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1 Introduction

Since the pioneer work of Aiello and Freedman [1], the stage-structured population mod-
els have been investigated extensively and many excellent results have been obtained (see
[1-35]). Recently, Huo et al. [5] considered a stage-structured predator-prey model with
modified Leslie-Gower and Holling-type II schemes as follows:

%, (£) = riaa(£) — diy (£) — e My (£ — 1),

®y(£) = rie” MMy (£ — 1y) — bk (t) — %’ (1.1)
o az)y(t)
@) ‘y(”(“ 20 +/<2)’

where %1, %2, and y represent the population densities of immature prey, mature prey and
predator at time ¢, respectively; r; is the birth rate of immature prey x1; di; denotes the
death rate of the immature prey x1; r; is the intrinsic growth rate of predator y; b represents
the strength of intra-specific competition in the mature prey; a; represents the maximum
value that mature x;, can be captured by predator y, and the meaning of a, is similar to a;;
ki and k, measure the protection degree that the environment could afford for prey x, and
predator y, respectively; 7, is the time to maturity for prey; rie™1%.x, (¢ — 7;) represents the
prey who were born at time ¢ — 7 and survive and become mature at time ¢.
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In [5], the authors analyzed the dynamics of system (1.1), specially, by using the iterative
technique, the authors obtained a set of sufficient conditions which guarantee the exis-
tence of a unique globally attractive positive equilibrium. Li et al. [6] found that some of

the conditions in [5] are redundant, and they obtained the following result.

Theorem A Suppose that
(H) )\0 = rle"du”azklb — 611/(27'21’) — alrzrle"dlm >0
holds, then the system (1.1) has a unique globally attractive positive equilibria E.

Aswe can see, [5] and [6] only considered the stage structure of immature and mature of
the prey species, yet they ignored that of the predator ones. Already, several scholars had
proposed and investigated the dynamic behaviors of the predator-prey system with stage
structure for predator species [8-11, 17, 24—26]. Indeed, Wang and Chen [17] considered
the following predator-prey system with stage structure for the predator population:

#(0) = 2(0)(r — ax(t - 1) - bya (1)),
31(8) = kbx(t — T2)ya(t = ) — (D + vy (8),

y2(8) = Dyr(£) = v1y2 ().

In [17], the authors studied the asymptotic behavior of the above system. When a time
delay due to gestation of the predators and a time delay from a crowding effect of the prey
are incorporated, they establish conditions for the permanence of the populations and
sufficient conditions under which a positive equilibrium of the above system is globally
stable; Zhang and Luo [8] argued that above system is not a realistic model because it is
an autonomous system, and they incorporated a type IV functional response into above
system; by using the continuation theorem of coincidence degree theory, the existence
of multiple positive periodic solutions for the system is established. Recently, Chen et al.
[10, 11] studied the persistence and extinction property of the following stage-structured
predator-prey system (stage structure for both predator and prey, respectively):

&1(8) = (s (t) — duxi () — it — 1)e MMy (t — 1),
Ko (t) = it — m)e MMy (t — 1y) — dhpa (£) — bi()x5(8) — c1(E)x2(£)y2 (),
$1(E) = ra )y (t) = doayr () — 1ot — T2)e 22y, (t — 1),

Pa(t) = ra(t = 12)e 22y, (t — 75) — donys (t) — by (8)y5(E) + ca(t)y2 (D) (2),

where x;(¢) and x,(¢) denote the densities of the immature and mature prey species at time
t, respectively; y;(£) and y,(t) represent the immature and mature population densities of
predator species at time ¢, respectively; r;(t), b;(t), c;(¢) (i = 1,2) are all continuous func-
tions bounded above and below by positive constants for all £ > 0. dj;, 7;, i,j = 1,2 are all
positive constants. There are many interesting properties of this system, for example, due
to the influence of the stage structure, the extinction of the predator species could not di-
rectly imply the permanence of the prey species. The extinction of the prey species could
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not lead to the extinction of the predator species. Under certain assumptions, the system
would be broken, which means that both predators and prey species would be driven to
extinction. However, all the works of [9-11] did not take the functional response of the
predator species into consideration.

Now, stimulated by the work of [5, 6, 9-11], we consider the following stage-structured
predator-prey model (stage structure for both predator and prey, respectively) with mod-
ified Leslie-Gower and Holling-type II schemes:

x,() = rxa(t) — dux (t) — re Mty (t — 1),

t t
xy(2) = rle_durlxz(t —11) — dioxa(t) - bx%(t) _ M}
X2(t) + kl (1 2)
Y4(8) = rays(8) = dyyr (8) = rae™ 22 y5(t — 1),
2
/ ~dyt ary;(t)
yz(t) =rye da) Zyz(t — ‘L’2) - d21y2(t) — m,

where dj; and dy; represent the death rate of mature prey x, and mature predator y,, re-
spectively; 1; is the time length of the prey species from immature ones to mature ones,
7, is the time length of the predator from immature ones to mature ones. Other parame-
ters have the same biological meaning as that of system (1.1). All parameters are positive
constants in system (1.2).

The initial conditions for system (1.2) take the form of

xi(0) = ¢i(0) > 0, 9i(0)=v:(0)>0, 6e[-7,0],i=1,2, 1.3)

where T = max {11, 7}. For continuity of the initial conditions, we assume that

0
%(0) = 1(0) = / e oo ()

-71

o (1.4)

7O =110 = [ raet sl
1
Integrating both sides of the first and third equation of system (1.2) (see [12]) over the
interval (0, t) leads to

t
x1(t) = / rie” M ) (u) du,

t't” (1.5)
0o = / roe 120y, (o) s,

t—19

This suggests that the dynamics of model (1.1) is completely determined by its second
and fourth equations. Therefore, in the rest of this paper, we investigate the asymptotic
behavior for the subsystem of system (1.1) as follows:

ay>(£)xo(2)

%5(0) = ne Mt =) ~dx () ~be ()~ =2
2 1

(1.6
ary3(t) )

L (8) = rae™ 22y, (£ — 1) — doyya (f) — —=2——.
Y5 (t) = e Y2 (t — 12) — dorya(t) o0 1k



Lin et al. Advances in Difference Equations (2016) 2016:181 Page 4 of 19

The organization of this paper is as follows: The main results are stated and proved in
Sections 2 and 3, respectively. In Section 4, several examples together with their numerical
simulations are presented to illustrate the feasibility of our main results. We end this paper
by a brief discussion. For more work on the Leslie-Gower predator-prey system, one may
refer to [36—39] and the references cited therein.

2 Main results

For convenience, we denote

def _ def _
)\,1 = rne dnm —dlz, )\.2 = e 4227 —dzl.

Let x;,(£) = 0, y5(¢) = 0 in system (1.6), we can get four equilibria as follows:

Al

EO=(010)¢ E1= <b

,o) < (414, 0),
Aok def % %
E; = <0» —; 2) = (O,yz*):E(xz’yz)’
2

where E is an interior equilibrium point in system (1.6). The components of E are given
by

Aa(ky +x3)

ko _
Yo = ’
ay

where %3 is a positive solution of the second order equation as follows:
asbx? + (askib + arhy — asi)x + C =0,
where C = a1kAy — azkiA1, we can see that there exists a unique x5 >0if C< 0, i.e.,
0 < ajkyhy < askiAg. (2.1)

E,, E; are two of the boundary equilibria of the system (1.6) if 1; > 0, A, > 0.
Consequently, we have the following theorem.

Theorem 2.1 Assume that inequality (2.1) holds, then system (1.6) admits a unique posi-

tive equilibrium point E.
Theorem 2.2 Suppose that

(Hl) )»1 >0, )\2 >0,

(Ha) A3 = blazkir — arkadz) —ardady > 0
hold, then the unique positive equilibrium E is globally attractive.

Remark 2.1 If diy = dy = 0, 7o # 0, that is, we only consider the stage structure of the
predator species and ignore the death rate of the mature predator and prey species, in this
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case, (H;) holds naturally, and A3 in condition (H;) would reduce to
(H/z) A3 = re Mg kb — aykybrye @272 — gyp e M g2 5

Noting that rpe #2272 < r,, (H5) is weaker than (H) in Theorem A, this means that the stage

structure of predator species has benefit for the coexistence of the system.

Remark 2.2 Suppose that 7, = 0, i.e., we did not consider the stage structure of the preda-
tor species, then A, and A3 in Theorem 2.2 become Ay = ry —dy > 0, A3 = Ag — (azkyb —
arry + ardo1)dys + (a1keb + ayrie ™) dy, > 0, respectively.
(i) Ifdip =0, dy #0, in this case, A3 > Ao, that is, introducting the mortality item of the
predator species improving the coexistence rate of the two species.
(i) Ifdia #0, dyy =0, in this case, Ag > A3, that is, introducting the mortality item of the
prey species decreasing the chance of coexistence of both species.

Theorem 2.3 Suppose that
(Hg) )\.1 < O, )\2 <0

holds, then both of the predator and prey species will be driven to extinction, that is, E is
globally attractive.

Theorem 2.4 Suppose that
(H4) )»1 >0, )\2 <0
holds, then E; is globally attractive.

Remark 2.3 From [5], we know that Ey(0,0,0) of the system (1.1) is unstable, which
implies the extinction of both predator and prey species is impossible. However, if the
death rates of the mature prey and predator species are large enough, (Hs) in Theo-
rem 2.3 would hold, and consequently both the prey and the predator species will be driven
to extinction. By constructing a suitable Lyapunov function, Korobeinikov [27] showed
that the unique positive equilibrium of the traditional Leslie-Gower predator-prey model
is globally attractive, which means that it is impossible for the predator species to be-
come extinct. However, Theorem 2.4 shows that if the death rate of the mature predator
species is large enough, (H4) would hold and the predator species will be driven to ex-
tinction. Theorems 2.3 and 2.4 show that the death rates of the mature predator and prey
species are two of the essential factors to determine the persistent property of the sys-

tem.

Theorem 2.5 Suppose that

ko
(Hg) Ay >0, M < min {klb, et }

ask

holds, then E, is globally attractive.
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Corollary 2.1 If the parameters of system (1.2) satisfy the condition (2.1), then system
*(1_p,—d11T
(1.2) has a unique positive equilibrium point E'(x},x3,y},y5), where x} = %ﬁlul), ¥ =
rayy(1-e 42272)
dao ’

Corollary 2.2 If the parameters of system (1.2) satisfy the conditions (H;) and (H,), then
E' is globally attractive.

Corollary 2.3 If the parameters of system (1.2) satisfy the condition (Hs), then Ej =
(0,0,0,0) is globally attractive.

Corollary 2.4 If the parameters of system (1.2) satisfy the condition (Ha), then Ej =

—d11T:
(%14, %24, 0,0) is globally attractive, where xy, = %jul).

Corollary 2.5 If the parameters of system (1.2) satisfy the condition (Hs), then E), =
royp.(1-e~%227%2)

(0,0, Y14, ¥2x) is globally attractive, where yy, = s

3 Proof of the main results
Now let us state several lemmas which will be useful in proving the main results.

Lemma 3.1 Assume that x,(0) > 0, y2(0) > 0 are continuous on 0 € [-t,0], and x,(0) > 0,
¥2(0) > 0. Let (x5(£), y2(£))T be a any solution of system (1.6), then x,(t) > 0, y,(t) > 0 for all
t>0.

The proof of Lemma 3.1 is similar to the proof of Theorem 1 in [1], so we omit its proof.

Lemma 3.2 [2] Counsider the following equation:

X (t) = ba(t — 8) — ayx(t) — ax®(t),

x(t)=¢()>0, -6<t<0,

and assume that b,a, >0, a; > 0, and § > 0 is a constant. Then
(i) ifb>a, then limy_, ;00 x(t) = b;—;”;
(i) ifb < ay, then lim;_, .00 x(t) = 0.

Lemma 3.3 (Fluctuation lemma [23]) Let x(t) be a bounded differentiable function on
(o, 00), Then there exist sequences y,, — 00, 0, — 00 such that
(i) «'(yn) = 0 and x(y,) — limsup,_, , ., x(t) =% as n — oo,

(i) «'(0,,) = 0 and x(o,) — liminf;_, o x(¢) = x as n — o0.

Lemma 3.4 Assume that x,(0),y,(0) > 0 are continuous on 6 € [-1,0], and x,(0) > 0,
92(0) > 0. Let (xz(t),yz(t))T be a any solution of system (1.6). If A, > 0, then
ko)
liminfy,(f) > 222
t—>+00 ay

Proof From the second equation of system (1.6), we have

, ary;(t)
Yy(t) > rae 272y ( — 15) — doyya(£) — 2)/;2 .
2
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Since A3 > 0, and by applying Lemma 3.2(i), and the standard comparison theorem, we
have

/(2 (7’26761221’2 - d21) /(2)\.2
= >

liminfy,(£) > 0.
t—>+00 as a)
This completes the proof of Lemma 3.4. O

Now we start to prove the above results.

Proof of Theorem 2.2 From the first equation of system (1.6), we have
x(£) < rie™ ™My (- 1) — dhox (£) — b (1),

According to condition (H;), we know remn — g, > 0. By applying Lemma 3.2(i), and
the standard comparison theorem, we have

A
lim supxs(£) < ?1

t—+00

So, for any small constant € > 0, there exists a 77 > 0 such that

A
x(t) < ?1 e MY esTy (3.1)

For ¢t > T} + 1o, substituting (3.1) into the second equation of system (1.6), we have

2

dor azy5(2)

¥5(t) < rae a0 2yy(t — 1) — dorya(t) - —5——.
’ MY 1k

According to condition (H;), we have e 227 _ gy > 0. By applying Lemma 3.2(i), and
the standard comparison theorem, we have

(1)
Ao (M k
limsup y,(£) < m

t—+00 a)

Then, for the above ¢, there exists a T > T + T, such that

(1)
Ao (M + k:
¥2(t) < % +e difM;D, t>Th. (3.2)
2

For t > T, + 11, substituting (3.2) into the first equation of system (1.6), we have

(1)
MDx, (¢
X(t) > re ™My (£ — 1) — digxa(t) — bad(£) — “12—’”()
1

(1)
M
= rle’d“”xz(t - 7.’1) - (d12 + dlk 2 )xz(t) - bx%(t)
1

Let

rle_dlm - (du +
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Then substituting (3.1) and (3.2) into A, we have

blarkiri — arkora) —aididy  ay (Ao
A= —— | —=+1]e.
ﬂgklb kl as

Then, for small enough ¢ > 0 and condition (H;), we have

(1)
M.
A = pen (du + alk 2 ) > 0. (3.3)
1

By applying Lemma 3.2(i), and the standard comparison theorem, we have

a1 M. (21)
ky

liminfax,(£) >
t—+00

Then, for the above ¢ > 0, there exists a T3 > T, + 171, such that

1 ﬂlM(zl) def
x2(t) > Tkl - & = Wl;l), t> Tg. (34)

For t > T3 + 1, substituting (3.4) into the second equation of system (1.6), we have

, ary;(t)
Yy (t) > rae 22y, (£ — 73) — doya (£) — %
m; +ky

By applying Lemma 3.2(i), and the standard comparison theorem, we have

@
A k:
lim infyz(t) > M .
t—+00 dy

Then for the above ¢ > 0, there exists a T4 > T3 + T, such that

)
A +k
yolt) > % e 5Ty 3.5)

According to (3.1), (3.2), (3.4), and (3.5), we obtain

0< m?) <xy(t) < M§1>, 0< m(zl) <y(t) < Mgl), t>Ty. (3.6)
Then for ¢ > T, + 71, substituting (3.1) and (3.5) into the first equation of system (1.6), we
have

(1)
aymy %o (L
Xy (t) < e My (t - 1) — digxa(£) — b () - ——2—> 2(5))
kl + Ml

@)

am
= re My (t - 1) - (du ¥ 172(1)>x2(t) — bl (t).
k1 +M1

(1)
According to the inequalities (3.3) and (3.6), we have rie™™™ — (d;, + %) > 0. By ap-
1+My

plying Lemma 3.2(i), and the standard comparison theorem, we have

lim sup x,(£) <
t—+00 b
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Then, for the above ¢ > 0, there exists a T5 > T4 + 71, such that

(1)

aym,
M= Yy
1+My

€ def
b 2

%5(8) < M s T (3.7)

From inequalities (3.1) and (3.7), we obtain
x5(t) < M?) < Mil), t>Ts. (3.8)
For ¢ > T5 + 15, substituting (3.7) into the second equation of system (1.6), we have

2
/ —dooT 612)/2(1«‘)
Yy(t) < e ™2%2y5 (¢ — 13) — dyp Yo (£) — —o .
> Miz) + kz

By applying Lemma 3.2(i), and the standard comparison theorem, we have

AoMP + k
limsup y»(£) < M

t— +00 a)

Then for above ¢ > 0, there exists a T > T5 + T, such that

@
A (M7 + k &
() < LMy +ha) 3 LMD £ T, (3.9)

a

From inequalities (3.2), (3.8), and (3.9), we have
yat) <MP <MY, £> T (3.10)

For ¢t > Ty + 71, substituting inequalities (3.4) and (3.9) into the first equation of system
(1.6), we have

2
ﬂlM; )xg(t)

1+ Wl(ll)

®)y(£) > e My (t — 11) — digxy (£) — b (t) —

dlMgz)

= rle_dnrle(t - '(1) — (dlz + ﬁ)xz(t) - bx%(t)

ki + my

@)
According to inequalities (3.3) and (3.10), we can obtain re 1% — dj, — % > 0. By
1+m1

applying Lemma 3.2(i), and the standard comparison theorem, we have

ulMgz)

1= k1+m<1)

liminfx,(¢) > L
t—+00 b

Then, for the above ¢ > 0, there exists a T > T + 11, such that

ﬂlM§2)
Vel e

2
x(t) > b 5 = my”’, t>Ty. (3.11)
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According to the inequalities (3.4), (3.10), and (3.11), we can obtain

x(t) > m?) > m?), t>T;. (3.12)

Substituting inequality (3.11) into the second equation of system (1.6), we have

axy5(t)

’ t> T7 + To.
m(lz) + ks

Vy(t) > rae™ 272y, (t — 1) — doyya (t) —

By applying Lemma 3.2(i), and the standard comparison theorem, we have

(2)
Ao (m k:
liminf y, (£) > —2( L 2).

t—+00 a

Then, for the above ¢ > 0, there exists a Tg > T, + 15, such that

(2)
A k
y(t) > Moy +ks) % @, T, (3.13)
ar

According to the inequalities (3.5), (3.12), and (3.13), we can obtain
ya(t) > m(22) > m(zl), t>Tg. (3.14)
For t > T, according to (3.8), (3.10), (3.12), and (3.14), we have

m?) < mﬁz) <xy(2) < M§2) < Mﬁl),

®_, 0@ @) _ a0 (315
my’ <my <yo(t) <My <My .
Repeating the above process, we get four sequences
alm(znfl) "
1— (n-1) n
ky+M e Ao (M7 + k €
M0 oM e e RO R e
b n as n
" (3.16)
M
-y @)
() ki+my € w _ halmy” +ky) €
m = —— Qe L
n as n

For i = 1,2, we claim that ME") are monotonic decreasing sequences, and mﬁ”) are mono-

tone increasing sequences. In the following we will prove this claim by induction. First of

all, according to inequalities (3.15), we have
mgl) < m?), Ml@ < M}l), i=1,2.
Second, we suppose that our claim is true for n, that is,

ﬂ’l(n_l) < mgn)x M(n) < M(n_l); i=12. (317)

i i i
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Noting that
_ amy’ )
(n+1) ky +M§”) & (n+1) )\2(M1n+ + kz) &
Ml = ] M2 = + b
b n+1 as n+1l
(3.18)
B alM(2n+1) .
o) ke € (n+1) Ao (™ ) €
my = - s my = - .
b n+1 as n+1

According to inequalities (3.16), (3.17), and (3.18), one could easily see that

M"Y eM?, m <m™, i=1,2.

i i i i

Then for ¢t > Ty,, we have

0<m <m? <o camy(t) <M <o < MP <MW,

0<m <mP < <y@) <M <o < MP <M.

Therefore the limits of Mf"), mg") (i=1,2,n=1,2,...) exist. Denote that

lim M" =%,, lim m" =x,,
t—>+00 t—+00

lim M? =7, lim m® =y .
tal+oo 2 V2 tal+oom2 XZ

Consequently, X, > x,, ¥, > Y, In order to complete the proof, we just need to show that

Xy =Xy, Y, =y, Letting n — +00 in (3.16), we have

By = hy - — 22 5, = ha(E + k
Xy = A — = , a2y, = Ao (% + ko),
x2+k1
a1y,
bx, =\ — , =A ko).
) sy, = ha (%, + ka)

It follows from the above four equations that

arha(x, + ko) = ar(hy — bxy) (% + ky),

(3.19)
arho (% + ko) = ar(My — bx,) (%, + ky).
Subtracting the first equation of (3.19) from the second equation, we get
(ﬂz}vl + a1y — ab(%y + x,) — klﬂzb)@z —x,)=0.
Suppose that ¥, #x,, it follows from the above equation that
s + arhs — kiasb = ar b(x; + x,). (3.20)

Substituting (3.20) into (3.19), we find ¥, and x, both satisfy the following equation:

a%b(kl — bx)(x + k1) = a1Az(ai1rs + asAy — azskib — asbx + arkyb). (3.21)
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Simplifying equality (3.21), we get
a%b2x2 + asb(askib — ash —arha)x + D=0, (3.22)
where
D = ay(ai1Mry + barkody — baskihy) + arro(ardoy — asky b).
According to condition (H,), we can immediately obtain
—A3 = diAAy + baikohy — baskihg < 0.
It implies that
a1y — basrky < 0.
Therefore, we have D < 0, that is, equation (3.22) has only one positive root. Then X, =

%,, and consequently, ¥, = Yy Obviously, conditions (H;), (Hy) imply inequality (2.1), so
system (1.6) has a unique positive equilibrium E(x3,y5). That is,

Jmed) = lim 0<%
This completes the proof of Theorem 2.2. d

Proof of Theorem 2.3 1t follows from the first equation of system (1.6) that

®)(£) < e My (t — 17) — dioxa (£) — baa ().
According to first inequality of condition (Hs), we have rie1™ — d, < 0. By applying
Lemma 3.2(ii) and the standard comparison theorem, we have limsup,_, , . ¥2(¢) < 0. That
is,

lim xz(t) =0.

t—+00
Then, for any ¢ > 0, there exists a T > 0 such that

0<xy(t) <e.

Therefore, it follows from the second equation of system (1.6) that

2
t

Y5(t) < Vze_dzmyz(t —Ty) —duys(t) - 227, ), t>T+ 1.
g+ky

Similar to the above analysis, we also have

lim y,(¢) = 0.

t—>+00

Therefore, Ey = (0, 0) is globally attractive. This completes the proof of Theorem 2.3. [
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Proofof Theorem 2.4 According to the first inequality of condition (H,), we have rje=1™ —
dyp > 0. Therefore from the proof of Theorem 2.2, we know that

lim supxy(£) < (3.23)

el
t—+00 b
And for any small positive constant ¢ > 0, there exists a 77 > 0 such that

axy3(t)

) , t>T1+ 1.
Ml +k2

Yy(t) < rae™ 272y, (t — 1) — doyya (t) —

According the second inequality of condition (Hy), we have re~%222 —dy, < 0. By applying
Lemma 3.2(ii) and the standard comparison theorem, we have limsup,_, , . ¥2(¢) < 0. That
is,

lim y,(¢) =0.

t—>+00

Then, for any small ¢ > 0, there exists T5 > T7 + 13, such that
0<yo(t)<e, t>Ts. (3.24)

Substituting inequality (3.24) into the first equation of system (1.6), we have

t
®y(£) > ey (t — 71) — dipxa (t) — back(t) — aex(f)

ky

=re My, (f - 1) - (du + ?)xz(t) - bx%(t), t>T) + 1.
1

Since rie™™™ — dy, > 0, we can choose sufficiently small & > 0 such that rie 1% — g}, —
aje

% >0.By applying Lemma 3.2(i), and the standard comparison theorem, we have

liminfax,(¢) > L !

t—+00 b b

For the above formula, letting ¢ — 0, we have

(3.25)

A
liminfa,(£) > 2.
t—+00 b

From inequalities (3.23) and (3.25), we get

A A
oL <liminfx,(£) < limsupx,(¢) < oL
b t—+00 s 100 b

Then we have

A
lim x,(f) = El = Xy

t—>+00

Therefore, E;(x24,0) is globally attractive. This completes the proof of Theorem 2.4. [
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Proof of Theorem 2.5 According to the fluctuation lemma, there exist two sequences
Yn — 00, 0, — 00 such that x;,(y,,) = 0, x2(y,,) — limsup,_, , . x(¢) = X3, and y;(0y,) — 0,
y2(0y,) = liminf;_, oo 5 (¢) = ¥, as n— oo. Since from Lemma 3.1, we know x5 > 0. In or-
der to prove lim;_, o %2(¢) = 0, we only need to prove x, = 0, so for getting a contradiction,
we suppose that x, > 0. Since for 1, > 0, and according to Lemma 3.4, we know y,>0,it
follows from the first equation of the system (1.6) that

/ dnt a1y2(Yn)%2 (V)
() = 1E My (= 1) — i () — b () — 2TV
22 (yn) + ko
—dt apx: (Vn) .
< e sup xy(8) — dioxy(y) - BAA(yn) — — T inf y ().
t>yn—11 %2 (V) + Ky t27n
Letting n — oo in the above inequality, we obtain
dly
0 < —bxy — —=>,
Xy + kl

that is,

0 < A(x2 + ki) — bxy (%2 + ky) — ary,. (3.26)

From the second equation of system (1.6), by a similar argument, we have

0> kohy — ﬂzlz. (3.27)
It follows from inequalities (3.26) and (3.27) that

0< ﬂz)\l(kl + 9_62) - ﬂzbJ_CQ(kl + xz) —arkahs.
Simplifying the above inequality, we have

agba_c% + (dzklb - az)\l)J_CZ + alkz)\.z - 612](1)»1 <0. (328)
According to the second inequality of condition (Hs), we know aj kg —askidy > 0, azkib—
az) > 0, then only ¥, < 0 can ensure (3.28) holds. And ¥, < 0 contradicts the hypothesis
%, > 0, then we get

lim x,(¢) = 0.

t—00
Then, for any small enough ¢ > 0, there exists a T > 0, such that

0<xy(t)<e, t>T. (3.29)

Substituting inequality (3.29) into the second equation of system (1.6), we have

, axy3(t)
Yy () < rae 22y (£ — 75) — dyy s (£) - :fzk . t>T+,.
2
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According to second inequality of condition (Hs), we know r,e~#2% —dy; > 0. By applying
Lemma 3.2(i), and the standard comparison theorem, we have

A k
limsup y,(£) < M

t—>+00 as
Letting ¢ — 0 in the above inequality, we have

Aok
limsup y,(¢) < iy (3.30)

t— +00 ay

According to Lemma 3.4 and (3.30), we obtain

Aok Aok
2222 < liminfy,(¢) < limsupy, () < 222,
a; f—+o0 t—>+00 a;
Then we have
. Aako
lim yy(¢) = —— =y
t—>+00 as
This completes the proof of Theorem 2.5. O

4 Numerical simulations
The following examples show the feasibility of our main results.

Example 4.1
() = 267 (£ — 1) - 0.4a5(2) - 0.8x3(2) - %
(4.1)
/ (£) = 1.2¢705 2y5(t)
1) =1.2e 0t =) = 06000 =y vy

wherer; =2;r9=12;d11=045d2,=05;11=1;10=1;d15=0.4;d> =0.6; b=0.8; a; = 1;
ay = 2; ki = 1; k, = 2. One could easily verify that A; ~ e Mmn — di, = 0.9406 > 0, Ay, ~
re 272 _ gy = 01278 > 0, A3 ~ blaskih — arkohs) — aidahs = 11802 > 0, which shows
conditions (H;) and (H,) hold. According to Theorem 2.2, system (1.6) has a unique and
globally attractive positive equilibrium E(1.0571,0.1954). Figure 1 indicates the dynamical
behavior of system (4.1).

Example 4.2
t t
(1) = €%y (£ — 1) — 0.7x5(£) — 0.842(8) — % -
Fia 0.7 23’%(75) '
Y5(2) =1.2e7 95 (¢ — 1) — 0.8y5(2) — B2

whereri =1; 1 =1.2;d11 =05;d» =07;11=1;190=1;d1»=0.7;d>»1 =0.8; b=0.8; a1 = 1;
ay = 2; ki = 1; ky = 2. By simple computation, one could see that A; ~ —0.0935 < 0, Ay &
—0.2041 < 0, which shows condition (H3) holds. It follows from Theorem 2.3 that the
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Figure 1 Dynamics behaviors of system (4.1) with the initial values (¢(6), ¥ (0))7 = (0.6,0.09),
(1,0.5)7,and (1.5,1)7, 0 € [-1,0].

prey
0.9 — — — predator |

Population Distribution
(=]
a

100 150 200
Time

Figure 2 Dynamics behaviors of system (4.2) with initial values (@(@), ¥ (0))” = (0.3,0.1)7, (0.6,0.4)7,
and (0.9,0.8)", 0 € [-1,0].

solution £y (0, 0) of system (4.2) is globally attractive. Figure 2 shows the feasibility of this

case.
Example 4.3
t t
,(6) = 226 s (t = 2) — 0732 (6) — 0.852(1) — 22020,
JCQ(t) +1
o (4.3)
L(8) = 15608y, (£ — 2) — 0.8y (8) — —227,
) =156t 2) = 089(0) -~

wherer; =2.2;r9 =1.5;d;1 =0.5;dyy =0.4511=2; 10 =2;d12=0.7;d9; =0.8;6=0.8; a1 = 1;
ay = 2; ki = 1; ko = 2. By computation, we have A; & 0.1093 > 0, A, &~ —0.1260 < 0, which
shows condition (Hy4) holds. It follows from Theorem 2.4 that the boundary equilibrium
E1(0.1367,0) of system (4.3) is globally attractive. Figure 3 supports this assertion.

Example 4.4

Y2 (£)x2(2)

®(2) = 1.5 %%y (£ — 1) — 0.8x2(£) — 0.5x5(2) — o0+ 0.6 a

L5y3(2)

() = 1.5 %%y (¢ — 1) — 0.6y,(8) — ,
J’z() e yz( ) yz() () +2
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Figure 3 Dynamics behaviors of system (4.3) with initial values (¢(8), ¥ ()T = (0.05,0.09),
(0.13,0.1), and (0.19,0.2)7, 6 € [-2,0].
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Figure 4 Dynamics behaviors of system (4.4) with initial values (¢(6), ¥ (0))" = (0.09,0.07)7, (0.1,0.2)"
and (0.3,0.4)", 0 € [-1,0].

where r1 =15; 1, =1.5;dy; =045 dyy =05; 11 =1; 79 = 1; djp = 0.8; dyy = 0.6; b = 0.5;
a =1; a; = 1.5; ky = 0.6; k, = 2. By computation, we have A; ~ 0.2055, A, ~ 0.3098 > 0,
A — ‘”&Z];—zk’lb ~ -0.9945 < 0, A1 — kib ~ —-0.0945 < 0, which shows condition (Hs) holds. It
follows from Theorem 2.5 that the solution E5(0, 0.4131) of system (4.4) is globally attrac-

tive. Figure 4 shows the feasibility of this case.

Example 4.5
() = 267 x, (£~ 1) = 0.7x(£) - 0.823(¢) - %
(4.5)
 (£) = 15607 2y5(t)
$lt) = 15¢ > yalt =1) = 0.62(0) =~

wherer; =2;r,=15;d11=0.5;d»n =07, 11=1; 10 =1, d1n=0.7; dy; =0.6; b =0.8; a; = 1;
as =2; ki =1; ky =2. And s0 a)kii ~ 1.0261 > 0.2898 ~ a;ky Ay > 0, which shows condi-
tion (2.1) holds. However, A3 ~ —0.3145 < 0, and so, condition (H;) does not hold. A nu-
meric simulation (Figure 5) shows that the system still admits a unique globally attractive
positive equilibrium £(0.4900, 0.1804).

Page 17 of 19
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Figure 5 Dynamics behaviors of system (4.5) with initial values (¢(8), ¥ (0))7 = (0.1,0.09)7, (0.5,0.2)7,
and (1,0.9)7, 0 € [-1,0].

5 Conclusion

Huo et al. [5] and Li et al. [6] studied the stability property of the positive equilibrium of
a stage-structured predator-prey model with modified Leslie-Gower and Holling-type II
schemes. In those two papers, the authors only consider the stage structure of prey species
and ignore that of predator species. Stimulated by [9-11], we consider a model with stage
structure for both predator and prey species. By applying an iterative technique and the
fluctuation lemma, sufficient conditions which guarantee the global attractivity of all the
nonnegative equilibria are obtained. Our study indicates that both the stage structure of
the species and the death rate of the mature predator and prey species are the important
factors on the dynamic behaviors of the system. If the death rates of the mature prey and
predator species are too large or the degree of the stage structure of the species is large
enough, then at least one of the species will be driven to extinction. We would like to
mention here that Example 4.5 shows that our result in Theorem 2.2 has room for im-
provement. We conjecture that condition (2.1) is enough to ensure the global attractivity
of the positive equilibrium. We leave this for future work.
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