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1 Introduction

As is well known, neural networks have been effectively applied in numerous disciplines
such as pattern recognition, classification, associative memory, optimization, signal and
image processing, parallel computation, nonlinear optimization problems, and so on (see
[1-8]). Thus there is a lot of work focusing on the dynamical nature of various neural net-
works, such as stability, periodic solution, almost periodic solution, bifurcation, and chaos.
A great deal of interesting findings of neural networks have been reported (see [9-19]). In
2006, Ding and Huang [20] investigated the following interval general bidirectional asso-
ciative memory (BAM) neural networks with multiple delays:

2 = —ag(t) + Y sifila(8), (¢ — 7)) + ci,

y(6)

(1.1)
= ~bp(t) + 20 tgilxi(t = 8y), yi(0)] + d,

where i,j = 1,2,...,m, x; and y; stand for the activations of the ith and jth neurons, respec-
tively; fi(-, -) and g;(-, -) denote the activation functions of the jth and ith units, respectively;
a; and b; are constants; the time delays 7; and §; are nonnegative constants; s;; and £;; de-
note the connection weights, which stand for the strengths of connectivity between cells
jand i; and ¢; and d; denote the ith and jth components of an external input source intro-
duced from outside the network to cell i and cell j, respectively. Using fixed point theory,
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the authors discussed the existence and uniqueness of the equilibrium point for (1.1). By
constructing a suitable Lyapunov functions, the authors got some sufficient conditions to
ensure the global robust exponential stability of (1.1). In many situations, the coefficients of
neural networks often fluctuate in time and it is cockamamie to analyze the existence and
stability of periodic solutions for continuous systems and discrete systems, respectively,
Zhang and Liu [21] investigated the following interval general bidirectional associative

memory (BAM) neural networks with multiple delays on time scales:

% (8) = —ai()xi(e) + 27 sii(Ofl(0), (¢ = 7)) + (), 12)

y,»A(t) = —b(t)y;(t) + D[ (O tygilxi(t — 85), yi(2)] + dji(2). .
With the help of the continuation theorem of coincidence degree theory and construct-
ing some suitable Lyapunov functionals, the authors discussed the existence and global
exponential stability of periodic solutions for system (1.2).

Lots of researchers think that anti-periodic solutions can describe the dynamical na-
ture of nonlinear differential systems effectively [22—27], for example, the signal trans-
mission process of neural networks can be described as an anti-periodic phenomenon.
Then the discussion of the anti-periodic solutions of neural networks has important the-
oretical value and tremendous potential for applications. Therefore it is meaningful to
discuss the existence and stability of anti-periodic solutions of neural networks. In re-
cent decades, there have been many articles that deal with this content. For instance, Li
et al. [28] discussed the anti-periodic solution of generalized neural networks with im-
pulses and delays on time scales, Abdurahman and Jiang [29] established some sufficient
conditions on the existence and stability of the anti-periodic solution for delayed Cohen-
Grossberg neural networks with impulses, Ou [30] considered the anti-periodic solutions
for high-order Hopfield neural networks, Peng and Huang [31] made a detailed analysis on
the anti-periodic solutions of shunting inhibitory cellular neural networks with distributed
delays. For details, see [32—45]. Inspired by the idea and work above, we will investigate the
anti-periodic solutions of the following interval general bidirectional associative memory
(BAM) neural networks with multiple delays:

1 = —ai(e) + Y7 si@f (0, 5,8 — )] + (o), w3

2 = ~byyy () + I ty(Ogli(e - 83),3i(8)] + ), ’
where i,j=1,2,...,m. The main object of this article is to discuss the existence and expo-
nential stability of anti-periodic solution for system (1.3). By applying the fundamental so-
lution matrix, the Lyapunov function, and constructing fundamental function sequences
based on the solution of networks, we obtain a set of sufficient criteria which ensure the
existence and global exponential stability of anti-periodic solutions of system (1.3). The
obtained results complement the work of [22—-45].

The rest of this paper is organized as follows. In Section 2, we introduce necessary no-
tations and results. In Section 3, we obtain some sufficient criteria on the existence and
global exponential stability of anti-periodic solution of the networks. In Section 4, the the-
oretical predictions are verified by an example and computer simulations. The paper ends

with a brief conclusion in Section 5.
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2 Preliminary results

In this section, we first introduce some notations and lemmas. Denote

5i = £ = sup|t;( ¢; = supc; d; = sup|d;(t)|.
teRr teRr teRr

For any vector U = (u1,uy, ..., u,,)T and matrix M = (M) mxm» define the following norm:

i = (Zu ) || = (}f;w,)

Let

0(s) = (0109, 02(5), -, 0m(8) ", @i(s) € C([=8,01,R),i=1,2,...,m

¥(s) = (Vi) ¥2()reo s ¥(®) ', ¥ils) € C([-7,0L,R),i=1,2,...,m,

where T = max;<;j<{7;}, § = maxi<;j<m{d;}. Define

1

loll = sup <Zl<pl(s)|) e sup0<Z|w,-(s)|2) .
TS0 o

- <s<

The initial conditions of (1.3) are given by
xi0(s) = ¢is), -0 <s5<0, (2.1)
yio(s) = ils), -t <s=<0. '

Let x(£) = (x1(2), %2(2), ..., % (£)) T, y(£) = 31 (£), y2(£), ..., ym(®))T be the solution of system
(1.3) with initial conditions (2.1). We say the solution x(¢) = (x1(£),x2(2), ..., %,(¢)T is T-
anti-periodic on R” if x;(t + T) = —x;(¢) (i =1,2,...,m) for all £ € R, where T is a positive
constant.
Throughout this paper, we assume that the following conditions hold.
(H1) f,.gi € C(R%,R), i,j =1,2,...,m, there exist constants a;r > 0, g > 0, By > 0, and
Big > 0 such that

Vi i, uy) — fi(ins, )| < ouelu; — ] + Birluy — uyl, Vi, V)| <F;, i},
|gt(uz: M/) _gt(uz; Lt])| = atg|ut - ul' + ﬁlglu] - uj|r |gi(u: V)| = Gir i 7/}

for all u;, uj, u;, ij, u, v € R.
(H2) Forallt,u,veR,

st + T)fi(u,v) = —s; ()i (—u, —v),
ti(t + T)gi(u,v) = —t;;(O)gi(-u, -v),
C,’(t + T) = —Ci(t), d/(t + T) = —dj(t),

where i,j=1,2,...,m and T is a positive constant.
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Definition 2.1 The solution (x*(£),y*(£))” of model (1.3) is said to globally exponentially
stable if there exist constants 8 > 0 and M > 1 such that

S @) =% @) + >0 -y @) < MeF o - 07|
i=1 j=1

for each solution (x(£), y(£))T of model (1.3).

Lemma 2.1 Let

—a 0 )
e , o= min {a,b,
0 -b 1<ij<m

then
|l exp At < /27, Vt=>0.

Proof Note that

—a;t 0
eprt = (eo ebit> )

in view of the definition of matrix norm, we have
1
|l expAt|| = (e’z‘”t + 6’2“2‘) T < 2e7, O

Lemma 2.2 Suppose that

m - 2¢j 2(1—51) 2¢; - 2l-%)
—2a;+) 0 sﬁ(a],f +ay /3 )+ Z] 1 Lty <0,

(H3)
_2b + Zz @ l] 251 +’32§z ﬁ 2(1- §z)) + Z:’Zlgﬂlg]f <O,

where 0 < €, ¢;,&,6; <1 (i,j =1,2,...,m) are any constants. Then there exists > 0 such
that

m
_ 2 2(1-¢)) 26, 2(1-&) Bs;;
B —2a; + .Zsﬁ(a’f +ay +B Z t,,ozlg el <0,

i i —Si 2(1-¢
B 2b+th; 2E+ﬁ2g+ﬂi2g(1g) Zl‘ﬂf /Sr/l<0

i=1

Proof Let

m m

_ 2€; 2(1-€) 2¢; - 2(-§ .

Qli(,B) = ,3 - 2“1’ + E S/z f] + a}_f / + ﬁ]fj) + E tzjaig( E)el%”,
j=1 j=1
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m m

- 2 2¢; 20-¢; - p20-8) go.

Q2}'(:3) =p _2bj + E tij(ai; + ﬂigg + IBig( S‘)) + E sji,ij 7P,
i=1

i=1

Clearly, 01:(8), 02/(B) (i,j = 1,2,...,m) are continuously differential functions. One has

deld) 1+ 7 B 8;eM1 50, limp_ine01(B) = 400, 01i(0) <0,
2(1—8]‘)

doy;(B) - ; .
Q;/ﬂ =1+y 7 5iif; Tjieﬂrﬂ >0, limg_, 10 02j(B) = +00, 02j(0) < 0.

According to the intermediate value theorem, we can conclude that there exist constants
B >0,8 >0 such that

Qll(/gt*) :01 Q2}(ﬂ]*) :O, i,j=1,2,...,m.
Let Bo = min{B1, Ba, ..., B> By» B35 - . .» By}, then it follows that By > 0 and
01:(Bo) <0, 02(Bo) <0, i,j=12,...,m.

The proof of Lemma 2.2 is complete. O

Lemma 2.3 Suppose that (H1) holds true. Then for any solution (x(t), y(t))T of model (1.3),
there exists a constant

y =v2(lpl” + Iy 1%) + ? [Z(s,@ +8)+ Y (G + :Ft,«)}

j=1 i=1
such that
@<y, @<y, ij=12..,nVt>0.
Proof Let

_[*i(®)
z;(t) = (y;(ﬂ) )
[ 0 A ci(t)
A= ( 0 —b,~>’ By(0) = (dj(t)>’

o 2 s, 3¢ - )]
Fyj(xi(2), 5()) = (Zf’h (O (e 8) 3 (t)]) ,

then the model (1.3) takes the following form:
2j(t) < Azy(2) + Fy(x:(2), y,(0)) + By (2). (2.2)

By (2.2), we get

z(t) < e*'z;(0) + /0 e [ Fyi(xi(s), 91(s)) + By(s)] ds.
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In view of Lemma 2.1, we have

Jzs] = V2 2400 + V2 [ & [E ety )] + 8,6 s

<V2(llgl? + Iy 11?) + ? (1-¢) [Z(E,@ +0)+ ) (G + 51,-)}

j=1 i=1

V2| & S -
2 2 [ES— . . . . . .
=V2(llpl + 1w11?) + — [} (5iFj+) + Y :<t,,Gl+d,>}.

j=1 i=1
Let
) ) \/E m . ) m B _
v =V2(l0l + 1 1%) + == | D _GiF; +@0) + ) GG+ d) |. (2.3)
j=1 i=1
Then it follows that |x;(f)] < y, |yj(t)] < y for all £ > 0. This completes the proof of
Lemma 2.3. O

3 Main results
In this section, we state our main findings for model (1.3).

Theorem 3.1 Suppose that (H1)-(H3) are satisfied. Then any solution (x*(t),y*(£))T of
model (1.3) is globally exponentially stable.

Proof Let u;(t) = x;(t) — x;(£), vi(t) = y;(¢t) —y;‘(t), i,j=1,2,...,m. By model (1.3), we have

4 = —agui(t) + Y7 SOV @), 35t - 7)) — fH (), v (€ - 7)),

(3.1)
= —byy(e) + 20 t5(0) @il — 8), 3u() — @} (E - 8,37 (1))
which leads to
V9O a(®) + ui®) X s (0, 37(¢ — 1)) — 6 (0,57 ¢ - i), 52
VLY 206+ v(6) X0 65(0) g (it — 89), 7(8) — @it (£ = 8,), 3]
Then
0 2au1(t)+zm Suloy u2(0) + oy u(0)]
F SR 0 + ﬁ,i“ e~ 3
”’V;f”<_2b-v,() letl,[afjll(t)+a2g(l (¢ - 8)]
Y BTV + BTV,

where 0 <¢j,¢;,&;,6;,<1,i,j=1,2,...,m. Now we define a Lyapunov function as follows:

V(t)—eﬂt[Zu%mZv(t)}ZZ,, . / PEI2(s) ds

i=l j=1 ~Yi

m m t
+ Z Zilyaizg(k‘?") / P00y (s) ds, (3.4)
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where B is defined by Lemma 2.2. Differentiating V'(¢£) along solutions to model (1.3), to-

gether with (3.3), we have
WO _ pet [Z HOEDY vf(t)}
i=1 j=1

m m
C 2 2(1-¢))
+eft Z!—Zuiuf(t) + Zsﬁ[aﬂf’uf(t) + o o HO)

i=1 j=1

m
C o2 2(1-)
+ Zsji[ﬂjfg] u; (t) + By K V,z(t - Tji)]}
i1

i=1

4w“§:{2bvﬂ+§:@a V) + (e~ 5y)]

Jj=1

m
Zz 2(1- §L (t+8,1) (t) _ eﬁtu?(t _ 81’/)]
m

m m
_ 2 2 g
< eﬁtZ[ﬁ —2a; + Zsj,-(aj;’ + o ag) F’ Z 1 5)g l/]u?(t)
j=1

m m
—ci 2(1-
[ﬁ 2b +§ :tl] 251 +132 Si) +:Bi2g(l §t>) + E SIZIB/f S/ ﬁT/ti|
i=1 i=1
(3.5)

In view of Lemma 2.2, we have Y& < 0, which implies that V(¢£) < V(0) for all £ > 0. Thus

j=1

m m 1 0
&) Bls+1),2
+ Z s,,ﬁlf /4 et v; (s)ds

i=1

m m
21 ’
Sl [ erias

eﬁt[iu +iv]2 t)i| <iu +ZVJ2(O)
i=1 j=1 i=1 j

=1 -1
<le-e "+ v -v*|’
+ 3 max(s,B 15’) eﬁTHw—w*”z
' 1<j=m e
i=
+ 3 max (Z; az(l S’)le‘%” - "‘||2
max (z 5" lo—v

j=1
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& RN
S e
-

|:1 + Z max s,,,BIfI % )= eﬂ’:| ||w - 1//*H2. (3.6)
Let

m m
1
M= max{1+ E 1123);4 l/alg(l El))ﬂeﬁs,l + Z max ( s,lﬁm &) )ﬁ ﬁr} 51 3.7)
i

1<j<m
]_ =

By (3.6), one has
S0+ 3720 <M (g -+ [ - )
for all £ > 0. Then
ilxm —x @ + fln(t) -5 =Me o - 9|
i=1 j=1

for all £ > 0. Thus the solution (x*(¢),y*(£))T of model (1.3) is globally exponentially sta-
ble. O

Theorem 3.2 Suppose that (H1)-(H3) hold. Then model (1.3) has exactly one T-anti-
periodic solution which is globally stable.

Proof By model (1.3) and (H2), for each k € N, we get

d

= [(=1)*;(¢ + (k + 1)T)]

= (=1)F*1 |:a,»x,~(t +(k+1)T) + Zsﬁ (t+(k+1)T)

j=1
x fi[ai(t + (k + )T),9;(t + (k + DT = 1) | + it + (k + 1)T):|
= ai(-) (¢ + (k+1)T) + Zs,l(t)f (-1 (¢ + (k + 1)T),
DF Lyt + (k+ DT - 7)) ]| + (). (3.8)
In a similar way, we have

pr [(~D)*y;(¢+ (k+ D) T)]

= —b(-1)*ly;(+(k + 1)T) Zt,,(t [ (<) (¢ + (k+ DT - 5y),

Dyt + (k+1)T)] + dy(o). (3.9)



Li et al. Advances in Difference Equations (2016) 2016:190 Page 9 of 12

Let

x(t) = ((—1)k+1x1 (t + (k + 1)T), (-1)**1xy (t + (k + 1)T), o (DM, (t + (k + 1)T))T,

y(t) = ((—1)k+1y1 (t + (k+ 1)T), (=1)%*Ly, (t + (k+ 1)T), (=D ( (k+ l)T))

Clearly, for any k € N, (x7(¢), 77 (t))7 is also the solution of model (1.3). If the initial func-
tions ¢;(s), ¥;(s) (i,j = 1,2,...,m) are bounded, it follows from Theorem 3.1 that there exists
a constant y > 1 such that

|(=1) i (¢ + (k +1)T) — (=1)*;(¢ + kT)|

< Me P qup Z|x’(t+ T) +xl(s)|

—-6<s<0

< ye P (3.10)

wheret + kT >0,i=1,2,...,m. For any k € N we have
k
(D (e + (k+1)T 0+ Y [(DV"xi(t+ G+ DT) = (-x(e +jT)].  (3.11)
j=0
Then

k
(D (t+ k+DT) < [wi@)] + Y [~ (e + G+ DT) = (Dt +5T)|. (3.12)
j=0

In view of Lemma 2.3, we know that the solutions of system (1.3) are bounded. In view of
(3.10) and (3.12), we can easily see that {(—1)**'x;(¢ + (k + 1)T)} uniformly converges to a
continuous function x*(£) = (x;(¢),x5(¢),...,x%,(£))T on any compact set of R. In a similar

way, we can easily prove that {(~1)k+

¥;(t + (k +1)T)} uniformly converges to a continuous
function y*(¢) = (y7(2) . y5(£)T on any compact set of R. Now we will show that

(™ (2), y* (t))T isa T-ant1 perlodlc solution of (1.3). Since

X+ T) = klim (=D)*x(¢ + T + kT)

=— lim (-)"%(t+(k+1)T)=—a*(2). (3.13)
(k+1)— 00
Thus x*(¢) is the T-anti-periodic solution. Similarly, y*(¢) is also the T-anti-periodic solu-
tion. Thus we know that (x(¢),y*(£))7 is the solution of model (1.3). In fact, together with
the continuity of the right side of model (1.3), letting k — oo, we can easily get

x;;(tt) = —apx; (8) + 3, s @)l (1), 57 (¢ - 7o)l + ca(®), (3.14)
T2 by + I O 5 E - 8,7 (0] + o).

Therefore, (x*(¢),y*(¢))! is the T-periodic solution of (1.3). Finally, by applying Theo-
rem 3.1, it is easy to check that (x*(¢),y*(t))” is globally exponentially stable. The proof
of Theorem 3.2 is completed. O
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Remark 3.1 In [22, 24—45], the authors investigated the existence and exponential sta-
bility of anti-periodic solutions for some neural networks by applying the differential in-
equality techniques, the continuation theorem of coincidence degree theory, the contrac-
tion mapping principle, and the Lyapunov functional method, respectively. All the results
in [22, 24—45] cannot applicable to model (1.3) to obtain the existence and exponential
stability of the anti-periodic solutions. In [23], the authors studied the existence and expo-
nential stability of anti-periodic solutions of neural networks by the fundamental solution
matrix of coefficients, the inequality technique, and the Lyapunov method. But the activa-
tion functions of neural networks are single variable functions. In this paper, the activation
functions of neural networks model (1.3) are two-variable functions. All the results in [23]
cannot applicable to model (1.3) to obtain the existence and exponential stability of the
anti-periodic solutions. This implies that the results of this paper are essentially new and
complement previously known results in [22—45].

4 An example

In this section, to illustrate the feasibility of our theoretical findings obtained in previous
sections, we give an example. Consider the following interval general bidirectional asso-
ciative memory (BAM) neural networks with multiple delays:

xii—(tt) =—a1x1(t) + Z,il s ()l (8), 35t — Tin)] + ca(8),

20 = —arxy (1) + Zf:l s (@)fi[i(£), y;(£ = T2)] + €a(2),
1O _pyi () + X2, ta Ogilxilt - 50), i (O] + i (0),
20 = pyyy(t) + Yo ta(O)gilxi(t - 82),5:(D)] + da (),

(4.1)

where a; =2, a5 =2, by =2, by = 2.5, s11(¢) = 0.2 + 0.2sin¢, s91(¢) = 0.2 + 0.1cos ¢, s1(¢) =
0.3 + 0.2sint, $35(£) = 0.3 + 0.1cost, t1(¢) = 0.3 + 0.1sint, £1(¢) = 0.4 + 0.1cost, (L) =
0.3 + 0.2cost, ty(t) = 0.4 + 0.1cost, ¢i(t) = 0.5 + 0.1cost, ca(t) = 0.2 + 0.1cost, di(¢) =
0.3+0.1sint,d>(t) = 0.4+0.1sint, 71 = 0.5, 791 = 0.2, 713 = 0.3, 735 = 0.4, 611 = 0.4, 851 = 0.3,
812 = 0.2, 83 = 0.1. Set fi(x;, ) = %) + |y;(t — 1), @(xi, i) = it = ;@) + |yiD)l,
i,j=1,2. Then ays = apf = By = Poy = o1 = Aag = Prg = Pag = 1, 511 = 0.4, 51 = 0.3, 51 = 0.5,
520 =0.4, t11 = 0.4, tx = 0.5, iy = 0.5, £y, = 0.5. It is easy to verify that

2, 2(1- 2
—2a; + Z} 1s,l(oz;’ + a/f( 9 8’) + Z} L tl,ozz(1 - _1<0,
2€; 2(1- e) 25
—2ay+ Y iy Spley vy T+ B ’)+Z, 1t2,a2§ “2) 2 _03<0, @2
2l 2 L 1 L :
~2by+ Y5 Ealoy + Bt + By ) + Y suby Y = -0.6 <0,

2&; 2¢; 2(1-¢; 2 - p2(-¢
—2by + Y2 o g+ﬁ§ B+ Y0 s = 11 <0.

Then all the conditions (H1)-(H3) hold. Thus model (4.1) has exactly one  -anti-periodic
solution which is globally exponentially stable.

5 Conclusions

In this article, a class of interval general bidirectional associative memory (BAM) neural
networks with multiple delays have been dealt with. Applying the matrix theory and the
inequality technique, a series of sufficient criteria to guarantee the existence and global
exponential stability of anti-periodic solutions for the interval general bidirectional asso-
ciative memory (BAM) neural networks with multiple delays have been established. The

Page 10 of 12
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derived criteria are easily to check in practice. Finally, an example with its numerical sim-
ulations is carried out to illustrative the effectiveness of our findings. The obtained results
in this article complement the studies of [22—-45].
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