and a function ¢ in E}I[O,a] such that

feACy0,a] = fx)=c+ /Ox¢(u) dqu, x€[0,al. (2.4)

Moreover, c and ¢ are uniquely determined by ¢ = f(0) and ¢(x) = Dyf (x) for all x € (0, a].

The Riemann-Liouville fractional g-integral operator is introduced in [10] by Al-Salam
through

xa—l
Fq(a)

If(x) = fo (Gt Purf ) dgt, @ & (-1,-2,...). (2.5)

In [6], the generalized Riemann-Liouville fractional g-integral operator for @ € R* is given
as

xoz—l

1D f(x) = I

[ attsavod (2.6)
Using the definition of the g-integral, (2.5) reduces to

(qa;q)nf(an)’ (2.7)

Lf(x) =x*1-9)" ) 4"
‘ ZO: (% Dn

which is valid for all @. For example,

o, B-1 _ F‘I(IB) o+p-1
Lx"™ = 71‘(,(/3 " a)x . (2.8)

This basic Riemann-Liouville fractional g-integral was also given later by Agarwal [11]. In
the same paper, he introduced the following semigroup property:

B P — JotB
LI () = IS () = 9P F (), a0, = 0. (2.9)
The generalized Riemann-Liouville fractional g-derivative is given in [6] by

DS f(x) =Dyl f(x), a=0, (2.10)

and Dg of (%) = D‘;f(x). The Caputo fractional g-derivative of order «, 0 < @ <1, is (see[12])

Dif (%) := 1, Dyf (%). (2.11)
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Let AC((;‘) [0,4], k € N, be the space of all functions f defined on [0,a4] such that
foDyf ... ,D’;’lf are g-regular at zero and D’;’lf € AC,[0,al.

For @ > 0, let k = "™, where "-7 is the ceiling function. Then the Riemann-Liouville
fractional derivative D;f(x) exists if (see [9])

feLioal, IFDif € ACP[0,a],

and “D2f (x) exists if f € AC[0,a.
The following results are proved in [12] for any « > O; the result for the case 0 < < 1 is
introduced in the following theorems without proof.

Theorem C Assume that f € L}[0;a] and I, °f € AC,[0,a], where 0 < a < 1. Then the
Riemann-Liouville fractional derivative of order , 0 < @ < 1, exists, and

1-4/(0)

o-1.
r,(@) X (2.12)

D% (x) = f(x) -
Theorem D Iff € AC,[0,a), then

I9DEf(x) = [,Dof () = f(3) £ (0) (2.13)
for0<a<l.

It is worth mentioning that the key point in the proofs of Theorems C and D is the
q-integration by parts formula:

b b
| renigerdye = )0 - fim (@) 62") - [ D Ogtat)dyt
0 o0 0
Hence, if fg is g-regular at zero, then the limit on the right-hand side is nothing but (fg)(0).

3 Generalized g-mean value theorems on [0, a]

In this section, we introduce two g-analogues of the mean value theorems. The first one
is for g-integrals on an interval of the form [0, 4], and the second is a mean value theorem
with both of Riemann-Liouville fractional g-derivative and Caputo fractional g-derivative
on [0, a]. The first one can be stated as follows.

Theorem 3.1 (Mean value theorem for g-integrals) Let g be a continuous function de-
fined on [0,al], and h be a nonnegative function defined on [0,a] and q-regular at zero.
Then

f dOh(6)d,t = g() / h(e)d,t 3.
0 0

for some & € [0,a].
Proof The proof is similar to the classical case (see [13], p.139) and is omitted. O

The derivations of the main results of this paper mainly depend on Theorem 3.1.
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Remark 3.2
(1) We cannot replace the lower end point of the g-integrals in (3.1) by arbitrary
nonzero number because the inequality

[ road < [roldu

c c
holds only for ¢ € {0,aq", n € Ny}. In this case, (3.1) is also true.

(2) There are g-analogues of mean value theorems on [a, b] in [14], but all these
analogues are valid only for certain values of g. For example, one of the mean value
theorems for g-integrals in [14] is the following:

Let f, g be continuous functions on [a, b). Then there exists q € (0,1) such that

b b
(Vg€ @) (3 €lab)): f B (B dyt = g(£) / f(t)d,t.

The second theorem is a g-analogue of the mean value theorem for derivative on [0, a].
Throughout the rest of this article, we assume that 0 < @ < 1.

Theorem 3.3
(1) Iff € L}[0;al, I;f € AC,[0,a], and x*~*Dif € C[0,al, then

LSO L@ D)

f(x) r,@ 2+ o) (3.2)
(2) Iff € AC4[0,a] and CD% € C[0,al, then
‘Def(€)
Sx)=£(0) + r,@ x (3.3)

for some & lying in the interval [0,x] and all x € (0, a].
Proof We first prove (3.2). Since (see [15], p.494)

r@r,()
Bq(a»,B) = Fq(Ol+,B_) ,

from (2.5), Theorem 3.1, and (2.1) we get

xot—l
Fq(a)

X9 -1

- St e /0 (Gt1% Dart® ™ dyt

Co()E“DEf(E) | |
r,2o)

o Y ¥ . a—1 - o
;D5 (%) = /O(qt/x,q)a_lt t qu(t)d,,t

for 0 < & < x. Hence, (3.2) follows from (2.12). Similarly, using (2.13), we can prove
(3.3). a
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4 Generalized g-Taylor formula
In this section, we introduce generalized g-Taylor formulas for functions in terms of
the sequential Riemann-Liouville g-derivative and the sequential Caputo fractional g-
derivatives, where the sequential Riemann-Liouville g-derivative D7 and Caputo frac-
tional g-derivative CDZ"‘, neN,are

na _ o o cyna _ cya c o :
D =Dy---Dy and ‘D =°Dg---“Dy (m times),
respectively. The following lemma is important to get these formulas.

Lemma 4.1
(1) If’D'q“Xf € L110,a] and I;’“D];"‘f € AC4[0,al, k=0,1,...,n, then

[1 aDnaf( )

(n+1)a—1
T A+ l)a)x ’ ()

InaDnaf( ) n+1 n+l otf(

2) If”D'q“"f € AC4[0,a], k=0,1,...,n, then

“Df (0)

no cyno n+1 Yacy(n+l)a
I D)~ DY ) = s

X (4.2)

Proof We give a proof of (4.1), and the proof of (4.2) can be obtained similarly. Applying
(2.12) and (2.8), we obtain

L Dyf () = 1Dy f () = 1% (D f () — I D (D f ()

Il—aDnaf(O)
_qna 4 4977 a1
_Iq ( Fq @) X )

DRSO,
- PO (=)
11 quxf(O)
p((n+ Da)

(n+1)a
}

and the lemma follows. O

Theorem 4.2 (Generalized g-Taylor formulas)
(1) Suppose that DX°f € L}[0,al, [*Di*f € AC,4[0,al, k=0,1,...,n -1, and
xl‘“D;’“f € C[0,a]. Then

n-1 I;—aeraf( ka1 q(a)§1 ""Dnaf( )x"”l -1 (4.3)
T LTk D) Fa(r+ 1)
(2) Suppose that “Di*f € AC4[0,a), k=0,1,...,n—1, and “D}*f € C[0,a]. Thus,
n-1 cpkag(q ¢pne
i fO) 4 A X", (4-4)

J)= kXO: T,k +1) " T (na+1)

where 0 < & <ux.
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Proof For (4.3), applying (4.1), we obtain

n-1
[IZ](OZ qu(uf(x) _ [¢(1k+l)a Dgﬁl)af(x)]
k=0

n-1 yl-ayk

:Zlq D af ka1 (4.5)
Iy((k+ e ’

k=0

that is,

n-1 yl-a ko
15 Dk£(0)

(k+1)or na pyno
7Fq((k+1)a)x + 1D (). (4.6)

Sflx) =

k=0
Applying the g-integral mean value theorem and (2.8) yield

nal

)

1D f () = / (G @) par ™ DS () dygt

no—1

_ X L-aynac ' ot
_Fq(na)s Dy f(S)/ (qt!%; @na1t"" dgt

~ Ly Drf (€) e
T+ a) @7

for some & € [0,x]. Combining (4.6) and (4.7) yields (4.3).
By using (4.2), (4.4) can be treated similarly. O

A natural question arises: can we expand a function f in terms of g-fractional deriva-
tives? That is,

flx) =x" chxko‘ or f(x)= chxk‘“
k=0

k=0

The following theorem gives the answer for such expansions with sufficient conditions for
the uniform convergence.

1 1-ayna
Theorem 4.3 Assume thatf € L,[0,a] and x'*D;°f € C[0,a] for all n € N. If

|x1‘°‘D;°‘f(x)| <cA™, Vxe[0,a],neN,

where c is a positive constant, and A is a positive number satisfying A < (1 -t , then f has
the expansion
[e'e} Il—OZDkOl (O
flx) = 7f alkr et (4.8)
Cy((k + D)
I7“DIEfO)

Moreover, the series Y - r,,(( x* converges uniformly to x*~*f(x) on [0, a].

k+1) )

Page 7 of 12
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Proof Using (4.3), we obtain

n-1 - otDkotf(O)
1 —a q9 —4q97 7
f@)- Z C((k+ 1)01)

k=0
(aA)Vlﬂ
= er(“’m
) (Ol)( (n+1)a Q)oo (LZA)W
(@ Do (1 g)t-(meDer
(n+1)a
= (q(:))(q(l o 7)0[ (aAl-¢q))" — 0 asn— oco.

Thus, the result follows.

Theorem 4.4 Assume that “D;°f € C[0,a] forn e N. If

|CD2°’f(x)| <cA™, Vxe[0,a,neN,

where c is a positive constant, and A is a positive number satisfying A < —

the expansion

— DgfO)
J&) = kXO: ke +1)"

and the series on the right-hand side of (4.9) converges uniformly to f(x) on [0,a].

Proof The proof is similar to the proof of Theorem 4.3 and is omitted.

Remark 4.5
(1) Ifa function f has the expansion

00
x) — Zakx(kﬂ)a—l,
k=0

then we can deduce that

—a Tyka
LDy (0)

ATk + Da)’

Also, if a function f has the expansion

[e¢]
-3 b,
k=0

then we can deduce that

_ DL (0)

[k +1)

Page 8 of 12

then f has

(4.9)
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(2) The results of this paper are valid if f is a function defined on intervals of the form
[-a,a] or [-a, 0], where a > 0. In these two cases, E;[—a, b], b =0 or a, is the space
of all functions defined on [—a, b] such that

(e ¢]

qu(l—q)[f(quﬂ <oo forallx e [-a,b].

k=0

The space AC,4[-a, b] is the space of all g-regular at zero functions that satisfy
condition (2.3) for all ¢ € [—a, b].

5 Examples

In this section, we apply the generalized g-Taylor formula to solve fractional g-difference
equations with constant coefficients. A solution to this type of equations is introduced
in [12] by using g-Laplace transforms. In the following examples, A is a real number. We
assume that the conditions of Theorems 4.3 and 4.4 are satisfied.

Example 5.1 Consider the g-initial value problem
‘Dyy(x) = Ay(x),  y(0) =yo,x>0. (5.1)

We assume that y € C[0,a] for some a > 0 to be determined later. By (5.1), CD;""y(x) =
A"y(x). Consequently,

“Dyy@)| <clrl”, c:= xren[g,);]|y(x)|'

Hence, if we assume that |La®(1 — ¢)¥| < 1, then y(x) can be written as

o na

cTyna X
y(x) = Z Dy y(o)m

n=0

:yOea,l()‘-xa;q)) X € [Orﬂ]’ (5'2)

where e, ,(z; q) is one of the g-Mittag-Leftler function defined by

0 k
Z v
eu,u(Z,Q)=§m» lz| <(1-4q)".

Example 5.2 Consider the g-initial value problem
Dyy(x)=—y(x), »(0)=0,  Diy(0)=1. (5.3)

We assume that y, ‘DiyeC [0,4] for some a > 0 to be determined later. From (5.3), we
conclude that

DIy () = (1)Diy), DY) = ((1)y(x), meN,
Hence, if ¢ = max {maxye[o,4) |¥(*)|, maxXye[o,4 |CDZy(x)|}, then

]CDZ"y(x)| <¢, VmeNl.
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Therefore, by Theorem 4.3, if 4 is chosen such that a < ( ;> then

_ eprey gy — =
y() Xoj YO )
S x(2n+l)a 5
=) () o = x"ean (4™ q). (5.4)

e L (2n+Da+1)

It is worth mentioning that if we set & = 1in (5.4), then we get the Jackson g-sine function
introduced in [16]. Thus, we may consider the function in (5.4) as a fractional analogue of
the Jackson ¢g-sine function.

Example 5.3 Consider the g-initial value problem

Dy =29, [F2)(0%) = s (5.5)

Hence, DZ"‘ y(x) = A"y(x). We seek a solution y such that x!*y(x) € C[0, a] for some a. Then
|x1‘“D;’“y(x)| <clAl", c:= xren[g?;]|xl"“y(x)|.
We can show that
11 “D“y(O) = q(ot)[xl_"‘y(x)] (0*). (5.6)
Consequently, I}I"”D’;"y(O) = A"yy. Therefore,

00 1 otDka ( )
ye) = Z q((k+1)a

k=0

k+1)oz—1

[ee]

= yox*~ lzi(kx"‘)k = yox* eq,o (A5 q)
=%0 e rq((k-l-l)()l) Yo o, 3q)»

where [Aa%(1-¢g)¥| < 1.

Example 5.4 Consider the g-initial value problem

D2a Y , 1-a 0*) = N , 1- - e Y2 ) 5.
y) = —ay(x), [ y](0) @ [x*Diy](0*) = (5.7)
Thus,

D2y(x) = (<2)'y(x), DX Dy(x) = (~2)"Diy(x).

For a solution y such that xl“"y(x),xl“"D‘;y(x) € C[0, a] for some a, we have

’xl_“D;‘“y(x)’ <c|A", c¢:= max{ max ’x max ‘xl "‘Do‘y( )‘}

Page 10 of 12
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Also,
L D2y(0) = (<2)"y,  LT“DE(0) = (-)'yn.
Consequently,

SIS SUA: e L “Dfy0)
I, (k) T, ((2k +2)a)

X% 1 (2k+1)o

y(x) =
k=0

[e¢] oo
o ( )L)k 2ka . (_A)kx(2k+l)a
g ((2k + l)a — I((2k +2)ar)

k=0
-1 2 2a-1 2
= Y12 erna (A5 q) + y2x” T ern 0 (A2 q),

where [Aa%(1 - ¢q)*| < 1.

Example 5.5 Consider the initial value problem

Dey(x) = r"y(g*x),  [xy](0%) = A (5.8)
Applying
D y(xB) = B(DYy) (xB), (5.9)
n (5.8) # 1 times, we obtain
DY) = (k") "7 y(xq™). (5.10)

For a solution y such that x!~*y(x) € C[0, a], we have

Do

WDy ()| < clal’q™

, C€:= max |x y(x)!,
x€[0,a]

and

n(n Do

11 o Dnoty(o) )Lrl
Therefore,

l=a ok
— Iq “Dyy(0) (k+1)ar-1

yoe) = £ Ty ((k+ 1)a)

_ e i qn(ngl)ot (hx®)k
pry gk + 1))

= xa_lEa,a (Ax"‘ ; q),

where, in general, E, 4(z; q) is a second g-analogue of Mittag-Leffler function defined by

n

n(n Do zZ
E, = R.
(2) = Zq T+ B)’ ze€
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Hence, a can be taken to be any positive value in this example. For some derived properties

for these g-analogues of Mittag-Leffler functions, see [9] and the references therein.
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